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Abstract: Schuster introduced the notion of radial Blaschke-Minkowski homomorphism and
considered the Busemann-Petty problem for volume forms. Whereafter, Wang, Liu and He presented
the L, radial Blaschke-Minkowski homomorphisms and extended Schuster’s results. In this paper,
associated with L, dual affine surface areas, we give an affirmative and a negative form of
the Busemann-Petty problem and establish two Brunn-Minkowski inequalities for the L, radial
Blaschke-Minkowski homomorphisms.
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1. Introduction

If K is a compact star shaped (about the origin) in n-dimensional Euclidean space R”, then its
radial function, px = p(K, -) : R"\{0} — [0, 00), is defined by (see [1])

p(K,x) = max{A > 0: Ax € K}, x € R"\{0}.

If p(K, -) is positive and continuous, K will be called a star body (about the origin). The set of all star
bodies in R” denotes by S!. For the set of all origin-symmetric star bodies, we write S/%. Let 5"~!
denote the unit sphere in R". Two star bodies K and L are said to be dilated (of one another) if
px(u)/pr(u) is independent of u € S~ 1.

Intersection bodies were explicitly defined and named by Lutwak (see [2]). For K € S},
the intersection body, IK, of K is a star body whose radial function is defined by

p(IK,u) = V,_1(KNuh)

forall u € S"~1. Here u' is the (n — 1)-dimensional hyperplane orthogonal to u and V,,_; denotes the
(n — 1)-dimensional volume.

During past three decades, the investigations of intersection bodies have received great attention
from many articles (see [1-12]). In particular, intersection bodies led to the following Busemann-Petty
problem (see [2]).

Problem 1 (Busemann-Petty problem). For K, L € S, is there the implication

IKCIL = V(K) < V(L)?

Mathematics 2019, 7, 343; d0i:10.3390/math7040343 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
http://www.mdpi.com/2227-7390/7/4/343?type=check_update&version=1
http://dx.doi.org/10.3390/math7040343
http://www.mdpi.com/journal/mathematics

Mathematics 2019, 7, 343 2of 14

Here V(K) denotes the n-dimensional volume of body K.

Remark 1. Problem 1 was stated by Lutwak (see [2]). If K, L € S[%, then Problem 1 is called the symmetric
Busemann-Petty problem. Gardner [13], Zhang [14] showed that the symmetric Busemann-Petty problem has
an affirmative answer for n < 4 and a negative answer for n > 5.

For Problem 1, Lutwak [2] gave its an affirmative answer if K is restricted to the class of intersection
bodies and two negative answers if K is not origin-symmetric star body or L is not intersection body.
For more research on solutions to the Busemann-Petty problem, see e.g., [1,13-20].

In 2006, based on the properties of intersection bodies, Schuster [21] introduced the radial
Blaschke-Minkowski homomorphism, which is the more general intersection operator as follows:

Definition 1. Amap ¥ : S} — S} is called a radial Blaschke-Minkowski homomorphism if it satisfies the
following conditions:

(1) Y is continuous;
(2) Forall M,N € 8", ¥(M¥N) = YMTYN;
(3) Y(¢M) = oYM forall M € S!! and all ¢ € SO(n).

Here “F" and “F" denote radial Blaschke addition and radial Minkowski addition, respectively; SO(n) denotes
the group of rotation transformations.

Whereafter, Schuster ([22]) considered the following Busemann-Petty problem for radial
Blaschke-Minkowski homomorphisms.

Problem 2. Let ¥ : S} — S be a radial Blaschke-Minkowski homomorphism. For K,L € S}, is there
the implication
YK CYL= V(K) <V(L)?

Obviously, Problem 2 is a more general Busemann-Petty problem compared with Problem 1.
For Problem 2, Schuster [22] gave an affirmative answer if K belongs to Y5/ (the range of ¥) and two
negative forms.

