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1. Introduction

With the introduction of Banach'’s contraction principle (BCP), the fixed point theory advanced in
various directions. Nadler [1] obtained the fundamental fixed point result for set-valued mappings
using the notion of Pompeiu-Hausdorff metric which is an extension of the BCP. Later on, many fixed
point theorists followed the findings of Nadler and contributed significantly to the development of
theory (cf. S. Reich [2,3]).

On the other hand, in order to investigate the semantics of data flow networks; Matthews [4]
coined the concept called as partial metric spaces which are used efficiently while building models
in computation theory. On the inclusion of partial metric spaces into literature, many fixed point
theorems were established in this setting, see [5-16]. Recently, Asadi et al. [17] brought the notion
of an M-metric as a real generalization of a partial metric into the literature. They also obtained the
M-metric version of the fixed point results of Banach and Kannan. Also, some fixed point theorems
have been established in M-metric spaces endowed with a graph, see [18].

In this work, we introduce the M-Pompeiu-Hausdorff type metric. Furthermore, we extend the
fixed point theorems of Nadler and Kannan to M-metric spaces for set-valued mappings. Finally,
homotopy results for M-metric spaces are discussed.
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2. Preliminaries

The symbols N, R and R* represent respectively set of all natural numbers, real numbers and
nonnegative real numbers. Let us recall some of the concepts for simplicity in understanding.

Definition 1 ([4]). Let X be a nonempty set. Then a partial metric is a function p : X x X — R satisfying
following conditions:

(p1) a=b<= p(aa)=p(ab)=pbb)
(p2) p(a,a) < p(ab);

(p3)  plab) =p(b,a);

(ps)  p(a,b) < plac)+plc,b)—plcc);

foralla,b,c € X. The pair (X, p) is called a partial metric space.

The concept of an M-metric [17] defined in following definition extends and generalize the notion
of partial metric.

Definition 2 ([17]). Let X be a non empty set. Then an M-metric is a function m : X x X — R satisfying
the following conditions:

(m1) m(a,a) =m(b,b) =m(a,b) < a="b;

(mp)  mg, < m(a,b) where myy, := min{m(a,a),m(b,b)};
(m3) m(a,b) =m(b,a);

(my)  (m(a,b) —mgp) < (m(a,c) —mac) + (m(c,b) —mep);

foralla,b,c € X. The pair (X, m) is called an M-metric space.

Remark 1 ([17]). Let us denote M, := max{m(a,a), m(b,b)}, where m is an M-metric on X. Then for
every a,b € X, we have

(1) 0< Mgy +mg, =m(a,a) +m(b,b),
(2) 0< My, —my, = |m(a,a) —m(b,b)]|,
(3) Mgy — mgp < (Mac — 1ge) + (M — mgp).

Example 1 ([17]). Let m be an M-metric on X. Then

(1) m¥(a,b) =m(a,b) —2my, + My,
m(a,b) —ma  ifa#b,
(2) m*(a,b) =
0 ifa="b,

are ordinary metrics on X.
Two new examples of M-metrics are as follows:

Example 2. Let X = [0,00). Then

(@) my(a,b) =|a—b|+ 5L,
(b) my(a,b) = |a— b|+“+b

are M-metrics on X.
Let By (a,7) = {b € X : m(a,b) < my, + n} be the open ball with center a and radius 7 > 0 in

M-metric space (X, m). The collection {By,(a,17) : a € X,n > 0}, acts as a basis for the topology T
(say) on M-metric X.
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Remark 2 ([17]). Ty, is To but not Hausdorff.

Definition 3 ([17]). Let {ay} be a sequence in M-metric spaces (X, m).

(1) {ay} is called M-convergent to a € X if and only if

lim (m(ay, a) — mgq) = 0.
k—00

2) I]‘klim (m(ax, a;) — Maa;) and  Hm (Mg, — Maya;) exist and finite then the sequence {ay} is called
] 00

k,j—co0
M-Cauchy.
(3)  Ifevery M-Cauchy sequence {ay } is M-convergent, with respect to Ty, to a € X such that lim (m(ay, a) —

k—o0

Maa) = 0 and kh—>nolo(M”"a — M) = 0 then (X, m) is called M-complete.

