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Abstract: This paper is concerned with the joint state and parameter estimation methods for a
bilinear system in the state space form, which is disturbed by additive noise. In order to overcome
the difficulty that the model contains the product term of the system input and states, we make
use of the hierarchical identification principle to present new methods for estimating the system
parameters and states interactively. The unknown states are first estimated via a bilinear state
estimator on the basis of the Kalman filtering algorithm. Then, a state estimator-based recursive
generalized least squares (RGLS) algorithm is formulated according to the least squares principle. To
improve the parameter estimation accuracy, we introduce the data filtering technique to derive a data
filtering-based two-stage RGLS algorithm. The simulation example indicates the efficiency of the
proposed algorithms.

Keywords: bilinear system; hierarchical identification; parameter estimation; least squares;
state estimator

1. Introduction

Nonlinear systems widely exist in practical industrial processes. Employing mathematical models of
these processes becomes increasingly significant in system analysis [1-3], system control [4-6] and signal
processing [7-10], so it is necessary to find efficient methods for system modeling [11-13]. Mathematical
modeling methods are summarized into three categories, including mechanism modeling, experimental
modeling, and their combination [14-17]. System identification is the field of getting appropriate
models of dynamic systems directly from experimental data [18-21] and can be applied to many
areas [22-26]. As a special class of nonlinear systems, bilinear systems are capable of approximately
describing some complex dynamic processes such as a nuclear reactor, the heat transform process,
and biology [27-29]. As a result, there are many active researches towards the parameter estimation
problem of bilinear systems [30,31].

In the literature of bilinear system identification, Verdult and Verhaegen applied the subspace
identification techniques for multi-input multi-output bilinear systems by using the separable least
squares principle [32]. Larkowski et al. handled the parameter estimation problem of the diagonal
bilinear errors-in-variables system and employed the bias-compensated least squares method to
estimate the parameters [33]. Hizir et al. transformed a bilinear system into its equivalent linear
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model and used the observer Kalman filter identification algorithm to identify the bilinear system [34].
Vicario et al. extended the interaction matrices to bilinear systems to present the relationship between
the system states and the measurement data and developed the intersection subspace algorithm for
the bilinear system identification [35].

The recursive least squares (RLS) method is regarded as the common parameter estimation
approach among many different parameter estimation techniques [36-38]. Gan et al. proposed an
efficient variable projection method to solve nonlinear least squares problems based on the matrix
decomposition [39]. Compared with the transfer function representation [40,41], the state space model
can reflect the motion of the inner mechanism and cover state estimation [42—44]. Many estimation
methods such as sequential Monte Carlo methods [45] and subspace identification methods [46]
have been extensively applied in many areas. Stroud et al. proposed a Bayesian method for the
joint state and parameter estimation of state space models with additive Gaussian noise using the
ensemble Kalman filter [47]. Urteaga et al. presented a sequential Monte Carlo method for filtering
and prediction of time-varying signals by fusing the information from candidate models instead of
using model selection [48]. Martino et al. presented the parallel particle filters based on the Bayesian
model averaging principle for sequential tracking and online model selection [49]. Schon et al. derived
an expectation maximization algorithm under the maximum likelihood framework and gave the
parameter estimates of nonlinear state space models [50]. Li and Liu derived the input-output
representation of the bilinear system through eliminating the state variables and proposed the
filtering-based least squares iterative algorithm [51]. However, the state variables in the system
were eliminated, so the state estimation of the bilinear system was not studied.

The bilinear system involves the products of control inputs and state variables in the state equation.
Thus, linear system identification methods cannot be utilized to compute the parameter estimates
due to the unmeasurable states. Different from the work in [51], this paper focuses on the joint
parameter and state estimation problem for a bilinear state space system with colored noise. The
bilinear model can be regarded as a time-varying state space model [52]. Thus, this paper presents a
bilinear state estimator based on the Kalman filtering algorithm for computing the unknown states.
Then, the state estimator-based recursive generalized least squares (RGLS) identification algorithm
is developed for estimating the system parameters according to the least squares principle. For the
purpose of improving the parameter estimation accuracy, the data filtering technique is introduced by
transforming the bilinear model into several filtered submodels with smaller dimensions. The main
contributions of this paper are listed as follows.

e  We present a bilinear state estimator on the basis of the Kalman filtering algorithm.

o  We derive a state estimator-based RGLS algorithm for joint state and parameter estimation of
bilinear state space models on the basis of the hierarchical identification principle.

o  We derive a filtering-based two-stage RGLS (F-TS-RGLS) algorithm using the state estimates for
improving the parameter estimation accuracy by introducing the data filtering technique.

