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Abstract: Fuzzy convergence spaces are extensions of convergence spaces. T-convergence
spaces are important fuzzy convergence spaces. In this paper, p-regularity (a relative regularity)
in T-convergence spaces is discussed by two equivalent approaches. In addition, lower and upper
p-regular modifications in T-convergence spaces are further investigated and studied. Particularly,
it is shown that lower (resp., upper) p-regular modification and final (resp., initial) structures have
good compatibility.
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1. Introduction

Convergence spaces [1] are generalizations of topological spaces. Regularity is an important
property in convergence spaces. In general, there are two equivalent approaches to characterize
regularity. One approach is stated through a diagonal condition of filters [2,3], the other approach is
represented through a closure condition of filters [4]. In [5,6], for a pair of convergence structures p, g on
the same underlying set, Wilde-Kent-Richardson considered a relative regularity (called p-regularity)
both from two equivalent approaches. When p = g, p-regularity is nothing but regularity.
Wilde-Kent [6] further presented a theory of lower and upper p-regular modifications in convergence
spaces. Said precisely, for convergence structures p, g on a set X, the lower (resp., upper) p-regular
modification of g is defined as the finest (resp., coarsest) p-regular convergence structure coarser
(resp., finer) than g.

Fuzzy convergence spaces are natural extensions of convergence spaces. Quite recently, two types
of fuzzy convergence spaces received wide attention: (1) stratified L-generalized convergence spaces
(resp., stratified L-convergence spaces) initiated by Jager [7] (resp., Flores [8]) and then developed by
many scholars [8-30]; and (2) T-convergence spaces introduced by Fang [31] and then discussed by
many researchers [32-36]. Regularity in stratified L-generalized convergence spaces (resp., stratified
L-convergence spaces) was studied by Jager [37] (resp., Boustique-Richardson [38,39]), p-regularity
and p-regular modifications in stratified L-generalized convergence spaces and that in stratified
L-convergence spaces were discussed by Li [40,41]. Regularity in T-convergence spaces by different
diagonal conditions of T-filters were researched by Fang [31] and Li [42], respectively. Regularity in
T-convergence spaces by closure condition of T-filters were studied by Reid and Richardson [36].
In this paper, we shall discuss p-regularity and p-regular modifications in T-convergence spaces.

The contents are arranged as follows. Section 2 recalls some notions and notations for later use.
Section 3 presents p-regularity in T-convergence spaces by a diagonal condition of T-filters and a
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closure condition of T-filters, respectively. Section 4 mainly discusses p-regular modifications in
T-convergence spaces. The lower and upper p-regular modifications in T-convergence spaces are
investigated and researched. Especially, it is shown that lower (resp., upper) p-regular modification
and final (resp., initial) structures have good compatibility.

2. Preliminaries

In this paper, if not otherwise stated, L = (L, <) is always a complete lattice with a top element T
and a bottom element L, which satisfies the distributive law a A (V<1 Bi) = Vier(a A B;). A lattice
with these conditions is called a complete Heyting algebra. The operation —: L x L — L given by

a—B=\{reL:any<pB}

is called the residuation with respect to A. We collect here some basic properties of the binary operations
A and — [43].

1) a—=b=T<ewa<b
2 anb<c&sb<a—g
(B an(a—Db)<b;
4 a—(b—=c)=(@aNb)—cg
G)  (Vjeyaj) = b= Ajeja; = b); (6) a = (Ajes bj) = Njej(a — bj).
A function pt : X — L is said to be an L-fuzzy set in X, and all L-fuzzy sets in X are denoted as
LX. The operators V, A, — on L can be translated onto LX pointwisely. Precisely, for any p, v, p(t €
T) € LX,

(Vi) @) =V (), (Awp)) = A p(x), (g = v)(x) = p(x) = v(x).
teT teT teT teT

Let f : X — Y be a function. We define f~ : LX — LY by f~(u)(y) = V f(x)=y #(x) for p € LX
and y € Y, and define f< : LY — LX by f< (v)(x) = v(f(x)) forv € LY and x € X [43].

