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Abstract: The w-distance mapping is one of the important tools that can be used to get new contractions
in fixed point theory. The aim of this paper is to use the concept of modified w-distance mapping to
introduce the notion of rational (&, B),-mw contraction. We utilize our new notion to construct and
formulate many fixed point results for a pair of two mappings defined on a nonempty set A. Our results
modify many existing known results. In addition, we support our work by an example.
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1. Introduction

The Banach contraction principle [1] is one of the most famous results in the setting of fixed
point theory. Subsequently, many generalizations and modifications were studied in many directions
by many authors; see [2-17].

Wilson [18] defined the quasi metric space as follows:

Definition 1. [18] For A # @, let q: A x A — [0, +00) satisfy:

(i) q(s1,82) = 0ifand only if s; = s, and
(i) q(s1,52) < q(s1,53) +q(s3,52) for all 51, 52,53 € A.

Then, we call g a quasi metric on A and (A, q) a quasi metric space.

Define g, : A X A — [0, +00) by:

am(j1,j2) = max{q(j1,j2), q9(j2, j1) }-

Then, (g, A) is a metric space.
From now on, we let (A, q) stand for a quasi metric space and (ji) stand for a sequence in (4, q).

Definition 2. [15,19] We say that a sequence (j,) in A converges to j € A iffklim q(jx. j) = klim q(j, jx) = 0.
—00 —00

Definition 3. [19]

(i) We call (ji) left Cauchy if for each iy > 0, there exists a positive integer i such that q(jk, j;) < 7y for all
k>1>1.
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(i)  We call (jy) right Cauchy if for each vy > 0, there exists a positive integer i such that q(ji, j;) < -y for

alll > k > 1.

Definition 4. [15,19] We call (j) Cauchy if for each vy > 0, there exists a positive integer i such that
GG ji) <y forall Lk > i.

Note that (ji) is Cauchy if (ji) is a right and left Cauchy.
Definition 5. [19] (A, q) is complete iff every Cauchy sequence in A is convergent.
Alegre and Marin [20] introduced the notion of modified w-distance mappings as follows:

Definition 6. [20] A function p : A x A — [0, +00) is called modified w-distance (mw-distance) on (A, q) if
p satisfies:
(W1) p(cy,c2) < p(e1,c3) + ples, cz) forall cq,c3,c3 € A,
(W2) foranyc € A, p(c,.) : A — [0, +00) is lower semi-continuous, and
(mW3)  for each € > 0, there exists u > 0 such that if p(c1,c2) < pand p(cp,c3) < u, then q(c1,c3) < € for
all c1,¢p,c3 € A.

Definition 7. [20] An mw-distance function p : A x A — [0, 00) is called strong mew-distance on (A, q) if:

(mW2) foranyc € A, then p(.,c): A — [0, c0) is lower semi-continuous.
Remark 1. [20] Every quasi metric q on A is an mw-distance.

Lemma1. [7] Let p be an mw-distance on (A, q). Let (ji) be a sequence in A and ({y) , (Cx) be two nonnegative
sequences converging to zero. Then, we have:

(i) Ifp(jx i) < Ck forany k,1 € Nwith 1 > k, then (ji) is right Cauchy.
(i) Ifp (jx, ji) < & forany k1 € Nwithk > 1, then (ji) is left Cauchy.

Remark 2. [7] From Lemma 1, we conclude that ifkllim p(jk,ji) = 0, then (ji) is Cauchy in (A, q) .
| —00

Definition 8. [21] A function ¢ : [0,00) — [0,00) is called a c-comparison if ¢ satisfies:

(i) ¢ is nondecreasing and
(ii) i(pk(y) < oo forall u > 0.
k=0
Remark 3. If ¢ is a c-comparison, then ¢(pu) < u Vu > 0and ¢(0) = 0.
In the rest of this paper, by « and f, we mean functions from A x A into [0, 4c0).
Definition 9. [22] A mapping hy : A — A is a-admissible if for i,j € A,
a(i,j) > 1= a(hyi, hij) > 1.

