. mathematics m\py

Article
Some Metrical Properties of Lattice Graphs of
Finite Groups

Jia-Bao Liu *(0, Mobeen Munir 3*(), Qurat-ul-Ain Munir * and Abdul Rauf Nizami °

1 School of Mathematics and Physics, Anhui Jianzhu University, Hefei 230601, China; liujiabaoad@163.com
2 School of Mathematics, Southeast University, Nanjing 210096, China

3 Department of Mathematics, Division of Science and Technology, University of Education,
Lahore 54000, Pakistan

4 Department of Mathematics, COMSATS University Islamabad, Lahore Campus 54000, Pakistan;
anie.muneer@gmail.com

Faculty of Information Technology, University of Central Punjab, Lahore 54000, Pakistan;
arnizami@ucp.edu.pk

Correspondence: mmunir@ue.edu.pk

check for

Received: 20 March 2019; Accepted: 24 April 2019; Published: 2 May 2019 updates

Abstract: This paper is concerned with the combinatorial facts of the lattice graphs of Zp, x p,x - xpy,

1. We show that the lattice graph of Z), xp, x .. xp,, is realizable as a convex
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polytope. We also show that the diameter of the lattice graph of Z m; _m,
P1 XPp =X Xp i1

girth is 4.

Keywords: finite group; lattice graph; convex polytope; diameter; girth

1. Introduction

The relation between the structure of a group and the structure of its subgroups constitutes an
important domain of research in both group theory and graph theory. The topic has enjoyed a rapid
development starting with the first half of the twentieth century.

The main object of this paper is to study the interplay of group-theoretic properties of a group G
with graph-theoretic properties of its lattice graph L(G). Every group has a corresponding lattice graph,
which can be finite or infinite depending upon the order of the group. This study helps illuminate the
structure of the set H(G) of subgroups of G.

The lattice graph L(G) of a finite cyclic group G is obtained as follows: Each vertex of L(G)
corresponds to an element of H(G), and two vertices corresponding to two elements Hy, Hy of H(G)
are connected by an edge if and only if H; < Hj and that there is no element K of H(G) such that
H; £ K S H; (see [1,2]), thus < is used when H; is proper maximal subgroup of H,. The notation <
is used as subgroup. Degree of a vertex is the number of edges attached to that vertex. A vertex is
defined to be even or odd if its degree is even or odd. The degree vector of a graph is the sequence of
degrees of its vertices arranged in non-increasing order [3]. The diameter diam(G) of a connected graph
G is the maximum distance among vertices of G [4,5]. The girth g(G) of a graph G is the length of
a smallest cycle in G, and is infinity if G is acyclic [6]. It is a fact that the lattice of subgroups of a given
group can rarely be drawn without its edges crossing [1,2]. The crossing number cr(G) of a graph G
is the minimum number of crossings of its edges among the drawings of G in the plane. A graph is
considered Eulerian if there exists a Eulerian path in which we can start at a vertex, traverse through
every edge only once, and return to the same vertex where we started. A connected graph G is Eulerian
if each vertex has even degree, and is semi-Eulerian if it has exactly two vertices with odd degrees [7].
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A polytope is a finite region of R" enclosed by a finite number of hyper-planes. A polytope is called
convex if its points form a convex subset of R”. Combinatorial aspects of the groups can be computed
using its lattice graphs [8,9]. The authors discussed some finite simple groups of low rank in [8].
Tarnauceanu introduced new arithmetic method of counting the subgroups of a finite Abelian group
in [10]. The author of [11] described the finite groups Ghaving |G| — 1 cyclic subgroups. Saeedi and
Farrokhi [12] computed factorization number of some finite groups. Tarnauceanu [13] characterized
elementary Abelian two-groups. Tarnauceanu and Toth discussed cyclicity degree of finite groups
in [14]. Tarnauceanu [15] discussed finite groups with dismantlable subgroup lattices.

In the present article, we are interested in the lattices of finite groups. We demonstrate that
the lattice graph of Zp, xp,x..-xp,, can be viewed as a convex polytope, and that the diameter of the

“XPpr
of these lattices. We are interested developing some combinatorial invariants of the groups coming
from their lattice graphs. The main motivation comes from the fact that finite graphs are relatively
easier to handle than the finite groups. One is interested in capturing facts of the group while studying
the graph associated to it. This study ultimately relates some parameters of the graphs with some
parameters of the groups. Several authors computed some combinatorial aspects of finite graphs such

r
lattice graph of mel X" o is ) m; and its girth is 4. We also compute many other properties
1 %P2 i=1

as diameter, girth and radius but, for the lattice graph, similar questions are still open and need to
be addressed. This article can be considered as a step forward in this direction. We, naturally, pose
problems about the exact values of these parameters for more general classes of groups such as S, Ay,
and sporadic groups.