The remainder of this paper is organized as follows. Section 2 describes the bilinear system and
gives its identification model. Section 3 derives a state estimator-based RGLS identification algorithm.
Section 4 presents a state estimator-based F-TS-RGLS algorithm by using the data filtering technique.
Section 5 provides an illustrative example to demonstrate the effectiveness of the proposed algorithms.
Finally, some conclusions are given in Section 6.

2. System Description

Some symbols are introduced for convenience. “A =: X” or “X: = A” stands for “A is defined
as X”; 0; denotes the estimate of 6 at time £; the symbol I (I,) represents an identity matrix of an
appropriate size (n X n); z denotes a unit forward shift operator like zx; = x;;1 and z7lx; = x;_q; the
superscript T symbolizes the matrix/vector transpose.
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Recently, a state observer-based multi-innovation stochastic gradient algorithm and a state
observer-based recursive least squares identification algorithm were presented for a bilinear system
with white noise [53]:

Xty1 = AXt—Fthu[—Ffut,
yi = hxi+o.

Zhang et al. derived a state filtering-based hierarchical identification algorithm and a state
filtering-based forgetting factor recursive least squares algorithm for a bilinear system with white
noise [54]:

Xr1 =  Axp+ Bxsup + fuy,
yt = hxi+vs

On the basis of the data filtering technique, a bilinear state observer-based multi-innovation
extended stochastic gradient algorithm and a data filtering-based multi-innovation extended stochastic
gradient algorithm were developed for a bilinear system with moving average noise [55]:

X411 =  Axt+ Bxyur + fuy,
vt = hxi+ D(z)v;.

where D(z) = 1+diz ' + -+ +dy z7 .
Different from the work in [53-55], this paper considers a single-input single-output bilinear
system with autoregressive noise:

Xtp1 = Axi+ By + fuy, (1)
yi = hxi+wy, ()
where x;: = [x14,x24, -+, xnt]" € R" is the state vector, u; € R and y; € R are the system input and

output data, w; € R is the measurement noise, and A € R"*", B € R*™*", f ¢ R",and h € RIX" are
the system parameters:

—a 1 0 o0
—ap 0 1 .0
A = : c. . .| e R
—Aay—-1 0 0 1
| —an O 0 |
[ by f
by 2
B: = C | ERP, b e RV, f: = f eR", h: =[L0,---,0] € R™".
| b fn

Without loss of generality, assume that u; = 0, x; =0, y; = 0, and wy = 0 for t < 0.

Assumption 1. This paper assumes that the stochastic noise vy € R is a Gaussian noise with zero mean and
variance o. The colored noise wy can be a moving average process, an autoregressive process, or an autoregressive
moving average process. In this paper, wy is approximated by an autoregressive process:

Wi = —CQWp—1 =+ = Cn Wt—p, + V1, ®3)
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Define the polynomial C(z) = 1+ c1z~ ' + -+ - + cn,z~"c. Equation (3) can be written as wy = ﬁvt.

Assumption 2. The system stability is the basis of system identification. This paper assumes that the bilinear
system in (1) and (2) is stable, that is to say the bounded input leads to the bounded output, and the system is
observable and controllable.

Assumption 3. System identification contains the determination of the system dimension and parameter
estimation. This paper assumes that the orders n and n. of the system are known. The parameters a;, bjj, f;, and
c; are to be identified from experimental data u; and y;.

Referring to the method in [53] and from (1) and (2), we have:
n n n
Xip=— Y @iXyp i+ Y bixejup i+ Y fiup i 4)
i=1 i=1 i=1
Define the system parameter vectors 6, 65, and 65, and the information vectors ¢;, ¢, ;, and ¢, , as:

o6 =| % | eritizin
6n ’