In 2011, Wang, Liu and He [23] extended Schuster’s radial Blaschke-Minkowski homomorphisms
to L, analogies, and gave the notion of L, radial Blaschke-Minkowski homomorphisms as follows:

Definition 2. For p > 0,amap ¥, : S — &} is called a Ly, radial Blaschke-Minkowski homomorphism if it
satisfies the following conditions:

(1) ¥y is continuous;
(2) Forall M,N € S, ¥,(M+,N) = ¥, M+,¥,N;
(3) Yp(eM) = ¢¥pMforall M € S} and all ¢ € SO(n).

Here “%,” and “+," denote L, radial Blaschke addition and Ly, radial Minkowski addition, respectively.

Meanwhile, associated with L, radial Blaschke-Minkowski homomorphisms, Wang et al. [23]
extended Schuster’s results including the Busemann-Petty Problem 2. In recent years, a lot of important
conclusions for the radial Blaschke-Minkowski homomorphisms and their L, analogies were obtained
(see e.g., [22-33]).

The L, dual affine surface areas firstly were introduced by Wang, Yuan and He (see [34]). Here,
we improve Wang, Yuan and He’s definition as follows: For K € S} and p > 0, the L, dual affine
surface area, (~)p (K), of K is defined by

10, (K)' % = sup{nV,(K,Q")V(Q)¥ : Q € 81} (1)
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Here \7,, (M, N) denotes the L, dual mixed volume of M, N € S}, and Q* denotes the polar of Q which
is defined by (see [1])
Q'={x:x-y<lyeQ}, xeR"

If Q belongs to the set of convex bodies (or star bodies) whose centroid at the origin, then Equation (1)
is just Wang, Yuan and He’s (or Wang and Wang’s) definition (see [34] or [35]). For the studies of L,
dual affine surface areas, also see [36—41].

Remark 2. Recall that Lutwak’s Ly affine surface area was defined as follows (see [42]): For K € K and p > 1,
the Ly affine surface area, 3, (K), of K is defined by

n+

i, (K)'% = inf{nV, (K, Q)V(Q)F : Q € SI}. (2)

Here, K} denotes the set of convex bodies (compact, convex subsets with nonempty interiors) containing the
origin in their interiors in R" and V,(M, N) is the L, mixed volume of M and N (see [42]). Compare to
Equation (1) and Equation (2), we see that Equation (1) is really the duality of Equation (2).

In this paper, associated with L, dual affine surface areas, we research the L, radial
Blaschke-Minkowski homomorphisms. We firstly consider the following Busemann-Petty problem of
L, radial Blaschke-Minkowski homomorphisms.

Problem 3. Let p > 0and ¥, : S — Sj be a L radial Blaschke-Minkowski homomorphism. For K, L € Sj,
is there the implication
Y,K CY,L = Q,(K) <Qp(L)?

Let ¥,S;' denote the range of ¥}, and ¥,S; denote the set of polars of all elements in ¥,Sy,
then ‘Y;‘,SO” C S} From this, we write that

o p 4 * 4 *
Qp(K) 7 = sup{nV,(K,Q")V(Q)" : Q € ¥;,S5'}- (3)
For Problem 3, according to Equation (3), we obtain an affirmative form as follows:

Theorem 1. For p >0, let ¥y, : S — Sj be a L, radial Blaschke-Minkowski homomorphism. If K, L € S,
then
YpK C¥,L = Oy (K) <Qp(L).

In addition, 05 (K) = Q5 (L) when ¥ ,K = ¥, L.
Furthermore, when K ¢ S/, by Equation (1) we give the following a negative form of Problem 3.

Theorem 2. For K,L € 8 and p > 0,let Y, : S — S; be a Ly, radial Blaschke-Minkowski homomorphism.
If K & S, then there exists L € S} such that

¥,K C ¥,L.

However,
QP(K) > QP(L).

Next, associated with L, radial Minkowski sum and L, harmonic Blaschke sum of star bodies,
we establish the following L, dual affine surface area forms of Brunn-Minkowski inequalities for the
L, radial Blaschke-Minkowski homomorphisms, respectively.
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Theorem 3. IfK,L € S§}',0 < p <n/2and0 < g <n—p, then

pa(n+p) pq(n+p) pa(n+p)

Qp(¥p(KFqL)) 007 < O (FpK) 027 + Qp(FpL) 7, (4)

with equality if and only if K and L are dilated.