2. The Results

In this section, we give the combinatorial results about the lattice graphs of Lipy x py X+ X pr
Zprlnl ey and Zp;nl <™ Xy In the end, we give the general results about L(Zn).

21 L(ZPIXPZX‘“XPM)

Theorem 1. The lattice graph of Zy,n = p1 X pa X - - - X py, is realizable as a convex polytope with 2™ vertices.

Proof. We prove it using all possible maximal chains of subgroups of Z,,. It is clear that Z, is finite
cyclic group, thus, for each possible divisor of #, there exist a unique subgroup of this group, up
to isomorphism. This leads us to the set of all subgroups of Z,; V(G) = {< 1 >, < p; >, < p2 >
L P33 > < Pt 2o < P >, < P11 X P2 >, < p1XpP3 >, <P X Pm >, < P1r X p2 X p3 >
yee s <PLX P2 X P >, e, < P1X P2 X P3X,..., Xpm >}. Now, the maximal chains: The subgroup
Hp = < 0 > is contained immediately in m subgroups of Z,: Hy, = < p1 X p2 X -+ X py_1 >, Hy, =
<PLX P2 X X Pmop X pm >,Hy, =<pa X p3x- - Xpy >, asshown in Figure 1.

<P1Py---Pm-3Pm-1Pm>

<P1P5--Pr-3Pm-2Pm>

<P,P5--Pry-1Pm> <P4Py-+-Prm-3Pm-2Pm-1>

<0>=<P4P;--Pry2Pm-1Pm>

Figure 1. First step graph.

Each Hy, is contained in m — 1 subgroups of Z,: For instance, Hy, = < p1 X p2 X ... X pp_1 > is
contained in Hy, = < p1 X pa X ... X P2 >, Hp, = < p1 X p2 X ... X P33 X Ppy—1 >,..., Hy | =
< P2 X p3 X ... X Py—1 > (see Figure 2).
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<PPy---Pm- 4Pm-2Pm-1>

<P1Py:--Pm- 4Pm-3Pm-1>

<PoPy-Prn2Prm 1> <P{P2:-Pm- 4Pm-3Pm-2>

<P1P2--Pm-3Pm-2Pm-1>

Figure 2. Intermediate step Graph.

Similarly, every sz is contained in m — 2 subgroups of Z,: Hy, = < p1 X p2 X ... X py_p > is
contained in H3, subgroups of Zj (see Figure 3).

<PP5--Pm-5Pm-3Pm-2>

<P4P5--Pr-5Pm-4Pm-2>

<P,P5---Prn-3Pm-2> <P1P2--Pm.5Pm-4Pm-3>

<P1P2-:-Pm-4Pm-3Pm-2>

Figure 3. Intermediate step Graph.

The process will continue until we receive < p; >, < pp > ... < py > at the second last stage.
Now, each one of these is contained in < 1 > =7, and the process is finished (see Figure 4).

<1>=Z,

<Pm>

Figure 4. Last step Graph.

It is clear that there are m possibilities of subgroups of Z, containing trivial group, m — 1
possibilities of each of Hj, to be contained in other subgroups of Z,, m — 2 possibilities for each
of Hp, to be contained in next subgroups and so on. Thus, by the product rule, the number of all
possibilities of maximal chains is (m)(m — 1)(m —2) - - - 3.2.1 = m!. Now, we put all these chains of
subgroup in the plane such that each subgroup is identified to itself occurring in all these series. Thus,
the same subgroups that appear in more than one series, appear only as a single vertex of the lattice
graph in the plane. This lattice graph starts of at the identity and finishes at Z, because these subgroups
appear in all series. This may have crossings. If we imagine this gluing in R3 avoiding all crossings
in higher dimension, we get a convex polytope with 2" vertices, one vertex corresponding to each
element of H(Z,). For instance, the cases for m = 3,4, 5 are shown in Figures 5-7, respectively. [J



Mathematics 2019, 7, 398 40f 11

<py>

<1>=Zpy+pyepg

<p1p3>

<pz>

<] >
<p;py> P2

<0>=<p1 PoPg> <poPz>

Figure 5. L(Zp, x p,xps)-

<
<0>=<p‘p2p3p4> 1

Figure 6. L(Zp, x p,x psxps )-

?
%
gfg»‘«.