Lemma 1 ([17]). Let {ay} be a sequence in M-metric spaces (X, m). Then

(i) {ax} is M-Cauchy if and only if it is a Cauchy sequence in the metric space (X, m™).
(i) (X, m) is M-complete if and only if (X, m™) is complete.

Example 3. Let X and my,my : X x X — [0, 00) be as defined in Example 2 for all a,b € X. Then (X, mq)
and (X, my) are M-complete. Indeed, (X, m®) = ([0, 00), k|x — y|) is a complete metric space, where k = 3 for
my and k = 2 for my.

Lemma 2 ([17]). Let ay — a and by — bask — coin (X,m). Then as k — oo, (m(ay,by) — mgyp, ) —
(m(a, b) - mab)'

Lemma 3 ([17]). Let ay — aask — oo in (X,m). Then (m(ay,b) —mgyp) — (m(a,b) —mg), k — oo,
forallb € X.

Lemma 4 ([17]). Let ay — aand a — bask — oo in (X, m). Then m(a,b) = myy,. Further, if m(a,a) =
m(b,b), then a = b.

Lemma 5 ([17]). Let {ay} be a sequence in (X, m) such that for some r € [0,1), m(ay,q,a;) < rm(ay, ax_1),
k € N then

(a) klirn m(ay, ar_1) = 0;
— 00

(b)  lim m(ay,ar) =0;
k—o0

(c)  lim mg e =0

k,j—o0

(d) {ay} is M-Cauchy.

3. M-Pompeiu-Hausdorff Type Metric

The concept of a partial Hausdorff metric is defined in [19,20]. Following them we initiate the
notion of an M-Pompeiu-Hausdorff type metric induced by an M-metric in this section. Let us begin
with the following definition.

Definition 4. A subset A of an M-metric space (X, m) is called bounded if for all a € A, there exist b € X
and K > 0 such that a € By, (b, K), that is, m(a,b) < mp, + K.

Let CB™(X) denotes the family of all nonempty, bounded, and closed subsets in (X, m). For
P,Q € CB"(X), define
Hm(P/ Q) = max{ém(P, Q)/ 5m(Qr P)}/

where 6,,(P, Q) = sup{m(a,Q) : a € P} and m(a, Q) = inf{m(a,b) : b € Q}.
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Let P denote the closure of P with respect to M-metric m. Note that P is closed in (X, m) if and
only if P = P.

Lemma 6. Let P be any nonempty set in an M-metric space (X, m), then a € P if and only if m(a, P) =

sup,.cp Max.
Proof.

a€ P& By(a,n)NP#Q, forally >0
< m(a,x) < mgx + 1, for some x € P
S m(a,x) — Mg <1
& inf{m(a,x) —ma: x € P} =0
< inf{m(a,x) : x € P} = sup{mgy : x € P}

< m(a, P) = sup myy.
xeP

O

Proposition 1. Let P,Q,R € CB"(X), then we have
(@) 6m(P,P) =sup{supmy};

acP beP

(b)  (6m(P, Q)—iggiggmab) (0m (P, R) — inf inf 1iac) + (9 (R, Q) — gglgl}g(fgmcb)

Proof.
(@) Since P € CB"(X), P = P. Then from Lemma 6, m(a, P) = sup . Therefore, 6,,(P,P) =

xeP

sup{m(a, P)} = sup{sup my}.
aeP acP xeP
(b) Foranya e P,b e Qandc € R, we have

m(a,b) —my, < m(a,c) —mge + m(c,b) — mep.
We rewrite it as
m(a,b) — mgy + mae +my, < m(a,c) +m(c,b).