0.: _ [aT, bT, fT]T c Rn2+2n,
a = [all az,--- ranflran]T eR”,
= [blrbZ/' .. ,bn71, bn]T € an,

f: = [fl/fZ/"'/fnfllfn]TERn,

Bn: = [C1/C2,' .. ,cnc_l,ch]T c Rngl

@, l Pst c Rn2+2n+nf,

(pn,t

Pop = Py P @il € R,

Pt — [*xl,t—p —X1¢-2," ", *X1,t_n]T € R",
(qu,t: = [xzflut—1/x¥—2ut72r to /ngnutf'rlr S an,
Pup = (w1, u-2, U1, Ue-n]t €RY,
Pnp = [~Wi1,— W, Wiy [T € R

Inserting (4) into (2) gives:

X1+ Wt

4’;,[‘1 + (P;u,tb + (PI,,tf + wt (5)

Yt

(p;t(-)s + wt.
Then, Equation (3) can be written as:

Wy = —CQW1 — QW3 =+ — Cp,Wt—p, + Ut ©)
= @pnbn+ 0.
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Substituting (6) into (5), we obtain:

Yo = Xyt w
= T 0 + Wt
qos,t S (7)
= @505+ 60 + 01
= @0+
Equation (7) is the identification model of the bilinear system in (1) and (2). The objective of
this paper is to derive a bilinear state estimator to obtain the state estimates and explore an efficient

parameter identification method to generate highly-accurate parameter estimates and to improve the
computational efficiency by using available experimental data.

3. The RGLS Algorithm Using the Bilinear State Estimates

In this section, a state estimator-based RGLS algorithm is employed to estimate the unknown
states and parameters of the considered bilinear state space system.
Define a cost function:

J(0): =Y lyj — gj6]*

Using the least squares principle and minimizing J(6) give the recursive least squares algorithm:

0 = 0,1+ Ly — (P}étfl]r 8)
Ly = Pigl+@[P19] ", ©)
P = [I — Lt(pﬂPt_l. (10)

The first identification difficulty occurs because only the observation data u; and y; are available,
butg,, ¢, , and @, , contain the unknown x;.

Remark 1. To solve this problem, one method is to eliminate the state vector x; and to obtain a new identification
model that involves only the system input and output variables [51]. However, this cannot work because the
parameter matrix B here is not the special matrix with many zero entries like in [51]. Thus, it is necessary to
study new state estimation methods to obtain the state estimate.

The second identification difficulty occurs because ¢, also contains the noise variable {w;_;,
i=1,2,...,n.},so the parameter estimates 8; cannot be computed by (8)—(10).

Remark 2. The solution here is to introduce the hierarchical identification method for obtaining the parameter
estimates and state estimates, respectively. Based on the auxiliary model identification idea, we replace the
unknown disturbance w;_; and the unknown state {x;_;,i = 1,2,...,n} with their estimates ®; _; and ;_; in
the identification algorithms and define the estimated information vectors @y, @, @y 1 Py pr Pt Of P Ps 1

qox,t' (qu,t' (pn,t as:

@ = [ f;s,t c Rn2+2n+ncl (11)
n,t
N 2
q’s,t: = [ x,t’ (qu tr q)u t] € Rn +2n’ (12)
Prr = [R1,—Rpp0, 0, X" €RY, (13)
N R 2
Pyt = (RF_qup—1, Rf_puyn, -, X up—n]" € R", (14)
Pop = W1, W2, —Dy ] ER, (15)
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and the estimated parameter vectors o, (?)S,t, a, by, ft, and (:)n,t of0,06s,a,b, f,and 6, as:

ét.’ = ?S’t c an+2”+nc
6n,t
A ~ 2
s = laf, by fil e R
ag = [al,tl ﬁz,t/ ’ an,t] € Rn,
Bt = [l;l,tr éz,t/ Tty I;n,t]T S an;
ft: = [fl,t/fz,t,"‘ /fn,t]T ER”,
Onp: =[G40t Cuot]” € R™.

According to the structure of (5), the estimate @; can be calculated through:

W = yr— ¢;,tf’f - ¢’Im,tbt - (P;,tft (16)
= yt - @;,tes/t'
According to the method in [55], we construct the following bilinear state estimator:
X1 = AR+ BXju + let 4 Lyt [yt — hxy — (ﬁ;’ten], (17)
Lei = [A+BuPogt' 1P +1]7, (18)
Px,t+1 = [A + But]Px,t [A + But]T - Lx,thpx,t[A + But}T. (19)

Remark 3. Another problem occurs because the parameters A, B, f are unknown. Therefore, the state estimation
in (17)~(19) cannot be realized. The solution is to use a;, by, and ft to construct the parameter estimates Ay, By,
and f; of A, B, and f as:

4, 10 0 ) )
. 0o 1 - 0 by iy
. o ' N by s . for
A = : Lo e Be= 0 fim (20)
—ly_14 o ... 0 1 i;n,t fn,t
gy 0 - 0 |

Then, replacing A, B, f, and 6, in (17)—(19) with their estimates A, By, ﬁ, and @n,t obtains the
bilinear state estimator:

Rep1 = AR+ By + frup + Lyslys — hiy — @;,tén,t], (21)
Lx,t = [At + Eut]Px,thT[hPx,thT -+ 1]71, (22)
Piiv1 = [Ar+ Buy|Poy[Ar + Bouy)" — Ly thPys[Ar + Bruy]' (23)

Replacing the unknown ¢, in (8)—(10) with its estimate ¢,, and combining the bilinear state
estimator in (20)—(23) give:

0 = 0,1+ Lily: —@[0;_1], (24)
Ly = Pa@[l+@iP1g,] ", (25)
P = [I — LtgbﬂPt,l. (26)

Equations (11)—(26) form the recursive generalized least squares (RGLS) algorithm based on the
state estimates.



Mathematics 2019, 7, 356 7 of 17

Remark 4. In order to improve the RGLS parameter estimation accuracy, the next section will construct a
linear filter to filter the experimental data for estimating the system parameters.

4. The F-TS-RGLS Algorithm Using the Bilinear State Estimator

For the purpose of improving the parameter estimation accuracy of the RGLS algorithm, this
section presents an F-TS-RGLS algorithm for the bilinear system by constructing a linear filter C(z)
to filter the observation data of the system and to decompose the identification model in (7) into two
sub-identification models. Multiplying both sides of (1) and (2) by C(z) obtains:

C(z)x;y1 = C(z)Axt + C(z)Bxpuy + C(z) fuy, (27)
C(z)yr = C(z)hx;+ vs. (28)

Define the filtered input u¢, the filtered output y¢,, and the filtered state x¢, as:

¢

ugg = Clz)ur=ur+ Y ciyj, (29)
i=1
¢

yer = C@yr=wi+) ciyii (30)
i=1
Nnc

xepr = Clz)xy =+ Zcixt,i. (31)

i=1

Equations (27) and (28) can be transformed as:

Xppp1 = Axpp+ Bxggur + fugy, (32)
yer = hxgptor, (33)
where x1 = [X164, X214, X(n—1)fp Xni) € R From (32) and (33), we have:
n n n
Xigp = — ) @iXig—i+ ) bixgii+ Y figi—i = @f,0s, (34)

where the filtered information vector:

Pep = [ =X160—1, —X1gt—2," " s —X1ft—nt1, —X1f—ns

Xpp qUe—1, Xy pUt-2,7 00, Xpy_pUt—n, Uge1, (35)

2
T n°+2n
Ugp—2, UE 41, uf,tfn] eER .

Equations (33) and (6) can be expressed as the following two filtered sub-identification models:

Yer = (PEtes"‘vh (36)
wy = go;/tﬂn—i—vt. (37)

On the basis of the two sub-identification models in (36) and (37), define two cost functions:

]l(es): = Z/t‘:l[yf,j_q’},jes]zr
J2(6n): ]2

(38)
]t':l [w]- - G";,jen .

Minimizing J; (6s) and J»(6n) gives the following recursive relations:
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Ot = Oss-1+ Let[yse — i ,0-1], (39)
Lyt = Poragg[l +¢f,Por 19 - (40)
p; = [1 - Ls,t(P},t]Ps,tflr (41)
Ot = Onp 1+ Lnfw— qo;,tén,t—l]/ (42)
Lnt = Popo1¢p[1+ @} P19y (43)
Py = [I— Lo}, Pos—1. (44)

However, Equations (39)—(44) cannot generate the parameter estimates (:)S,t and (:)n,t. Because the
noise term w; and ¢, ; are unmeasurable, the system state x; in the system information vector g, , is
unmeasurable. In addition, C(z) is unknown, then Vit Ugp, X, and @, cannot be obtained.