<0>=<p,p,p.D,Pe>

v
W/ ot g
S ,.ﬁ,.

Figure 7. L(Zp, x pyx psx paxps)-

Corollary 1.

(a) The number of maximal subgroups of Zy is m.
(b) The length of each maximal series is m + 1.
(c) The diameter of L(Zy) is m.

(d) L(Zy,) is m-regular.

Proof.

(a) It is clear that Z, is cyclic, thus, for each divisor, we have a unique subgroup. Prime divisor p; of n
yields maximum quotient, thus these numbers correspond to the maximal subgroups of Z,,, which are
<p1>,<p2>,<p3> o< Pm-1>< Pm >.

(b) This can be shown by simply counting the number of vertices of L(Z,) along a path from < 0 >
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to < 1 >; see, for instance, a typical series: <0 >C< p; X pa X ... X pp_1 >C ... C< p1 X pp >C<
p1 >C<1>=Z,.

(c) diamL(Zy) is one less than the length of a maximal series, which is the length of each path from
<0>to<1>.

(d) At the first stage, the degree of the vertex Hy is m because it is adjacent to m vertices Hy,,
i = 1,2,...,min the second stage, as shown in the construction of L(Z,).

The degree of each vertex at the second stage is m as each vertex Hy, is adjacent to m — 1 vertices
lying higher to it and to one vertex lying below it. For instance, Hy, = < p1 X p2 X ...py_1 > is
attached with Hy, = < p1 X po X ... X pp2 >, Hoy =< p1 X p2 X ... X Py3 X Py—1 >,..., Ho | =
< P2 X p3 X ... X py_1 >. Similarly, deg(sz) is m. Continuing this process, we receive that the
vertices corresponding to < p; >, < pp >,..., < pm > are adjacent to the vertex corresponding to
< 1 >, giving the degree of the last vertex m too. Thus, each vertex of L(Z,) has degree m, and the
proof is finished. [

Remark 1. It should be remarked that the lattice graph of Z,, is a small-world network in which nearly all nodes
are not neighbors of one another, but the neighbors of any given node are likely to be neighbors of each other and
most nodes can be reached from every other node by a small number of steps. Thus, it is a connected graph [16].

22 L(Zy )

The construction of L(me1 "2 ) is given by using all maximal chains from the set H (me1 g ) =
1 2 1 2

(<1><p><pPr>., < > <P > <p><p3>.., <> <> <
p1Xp2 >, <pltxpy>,..., < pit xpy? >} The subgroup < 0 > = < p;"! x p32 > is contained

immediately in two subgroups < p|'! X py' 271> and < pTlfl X py2 > which are further contained

in < p/""" x ph2! > The subgroup < p""~! x pi2 > is contained in < p}"" "> x pi2 >, which is

contained in next two subgroups, < pi" "2 x ph2 ! > and < p" 7 x pii2 >0 < P X pl2 > s
contained in other two subgroups of mel p2: The process will continue until we receive a subgroup
1 2
< p1 X py? > thatis contained in next two subgroups, < p; X p,2 > and < p,? >. Both are further
contained in < p?rl >, which itself is contained in < p?rz >. This process is continued until we
obtain a subgroup < p, >, which is continued in < 1 > = mel p2 and thus we receive a series of
1 2

subgroups of Zp;ﬂlxpiznz,'for instance, < 0 >C< p’lﬂl—l X pgﬂz >C< pT1—2 > pglz >C...C< p?z >C<

p?rl >C< p? 272 >C ... C< pp >C< 1 >. We obtain all other series of subgroups similarly. Now,

gluing all maximal series, we obtain the lattice graph of mel «p2/ a8 shown in Figure 8.
1 2
From the construction, we reach at the results:

Proposition 1.
(a) L(Zp;n1 2 ) is planar.
(b) Length of maximal series of mel ) p2 is (my +my +1).
1 2
(c) The diameter of lattice graph of mel p"2 is my + my.
1 2

Proof.
(a) This is obvious from the construction of L(me1 p2 ).
1 2
(b) Again, this is obvious; see a typical maximal series: < 0 >C< pJ" ™ x py2 >C< pl" ™2 x pii2 >C
<P sCe P SsCa TP >C L C<pp >C< 1 >,

(c) In this case, the diameter is exactly one less than the number of elements in a maximal series. [J
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<P, My

Figure 8. L(Zp;nl xp2 ).