Definition 10. [23] A mapping hy : A — A is called triangular a-admissible if:

(1) hyis a-admissible,
(ii)  Foralli,j,k € A,
a(i,j) > land a(j, k) > 1 = a(i, k) > 1.
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Definition 11. [9] For the two mappings hy, hy : A — A, we say that (hq, hy) is a-admissible if for all i,j € A,
&(i,j) >1 = l)é(hli, hz]) >1 and Dé(hzi, h1]) > 1.

Definition 12. [24] For the two mappings hy, hy : A — A, we say that (hy, hy) is «, B-admissible if for all
i,j€A,

O((i,j) > ‘B(l,]) — 0((]111', hz]) > ‘B(l’lli, ]’lz]) and (J((hzi,hlj) > ,3(]’121', h1])

For more work on contractions involving admissible conditions, see [25-27].

2. Main Results

We start with the following definition.

Definition 13. For the two mappings hy, hy : A — A, we call the pair (hy, hy) «, B-triangular admissible if:

(i) (hy,hy) is a, B-admissible, and
(i) ifs1,80,53 € A, a(s1,52) > B(s1,82), and a(sy,s3) > B(s2,53), then a(s1,s3) > B(s1,53).

Example 1. Let A = [—1,1]. Define hy,hy : A — A by hji = %"i', hyi = i. Furthermore, define

a,B:AxA—[0,00)viaali,j) = et and B(i,j) = e 7. Then, (h1, hy) is a, B-triangular admissible.

Proof. To show that (hy, hy) is &, B-admissible, given i, j € A such that a(i,j) > B(i,j), then j € [0,1].
Note that: ' J '
1 . 1 2
i) = (77 ) = e 2 e = i)

and:

“(h2i/ hl]) = 0‘(1', 1 _|£||]|) = eHrllU\ > el+(1l\f| ) = ‘B(hzi, h1])

Now, given i,j,k € A such that a(i,j) > B(i,j) and a(j, k) > B(j, k), then j, k € [0,1].
Therefore, a(i, k) = etk > e t%* = B(i,k). O

Let hy,hy : A — A be two mappings. By starting with the initial point jo € A, we define the
sequence (jn) in A by hyjon = jon+1 and hajop11 = jont2. To facilitate our work, we call the above
sequence (j,) an (hy, hy)-sequence with initial point jo.

Lemma 2. For the mappings hy, hy : A — A, we assume the following conditions:

1. (hy,hy) is a, B-triangular admissible and
2. there exists j() € A such that ﬂc(hljo, hzl/lljo) > ,B(hﬂo, hzhljo) and w(hzhljo, hle) > ‘B(hzhljo, h1j0)~

Then, the (hy, hy)-sequence (jy) with initial point jo, satisfies &(ju, jm) > B(jun, jm) for all n,m € N.
Proof. For j; = hyjo and jo = hyj;, we get that:
a(j1,j2) = B(j1, j2) and a(jz, j1) = Bj2, j1)-
Since the pair (hy, hy) is «, B-triangular admissible, we have:
a(haj1, mj2) = B(haji, hj2) and a(haja, hoj1) = B(haj2, haji)-
Now, for j3 = hyjp, we have:

a(j2,j3) > B(j2,j3) and (3, j2) > B(j3,j2),
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Repeating the same process, we conclude that (j,) satisfies:

&(fns jn+1) = Bljns jut1) )
and:
& (fut1,jn) 2 Bljn+1, fn)- @
By the same process, we can prove that:

&(jnt1,jnt2) = B(jn+1,jn+2)- 3
Therefore,
&(jn, jn+2) = BUjns jn+2)- 4)
Hence, for m > n with m = n 4t for some ¢t € N, we get that:
&(jns jm) = &(jn, jut) = B(ins jn+t) = Bljns jm)-
From the definition of «, B-triangular admissible and Equations (1) and (2), we get that:
&(jn, jm) > B(jn, jm) for all n,m € N. (5)
O

Next, we introduce the concept of the rational («, 8),-mw contraction.