Let y, v be L-fuzzy sets in X. The subsethood degree of y, v, denoted as Sx(u,v), is defined by
Sx(pv) = A (u(x) = v(x)) [44-46]

Lemma 1. [31,42,47] Let f : X — Y be a function and y, p € LX, A, Ay € LY. Then

(1) Sx(p1,p2) < Sy(f 7 (p1), 7 (12)),
(2)  Sy(A1,A2) < Sx(f< (M), fS(A2)),
(3)  Sy(f7(m), M) = Sx(p1, fT (M)

2.1. T-Filters and T-Convergence Spaces

Definition 1. [43,48] A nonempty subset F C LX is said to be a Tfilter on the set X if it satisfies the following
three conditions:

(TF1) VYA €F, V Alx) =TT,

xeX
(TF2) VA ueF, ANu€F,

(TF3) if \V Sx(u,A) =T, then A € F.
uelF

The set of all Tfilters on X is denoted by F] (X).

Definition 2. [43] A nonempty subset B C LX is referred to be a T-filter base on the set X if it holds that:

(TBI) VYAEB, V A(x)=T,
eX
(TB2) if A, u € B then \ Sx(v,AAp)=T.
veB
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Each T-filter base generates a T-filter F'g by

Fp:={A € L*| \/ Sx(u,A) =T}
ueB

Example 1. [31,43] Let f : X — Y be a function.

(1) Forany F € F| (X), the family {f~(A)|A € F} forms a T-filter base on Y. The generated T filter is
denoted as f= (F), called the image of F under f. It is known that y € f~ (F) <= f< (u) € F.
(2)  Forany G € F] (Y), the family {f< (u)|u € G} forms a T-filter baseon Y iff \/ u(y) = T holds
yef(X)
forall y € G. The generated T -filter (if exists) is denoted as f=(G), called the inverse image of G under

f. 1t is known that G C f= (f<(G)) holds whenever f< (G) exists. Furthermore, f < (G) always exists
and G = f= (f<(G)) whenever f is surjective.
(3)  Forany x € X, the family [x]T =: {A € LX|A(x) = T} isa T-filteron X, and £~ ([x]1) = [f(x)]T.

Lemma 2. Let f : X — Y be a function.

(1) IfBisa T-filter base of F € F] (X), then {f~ (A)|A € B} is a Tfilter base of f~ (F), see Example 2.9
(1) in [31].

(2)  IfBisa Tfilter base of G € F] (Y) and f<(G) exists, then {f (u)|u € B} isa Tfilter base of f<(G),
see Example 2.9 (2) in [31].

(3) LetF,G € F| (X) and B be a T-filter base of F. Then B C G implies that F C G, see Lemma 2.5 (1)
in [42].

(4)  LetF € F] (X) and B be a Tfilter base of F. Then \/ Sx(u,A) = \ Sx(,A), see Lemma 3.1 in [36].
ueB uer

For each F € F] (X), we define A(F) : LX — Las

VA € LY, A(F)(A) = \/ Sx(p, A),
uclF

then A(TF) is a tightly stratified L-filter on X [47].
In the following, we recall some notions and notations collected in [29].

Definition 3. [31] Let X be a nonempty set. Then a function q : F| (X) — 2% is said to be a T-convergence
structure on X if it satisfies the following two conditions:

(TC1) Vx e X, [x]t A x;
(TC1) ifF A xand C G, then G N

where F -1 x is short for x € q(IF). The pair (X, q) is said to be a T-convergence space.

A function f : X — X’ between T-convergence spaces (X, q), (X’,q’) is said to be continuous if
/!
f=(F) SN f(x) for any F s x
We denote the category consisting of T-convergence spaces and continuous functions as T-CS .
It has been known that T-CS is topological over SET [31].
For a source (X RN (Xi, qi))ic1, the initial structure, g on X is defined by
F -1 x e Vielf7(F) L fi(x) [3549].