2.3. On the Lattice Graph of Zplml -

2xp3

. _ ny ny myp—1
xpy 18 H(Zp'flxrzzlzxm) ={(<p " xp2xpzs><p X

PR2 X Py >, < pLX PR X py >, < Py xpy STU{< P x bt >, < pi T kbt >, <
PEX Py >, < prxpy® >, < py? SPUL< p X gy xps >, < pt T x T xps >, <
p1Xpa  xps >, < P X py YU U{< P X ps >, < P T X py >, < pr X pa >, < p3 >
Juf{<pit >, < p'lnlfl >,...,< p?>,<p1><1>)} Thesubgroup < 0 > = < p|"! x p)? x p3 >
is contained immediately in three subgroups < pj'* x p?rl X p3 >, < p;"l_l X py? X p3 > and
< pt x py? >. The first two of these are contained in < p'lnl_1 X p?rl x p3 >. The subgroup <
p'lﬂ]*l X py? X p3 > is contained in < p'lnfz X py? X p3 > which is further contained in two subgroups
< PP x i ps > and < pl" TP x P2 x p3 >. The subgroup < pi"7 x pi? x p3 > is
contained in other two subgroups of Zp;nl “p! . The process will continue till we receive a subgroup

The set of subgroups of Zp;"l e

12><

p3
< p1 X P2 x p3 >. Itis contained in three subgroups < p; x py2 >, < p1 x py2~ ' x p3 > and
< py? X p3 >. The subgroup < p,? X p3 > is contained in < p,? >. It is contained in < pmz*l >.

2
Continuing this process till we obtain < p, > which is contained in < 1 > = mel <" and
1 2

)
xp3’

we will receive series of subgroups of Z _m; _ m,
Py Xpy"Xps3
ny -2

PITE X Py X py >C L. C< PhR X py >C< P2 >C< il >C L. C< pp >C< 1 >. Similarly,
all the remaining subgroups will form other series of subgroups. At the end, gluing the vertices
occurring in all maximal series, we obtain the required graph, as shown in Figure 9.

; for instance, < 0 >C< pﬁ"rl X p;’” X p3 >C<
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25 <p,™13> <py> <1>=zp,Mp,M2p,

<pgz>

1 -2 2l M43, e
/<P1'"1P2> <p,™ P2>/<p1m1 L I R R S T /<p2>
- i A

<PoP3>

<p1m‘p2mz'1p3> p1m1'1pz 2’1P3> <p,™1%p, M2 py> | Py> Py 2 Py
T = NN A e N R TR e 2 g
<0>=<p1m1p2m2p3> <p1"H'1p2m2p3> <p1nH72p2"?p3> <p1"H'3p2m2p3> <p1p2m2p3> <p2m2p3>
Figure 9. L(Zprlnl xp2 ><P3)'
Proposition 2. The crossing number of L(mel Xy ><p3) is 2mymy.
1 %P2
Proof. The proof is clear from the Table 1:
Table 1. Crossing numbers.
my,my 1,1 2,1 3,1 ... m,1 my,2 my,3 ... my, my
cr(G) 2 4 6 ... 2my 4my  6mp ... 2(mq)(my)

O

The following proposition relates the number of crossings and number of subgroups of
Domy_ my .
P1  Xpy=Xp3

Proposition 3. crL(ZpT1 <p2 Xp3) = |V(L(Zplm1 <p2 X;73))| —2(my +my +1).

Proof. We proceed as follows: |V(L(me1 Xpm2><p3))| =2(my+1)(ma+1) =2(mymy+my+my+1) =
1 2

m

Z ﬂ‘ll 72
.p1 X Py~ Xp3 ]
|V(L(ZPTl 2 X753))| = crL(Zp;n1 <2 X;73) + 2(mq + my + 1), which leads to the given result. [J

2mymy + 2(mq + my + 1). However, as in Proposition 2.4, (crL( )) = 2(mq)(my) we have,

Similarly, the following corollary provides a link between number of crossings and number of
subgroups of Zp;nl X paxps”

‘V(L(Zp;'ll xppxps)!
Corollary 2. CI‘L(ZpTl ><P2><P3) = AP g
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Proof. The result follows immediately from the relation |V (L(Z m

Pllxpzxp3>)| =4(my +1) =2(2m; +
2) = 2(crL( ) +2). O

Z m
Py~ Xp2Xps3

Proposition 4. The length of maximal series of Z P! zs my +my + 2.