Definition 14. Let p be the modified w-distance equipped on (A,q), and let hy,hy : A — A be two
self-mappings. Then, we call (hy,hy) a rational («, B),-mew contraction if there exists a c-comparison function
@ such that for all s1,s, € A with a(sy,s2) > B(s1,52), then we have:

p(s1,h151)p(s2, h2s2) }
1+ P(Sl, Sz)

p(hys1, h2sp) < @ max {P(S1,h151),P(52,h252),

and:

p(s1,has1)p(s2, his2) }

has1, his) < shas1), p(s2, Is2),
pllasy nsz) < gpmax { plsy hasy) s usa), ZEEEL P

For simplicity, we mean by N* the set of all non-negative integers.

Lemma 3. Let p be the modified w-distance equipped on (A, q). Let hy,hy : A — A be mappings and ¢ be
a c-comparison. Suppose the following:

(i) (h1, hy) is a, B-triangular admissible,

(i) (h1,h2) is a rational (w, B)y-mw contraction, and
(iii)  there exists jo € A such that:

a(hyjo, hahijo) > B(hijo, hahajo) and a(hahyjo, hijo) > B(hahijo, hijo)-

If there exists k € N* such that p(ji, jer1) = 0 0r p(jxs1, jxk) = O, then ji is a common fixed point of hy
and hy, where (j,) is the (hy, hy)-sequence with initial point jy.
Moreover, if z € A is a common fixed point of hy and hy, then p(z,z) = 0.

Proof. Asin Lemma 2, we have a(ju, jm) > B(jn, jm) ¥V n,m € N*.
Assume that p(jk, jxs1) = 0. If k is even, then k = 2t for some t € N*. Therefore, we have

p(jat joty1) = 0.
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Since (h, h2) is a rational («, B),-mw contraction, we have:

pGotstsjoir2) = p(hajor hojors1)

o ‘ ‘ s i) (e
< @max {p(]Zt/hl]Zt)/P(]2t+1rh1]2t+1)/ Pl fﬁ';fjgf]‘;l)ﬂz”l) }

o (6)
= @max {p(j2t1j2t+1 ) P(at+1, jotr+2), W }
= omax{p(fa, for+1), P(ar41, ar42) }-
Hence, p(jai+1, jat+2) < @p(fars1, for+2)-
Using the properties of the c-comparison function ¢, we get:
p(jat+1, jar+2) = 0. @)
By (W1) of Definition 6, we get:
p(jat, jot+2) = 0. ®)
Furthermore, using (mW3) of Definition 6, we get:
q(jat, jor+2) = 0. )
Therefore, jo; = jor42.
Now,
pUat2 j2e41) = ph2jaer1, hjar)
< (pmax{P(jzt+1,12t+2),P(jzt,j2t+1),%} (10)
= gmax{p(jar+1, j2t+2), P(fats jor+1) -
Therefore,
p(jat+2, jar+1) = 0. (11)

Using Equations (8), (9), and (11), we get q(jat, jor+1) = 0, and so, ji is a common fixed point of /4
and hs.

Using the same process, we can show that ji is a common fixed point of #; and h; whenever k
is odd.

In a similar manner, we can show that ji is a common fixed point of h; and hy if p(jk11,jx) = 0.

Now, assume that z € A is a common fixed point of /; and h;.

Since (hy, hy) is a rational («, B),-mw contraction, we have:

p(zz) = p(haz,hz)
< pmax {p(z,z),p(z,z),%} (12)
= ¢p(z2).
Hence, p(z,z) =0. O

Now, we introduce our main result:

Theorem 1. Let p be a modified w-distance equipped on (A, q). Let hy, hy : A — A be two mappings and ¢ be
a c-comparison function. Assume the following hypotheses:

1. hy and hy are continuous,
2. (h,hy) is a, B-triangular admissible,
3. (h1,hp) is a rational («, B)y-mw contraction, and
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4. there exists jy € A such that:
a(h1jo, hahijo) = B(hjo, hahijo) and a(hahajo, hijo) = B(h2hijo, hajo)-

Then, the (hy, hy)-sequence (jn ) with initial point jo converges to a unique common fixed point of hy and
h2 in A.