Remark 5. The difficulty is overcome by utilizing the auxiliary model identification idea to take the place of the
unknown variables with their estimates. Use the estimate W; _; of w;_; to construct the estimate of @, ,:

(i’n,t = [77’01‘71/ —Wi_p, -+, *Zf)t,nc]T. (45)

From (5), replacing ¢, and 65 with their corresponding estimates ¢, and Bs; 1 obtains the
estimate of w;:

@ =Yt — P05t 1, (46)
where:
Psp = @rp Prur Pl (47)
Py (=211, —R1-al", (48)
Prup = [Riqw1, X _puro, - Ri_yurn]’, (49)
Put 1,12, <+ up—n]’, (50)
0 = [af,b], fi]" (51)

By virtue of the Kalman filter, a state estimator in the bilinear form can be established for
generating the state estimates. Then, utilizing the parameter estimates:

~

en,t - [él,tl CAZ,tI Tty é}’lc,t] (52)
to construct the estimates of C(z) gives:
Cltz): =148z P4z 24+ 8pz

Since the linear filter is unknown, we use its estimate to filter the system input u;, the system
output y, and the system state x; to give the filtered estimates of u¢;, y¢;, and x¢;:

¢
dge = Cltz)up =ur+ Y & pupi, (53)
i=1
A nc
9te = ClL2)yr =y + ) Ciryii (54)
i=1
A nc
Ry = B+ C(Lz)x =R+ ) &R (55)

Referring to the derivation of (21)—(23), we can obtain the following state estimator for obtaining
the estimate of the filtered state x ;:
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R = Awkey+ B + frugs + Liglye — hitgr — @ 0n ], (56)
Li; = [A+ Buug | Ph'[hPy b + 171 (57)
Pii1 = [Av+ Buug)Pry[Ar + Brugy|" — L thPry[Ar + Brugy]", (58)
[ -4, 1 0 - 0] . .

. 01 . o byt fur

. it ' R by, R for
A = : S R N N A (59)

_ﬁn—l,t o --. 0 1 l;n . fn ;

gy O - 0 ]

By replacing x1¢;_;, x¢;—; and ug,_; in (35) with their estimates £1¢,_;, £¢;_; and 7l¢,_;, define the
estimated filtered information vector:
P = [ R R~ Rgnst 10

T oT aT A
xf,tflutfll xf,tfzut—Zr T /xf,t,nut—n/ uf,tfll

~ ~ ~ n?+2n
Agpp, -+ Appny1, Bip—n]’ €R : (60)

Similarly, replacing the unmeasurable information vector ¢, and ¢,, ; in (39)—(44) with ¢; , and
@, obtains:

Ot = Bsp 1+ Let[0rs — @f,0s1-1], (61)
Lot = Py 1 [1+ @], Pos1gp,) ", (62)
Py (I — Ls1@f ;| Ps 1, (63)
Ont = Onp1+ Loty — @;,tén,tq], (64)
Lot = Poi1@n[1+ @ Pri—19n - (65)
Pot = [I— Loty ;|Pot1- (66)

The procedures of calculating 85 ; and 8,, ; by the filtering-based recursive generalized least squares
algorithm in (45)—(66) are listed as follows.

1. To initialize: let t = 1, B0 = 1n./po, 050 = L,200,/P0 J5t—i = 1/po, i = 1/po,
Repi1-i = Ln/po, Re—i = 1n/po, W—j = 1/po, Psp = poL2y 04 Poo = poln., Py1 = In, po = 10°,
i=1.2,---,nj=12,---,nc.

Collect the measurement data u; and y;. Form ¢, , using (45) and @ ; using (47)—(49).

Compute @; using (46), the gain vector Ly using (65), and the covariance matrix P, ; using (66).
Update the parameter estimates 8;, ; using (64). Read ¢ from B+ in (52).

Compute ¢, and 7, from (53) and (54). Construct @ ; using (60).

o U N

Compute the gain vector Lg; using (62) and the covariance matrix Ps; using (63). Update the

parameter estimates 05 ; using (61).

7.  Read dj,, l;l-,t and ﬁ,t from és,t in (51). Construct A;, By, ft using (59). Compute Lg; and Py 4
using (57) and (58).

8.  Compute £, 1 and £; using (56) and (55).

9. Increase t by one, and turn to Step 2.

Remark 6. By using the hierarchical identification principle, the unknown parameters and states can be
estimated interactively.