Proof. A typical maximal series of subgroups of Z P! is<0>C< p;"l_l X py? X pg >C<

n12 %

P
pl xp’z”zxp3>g...g<p22xp3>£<p2 >£<p2 >C<;a’112 2>g...g<p2>g<1>,
which consists of mq + my + 2. Since each maximal series has the same number of elements, we
are done. [

Proposition 5. The diameter of L(Z ! ) is mq 4 my + 1.

}le x p
Proof. The diameter is one less than the length of the maximal series of L(Z " 2 ><P3)

Proposition 6. Girth of the lattice graphs of Zy, 1 = p1 X P2 X oo X Pry—1 X Pm, M # 1, ZPTI "2 and
7 my iy is 4.

Py XPa=XPps3
Proof. If the degree of each vertex of a graph is at least2, then then there exists a cycle. It is clear that
the degree of each vertex of L(Z,) is 2 except m = 1, thus there exists a cycle and the length of shortest
cycle is 4. Thus, the girth of L(Z,,) is 4 except m = 1. Similarly, the girth of Z Pl and Z P!
is4. [

2XP3

Finally, the information about the diameter and girth is enclosed in the most general result:

Theorem 2 (The Main Theorem). If G is the group Z Pyl - then:

7’”2 mr7
><p 3xxp, ]

(a) The length of the maximal series of G is 1 + E m;.
i=1

(b) The diameter of L(G) is Zr: m;.
i=1

[ h =1
CRUCIES s

Proof.

(a) The set of subgroups of Gis H(G) = {< p]" x p52 x p32 x ... x pr 1 x p/' >, < p)"' x py? x p3? x
xpr’llxpﬁ”l> <P X pEE ) p X p T x e STU{< P x ph2 x paR XL X
r my_1—2

p;ﬂll X pr >, < PPy X pa? XX p T IX pe >, < pI X Py X PR X X Py X pp >

1 2
JU L U{< pit x p? x p3? T X xprlxp,><p11xp2xp X oo X P X Pr >y, <

Pt X ppt X p3 X X pp 1><pr >}U{< pit X py? X Py XX P X pr >y, < pit X pa X
pP3 X ... X proy X pr>PUA{< pl T P2XP3X e X P X Pr >y, < P1L X P2 X P3 X oo X Prog X
pr >HU{<S prXpaXp3sX...Xpq >,...,< p1 Xp2 >,< p1 > <1 >}. This set consists of
(mp+1)(my+1)(mg +1)...(my—1 +1)(m, + 1) elements; this number is actually the number of
divisors of the order of G. Now, take elements of H(G) and form a (maximal) series from < 0 > to
< 1 >. A typical series of such kind is:

<O>=<p" xpy? x Py x . oxplt x plt >
C< Pt X py? x p3? x .. xprlpo"’1>
m 1
C...C<p"xpy? xpsBx.. xprrl X pr >
C<p"xph?xpg® x...oxp Y >

-2
C<p" X po2x pa® x ... x p T X py >
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O P X PR X PR X X Py X Py >
LC<pt xp?pr;”371x...><pr_1><pr>

m mz—2
< PIT X Py X P T X L X Py X pr >

<P X PEE X p3 X X Py X P >
<P X T X pa X X Py X pr >
<P X P2 X P3 XX Py X pr >
<P X pa X p3 X X P X pr >

L C P X P2 X P3 X X P X Pr >
<pP1X P2 Xp3X...XPrq>

L C I X pr >C<pp >CECT >

NN NI 1IN N 1IN0 1N 1N 1IN

This maximal series contains m, +m, 1 —1+my, o —14+...+mg—1+my—14+m —1+r=

r
my+my+msz+...+m_q1+m+ (=1)(r —1) +r = Y m; + 1 subgroups. Since each maximal series
i=1
T

contains exactly the same number of subgroups, the length of maximal seriesis 1 + ) m;.
i=1

r
(b) It now follows that the diameter of L(G) is }_ m;, which, in our case, is actually one less than the
i=1
length of maximal series of G. This completes the proof.