Let g = n — p in Theorem 3 and notice that Kjrn,pL = KJArpL (see Equation (7)), we obtain a
Brunn-Minkowski inequality for the L, radial Blaschke sum K+ L.

Corollary 1. IfK,L € S, 0 < p < n/2, then

pintp) plntp) plntp)

—~ +p) ~ n
Qp (TP(K—FPL)) nn—p) < Qp (TPK) n(n—p) 4 Qp (‘PpL) n(n=p)

~ p(ntp) ~ pgn

with equality if and only if K and L are dilated.

Theorem 4. IfK,L € S}',0 < p <n/2and0 < p < —q < n, then

~ POl POt plrp)ta)
Qp(¥Yp(KF4L)) nir-p) _ Qp(¥,K) #op) +Qp(\pr) n(n—p) 5
VKT, L) =TVE v

with equality if and only if K and L are dilated. Here K & L denotes the Ly harmonic Blaschke sum of K and L.

The proofs of Theorem 1 and Theorem 2 are completed in Section 3. In Section 4, we will give the
proofs of Theorem 3 and Theorem 4.

2. Background Materials

2.1. General L, Radial Blaschke Bodies
For K,L € S}, real p # 0and A,u > 0 (not both 0), the L, radial Minkowski combination,
A-KFppu - L € S}, of Kand L is defined by (see [43,44])
p(A-K¥pp-L, )P = Ap(K, )P + pp(L, ).

Here ”+,” denotes the L, radial Minkowski sum and A - K = A/PK. The case p = 1 yields the radial
Minkowski combination A - K+ - L.

In 2015, Wang and Wang [35] defined the L, radial Blaschke combinations of star bodies as
follows: For K,L € 8%, n > p > 0and A, > 0 (not both 0), the L, radial Blaschke combination,
AoK¥puolL € 8, of Kand L is defined by

p(AoKtppuoL, )" P =Ap(K, )" P +pup(L,-)""F. (6)

Here “+,” denotes the L, radial Blaschke sum and A o K = AV(=pP)K. Tf p =1, then A o K+ppolLis
the radial Blaschke combination A o K+ o L (see [1]).
From the definitions of above two combinations, we easily see

AKFy_pp-L=AoKFpuolL. (7)
In Equation (6), let

”L'2 —T2
A= Fil0) = e, W= flT) = e ®
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with T € [-1,1] and L = —K, and write
VIK = fi(T) o KT, fo(7) 0 (=K). 9)
We call @;K the general L, radial Blaschke body of K. From Equations (8) and (9), we easily see that
VK=K, V,K = —Kand
VoK = %01@%0 (—K). (10)

For the general L, radial Blaschke bodies, by Equation (8) we know that fi(7) + f2(7) = 1.
This and Equation (9) give thatif K € Sj; then VK € Sj. If K ¢ Sj, we have the following conclusion.

Theorem 5. For K,L € S} and p > 0. IfK ¢ S\, then for T € [—1,1],
ViK€ Sy« 1=0. (11)

Proof. If T = 0, by Equation (10) we immediately get @;K e Sy
Conversely, since pp(—u) = p_p(u) for each M € S” and any u € S"~!, thus if @;K e SE,
then forall u € §" 1,
Py =p"2L (u) =0 (—u).

P (W) = P_gry () = Pory (1)

By Equation (9) we have
n—p _ P _
ekt ame(—1) 1) = ok, pre(-1 (T

This together with Equation (6) yields

fA@pg ")+ () (1) = fi(v)py " (—u) + f(1)pZ (—u),

ie.,
A@p P(w) + fa(0)e" () = (0"l () + f2(0)py P (w),
hence

(A7) = £(D)][ox " (w) = (w)] = 0.