Proof. If there exists n € N* such that p(ju, ju+1) = 0 or p(ju+1,jn) = 0, then by Lemma 3, j, is
a common fixed point of 11 and . Therefore, we can assume that for all n € N*, p(jy,, ju41) # 0 and

p(jn+1,jn) # 0.
If nis odd, then n = 2s + 1 for some s € N*.

Since the pair (11, hy) is a rational (&, B)y-mw contraction, we have:

pliast1 jas+2) = p(hijos hajost1)

< gmax {P (2o 125, Pfas 1, I sy ), Pt Pl ot }

L . . j2s,j25+1) P (jas +1,j2s+2 13
= @max {p(]251]25+1)/p(]25+1r]2s+2)/ b {%p()ji(,]jzm)] ) } (13
= gmax{p(jas, jos+1), P(jast1,jas+2) }
= @p(jas jos+1)-
Furthermore, we have:
plas+2 j2s+1) = p(hajost1, hjas)
< gmax {P(fzs+1,h2125+1), p(jas, Mjas), p(jzsul/izéz(sj;l,}z(jfi’hljzs) }
; : 5 ; ‘2<+1/l S+ } 5/.25+1 14
= pmax {P(]25+11]25+2)rp(]251]2s+1): ate 1#;(23572(5]:)] )} (14)
= gmax{p(jast1,jos+2), P(j2s, jas+1) }
= (Pp(jZSrj25+1)~
Therefore, we have:
max{p(jast+1, jas+2), PU2s+2, j2s+1) } < @P(fos, jos+1)-
Furthermore, if n € N* is even, we have:
max{p(jos+1sjast2), PUast2/j2s41)} < @p(jass jast1)-
Therefore, for all n € N*, we get:
max{p(ju, jn+1), PUnt1,jn)} < @P(ju—1,jn)- (15)
Thus,
P jnt1) < @PGn-1,jn) < @*P(in-2,ju-1) < -+ < ¢"pljo, j1)- (16)
Furthermore, we have:
p(n+1,dn) < @"p(io, j1)- (17)

Now, we claim that (j,) is Cauchy.
To show that (j,) is a left Cauchy sequence, let n,m € N with n > m.
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Using Equation 17 and (W1) of Definition 6, we have:

pGn jm) < PUnsjn-1) +PUn-1,jn—2) + -+ Plms1,jm)
< op(jin—2,jn-1) + @P(n-3,ju—2) + -+ @P(m—1,jm)

n—1

= L opljx-1ji) (18
k=m
n—1 ko

< L ¢"plo jr)-
k=m

[e9)
Since ¢ is a c-comparison function, then Y. ¢*p(jo, j1) is convergent. Thus, for any € > 0, there is
k=m

N € N such that: N B
2 (PkP(jo,jl) < eforallm > N. (19)
k=m

Hence, for n > m > N, we have:

n—1 (o)
pGnjm) < Y @ pGo 1) < Y @ plio 1) <e. (20)
k=m k=m

By Lemma 1, (j,) is a left Cauchy sequence.
To show that (j,) is a right Cauchy sequence, let n,m € N with n < m. Using Equation (16) and
(W1) of Definition 6, we get:
PGnrjm) < PUnjns1) + PUns1sjns2) + -+ plim—1,jm)
m—1
= L Pk jrs1) @1)
m—1 o
< X ¢'plo o)
k=n
Hence, for m > n > N, we have:

m—1 o0
pinsjm) < Y @ pGo. 1) < Yo" pljo. 1) <e. (22)
k=n k=n

By Lemma 1, (j,) is a right Cauchy sequence.
Hence, (j,) is Cauchy. The completeness property of (A, q) implies j* € A, and so:

lim q(jan,j°) = lim q(j*, jan) = 0. 23)

n—00

Since hy is continuous, we have:

Jim q(h1jon, j*) = lim q(mj*, hjon)
Jim q(jzn1,j") = limg(hj*, jant1)

=0.