For a sink ((Xj, ;) Ji, X)ie1, the final structure, g on X is defined as

F 2 [x]7, x & Uierfi(Xi);

q
F = x<— ,
{ FD fi:>(Gi)r dielx; € X;,G; e ]FZ(XZ) s.t f(xi) =x,G; i> X;.
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When X = Ui fi(X;), the final structure g can be characterized as
FhxesFD fi7(G;) for some G; IS x; with f(x;) = x.

Let T(X) denote the set of all T-convergence structures on a set X. For p,q € T(X), we say that g
is finer than p (or p is coarser than g), denoted as p < g for short, if the identity idx : (X,q) — (X, p) is
continuous. It has been known that (T (X), <) forms a completed lattice. The discrete (resp., indiscrete)

structure ¢ (resp., 1) is the top (resp., bottom) element of (T(X), <), where ¢ is defined as F 2, xiff
F D [x]1;and ¢ is defined as F — x for all F € F] (X), x € X [42].

Remark 1. When L = {1, T}, T-convergence spaces degenerate into convergence spaces. Therefore,
T-convergence spaces are natural generalizations of convergence spaces.

3. p-Regularity in T-Convergence Spaces

In this section, we shall discuss the p-regularity in T-convergence spaces. Two equivalent
approaches are considered, one approach using diagonal T-filter and the other approach using closure
of T-filter. Moreover, it will be proved that p-regularity is preserved under the initial and final
structures in the category T-CS.

At first, we recall the notions of diagonal T-filter and closure of T-filter to define p-regularity.

Let J,X be any sets and ¢ : | — F/ (X) be any function. Then we define a function
¢:LX — L as

VA € L V) € Le(N)(j) = Ag())(A) =V Sx(u,A).
neg(f)

For any F € F/ (]), it is known that the subset of LX defined by
koF := {A € LX|$(A) € F}

forms a T-filter on X, called diagonal T-filter of IF under ¢ [31]. It was shown that Sx(A, u) <
S;(¢(A), ¢(u)) forany A, u € LX.

Lemma 3. Let f : X — Yand ¢ : | — F] (X) be functions. Then for any F € F] (]) we have
[ (k¢F) = k(f~ o ¢)F.

Proof. f= (k¢F) C k(f~ o ¢)F. By Lemma 2 (3) we need only check that 7 (A) € k(f~ o ¢)F for any
A € k¢pF. Take A € k¢F then $()) € F. Please note that Vj € ],

dAG) =V SxwA) < \ Sy o)<V Sy 7)) = od(f7 (M),
HeP(j) ned(j) vef=(¢(j))

ie, p(A) < f= od(f(A)), and so f= o p(f (1)) €F, ie., f7(A) k(7 0 p)F.
k(f= o¢p)F C f= (k¢F). Forany A € k(f~ o ¢)F we have f~ o¢p(A) € F. By Lemma 2 (4),Vj € ],

oo =V  SvwA) =\ Sy(FuA) < V Sx(u foN) = (),
vef=(¢(f)) Hee(j) HEP(f)

ie, f7 op(A) < $(f(A)), and so $(f<(A)) € F,ice., f<(A) € k¢F then A € £~ (k¢F). O
Definition 4. [36] Let (X, p) be a T-convergence space. For each A € L%, the L-set A,, € L* defined by

Vre X, A,(x)= \ AEA) =\ V Sx(mA)

sy F-x ek
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is called closure of A w.r.t p.
Forany F € F| (X), the closure of F regarding p, denoted as cl,,(FF), is defined to be the T-filter generated
by {A,|A € F} as a Tfilter base.

Lemma 4. [36] Let (X, p) be a T-convergence space. Then for all A, u € LX we get
1) A<Ay _

(2) A< pimplies Ap <TJi,;

3 Sx(Am) < Sx(AR).

Let N be the set of natural numbers containing 0 and let (X, p) be a T-convergence space. For any
F € F] (X), we define clg (F) = F. Furthermore, for any n € N, we define the n + 1 th iteration of the
closure T-filter of IF as cngrl (F) = clp(cly(F)) if cl;;(F) has been defined.