(c)Casel (r #1)

Consider two typical maximal series of subgroups of G:

<O>=<p"x Py x Pt x X P X i > P pli2 X ph x L x plt X pit >C <
X pr Xt >C L C<

m,_1—1
X ..oxp 7t

H’l]*l le—l ms my_q m 111171 mz—l Wl371
24 X Py X pydX...Xp, X pT >C< py X Pyt X pyd X

mi1—1 my—1 my_1—1 my—1 my—2 my—1

m3—1 mz—1
P X Py X P T XX p 7 X py >C< p] X py X p3°
my—1

Pr SC...C<PIXPaXp3X .. X P Xpr >C ... C<pr1p2 >C<p1 >CE<CT >,
and

my my—1 My

<O>=<p"xp?2 xpsB x . oxpl X >C< Pt X py? T X p? XL x p T xopt >C<

-1 -1 "y _ -1 -1 -1 my_
PIT X Xpet XL x T x g SC< "t T X py X pyR T xLx p T x g >C L C<
myp—1 my—1 mz—1 my_1—1 my—1 myp—1 my—2 mz—1 m,_1—1
Pr X Pyt U Xpyt X Xip o Xpet D >C< pp Xyt TXpyt X Xip T X

Pl S C L C<p X pa X p3 X X Py X pr >C .. C< prpp >C< pp >C< 1>,

On gluing these maximal series in this a way, the subgroup < 0 > is contained immediately in two

subgroups: Hy = < p"" ™" x ph2 x pi® x ... x p!"t x pi' > and Hy = < pi" x py2 7 X pi® x L. %

pl't x pi" >, Both these are further contained in Hz = < pi" ' x py2 ! x piB s ox plr it x pitr >,
and we obtain a closed path < 0 >— H; — H3z — Hp —< 0 >. We can split this closed path in two
closed paths, < 0 >— H; — Hy -< 0 > and Hy — H3 — Hy, — Hj. Forif H; C H,, we receive
a contradiction that there does not exist a closed path of length 3.

Similarly, gluing the vertices occurring in all maximal series, we obtain a graph in which one
vertex is joined at least with two vertices which are further joined with another vertex, but these two

vertices are not joined with each other. This confirms that the length of shortest cycle is 4.
Casell. (r=1)
In this case, since we receive just a finite path, g(L(G)) = co. [
Theorem 3.
(@) L(Zp, xpyx--xpy) is Eulerian if m is even and is non-Eulerian if m(> 1) is odd.
(b) L(me1 Xpmz) is non-Eulerian if m1 # 1,2 and my # 1.
1 2

(c) L(Zp;ln1 2 Xp?’) is non-Eulerian.
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Proof. The proof is given in the following Table 2:

Table 2. Degree vectors and graph types.

Lattice Graphs m Degree Vector Graph Type
L(Zy), 1 Vi=[11] Semi-Eulerian
n=pp X paX 2 Vo=[2222] Eulerian
. 3 V3=[33...8times 3] Non-eulerian
XPm—1 X Pm 4 Vy=[44...16 times 4] Eulerian
m Vip=[mm...2™ times m] Eulerian if m = even
Non-Eulerian if m = odd
mq, np
1,1 V/=1[2222] Eulerian
2,1 V;=1[332222] Semi-Eulerian
3,1 V3’ =[33332222] Non-Eulerian
4,1 V4’ =[3333332222] Non-Eulerian
LZppcpye) : ~
mq, 1 V/=[33...(2m; —2) Non-Eulerian
times 3222 2]
my,2 VIi=[44...(m —1) times Non-Eulerian
433 ... (2my) times 3 2
2272]
my, my V/=[444..((my—1) x Non-Eulerian
(my —1)) times 4 3 3...(2my When my # 1,2
+2my —4) times 3222 2] and my # 1
1,1 V{'=[33333333] Non-Eulerian
2,1 V) =[444433333333] Non-Eulerian
L&y ey : :
my, 1 V) =[44...(4m; —4) times Non-Eulerian
433333333]
my, my V/'=[55...((my—1) x Non-Eulerian
(2my —2)) times 5444 ... Vmq, my
(4mq + 4myp — 8) times 4 ...
33333333]

O

3. Conclusions

In this article, we discuss some metrical aspects of the lattice graphs of some families of finite
groups. We obtain the diameter and girth as well as many other aspects of these lattice graphs. Along
with many other results, the following are the main contributions of this article.

Theorem 4 (The Main Theorem). If G is the group mel g my, then:
1 2 r

2 "3 y—1
Xpg X xp, 7 xp

;
(a) The length of the maximal series of G is 1 4 )_ m;.
i=1
r
(b) The diameter of L(G) is Y. m;.
i=1

oo whenr=1

() g(L(G)) = { 4 whenr#1
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and

Theorem 5.
(@) L(Zp, xpyx--xpy) is Eulerian if m is even and is non-Eulerian if m(> 1) is odd.
(b) L(me1 Xp"’z) is non-Eulerian if mq # 1,2 and my # 1.

1 2

(C) L (Zp;"l % sz

) is non-Eulerian.
2" XP3
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