Since K ¢ S implies py /(1) —p" /' (u) # 0 for all u € S"~1, thus we obtain
fi(1) = fa7) = 0.
This and Equation (8) give T = 0. [

2.2. Ly Dual Mixed Volumes

Based on the L, radial Minkowski combinations of star bodies, a class of L, dual mixed
volumes were introduced as follows (see [45,46]): For M, N € S}, p # 0 and & > 0, the L, dual mixed
volume, VP(M, N), of M and N is defined by

- V(M¥,e-N)—-V(M
2¥,(M,N) = lim (Mpe-N) = V(M)
p e—0t 3

From the above definition, L, dual mixed volume has the following integral representation
(see [45,46]):

ToMN) = [ o wef () (12)
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2.3. Ly Harmonic Blaschke Sums

The harmonic Blaschke sums of star bodies were introduced by Lutwak (see [47]). For M, N € S,
the harmonic Blaschke sum, M+ N € &}, of M and N is defined by

p(M:FN,'>n+1 _ p(M’,)nle
VIMEN) v T

p(N,~)"+1
V(N)

Based on above definition, Feng and Wang ([48]) defined the L; harmonic Blaschke sums as follows:
For M, N € S8}, real ¢ > —n, the L; harmonic Blaschke sum, M F; N € S}, of M and N is given by

p(MEN, )™ p(M, )" | p(N, )"
VIMF,N) | V(M) V()

(13)

3. A Type of Busemann-Petty Problem

Theorems 1 and 2 show a type of Busemann-Petty Problem of the L, radial Blaschke-Minkowski
homomorphisms for the L, dual affine surface areas. In this section, we will prove them. In order to
prove Theorem 1, the following lemma is essential.

Lemma 1 ([23]). If M,N € S} and p > 0, then

V,(M,¥,N) = V,(N,¥,M). (14)
Proof of Theorem 1. Since Y,K C YL, thus using Equation (12) we know that for p > 0 and any
Me S,

Vp(M,¥pK) <V, (M, ¥,L).
This together with Equation (14) yields

Vo (K, ¥pM) < V(L ¥, M). (15)

Hence, by Equation (3) we have

n+

n*%ﬁ;(K)Tp = sup{nvp(K, QM)V(Q)

SIS

:Q e YIS}
= sup{nV, (K, ¥,M)V(¥5M) 7 : ¥5M € Y550}

< sup{nV,(L,¥,M)V(¥; M) : ¥5M € Y550}

this gives
O, (K) < Qy(L).

Obviously, we see that ﬁ;(K) = ﬁ;(L) when ¥, K = ¥,L. O
The proof of Theorem 2 needs the following lemmas.
Lemma 2. IfK,L € S}, A, > 0 (not both zero) and 0 < p < n, then
~ ~ ntp ~ ntp ntp
Qp(AoK+tppoL)m < AQ(K) 7 +uQy(L) 7. (16)

with equality in Equation (16) for A, u > 0 if and only if K and L are dilated. For A = 0 or u = 0, Equation (16)
becomes an equality.
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Proof. From Equations (2) and (6), we have

n+p
n

n_%ﬁp()\ oK+ppuolL)

==

= sup {an(A oKFpuoL,Q)V(Q)i: Qe S{f}

—sup {| [ il 06l (u] VQ)F s @ e st
—sup { | [, e )+ P alo(@ )| vQ)F Qe st |

—sup{a| [ o el (i vi@)F

4
n

wu| AP e ] viQ)F s Qe st

P
n

= sup {nAV, (K, Q)V(Q)F + (L, Q)V(Q)F : Q € 81}
< sup {nAVp(K, QIV(Q)F: Qe Sg}
+sup {npV(L,Q")V(Q)F 1 Q € Sy}

— An i O (K) 7 4 i Oy (L)
This gives inequality Equation (16).
We easily know that equality holds in Equation (16) for A, > 0 if and only if K and L are dilated.
For A = 0 or y = 0, Equation (16) becomes an equality. [
Lemma3. IfKe€ S, 0<p <nandt € [-1,1], then
0, (V3K) < Qp(K). (17)

Equality holds in Equation (17) for T € (—1,1) if and only if K is origin-symmetric. For T = %1, Equation (17)
becomes an equality.

