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1. Introduction

This work is concerned with the n-dimensional space-time fractional diffusion equation
I[))fu(x,t) = —(=MN)"u(x,t), t>0, xeR"; u(x,0)=0o(x); 1)

where 0 <o, <1, ]D’f is the Caputo time-fractional derivative [1,2]

Bepy L d rtf(t)—f(0)
th(t)_l“(lfﬁ)a/o (o T >0 0<p<, @)

and —(—A)%, a € (0,1), is the full-space fractional Laplace operator in R". Ten equivalent definitions
of the fractional Laplacian —(—A)* are given in the survey paper [3]. In particular, it can be defined as
a pseudo-differential operator, as follows:

F{=(=8)"fix} = —[x**F{f;x}, x €R",

where F{f;«} denotes the Fourier transform of a function f at the point «. In the one-dimensional
case —(—A)" is the Riesz space-fractional derivative of order 2a.

The space-time fractional diffusion Equation (1) has been extensively studied [4-15]. The solution
u(x, t) of Problem (1) is given in terms of the fundamental solution G, g ,(x, t) and the initial function
v(x), as follows:

u(x,t) = /R" Ga,ﬁln(y,t)v(x —y)dy, xeR", t>0.

Therefore, the behavior of the solution to Problem (1) is determined by the properties of the
fundamental solution. In this paper, we limit our attention to representations of the fundamental
solution Gy g,(x, t).
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In the classical case « = = 1, Equation (1) reduces to the standard diffusion equation with the
fundamental solution Gy 1 ,(x, t), given by the Gaussian function (see e.g., [16]):

1 2
Giin(xt) = We IxI M xeR", t>0. 3)

In the fractional-order setting, the following closed-form representations for the fundamental
solution are known:

1 t¥|x|* 1 sin(arr/2)
Ga ) = = , xeR, t>0, 0<a<; 4
28 =y eos(a/2) + AP « @
1 2\ a—1 2\ &
Guap(x,t) = P ('ZL ) Exn (— ('Zt > , XER%L t>0, 0<a<1; ()
Gii,(xt) = Lexz/“sl i xR, t>0; (6)
7,2,1 7 27_[3/2\/; 4t 4 4 7
T (n;1> " 2
B +1 n+1 |x| " )
G%,%,n(x’t) - 2nn—n/2+1tn/2u ( 2 7 2 7 4t > ; XE R s> 0’ (7)

where E, , denotes the Mittag-Leffler function (see (18)), & is the exponential integral [17]

0 p—C

51 (1’) = ) ? dérr (8)

and U is the Tricomi’s confluent hypergeometric function [17]
1 o]
U(a,b,r :—/ =11 4 @)1= 1C gz 5> 0,r > 0. 9
(b =g [N A+0) : ©

Representation (4) can be found in a more general setting in [5]. Formula (5) was first derived in
the paper [10]. Formula (6) is established in the early work [4]. A derivation of representations (4)—(7)
using the subordination relation (see (10)) can be found in [15]. In [13,15], additional closed-form
representations for the fundamental solution were derived from (4)—(6) by applying the relations
between Gy g, 12(x t) and Gy p,(x, t). However, all such simple closed-form expressions for the
fundamental solution in terms of known special functions are limited to particular values of
the parameters.

Extensive research has been devoted to representations of the fundamental solution in the form of
the Mellin-Barnes integral or the Fox H-function, such as in [5,6,11] for the one-dimensional and [12-14]
for the multi-dimensional space-time fractional diffusion-wave equation. One of the advantages of
such representations is that the asymptotic behavior of the fundamental solution can be derived from
them, because the asymptotic behavior of the Fox H-function has been well-studied (see e.g., [18]
or [19]).