Since b is arbitrary element in Q, we have

m(a, Q) — sup Mgy, + Mac + 1nf me, < m(a,c) +m(c, Q).
beQ

Since m(c, Q) < du (R, Q), we can write above inequality as

m(a, Q) — sup myp + Mye + 1r1f mep < m(a,c) + 5u(R, Q).
beQ

As cis arbitrary in R, we have

m(a, Q) — sup myy, + 1nf Mg + inf inf my, < m(a,R) + 6, (R, Q).
beQ ceRbeQ

We rewrite the above inequality as

mia, Q) + Clgf inf me, < m(a,R) +6u(R, Q) + zug Map — 1nf Mgc-
€
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Again, as a is arbitrary in P, we get

Om(P, Q) + inf 1nf mep < 6m(P,R) + 6, (R, Q) + sup sup m,, — inf inf mg.
ceR a€P beQ acPceR

O

Proposition 2. Forany P,Q, R € CB™(X) following are true

(i) Hm(P,P) = 6u(P,P) = sup{sup my};
acP beP

(iii) Hm(P, Q) —supsup myy < Hu(P,R) + Hm(Q,R) — inf inf mye — inf inf myy,.
acP beQ aePceR cERbeEQ

Proof.

(i) From (a) of Proposition 1, we write H,, (P, P) = 6,,(P, P) = sup{sup m}.
acP beP
(ii) It follows from (my) of Definition 2.

(iii) Using (b) of Proposition 1, we have
Hm(Pl Q) = maX{5M(P/ Q)/ém(Q/ P)}

< max { [0m(P,R) — ;&fJ C1g£ Mae + 0m(R, Q) — C121f2 bmf Mep + ?zlég ilelg Myp),

[0m(Q,R) — inf 1nf Mge + 0m(R, P) — inf 1nf My + sup sup )
a€Pce ceERbe a€P beQ

< max{&u(P,R),0m(R, P)} +max{du(Q,R),5u(R,Q)}

— inf inf m,. — Inf inf m_, + sup sup m
acP ceR e ceERDbeQ cb aeg beg ab

< 1 ,1z ﬂm 11/ Q - .Ilf .Ilf m Ilf Ilf I I
= Hm( ) ( ) ;epcleR e 1 IEQ b ieP ZEQ w
O

Remark 3. In general, Hy, (A, A) # 0 for A € CB™(X). It can be verified through the following example.

Example 4. Let X = [0,00) and m(a,b) = ”+b , then clearly (X, m) is an M-metric space. In view of (a) of
Proposition 1, we have

Hm([1,2],(1,2]) = 0m([1,2],[1,2]) = sup sup mp; = sup sup min{p,q} # 0.
re(1,2] ge(1,2] pel1,2] ge(1,2]

In view of Proposition 2, we call H,, : CB"(X) x CB"(X) — [0, +c0) an M-Pompeiu—Hausdorff
type metric induced by m.

Lemma 7. Let P,Q € CB"(X) and q > 1. Then for every a € P, there is at least one b € Q such that
m(a/ b) S qu(P/ Q)

Proof. Assume that there exists ana € P such that m(a,b) > qH;, (P, Q) forall b € Q. This implies that

hig(fg{m(a,b)} > qHm(P,Q),

that is,
m(u, Q) 2 qu(P/ Q)
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Note that
Hm(P,Q) > 6m(P,Q) =supm(x,Q) >m(a,Q) > qHu(P, Q).

xeP

Since Hm (P, Q) # 0,9 < 1, which is a contradiction. [

Lemma 8. Let P,Q € CB™(X) and r > 0. For any a € P, there is at least one b € Q such that
m(a,b) < Hu(P,Q) +r.

Proof. Assume that there exists a € P such that m(a,b) > H,,(P, Q) +r forall b € Q. This implies that

inf {m(a,b)} > Hu(P,Q) +r,
beQ

that is,
m(a,Q) > Hu(P,Q) +r.