The next proposition collects the properties of closure of T-filters. We omit the obvious proofs.

Proposition 1. Let (X, p) be a T-convergence space and F,G € F] (X). Then for any n € N,

(1) cli(F) CF,
(2) ifF C G, then cly(F) C clj(G),
3) ifp' € T(X)and p < p', then clj(F) C clz/(IF).

Definition 5. A function f : (X,q) — (Y, p) between T -convergence spaces is said to be a closure function
if f7(A), < f7(Ag) forany A € LX.

Proposition 2. Suppose that f : (X,q) — (Y,p) is a function between T-convergence spaces and
FeF] (X),neN

(1) If f is a continuous function, then f~ (clj (F)) 2 clj(f~ (F)).
(2)  If f is a closure function, then f~ (cly (F) = (F)).

Proof. (1) Let’s prove it by mathematical induction.
Firstly, we check f*(A) 0 <f “(Ap) forany A € LY. In fact, for any x € X, by continuity of f
we obtain

fe,) =V V SxwfoW)=V V Sy(f7 (.,

G- Ty HEG G-Tsx HEG
< \/ Vo oS VoV Sy(n) =T (x).
F2(G) L f(x) 7 WEf7(G) HLf(x)VEH

Secondly, we prove f~ (cIj(F)) 2 clj(f~ (F)) whenn = 1. Let A € f7(F), ie, fT(A) € F.
Then by < (A)q < fS(Ap) wehave f(Ay) € cly(F),ie, Ap € f7(cly(F)). It follows by Lemma 2 (3)
that £~ (cly(F)) 2 el (£ (F)).

Thirdly, we assume that f~ (clj/(F)) 2 cl;(f~ (F)) when n = k. Then we prove f~ (clj(F)) 2
cly(f7(F)) whenn =k + 1. In fact,

f7 (g U E)) = £ (clg(clg () 2 clp(f7 (el (F))) 2 ely(cly(f7 (F))) = el (7 (F)).

(2) We prove only that the inequality holds for # = 1, and the rest of the proof is similar to (1).

For any A € F, we have A, € cl;(F) and then f 7 (1) € f= (F). From f is a closure function, we
conclude that f~(A4) > f~ (A), € clp(f7 (F)) and so 7 (Aq) € clp(f~(F)). By Lemma 2 (1), (3) we
obtain f~ (cl;(F)) C clp,(f~(F)). O

Now, we tend our attention to p-regularity and its equivalent characterization. In the following,
we shorten a pair of T-convergence spaces (X, p) and (X,q) as (X, p,q).
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Definition 6. Let (X, p, q) be a pair of T-convergence spaces. Then q is said to be p-regular if the following
condition p-(TC) is fulfilled.
p-(TO): VF € F] (X),Vx € X,F 15 x = cl,(F) - x.

Remark 2. When L = {_L, T}, a T-convergence space degenerates into a convergence space, and the condition
p-(TC) degenerates into the crisp p-reqularity condition in [5]. When p = q, the condition p-(TC) is precisely
the regular characterization in [36].

We say a pair of T-convergence spaces (X, p,q) fulfill the Fischer T-diagonal condition whenever
p-(TR): Let ], X be any sets, ¢ : ] — X, and ¢ : ] — F/ (X) such that ¢(j) AN P(j), for each
j € J. Then for each F € F| (]) and each x € X, k¢F 2y x implies = (F) s x
Remark 3. When L = {_L, T}, a T-convergence space degenerates into a convergence space, and the condition
p-(TC) degenerates into the Fischer diagonal condition Ry, 4 in [6]. When p = gq, the condition p-(TR) is
precisely the diagonal condition (TR) in [31].

In the following, we shall show that p-regularity can be described by Fischer T-diagonal condition
p-(TR).