Remark 7. By introducing a linear filter, the original identification model is decomposed into two filtered
sub-identification models. Then, the system parameters and the noise parameters are estimated interactively.
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Remark 8. For identification methods, the large dimensions of the parameter vector 0 cause a heavy
computational cost. Thus, this paper uses the hierarchical identification principle for improving the computational
efficiency of the proposed methods based on the decomposition.

Remark 9. The number of the multiplication and addition operations is used to measure the computational cost
of an algorithm. The computational cost of the RGLS and F-TS-RGLS algorithms is shown in Table 1.

Table 1. The computation efficiency of the recursive least squares (RLS) and filtering-based two-stage
RGLS (F-TS-RGLS) algorithms.

Algorithms Number of Multiplications Number of Additions Total Flop

RGLS 2(n? +2n 4 nc)+ 2(n? +2n + ne )%+ Ni: =4(n? 4+ 2n+n.)*+
4(n® +2n+ne) +n®+2n 2(n® +2n+mne) +n?4+2n  6(n?+2n+ne) +2n% +4n

F-TS-RGLS  2(n? +2n)% + 5n%+ 2(n% 4 2n)2 + 3n%+ Ny: = 4(n® 4 2n)? + 8n2+
10m + 2n% + 6n, 6n +2n2 + 4n, 16n + 4n2 + 10n,

The difference of the computational cost of the RGLS and the F-TS-RGLS algorithms is:

Ni— Ny = 4(n®+2n+nc)? +6(n®+2n+ n) 4 2n?
+ 4n — [4(n® +2n)% + 8n® 4 161 + 4n* + 10n,]
= (8n*+2n—4)n,.
Remark 10. Since n > 1and n. > 1, the difference Ny — Ny is positive. That is to say, the computational cost
of the F-TS-RGLS algorithm is less than that of the RGLS algorithm.
5. Numerical Example

This section provides an example to illustrate the effectiveness of the proposed algorithms.
Here, we consider a bilinear state space model:

. 046 1| [ o008 o017 | - [o0d0]
T 030 0 | —0.07 —022 |t 015 |
Yyt = [1, O]Xt + wy,

Wy = —CWi_1+ 0t

The parameter vector to be identified is:

0 = [a1,a2,b11,b12,b01,b22, f1, fo, c]"
= [—0.46, 0.30,0.08,0.17, —0.07, —0.22,0.40, 0.15, O.OS]T.

In the simulation, the input signal {u;} was chosen as a pseudo-random binary sequence with zero
mean and unit variance and {v;} as a white noise sequence with zero mean and variances c. Set the
data length L = 3000, and employ the proposed algorithms to estimate the parameters and states of
this example system. The simulation input and output data are shown in Figure 1, which indicate that
the bounded input signal leads to the bounded output. The parameter estimates and their estimation
errors of the RGLS algorithm and the F-TS-RGLS algorithm are shown in Tables 2 and 3. The RGLS
estimation error & versus f is shown in Figure 2 with ¢ = 0.10? and ¢? = 0.152. The F-TS-RGLS
estimation error versus ¢ is shown in Figure 3 with different variances. The predicted outputs and the
true outputs are shown in Figures 4 and 5. The states x; ; and their estimates £; ; versus t are shown in
Figure 6.
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Table 2. The parameter estimates and their errors with 0 = 0.15%.