Now,
Hﬂ’l(Pl Q) +r S m(ﬂl, Q) S 5m(P/Q) S HW(PI Q)

Thus, r < 0, which is a contradiction. [
4. Fixed Point Results

First, we state the Nadler fixed point theorem in the class of M-metric spaces.

Theorem 1. Let M-metric space (X, m) be M-complete and F : X — CB"(X) be a multivalued mapping.
Suppose there exists A € (0,1) such that

Hum(Fa, Fb) < Am(a,b), 1)

forall a,b € X. Then F admits a fixed point.
Proof. Choose q = \iﬁ\ and r = v/A. Clearly, g > 1and r < 1. Let ay € X be arbitrary and a; € Fay.

From Lemma 7, for g = -L there exists ay € Fay such that

\/X’

m(ay, ay) <

VA

As Hyy(Fag, Fay) < Am(ag,aq), so from (2) we have

H o (Fag, Fay). (2)

m(ay, az) < \%/\m(ﬂo, a1) = VAm(ag,ay) = rm(ag, a1).
Now, from Lemma 7, there exists a3 € Fa, such that
m(ap, a3) < rm(aq,ap).
Continuing in this way, we get a sequence {a; } of points in X such that a;, 1 € Fay and fork > 1,

m(ag, ax1) < rm(ag_1,ax), 3)

that is,
m(ag, axs1) < r'm(ag, ay). 4)

By Lemma 5, we have
lim m(ay, ag.1) =0, (5)
k—o0
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lim m(ay, a;) = 0, (6)
k—00
and
lim m(ay, a;) = 0. (7)
k,j—o0
Also the sequence {a;} is M-Cauchy. Thus, M-completeness of X yields existence of a4 € X
such that
lim (m(ag, a) — mgq) = 0.
k—c0
Since lim m(ag, a;) = 0, we have
k—o0
lim m(ay,a) = 0. ®)
k—ro0
From (1) and (8), we have
lim H,,(Fay, Fa) = 0. )
k—00
Now, since ay, 1 € Fay, m(ayy1, Fa) < H,(Fag, Fa). Taking limit as k — oo and using (8), we get
lim m(ay,1,Fa) = 0. (10)
k—o0
Asmy,, ro < m(axyq, Fa), so we have
klgl;lo Mg 1 Fa = 0. (11)
Using (my), we have
m(a, Fa)— sup my, < m(a,Fa) — mgg,
beFa
< m(a,axy1) — Mgy, +m(agy1, Fa) — Mgy, Fa-
Varying limit as k — co and using (8)—(11), we get
m(a, Fa) < sup mgp. (12)
beFa
Since m,, < m(a,b) for every b € Fa, this implies that
mg, —m(a,b) <O0.
Thus
sup{m,, —m(a,b) :b € Fa} <0,
that is,
sup mg, — inf m(a,b) <O0.
beFa beFa
This gives
sup mgyy, < m(a, Fa). (13)

beFa

From (12) and (13), we have

m(a, Fa) = sup mgy.
beFa

Thus, by Lemma 6,a € Fa = Fa. [
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Example 5. Let X = [0,2] be endowed with m-metric m(a,b) = |a — b| + ”+b . Then (X,m) is an
M-complete M-metric space (as in Example 3). Let F : X — CB"™(X) be a mappmg defined as

F(a) = {0,;112] forall a € X.
We shall show that for A € (0,1), H,u(Fa, Fb) < Am(a,b), i.e., (1) holds for all a,b € X. We have
following three possible cases:
Casel:a = b = p. Then Fa = [0, 1 p?| = Fb. Here, for A > 3,

Huy(Fa, Fb) = ;pZ < Ap =Am(p,p) = Am(a,b).