Lemma 5. Let (X,p,q) be a pair of T-convergence spaces and let |, X,$,¢ be defined as in p-(TR).
Then Sx (i, A) < Sy(¢p(p), p(A)) forall A, p € L.

Proof. Let A, u € LX.

Sx(,A) = AV AG)W] = Ax), by p(j) € X, ¢() — (j)

xeX Gox
< A@@G)K) = A@3)) = A@G)G) = v~ (1))
j€J j€l

Theorem 1. (Theorem 4.8 in [36] for p = q) Let (X,p,q) be a pair of T-convergence spaces.
Then p-(TC)<=p-(TR).

Proof. p-(TC)=>p-(TR). Let ], X, ¢, 1 be defined as in p-(TR). Assume that F € F] (]) and k¢F L x

Then it follows by p-(TC) that cl, (k¢F) — x.
Next we prove that cl, (k¢[F) C 1~ (F). Indeed, for any A € cl,(k¢F), we have

Lemma 5
T =V Sx(,A) <V S@0me (M) =\ S (N) <V Sy (),
uckelF uckgF $(u)eF velF
which means ¢ (A) € F,ie, A € = (F).
Now we have known that cl, (k¢IF) 15 xand cly(k¢F) C ¢~ (F). Therefore, = (IF) 4 x,
as desired.
p-(TR)=—>p-(TC). Let

J={(G,y) eF[(X)xX|G L5 y};9: ] — X, (Gy) = y;¢: ] — F] (X),(G,y) = G.

Then Vj € ], ¢(j) LN P(j). Please note that j = (G,y) € ] <= G = ¢(j),y = ¢(j)-
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(1) Forany A, u € L%, Sx (i, A) = Sy(¢(u), ¥ (A)). Indeed,

Sx(m,d) = ANV AG)WI=Aw) = A A (AG)(1) = Ay))

yexX gty yeX (Gy)e]

= A A@M)w = A@3() = A@wG) = v (A)()
=Gyl jel

= S;(@(u), = (M)

(2) For each F € F] (X), the family {¢(A)|A € F} forms a T-filter base on J. Indeed,
(TB1): For any A € F, by [y]+ N y for any y € X, we have

VoG =Vaeimn) =V V AGM =V AR =V Ay =T.

j€J j€l YeEX Gy yeX yeX

(TB2): For any A, u € F, note that forany j € J,

dMHAPw)G) =V Sx(AL, AN\ Sx(pnp)
MeEP(f) H1€9(j)
< Vo Sx(MApL AN
Alfﬂlefp(j)
<V Sx(w,AAp) =dAAu)()),
ved(j)

ie, p(A) Ap(u) < (A A ). It follows easily that (TB2) is satisfied. We denote the T-filter generated
by {$(A)|A € F} as F?.

(3) For each F € F/ (X), k¢F? O F. Indeed, for any A € F, we have $(A) € F?,ie., A € kgF?.

(4) For each F € F| (X), ¢= (F?) = cl,(F). Indeed,

AePp™(F?) = " (V) eFl <= \ S;(¢(u),p=(N)=T JON V Sx(fi, A) = T <= A € cly(F).
uel Her

Assume that F — x, then by (3), we have k¢F? D F, and so k¢pF? —+ x. From p-(TR) and (4),
we get that I, (F) = ¢~ (F?) 7 x. Therefore, the condition p-(TC) is satisfied. O

The next theorem shows that p-regularity is preserved under initial structures.

Theorem 2. Let {(X;,qi, pi) }ic1 be pairs of T-convergence spaces such that each q; is p;-regular. If q (resp., p)

is the initial structure on X regarding the source (X BN (Xi,qi))ier (resp., (X iR (Xi, pi))ier), then q is
also p-regular.