An alternative approach to dealing with the space-time fractional diffusion Equation (1) is based
on the subordination formula, which relates the fundamental solution G, g, (x, t) and the Gaussian
function Gy 1 ,(x, t) as follows [14,15]

Gapn(x 1) = /O Yo p(t, T)Gria(x, T)dT, X ER", £ >0, (10)

where ), 4(t, T) is a unilateral probability density function (pdf) in 7, that is:

Vupt D) 20, [T poplt )T =1 (1)
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The subordination kernel ¢, 4(t, T) depends on the similarity variable 1t~P/% and admits the
representation [14]
wa,ﬁ(tf T) = t_ﬁ/asz,ﬁ(Tt_ﬁ/a)r (12)

where the function K, g(r) can be defined as the inverse Laplace transform of the Mittag-Leffler
function Eg(—A%), that is:

/0 " oMKy p(r) dr = Eg(—A%). (13)

The Laplace transform pair (13) was first derived in [14] (see Remark 4.4).

It is worth noting that some known basic properties of G, g, (x, t) follow in a straightforward way
from the subordination relation (10), taking into account that the subordination kernel is a pdf. In this
way, we can prove that for any dimension n > 1, the fundamental solution G, g (X, t) is a spatial pdf
evolving in time:

Gupn(x,1) =0, /R Gapn (1) dx = 1.

Therefore, Gtx,‘B,n(x/t)/ 0 < a,B < 1, inherits this property of the classical Gaussian kernel
G1,1,1(x t). In a similar way, estimates for the fundamental solution G, 4,,(x, t) can be derived from
known estimates for the Gaussian kernel Gy,,(x,t). For example, since [|G1,u(/t)[|p1 ey = 1
(see e.g., [16], Remark 3.7.10.), the subordination Formula (10), together with properties (11) imply

HGD(,‘B’}’[(.It)”Ll(Rn) < /0 lpa,ﬁ<t1T)HGl,l,n('/T>HL1(R”) dt < /0 I)U,X"B(t,"f) dt = 1.

A principle of subordination is closely related to the concept of subordination in stochastic
processes [20,21]. It has been extensively studied and employed in the context of fractional order
equations. The subordination principle for space-fractional evolution equations has been established
in [22] in the setting of abstract Cauchy problems. Subordination formulae for the one-dimensional
space-time fractional diffusion equation have been studied in [6,9]. In [14,15], subordination principles
for the multi-dimensional space-time fractional diffusion equation are deduced. In the case of
time-fractional evolution equations with general time-fractional operators, subordination principles
have been studied and employed in [23-28].

Based on the subordination principles for space- and time-fractional diffusion equations and
the dominated convergence theorem, exact asymptotic expressions for the fundamental solution of
the multi-dimensional space-time fractional diffusion equation and more general nonlocal equations
have recently been established in [29]. For completeness, we next present the asymptotic expansions
for G g, (x,t), &, B € (0,1), from [29], Corollary 2.6 (written in our notations and in a slightly more
compact form):

If x| 2*tF — oo, then

R, n=1lae (1/2,1),

1
2asin (£)T(1-£)
Gupn(xt) ~ Lt*/3 In <t|x|71/ﬁ> ,n=1a=1/2, (14)

il (1—p)
1 Tm/2—a) tF

2«.
S 2T (1= ) x2 "7

If |x| 724t — 0, then

4% aT(n/2+w) th

Ga,ﬁ,n(x’ t) ~ 7_[”/2 F(l _ 0{)1—‘(,8 —+ 1) |X‘Vl+2a .

(15)

The asymptotic expansions (14) and (15) are in agreement with those obtained for particular
ranges of parameter values in, for example, [5,11,15], as well as with the asymptotic behavior of the
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closed-form solutions (4)—(7), which can be checked by taking into account the asymptotic expansions
for the exponential integral ([17], Eqs. 5.1.11 and 5.1.51)

1 e "

&1(r) ~In (), r—0; Sl(r)~<1—1>, r — +oo, (16)

r r

and for the Tricomi’s confluent hypergeometric function ([17], Section 13.5)

U(a,b,r) ~ r(ﬁ(;)l)rlb, r—0,b>1 Uabr)~r", r— +oo, (17)
and using some basic properties of the Gamma function.