Case Il: a < b. Then Fa = [0, 142], Fb = [0, 1b?] and Fa C Fb. In this case,

1 1
12 4 112
Hu(Fa, Fb) = max {;az, |;a2 - ;bz\ + %}

12,112
. 7a°+7b
Sincea < b, $a? < [1a? — 1p?| + 2257 So we get

1, 1, ga+ib
Hy(Fa, Fb) = \7u 7b | + 5
and m(a,b) = |a — b| + Hb) . Then one can see that
1,2 132
Hy(Fa, Fb) = laz—;b2|+77a ;7
1 1a%+ b2
7\(11 b)(a+b)|+f 5
1 b)* —2ab
1 +b
§7{|a b|+ )](a—i—b)
_ (1147—b m(a,b).

CaseIll: a > b. Then Fa = |0, %az], Fb =0, %bz} and Fb C Fa. In this case,

B 1, 1, 1, sa>+1b?
'Hm(Fa,Fb)—max{7b,|§ —§b H_f}
Since b < a, %bz < |%a2 1b2‘ + & So, we get
I U P L L
Hu(Fa, Fb) = \711 7b | + 5

and m(a,b) = |a—b| + (“Lzb) Following Case II, one can easily show that

(a+0b)
7

Hum(Fa, Fb) < m(a,b).

From above three cases, it is clear that (1) is satisfied for A > %. Thus, all the required conditions
of Theorem 1 are satisfied. Hence F admits a fixed point, which is a = 0.
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Next, we present our fixed point result corresponding to multivalued Kannan contractions in
M-metric spaces.

Theorem 2. Let M-metric space (X, m) be M-complete and F : X — CB"™(X) be a multivalued mapping.
Suppose there exists A € (0, 3) such that

H(Fa, Fb) < A[m(a, Fa) +m(b, Fb)], (14)
foralla,b € X. Then F admits a fixed point in X.
Proof. Letap € X be arbitrary. Fix an element a; € Fag. We can now choose a; € Fa; such that
m(ay,ap) = m(ay, Fay) < Hy(Fag, Fay).
Again, we can choose a3 € Fa, such that
m(ag,a3) < Hum(Fay, Fap).
Continuing in this way, we get a sequence {a } such that a;,; € Fay with
m(ag, ag1) < Hm(Fag_q, Fay). (15)
Using (14) in (15), we get

m(ag, ag1) < Alm(ag_1, Fax_y) + m(ay, Fay)]
<A

[m(ax_1, ax) + m(ag, ax41)].

Thus,
A
m(ag, ax1) < ﬁm(ak,l,ak).

Letr = ﬁ Since A < %,we haver < 1. So,

m(ay, agy1) < rm(ag-1, ax). (16)
Thus, from Lemma 5, we have
lim m(ay, ag.1) =0, (17)
k—o0
lim m(ay,a;) =0, (18)
k—o0
and
lim m(ay, a;) = 0. (19)
k,j—o0

Moreover, the sequence {a;} is a M-Cauchy. M-completeness of X yields existence of a* € X
such that

lim (m(ag, a*) — maq+) =0 and  lim (Mg, g+ — 14.4+) = 0.
k—oo k—o0

Due to (18), we get

lim m(ag,a*) =0 and lim M, .+ = 0.
k—oc0 k—o0

Thus, we have
lim [Maka* + maka*] =0.

k—oc0

This implies that
m(a*,a*) =0 and hence my«p,+ = 0. (20)
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We shall show that a* € Fa*. Since
m(agyq, Fa*) < Hy(Fag, Fa*) < A[m(ay, Fay) + m(a*, Fa*)].
Taking limit as k — oo, we get
khj& m(ag,1, Fa*) = 2Am(a”, Fa™). (21)
Suppose m(a*, Fa*) > 0, then we have
m(a*,Fa*) — mgpee < m(a”, agp1) — Moeg, +m(agpq, Fa*) — mg,  por.