Proof. Let : ] — X and ¢ : ] — F/ (X) be any function such that ¢(j) AN P(j) forany j € J.
Then

Vi€ LYj € L, (f7 09)(i) = £ (9(1) = () = (fiop)(]).
LetF € F] (]) satisfy k¢F 74 x. Then by definition of 4 and Lemma 3 we have
Vi € LK(f7 0 )F = f7 (kgF) = fi(x)
Since g; is p;-regular we have ¢~ (F) = (fi o )7 (F) SN fi(x). By definition of 4 we have
p= (F) —14 x. Thus qis p-regular. O
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The next theorem shows that p-regularity is preserved under final structures with some additional
assumptions.

Theorem 3. Let {(Xj,qi, pi) }icr be pairs of T-convergence spaces such that each q; is p;-reqular. Let g

(resp., p) be the final structure on X relative to the sink ((X;,q;) iR X)ieg (resp., ((Xi, pi) iR X)iep)-
If X = Uje1fi(X;) and each f; = (X;, p;) — (X, p) is a closure function, then q is also p-regular.

Proof. LetF € F/ (X) 74 x. Then by definition of g, there exists i € I, x; € X;,G; € F] (X)), fi(x;) =
x such that G; - x; and f7(Gj) C F. Because g; is p;-regular we get cl,(G;) I x; and then

fi7 (cly(Gy)) s x By fi is a closure function and Proposition 2 (2) it follows that cl, (f;7 (G;)) s x

Hence cl, (IF) 15 x from clp(fi7 (Gy)) € clp(F). Thus q is p-regular. [

For any {g;}ic; € T(X), note that the supremum (resp., infimum) of {g; };c; in the lattice T (X),
denoted as sup{g;|i € I} (resp., inf{g;|i € I}), is precisely the initial structure (resp., final structure)

regarding the source (X A, (X, 49i))icr (resp., the sink ((X, g;) Ax, X)ie1)- By Theorems 2 and 3,
we obtain easily the following corollary. It will show us that p-regularity is preserved under supremum
and infimum in the lattice T (X).

Corollary 1. Let {q;|i € I} C T(X) and p € T(X) with each (X, q;) being p-regular. Then both inf{g; };c;
and sup{q; }ic are all p-regular.

4. Lower (Upper) p-Regular Modifications in T -Convergence Spaces

In this section, we shall consider the p-regular modifications in T-convergence spaces.

Lemma 6. Let p,q be T-convergence structures on X.

(1) Ifqis p-regqular, then F Ty x implies cly (F) N x forany n € N,
(2)  If qis p-regular, then q is p'-regular for any p < p’.
(3)  The indiscrete structure 1 is p-reqular for any p € T (X).

Proof. Itis obvious. [

4.1. Lower p-Regular Modification

It has been known that p-regularity is preserved under supremum in the lattice T (X)
(see Corollary 1), and the indiscrete structure ¢ is p-regular for any p € T(X) (see Lemma 6 (3)).
So, it follows easily that for a pair of T-convergence spaces (X, p,q), there is a finest p-regular
T-convergence structure y,q on X which is coarser than g.

Definition 7. Let (X, p,q) be a pair of T-convergence spaces. Then the T-convergence structure <ypq on X is
said to be the lower p-regular modification of q.

The following theorem gives a characterization on lower p-regular modification.

Theorem 4. Forany p,gq € T(X), F Iy = In e N,G L xst.F D iy (G).

Proof. We define ¢’ as F - x <= In € N,G —» xs.t. F D cl;(G), then we prove 7pq = q'.

Obviously, ¢ € T(X) and g4/ < q. We check that g’ is p-regular. In fact, let F T, x. Then
there exists 1 € N,G — x such that F 2 c[(G). It follows that cl,(F) 2 cl,(cli(G)) = clit1(G),

so clp(IF) -1 x. Now, we have proved that ¢4’ is p-regular.
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Let r be p-regular with r < g. We prove below r < g’. In fact, let F s x. Then there exists
n e NG T, x such that F 2 cl;,’(G), s0G -5 x by g < r. Because r is p-regular it follows by
Lemma 6 (1) that F D CZZ(G) s x. Therefore, r < g. O

Theorem 5. If f : (X,q) — (X/,q') and f : (X, p) — (X', p’) are both continuous function between
T-convergence spaces then sois f : (X, vpq) — (X', vpq')-
Proof. Forany F € F] (X) and x € X.