11 0f 17

Algorithms t a1 az b11 b2 bn by fi f2 c (%)
RGLS 100 —0.00316 0.05268 0.07544 0.05230 —0.06414 —0.05137 0.42414 0.34337 0.09662 77.79370
200 —0.02327 0.12465 0.06667 0.02426 —0.06804 —0.03437 0.41314 0.31430 —0.00151 73.30282
500 —0.16392 0.16651 0.03428 0.08494 —0.05452 —0.03641 0.42364 0.26468 0.02093 53.53272
1000 —0.26324 0.20629 0.03025 0.11604 —0.04730 —0.07382 0.41937 0.22896 0.01985 38.31102
2000 —0.36424 0.23406 0.03468 0.13072 —0.04674 —0.10435 0.41210 0.19167 0.03129 24.68460
3000 —0.40788 0.25214 0.04352 0.12255 —0.04747 —0.12509 0.40931 0.18628 0.05481 18.65007
F-TS-RGLS 100 —0.17207 0.13225 0.08149 0.04762 —0.08050 —0.06387 0.38554 0.24812 —0.24016 67.37094
200 —0.26379 0.21163 0.05110 0.10094 —0.07089 —0.08449 0.39815 0.22078 —0.20425 51.91655
500 —0.41609 0.27122 0.04448 0.17605 —0.04003 —0.19822 0.40894 0.15549 —0.06009 20.84531
1000 —0.44506 0.28907 0.05723 0.16636 —0.05408 —0.19663 0.40519 0.15223 —0.00605 12.54315
2000 —0.45785 0.28984 0.06293 0.16491 —0.06176 —0.19095 0.40193 0.14834 0.02730 8.43565
3000 —0.45744 0.29468 0.06717 0.15764 —0.06434 —0.19611 0.40149 0.14983 0.05888 4.92240
True values —0.46000 0.30000 0.08000 0.17000 —0.07000 —0.22000 0.40000 0.15000 0.08000
Table 3. The parameter estimates and their errors with % = 0.10%
AlgOl‘itth t al az bll b]z b21 bzz f1 f2 c (%)
RGLS 100 —0.01344 0.08368 0.04929 0.12366 —0.04534 —0.08160 0.42729 0.30373 0.01047 71.76858
200 —0.04819 0.15699 0.03634 0.12767 —0.03469 —0.10328 0.41799 0.25865 —0.09361 65.81981
500 —0.21525 0.21335 0.02114 0.18346 —0.02157 —0.15342 0.42234 0.19440 —0.08012 42.77206
1000 —0.31044 0.24492 0.03458 0.18170 —0.03375 —0.16150 0.41530 0.17384 —0.06081 30.24311
2000 —0.39697 0.26064 0.04731 0.17039 —0.04645 —0.16265 0.40883 0.15616 —0.02604 19.40043
3000 —0.42738 0.27001 0.05540 0.15703 —0.05159 —0.16863 0.40674 0.15902 0.00337 14.22233
F-TS-RGLS 100 —0.17072  0.12873 0.08786 0.04669 —0.08179 —0.08320 0.39734 0.23700 —0.08772 56.19069
200 —0.26673 0.21478 0.05515 0.09642 —0.07483 —0.09063 0.40715 0.20974 —0.07335 40.40498
500 —0.45453 0.28197 0.04590 0.18588 —0.04140 —0.21202 0.41195 0.13243 0.04761 8.46768
1000 —0.46578 0.29562 0.05933 0.17264 —0.05829 —0.20062 0.40718 0.14093 0.06403 4.89664
2000 —0.47371 0.29198 0.06315 0.17165 —0.06534 —0.19084 0.40294 0.13951 0.06910 5.33512
3000 —0.46830 0.29693 0.06704 0.16129 —0.06756 —0.19803 0.40240 0.14385 0.08923 4.02737
True values —0.46000 0.30000 0.08000 0.17000 —0.07000 —0.22000 0.40000 0.15000 0.08000
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Figure 1. The simulated input-output data versus ¢.
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From the simulation results in Tables 2 and 3 and Figures 1-6, we can draw the following conclusions.

e  The estimation errors of the RGLS algorithm and the F-TS-RGLS algorithm became smaller with
the data length increasing. This means that the proposed algorithms are effective.

e  Under the same noise levels, the state estimator-based F-TS-RGLS algorithm could generate more
accurate parameter estimates than the state estimator-based RGLS algorithm.

e  The F-TS-RGLS algorithm could decrease the dimensions of the covariance matrices and improve
the computational efficiency.

o The state estimates obtained from the bilinear state estimator could track their true values as

t increased.
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6. Conclusions

This paper presents a recursive parameter and state estimation algorithm on the basis of the
hierarchical identification principle for bilinear systems. In this approach, the system parameters and
states could be estimated interactively. The bilinear state estimator was derived based on the Kalman
filter. Then, the state estimator-based RGLS algorithm and the state estimator-based F-TS-RGLS
algorithm were proposed based on the data filtering technique and the decomposition-coordination
principle. The simulation results showed that the state estimator-based F-TS-RGLS algorithm had
higher parameter estimation accuracy compared with the state estimator-based RGLS algorithm.
Moreover, the state estimator-based F-TS-RGLS algorithm could greatly improve the computational
efficiency. The methods proposed in this paper could be combined the particle Monte Carlo
methods [56,57] and some statistical methods to study the model selection and parameter
estimation [58-60] for different systems [61-66] and could be applied to other fields [67-72] such
as communication networks [73-75].
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