Taking limit as k — oo and using (21), we get m(a*, Fa*) < 2Am(a*, Fa*), which is a contradiction
(as2A < 1). So

m(a*, Fa*) = 0. (22)
Also, using (20), we have
sup Mg+ = sup min{m(a*,a*),m(b,b)} = 0. (23)
beFa beFa

From (22) and (23), we get

m(a*, Fa*) = sup mgsp.
beFa

Thus, from Lemma 6, we get a* € Fa* = Fa*. [0

Example 6. Let X = [0,1] and m : X x X — [0, 0) be defined as

a+b

m(a,b) = 3

Then (X, m) is an M-complete M-metric space. Let F : X — CB™(X) be a mapping defined as

0,62 ifacfod],
Fla) = aa
53] Haclhl

Then one can easily verify that there exists some A in (0, %) such that
Hu(Fa, Fb) < A[m(a, Fa) 4+ m(b, Fb)].
Thus F satisfies all the conditions in Theorem 2 and hence it has a fixed point (namely 0) in X.

Example 7. Let X = [0,1] be endowed with m-metric m(x,y) = ’%y Then (X, m) is an M-complete
M-metric space. We define the mapping F : X — CB™(X) as

{g} ifa=0,

a a
8(1+a%)"4(1+a?)

ifa > 0.
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Fora = 0and b = {5, there does not exist any A in (0, 3) such that

Hon(F(0), F(35)) < A[m(0, F(0)) + m(55, F(55)].

Thus F does not satisfy (14) in Theorem 2. Evidently, F has no fixed point in X.
5. Homotopy Results in M-Metric Spaces
The following result is required in the sequel while proving a homotopy result in M-metric spaces.

Proposition 3. Let F : X — CB™ (X)) be a multivalued mapping satisfying (1) for all a, b in M-metric space
(X,m). If c € Fc for some ¢ € X, then m(a,a) = 0 fora € Fc.

Proof. Let c € Fc. Then m(c, Fc) = supm,j, = supmyy,. Also
beFc beFc

Hu(Fc, Fc) = 6m(Fc, Fc) = supmy,.
beFc

Assume that m(c,c) > 0. We have

supmy, = Hm(Fc, Fc) < Am(c,c),
beFc

that is,

supmy, < Am(c,c).
beFc

Since ¢ € Fc, it is a contradiction. So m(a,a) = 0 for every a € Fc. O

Theorem 3. Let O (resp. C ) be an open (resp. closed) subset in an M-complete M-metric space (X, m) such
that O C C. Let G : C x [u,v] — CB"(X) be a mapping satisfying the following conditions:

(@) a¢&Gat)forallac C\Oandeacht € [p,v];
(b) there exists A € (0,1) such that for every t € [u,v] and all a,b € C we have

Hm(G(a,t),G(b, 1)) < Am(a,b);

(c) there exists a continuous mapping  : [, v] — R satisfying

Hn(G(a,1),G(a,5)) < My(t) = p(s)[;
(d) ifce G(ct)then G(c,t) = {c}.
If G (., t1) admits a fixed point in C for at least one t1 € [y, v], then G(.,t) admits a fixed point in O for all
t € [u,v]. Moreover, the fixed point of G (., t) is unique for any fixed t € [y, v].
Proof. Consider, the set

W ={te[uv]lacG,rt)forsomeac O}.

Then W is nonempty, because G (., t1) has a fixed point in C for at least one t; € [y, v], that is,
there exists a € C such thata € G(a, t1) and as (a) holds, we havea € O.

We will show that )V is both closed and open in [p, v]. First, we show that it is open.

Let tg € Wand ag € O with ag € G(ap, tp). As O is open subset of X, By, (ap,7) C O for some
r>0.Lete =1+ mgay — A(r + mya,) > 0. As 9 is continuous on [, v], there exists 6 > 0 such that

|l,b(f) — l[J(to)l <eg, forallt € S(s(fo),
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where S;(tg) = (to — J,tg + J).
Since ay € G(ay, ty), by Proposition 3, m(c,c) = 0 for every ¢ € G(ag, tp). Keeping this fact in view,
we have
mpc = 0, for every p € X. (24)

Now, using (iii) of Proposition 2 and (24), we have

m(G(a,t),a0) = Hm(G(a,t),G(ao, to))
< Hm(G(a,t),G(a,to)) + Hm(G(a,to), G (a0, to))