F2 oy — EInEN,GLxs.t.F:_)cl;(G)

— e N, f7(G) L f(x) st f7(F) 2 £~ (cl(G))

— I eNf7(6) L fx) st f7(F) 2 el (£ (E))

— @) 5 (fx)),

where the second implication uses the continuity of f : (X,q) — (X’,¢’), and the third implication
uses the continuity of f : (X, p) — (X/, p’) and Proposition 2(1). O

The following theorem exhibits us that lower p-regular modification and final structures have
good compatibility.
Theorem 6. Let {(X;,qi, pi) }ic1 be pairs of spaces in T-CS and let q be the final structure relative to the
sink ((Xi,q;) iR X)ier with X = Ujefi(X;). If p € T(X) such that each f; : (X;,p;) — (X,p) isa

continuous closure function, then «ypq is the final structure relative to the sink ((X;, vp,q:) L Xier-

Proof. Let s denote the final structure relative to the sink ((Xj, vp,4:) iR X)icr- Then for any
FeF/(X)andx € X

F-sx = 3JielxeX,fi(x)=xG; Ty x; s.t. f7(G;) C F,by Theorem 4
= die I,xl- S Xi,i’l € N,fi(x,-) = X,H,‘ i) x; s.t. CZZ,-(HI') - Gi,fi:s(Gi) - F,by PI‘OpOSitiOl’l 2 (1)
= JielLxeXyneNf7(H) -5 xstcl(f7(H)) C f7 (el (1) C f7(G), f7(G) CF
= JielLxeX,neNf7(H) 5 xstcll(f7(H)) CF
= F M) X.
Conversely,
F M x = dneNG i>xs.t.cl}’;((G) CF
. qi
= JielLxeX;,filx) =x,neNH — xst f7(H;) CG,cly(G) CF
= Jie Ly € X, filx) =xneNH 5 x st cli(f7 (H)) C cll(G),cl(G) CF
= JieLx€X;,filx)=xneNH -5 xst f7(clh (H)) C cli(f7 (H;)) CF
. v iqi
— JielLx€X,fix)=xneNcll(H) =5 xst f7(cll(H)) CF
= F -y,

where the fourth implication follows by Proposition 2(2). O
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The following corollary tells us that lower p-regular modification has good compatibility with
infimum in the lattice T (X).

Corollary 2. Assume that {q;|li € I} C T(X), p € T(X) and q = inf{q;|li € I}. Then
Tpq = inf{ypqili € I}.
4.2. Upper p-Regular Modification

Similar to the crisp case, the discrete structure ¢ is not always p-regular for any p € T(X).
This shows that for a given g € T(X), there may not exist p-regular T-convergence structure on X
finer than gq.

Definition 8. Let (X, p,q) be a pair of T-convergence spaces. If there exists a coarsest p-reqular T-convergence
structure yPq on X finer than q, then it is said to be the upper p-regular modification of q.

It has been known that the existence of ”q depends on the existence of a p-regular T-convergence
structure finer than g (see Corollary 1), and 1,4 is the finest p-regular T-convergence structure. So,
it follows easily that y?q exists if and only if g < y,d. By Theorem 4, we obtain the following result.

Theorem 7. Let (X, p,q) be a pair of T-convergence spaces. Then

. 9
YPq exists < Vx € X,Vn € N, cly([x]1) — x.

Proof. Forany F € F] (X) and any x € X, from Theorem 4 we obtain

)0
F xe= IneNG -5 rst cly(G) CF.
Necessity. Let yFq exist. Then g < 7,6. So, forany x € X, n € N

Wt =5 x = e ([x]r) 25 x = (1)) D x.

Sufficiency. Let cl; ([x]) s x for any x € X, n € N. Then

= EInEN,GLxs.t.cl;’(G)gF

= IneN, [x]t CGsit.cly(G)CF

= In € N, cly([x]1) C clp(G) s.t. clj(G) CF
= dn € Nst.cly([x]t) CF
=

Fi>x.