By uniqueness of the limit, we get j* = hyj*. In a similar manner, we can show that j* = hyj*.
Consequently, j* is a common fixed point of /11 and h;.

To prove the uniqueness of the common fixed point of /1 and hy, if z € A is a common fixed point
of hy and hy, then by Lemma 3, we get that p(z,z) = 0.

Assume there exists v € A such that v = hyv = hyo.
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Now,
p(v,z) = p(ho,hyz)

< ¢ max {p(v,hlv)r p(z, hyz), ‘p(v,ﬂ?(r;(j)hﬂ) }

= @ max {p(v/ Z))’ p(Z,Z), %}

=0.

Hence, p(v,z) = 0. Since p (z,z) = 0, then by using (mW3) of Definition 6, we get q (v,z) =0,
andso,v =z. O

Next, we introduce an example to show the usability of our work:

Example 2. Let A = R be the set of real numbers.
Definew,p: A x A — [0, 00) as follows:
Forall sy,sy € A, let a(s1,s5) = els1l*12l and B(s1,55) = els1t2l,
Furthermore, define hy, hy on A as follows: hy(a) = Ya and hy(b) = 3b.
Define q : A x A — [0, 00) via:

0 llfsl =Sy,
q(s1,82) =
ls1]+ 3sa| ifs1 # s0.

Define p : A x A — [0,00) via p(s1,s2) = 2|s1| + 3|sz|. Furthermore, define ¢ : [0,00) — [0, c0) via

o(n) = Su.
Then:

(1) (A, q) is a complete quasi metric space,

(2) (A, p) is the mw-distance on q,

(3) @ isac-comparison function,

(4) S and T are continuous,

(5) (S, T)isa, B-triangular admissible,

(6) (S, T) isarational («, B),-mw contraction.

Proof. The proofs of (1)-(4) are obvious.
Now, we prove (5): Given 51, p,53 € A, then:

a(sy,s2) = ellFl2l > elrtsal = gy 55).

Therefore,
1 1 1 1
w(hysy, hysy) = e2l1lFsll > elasitasal — gy s), hysy)

and:
1 1 1 1
zx(hzsl,hlsz) = 6§‘sl|+7‘52| > €|§sl+752‘ = ﬁ(h251,h152).

Furthermore, if a(sq,52) > B(s1,52) and a(sy,s3) > B(s,s3), then a(sq1,s3) > B(s1,53).
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To prove (6), given s1,s, € A with a(sq,s2) > B(s1,52), then, we get that:

p(his1,hosy)

= [s1] +s2]

éI'IIX Z‘S
7 M 2%t

IN

3

)

6
= ?max{p(sllhlsl)/ p(SZ/h252>}

6 1 1
= 7max{p(sl, ESl)’ p(SZI 352)}

p(s1, h1s1)p(s2, has2) }

6
< 5 max {p(sl,hlsl), p(sa, hasz), T+ pls1, )

= max s1,h181), p(sy, has7),
2 {P(l 11) p(Z 22) 1+P(51152)

We divide the proof of the second inequality of Definition 14 into two cases.
Case (1): If |s1] < |s2]|, then we get that:

p(hasq,hisy)

= 3l 3l
= g S1 E S
13
< Sk
6 (7
< — —
= 7 (2’52’)
6 7
< _ —
< 7max {3‘51 ,2‘52‘}
6
= ?max{p(sl,hzsl),P(Szlhlsz)}
6 p(s1, has1)p(s2, hisy)
< =
< 7max{p(sl,hzsﬂ,P(Sz,hlSZ)/ 1+P(52151)