In the present work, the subordination Formula (10) serves as a starting point for deriving
integral representations for the fundamental solution G, g, (x, t). First, an integral representation for
the subordination kernel i, g(t, T) is established in terms of the Mittag-Leffler function of complex
argument. Let us note that a study of the function ¢, 4(t, T) is of interest, since it also plays the
role of subordination kernel related to problems with more general spatial operators, such as in [15].
In addition, i, g(f, x) coincides with the solution of the one-dimensional space-time fractional diffusion
equation with the Riesz-Feller space-fractional derivative of order « and skewness —«, as well as the
Caputo time-derivative of order j, studied in [5] (see [15], Remark 3). Next, based on the subordination
Formula (10), we derive integral representations for the fundamental solution in terms of Mittag-Leffler
functions, which are appropriate for numerical implementation.

The paper is organized as follows. Definitions and basic properties of Mittag-Leffler functions and
Bessel functions of the first kind are listed in the next section. In Section 3, an integral representation
for the subordination kernel is established. In Section 4, computable integral representations for the
fundamental solution are derived for n = 1,2,3 and used for numerical experiments.

2. Preliminaries
The Mittag-Leffler function is an entire function defined by the series [1,2,30]

[e9) Zk

Eyp(z) = k;) Tk B)’ Eu(z) = Eq1(z), a,B,z€ C, Ra > 0. (18)

For 0 < & < 2and B € R, the following asymptotic expansion for large |z| holds true in the sector
of the complex plane | arg(—z)| < (1 —a/2)7

E (z):—NiliJroﬂz\*N) |z| = o0 (19)
v = T(B — ak) / '

Therefore, taking into account the identity F(Z)_1 =0forz=0,—-1,-2,... we derive from (19)
two useful asymptotic expressions for |z| — oo and |argz| < (1 —a/2)7

Ea,ﬁ(_z) ~ —m, B—a=0-1,-2,... (20)

4

SR (L

The faster decay for large |z| of the second function in (20), compared to the first, will be used
essentially in this work.
The relations
d

d
TEa(=2") = =2 Eua(=2"), o (2 Eaa(—2")) = 2 PEgac1(—2), 21)
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can be derived directly from the definition (18) of the Mittag-Leffler function; (21) and (20) imply that,
by differentiation of the Mittag-Leffler function E,(—z%), a faster decay for large |z| can be achieved.

We point out the following representation of the Mittag-Leffler functions as Laplace transforms
(see [31]):

tﬁflEa,ﬁ(—yt“) _ 1 /°° — 7 iln Bt + usin(p — oc)znra,ﬁ ir 22)
7T Jo re% 4 2ur® cos am + u
where u > 0,0 < a, B < 1, excluding the case « = = 1. Expression (22) is appropriate for numerical
computation of the Mittag-Leffler functions. Let us note, however, that (22) is valid only for real values
of u. For computation of the Mittag-Leffler function of complex arguments, another technique should
be used (see e.g., [32]).
The Bessel function of the first kind ], (z) is defined by the series [17]

(_1)k(z/2)v+2k

MO = L kD

k=0

(23)

The following particular expressions are of interest in the present work:

J-1/2(2) =1/ %cosz, J1/2(2z) =14/ %sinz, Jo(z) = %/On cos(z cos 0) de. (24)

The asymptotic expansions of the Bessel function J,(r) for small and large real arguments are
as follows:

1 r

Ju(r) ~ w1 (E)V, r—0; Ju(r)~ \/Zcos(r —vn/2—m/4), r— +oo. (25)

For more details on Mittag-Leffler and Bessel functions, we refer to [2,17,30,33,34].