— inf inf mp; — inf inf mge+ sup  sup My
peG(at) qeg(a,ty) g€G(a,ty) c€G(ag,to) peG(at) ceGag ty)

< Hm(G(a,1),G(a,t0)) + Hm(G(a,ty), G(ao, to))
< Aly(t) —y(to)| + Am(a, ao)

< Ae+ A(mgqy + 1)

= /\(7’ + Mgay — /\(r + mlmo)) + /\(m““(l + r)
<1+ Magy — AT+ Magy) + Mgy +7)

<7+ Mag,-

Thus for each fixed t € Ss(tg), G(.,t) : By(ao,r) — CB™ (B (ag,r)) satisfies all the hypotheses of
Theorem 1 and so G(., t) admits a fixed point in By, (a9, 7) C C. But this fixed point must be in O to
satisfy (a). Therefore, Ss5(tp) C W and hence W is open in [, v].

Next, we show that W is closed in [y, v]. Let {t; } be a convergent sequence in )V to some s € [y, v].
We need to show thats € W.

The definition of the set WV implies that for all k € N\ {0}, there exists a; € O with a, € G(ay, t;).
Then using (d), (iii) of Proposition 2 and the outcome of Proposition 3, we have

m(ak, Ll]') = Hm(g(akr tk)r g(ajf tj))
< M (G (ax, t), Gla tj)) + Hm (G (ax, 1)), G (aj, 1))
< Algp(te) = 9(t)| + Am(ag, aj).
This gives us
A
mlag,ay) < T [9(k) — 9t

Since 1 is continuous and {#; } converges to s, varying k, j — co in the above inequality, we get

lim m(ay,a;) =0.
k,j—o0

As Maga; < m(ay, a]-), S0
lim mg, = 0.
k,j—o0 ]
Also lim m(ay, a;) = 0 = lim m(a;, a;).
k—oo k—o0
Therefore
lim (m(ay,a;) —mg, ) =0 and lim (Mg, — mg,.) = 0.
k,;soo( (35,8;) = Maga;) k,;soo( ey ~ M)

Thus {a; } is an M-Cauchy sequence. Using (iii) of Definition 3, there exists a* € X such that

lim (m(ag,a*) —mgq) =0 and  lim (My, o« — mgq+) = 0.
k—reo k—o0



Mathematics 2019, 7, 373 13 of 14

But lim m(ay,a;) = 0, so
k—roc0

lim m(ag,a*) =0 and lim M, .+ = 0.
k—o0 k—soo

Thus, we get m(a*,a*) = 0. We shall prove a* € G(a*,t*). We have

m(ag, G(a*, 1)) < Hu(G(ax, t), G(a*, 1))
< Hm(g<ak/ tk)/ g(ukr t*)) + Hm(g(ak/ t*), g<a*, t*))
< Aplag) — ()| + Am(ay, a®).

Varying k — oo in above inequality, we get

lim m(ay, G(a*,t*)) = 0.

k—oc0
Hence
m(a*,G(a*,t*)) = 0. (25)

Since m(a*,a*) = 0, we have

sup Mg, = sup min{m(a*,a*),m(b,b)} =0. (26)

begG(a*,t*) begG(a*,t*)
From (25) and (26), we get
m(a®,G(a",t*)) = sup g,
begG(a*,t*)

Therefore, from Lemma 6, we have a* € G(a*, t*). Thus a* € O. Hence t* € W and W is closed
in [p,v].

As [u,v] is connected and W is both open and closed in it, so W = [y, v]. Thus G(.,t) admits a
fixed pointin O for all t € [p, v].

For uniqueness, fix t € [p,v], then there exists a € O such thata € G(a, t). Suppose b is another
fixed point of G(b, t), then from (d) we have

m(a,b) = Hu(G(a,t),G(b,t)) < Am(a,b),
a contradiction. Thus, the fixed point of G (., t) is unique for any ¢ € [, v]. O
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