It follows that g < 7,6, so 7Pq exists. [
The following theorem gives a characterization on upper p-regular modification if it exists.

Theorem 8. Let (X, p,q) be a pair of T-convergence spaces and yPq exists. Then

7Py q
F—x<«<=VneNcjF) — x

Proof. We define g’ as F -+ x <= Vn € N, cl}(F) - x.

(1) 4 € T(X). Itis obvious.
(2 g<¢q.InfactletF - x then F = cI(F) - x.
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(3) ¢ is p-regular. In fact, let F T x. Then for any n € Nit holds that cl}}(cl(F)) = CZZ'H(F) T x,

which means ¢l (F) s x. S0, q' is p-regular.
(4) Let r be p-regular with ¢ < r. Then g/ < r. In fact, let F — x then for any n € N, by
Proposition 6 (1) it holds that cl}; (F) 5 x and so el (F) Ty x by g < r. That means F s x

By (1)—(4) we get that ¢4’ is the coarsest p-regular T-convergence structure finer than q. Therefore,
"i=4q. O

Theorem 9. Let f : (X,q) — (X', q’) be a continuous function, and f : (X,p) — (X', p") be a closure
function between T -convergence spaces. If yPq and 'yp,q’ exist then f : (X, vPq) — (X, 'yplq’ ) is continuous.

P
Proof. Let F % x. Then Vn € N, cl; (F) s x Since f : (X,q) — (X’,q’) is a continuous function
and f : (X, p) — (X', p’) is a closure function it holds that

Vi€ N,clyy (f~ (F)) 2 £~ (el (F)) = f(x),

Py
so f~(F) T4 f(x), as desired. O

The following theorem exhibits us that the upper p-regular modification has good compatibility
with initial structures.

Theorem 10. Let {(X;, q;, pi) }icr be pairs of spaces in T-CS and q be the initial structure relative to the source
(X N (Xi,qi))ier- Let p € T(X) such that each f; : (X, p) — (X, p;) is continuous closure function.

If yPig; exists for all i € I then so does yPq, and yPq is precisely the initial structure relative to the source
fi :
(X = (Xi,7719:) )ier-

Proof. At first, we show the existence of y7q. By Theorem 7, it suffices to check that cl” (Ix]T1) Ty x

forany x € X,n € N. In fact, by the existence of yig; we have clj ([fi(x)]) — fi(x) for any

i € I,x € X,n € N. Then by each f; : (X,p) — (X, pi) being a continuous closure function it
holds that

7 (elp((x)r) = el (7 ([x)7)) = el (fix)]7) = filx),
so clﬁ([x]-r) Ay x for any x € X,n € N, ie., vPq exists.
Let s denote the initial structure relative to the source (X i) (Xi,7"iq;))ic1- Then

S

F-x \ﬁez,f?()”'fl()“3%“8VzGIVnech"(f. (F)) -2 fi(x)

Proposition 2
—

Vie LVn €N, f” (cly(F)) —’>fl-(x)

Th 8 P
= VneNcdi(F) L "ERF Iy O

The following corollary tells us that upper p-regular modification has good compatibility with
supremum in the lattice T (X).

Corollary 3. Assume that {q;|i € I} C T(X), p € T(X) and q = sup{q;|i € I}. If yPq; exists forall i € I
then so does yPq and yPq = sup{y"q;|i € I}.
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5. Conclusions

In this paper, we studied p-regularity in T-convergence spaces by a diagonal condition and a
closure condition about T -filter, respectively. We proved that p-regularity was preserved under the
initial and final constructions in the category T-CS. We then followed as a conclusion that p-regularity
was preserved under the infimum and supremum in the lattice T (X). Furthermore, we defined and
discussed lower (upper) p-regular modifications in T-convergence spaces. In particular, we showed
that lower (resp., upper) p-regular modification has good compatibility with final (resp., initial)
construction.
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