3. An Integral Representation for the Subordination Kernel

Representations of the subordination kernel ¢, 4(t, T) are useful in view of the integral
expression (10) for the fundamental solution. In a limited number of particular cases, the subordination
kernel can be expressed in terms of elementary functions [15,16,22]:

te_t2/4T 2/4i
- — —T
w%,l(t/ T) - 2\/ET3/2’ lpl/% (t, T) 7\/Ee , (26)
1 o a—1 o3
Paa(t, T) = - SAAm 0<a<l (27)

7T 20 4 24%T% cos 7T + T24'
However, for arbitrary values of the fractional parameters, explicit expressions are not available
and other types of representations are needed.

The following Laplace transform pairs for the subordination kernel ¢, g(t, T) can be derived
from (12) and (13) (see also [15]):

/0 " gt TN dT = Eg(—AMF), (28)

and o
/0 Pup(t, T)e dt = P18 1E,  (—sPT%). 29)

In this section, we deduce an integral representation of the subordination kernel ¢, 4(t, T) by
inversion of the Laplace transform pair (29). We choose (29) instead of (28), because of the faster decay
for large arguments of the correponding Mittag-Leffler function (see (20)).
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Assume 0 < a, < 1 and a + B < 2. Applying the complex Laplace inversion formula
to (29) yields:

lex,;S (tr T) =

a—1 c+ico
sz, / eStSP T E o (—T%P) ds, ¢ >0, (30)
Cc—100

where sP = exp(B1ns) means the principal branch of the corresponding multi-valued function defined
in the whole complex plane cut along the negative real semi-axis. Since the Mittag-Leffler function
is an entire function, E ,(—7%sP) is analytic for s € C\(—c0,0]. Therefore, by the Cauchy’s theorem,

the integral in (30) can be replaced by an integral over the composite contour I' =T UT, UT3UT, U
Ff, where

Ff ={s=q=+iR, g€ (0,c)}, Féﬁ = {s=ret™2, rc (o,R)}, T3={s=pe, 0 c(-m/2,7/2)},

with an appropriate orientation (see Figure 1) and letting p — 0, R — oo.

SS F1
R 5
.
FZ\ \
p s
Rs

o
P
R A
le
-R <

L

Figure 1. Contour I'.

Since (g + iR)P ~ RPe'P/2 as R — oo, for the integration on I’} as R — oo we obtain

st B—1 _ B
’-/l"fe SPT Eu(—T%sP) ds

C .
< c/ M RFEy n(—T*RPeP™/2) | dg — 0, R — oo, (31)
0

due to the asymptotic expansion (20) for the Mittag-Leffler function, which is satisfied since
|arg(T*RPeiP/2)| = Brr/2 < (1 — a/2) 7. The integral on T; is treated in the same way.
Concerning the integral over I's, we have

/ eStSP T E o (—T%P) ds
I3

/2 .
< / Pt osOeP|E, o (—T%pPeP?)|d6 — 0, p — 0, (32)
—/2

since the Mittag-Leffler function under the integral sign is bounded as p — 0. Therefore, (30)—(32)
imply that 1, 4(t, T) is given by the integral over I'; UT, along the imaginary axis with p — 0 and
R — co. This implies:

T i g
Pap(t, T) = i / et P E, o (—T%P) ds
—100

a—1 0 ' ‘ |
_T (/o eXp(rteln/z)rﬁ_lelﬂn/zEa,a(—T“rﬁelﬁ"/z)dr

27Ti

—I—/(; exp(rte_i”/z)rﬁ_le_iﬁ”/zEa,,x(—T”‘r’ge_iﬁn/zdr).
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Therefore,

szfl

[e) . .
Pup(t,T) = / PG {e’(”*ﬁ”m)E“,,X(—T“rﬁelﬁn/z)} dr. (33)
0
We observe that the integral in (33) is convergent, since the integrand behaves as ! for
r — 0 and as r P~ for r — co due to the asymptotic Expansion (20) for the Mittag-Leffler function.
The representation (33) can also be rewriten in the form

szfl

Pup(t, T) = /00o rP=1 (cos(rt + Br/2) I p(r, T) + sin(rt + Brr/2)Ry p(r, 7)) dr, (34)

7T

where ‘ ‘
Lx’/g(i’, T) = %{E,X/“(—T“rﬁelﬁ”/z)}, R,w;(r, T) = %{Eara(—r"‘rﬁellgn/z)}.