I
B
=t
o]
bes

1+ P(Sz, Sl>

Case (2): If [s1] > |s2], then we get that:

p(has1, hys)

Therefore, in each case,

P(hzslr hls2)

- 3
3 2
< % 51‘
< 2(3‘51‘)
< gmax{?)‘sl ,Z‘szl}

6
= ? max {p(S1, hzsl), p(SZ, hlsz)}

p(s1,has1)p(s2, his2) }

6
< = max {p(sl,hzs1), p(s2, h1s2), 1+ p(s2,51)

7

— S,hs ’ S’hs 4
gomax{p( 1,h281), p(s2, h1s2) 1+ p(sp,51)

we get that:

p(s1,h1s1)p(s2, his2) }

< @ max {p(51,h251)rp(52rh152)' 1+ p(s2,51)

p(s1, his1)p(s2, hasa) }

s1, has sy, hys
{p(slthSl)/P(Sz,hlsz), p(s,hos1)p(s2, 1ms2) }

p(s1,has1)p(s2, his2) }

9o0f12
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Hence, the pair (hy, h) is a rational (a, B)y-mw contraction. Using Theorem 1, we get that /; and
hy have a unique common fixed point. [

Note that for the (hy, hy)-sequence (j,) with initial point jy, if &, is the identity function, then
(jn) returns to the Picard iteration sequence, i.e., h1j, = j,41 for n € N*. Therefore, we can give the
following definition:

Definition 15. We call ¢ : A — A an «, B-triangular admissible mapping if:

(i) a(j,i) = B(j,1) = al0j, i) = B(0j,1) & a(j, 0i) = B(j, 0i), and
(ii) ifi,j,k € A a(i,f) > B(i,j), and a(jk) > B(j,k), then a(i,k) > B(i, k).

Definition 16. Let p be modified w-distance equipped on (A, q). Then, we call ¢ : A — A a rational (, B) p-mcw
contraction if there exists a c-comparison function ¢ such that if s1,s, € A and «(s1,s2) > P(s1,52), then:

p(s2,52)p(s1,051) }

p(os1,82) < <pmaX{p(52,Sz),p(sl,Qsl), 1+ p(s1,5)

and:

p(s1,51)p(s2,052) } .

p(s1,08) < (pmax{p(sl,sl),}?(szQSz), 1+ p(s2,51)

Therefore, according to these definitions, we can derive the following results as consequences of
our previous results:

Lemma 4. For the map ¢ : A — A, we assume the following conditions:

1.  ois«, B-triangular admissible and
2. thereexists jo € A such that a(0jo, 0jo) > B(ejo, 0jo) and a(ejo, 0jo) > B(0jo, 0jo)-

Then, for the Picard sequence (jy, ) with initial point jo, we have &(ju, ju) > B(jn, jm) for all n,m € N.

Lemma 5. Let p be the modified w-distance equipped on (A,q). Let ¢ : A — A be a mapping and ¢ be
a c-comparison. Suppose the following:

(i) ois «, B-triangular admissible,
(ii) o isarational (&, B)y-mw contraction, and
(iif)  there exists jo € A such that:

«(ejo, ejo) = B(ejo, 0jo)-

If there exists k € N* such that p(ji, jrs1) = 00r p(jxs1, jx) = O, then ji is a fixed point of o, where (j,)
is the Picard sequence generated by o with initial point jy.
Moreover, if z* € A is a fixed point of o, then p(z*,z*) = 0.

Theorem 2. Let p be the modified w-distance equipped on (A,q). Let ¢ : A — A be a mapping and ¢ be
a c-comparison function. Assume the following hypotheses:

0 is continuous,

0 is a, B-triangular admissible,

0 is a rational («, B)y-mcw contraction, and
there exists jo € A such that:

L=

a(@ejo, ¢jo) = B(ejo, 0jo)-

Then, the Picard sequence (j,) generated by ¢ with initial point jy converges to a unique fixed point of o
in A.
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