For the numerical implementation of Formula (34), the real and imaginary parts above can be
numerically calculated by employing a method of computation of the Mittag-Leffler function of
complex arguments.

In the particular case of & = 1 (time-fractional diffusion), representation (34) yields the following
simpler formula for the subordination kernel

Pt T) = % /Ooo rP~1sin (rt + Brt/2 — 1P sin ,871/2) exp(—1rP cos Brr/2) dr. (35)

Let us recall the relation ¢y g(t, ) = t=PM ﬁ('z.'t’/g), where Mg(+) denotes the Mainardi function
(see [30]). Numerical results based on Formula (35) for the subordination kernel ¥y g (t,T) are given in
Figure 2.

0.8

0.7

2r 0.25 a=1,5=0.8

G

0.6

05

0.5
041

0.3,
021
0.5

0.1

0

L L L L h L L L L L L L L N
0 0.5 1 15 2 25 3 3.5 4 0 0.5 1 15 2 25 3 3.5 4

Figure 2. Subordination kernel i 4(,7) as a function of 7 for: t = 1 and different values of j (left);
B = 0.8 and different values of t (right). Numerical computations are based on Equation (35). The exact
Expression (26) for « = 1, = 0.5, is given by symbols ().

4. Integral Representations for the Fundamental Solution

According to the subordination Relation (10) and the formula for the Gaussian kernel (3),
the fundamental solution of Problem (1) admits the representation

1 (ee)
Gopu(x 1) = a7 /O Yo p(t, )T 2 M4 4, x e R, £ > 0. (36)
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Subordination Formula (36) yields after the change of variablesc =1/1
1 © _ 2
Gapn(x 1) = (@n)y 72 /0 Yo p(t,o )" 2e 0 do, a = |x|*/4. (37)
Applying the formula for the Laplace transform ([35], Section 4.1, Eq. (25))
/. e e Y do = a_%"/ S%V]V(Z\/%)g(s) ds, Rev > —1,
0 0

where J, () denotes the Bessel Function (23) and g(s) = L{f;s} = [y e *"f(0)do, we deduce
from (37) and (28) the following representation:

'

X ® g,
Capn(x ) = 1 3 /0 o4y 1 (IX|o) Eg(—a*tF) dor (38)

The obtained integral representation (38) is not new—see, for example, [12-14], where it is
deduced by applying a different argument.

Let us first note that for 8 = 1, the integral in (38) is always convergent and gives the following
representation for the fundamental solution to the space-fractional diffusion equation:

X 1,% o0
o) = pisozs [ 0"y (1) exp(—o0) do.

We observe, however, that if < 1, the integral in (38) is convergent only for very limited ranges
for the values of the other two parameters. Indeed, according to the asymptotic expansions of the
Bessel and the Mittag-Leffler functions, (25) and (20), the integral in (38) is convergent only in the
following cases: n = land « > 1/2 orn = 2and « > 3/4. If n > 3, the integral is divergent for
any o € (0,1). Our aim here is to derive from (38) convergent integral representations forn =1,2,3,
which hold forall &, g € (0,1).

First, let n = 1. Plugging in (38), the representation for | _ 1 (+) from (24) yields:

Gupa () = = [ cos(lxlo)Egl(—o2*1P) do, (39)

which, according to (20), is convergent at +co only if 24 > 1, unless f = 1. However, we can improve
the convergence by performing integration by parts in (39). We use the identity

d 20 5,
%Eﬂ(—az“tﬁ) = —?72“ YWPEg p(—o™tF), (40)

which is derived from (21). In this way, the following integral representation is established:

B oo
Gup (x,1) = Zﬁ’";x‘ [ sinlxlo)e? B (~o24P) do (41)
The asymptotic Expression (20) indicates that the integral in (41) is convergent forall 0 < a, § < 1.
In the particular case « = /2, representation (41) can also be found in [15], Equation 4.13.
Representation (41) was used for the numerical evaluation of the one-dimensional fundamental
solution, and the results are given in Figure 3. For numerical computation of the Mittag-Leffler function
in (41), the integral representation (22) was used. Figure 3 shows that the numerical results based on

Formula (41) are in good agreement with the exact solutions, (4) and (6).
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Figure 3. The fundamental solution G, 1(x,t) as a function of f for: x = 1, « = 0.5 and different
values of B (left); x = 1, = 0.5 and different values of « (right). Numerical computations are based on
Formula (41). Exact Solution (6) for « = = 0.5 is given by symbols (*); exact solution fora = 0.5, =1
computed using (4) is given by symbols (o).

Next, let us consider n = 3. Plugging in the general Formula (38), the representation for | 1 ()
from (24) yields:

— 1 = : _ 20
Gupa (%) = s /O o sin(|x|0) Eg(—o2t*) do.
This integral is divergent for all 0 < «, B < 1. Integration by parts gives
— 1 * d 20 400
Gupa(x 1) = W/o cos([x|) < (eEp(—™t%) ) do

and, by applying Formula (40), we obtain the following integral expression for the three-dimensional
fundamental solution

1 (o]
Gupa(xt) = grarems [ cosllxo)Euglo, 1) do, 42)
where
Fop(o,t) = Eg(—o2tF) - i;"az“tﬁlsﬂ,ﬁ(—a%ﬁ). (43)

The asymptotic Expansions (20) of the Mittag-Leffler functions imply that the integral in (42) is
convergent for 1/2 < « < 1and 0 < B < 1. Again applying integration by parts in (42) yields

1 ©
Gupa(%1) = s [, Sin(IxIo) Hip(or,) e (34)

where H, g(0, t) = 7% w,6(0, 1) and therefore, by (43) and (21),

Hyp(o,t) = 2/;"02“—1#5 ((1 + 2;) Egp(—c**tF) + Z;‘E,g,ﬁl(amtﬁ)) : (45)
The asymptotic behavior of the Mittag-Leffler functions (20) implies that the integral in (44) is
convergent forall 0 < a, B < 1.
In an analogous way, for n = 2, we deduce from (38) and (24)

1 T o1 0
Gap2(xt) = —27_[2|X|2/0 os’d (1 —1—/0 cos(|x|ocos0)H, g(0, t) da> de, (46)

where the function H, g is defined in (45). The integral in (46) is convergent forall 0 < a, f < 1.
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It is verified numerically that integral representations (41), (46) and (44) for the two- and
three-dimensional fundamental solutions are in agreement with the exact Solutions (5) and (7). For the
numerical computation of the Mittag-Leffler functions in H, g, the integral representation (22) is used.

Numerical results and comparison of the one- and two-dimensional fundamental solutions are
given in Figure 4.

0.8

0.6

0.4

0.2

0 L L L L L L L L L 0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t t

Figure 4. The fundamental solution G, g ,(x, t) for n = 1 and n = 2 as a function of t fora = g = 0.9
and different values of |x|. One-dimensional solution (left) and two-dimensional solution (right).

For a discussion on other integral representations for the fundamental solution, we refer to [7,12].
All numerical computations in this work were performed with the help of MATLAB.

5. Concluding Remarks

The subordination principle for space-time fractional diffusion equations is a useful tool for
finding integral representations of the fundamental solution. The derived integral representations (41),
(46) and (44) for n = 1,2, 3, respectively, are appropriate for numerical implementation. The performed
numerical experiments confirm that the analytical findings in this work are in agreement with the
known exact solutions.

The technique used in the present work for deriving the integral representation for the
subordination kernel does not rely on the scaling property and can be extended to equations with
more general nonlocal operators in space, such as those considered in [36], as well as operators with a
general memory kernel in time, as in [24,37].
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