Proof. Taking A = f1(7), 4 = fo(7) and L = —K in Equation (16), these and Equation (9) yield
0 (V,K) < A1) (K) + fo(1)Qp(—K). (18)

However, by Equations (2) and (12) we have

n+p

= sup{nV,(—K,Q*)V(Q)

=

n= 10, (—K) 1QE S}

=

= sup { {/s P”KP(M)PPQ*(”)W} v(Q)

n—1" "

:QESQ}

B

—sup{| [ okt (o V@)t s Qe st

4
n

= sup{an(K,—Q*)V(Q) Qe S}
= sup{nV,(K, (-Q))V(-Q)" : ~Q € 8}

_P~ ntp
n

=n QP(K)T,
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ie., N _
Qp(—K) = 0, (K).

This together with Equation (18), and notice that f1(7) + f2(7) = 1, we obtain Equation (17).

According to the equality conditions of Equation (16), we see that equality holds in Equation (17)
fort € (—1,1) ifand only if K and —K are dilated, i.e., K is origin-symmetric. For T = +1, Equation (17)
becomes an equality. [

Lemma 4 ([23]). Forp > 0,amap ¥, : S} — S} is a Ly radial Blaschke-Minkowski homomorphism if and
only if there is a non-negative measure y € M(S"~1,8) such that for K € S}, p(¥,K, )P is the convolution of
o(K, )""P and p, namely

p(¥pK, )P = p(K, )" P . (19)
Here € denotes the pole point of S"~! and M(S"~1,) denotes the signed finite Borel measure space on 5"~
(see [21]).

Obviously, Equation (19) gives that for ¢ > 0,
¥,(cK) =c 7 ¥,K. (20)

Lemma 5. For 0 < p < n, let ¥, be an even L, radial Blaschke-Minkowski homomorphism. If K € S} and
€ [-1,1], then
Yp(V,K) =¥,k (21)

Proof. Since Y, is an even L, radial Blaschke-Minkowski homomorphism, thus for any K € S},
Y, (—K) = ¥,K. From this, according to Equation (19), Equation (6) and Equation (9), we have for
0<p<nandpue€ M(S"1e),

p(¥p(ViK),-) = p(VEK,-)" P xp

= [fi(D)p(K, )"+ fa(T)p(=K, )" Pl *p

= A(D)p(K, )" P p+ fo(T)p(=K, )" P s p

= A(D)p(YpK, ) + f2(1)p(¥p(=K), )

= A(Dp(¥pK, ) + L(T)p(YpK, -) = p(¥,K, ).
This gives Equation (21). O
Proof of Theorem 2. Since K ¢ S, thus for 0 < p < n, by Equation (17) we know that for t € (—1,1),

0p(V3K) < Qp(K).
Choose ¢ > 0 such that
Qp((1+ S)V;K) < Op(K).

From this, let L = (1 + 8)@51(, then L € S} (Theorem 5 gives that for 7 =0, L € SJ; fort € (—1,1)
and T # 0, L € S?\S) and satisfies f)p(L) < f)p(K).
However, by Equations (20) and (21) we obtain for 0 < p < n,

n—p
P

~ n—p ~
YL =¥, ((1+e)VIK) = (1+¢) 7 ¥p(VIK) = (1+¢) 7 ¥,K D ¥,K.
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4. Brunn-Minkowski Inequalities for the L, Radial Blaschke-Minkowski Homomorphisms

Associated with L, radial Minkowski sum and L; harmonic Blaschke sum of star bodies,
Theorems 3 and 4 respectively give the L, dual affine surface area forms of Brunn-Minkowski
inequalities for the L, radial Blaschke-Minkowski homomorphisms. In this section, we will complete
their proofs. For the proof of Theorem 3, the following lemmas are essential.

Lemma6. IfK,L € 8", p > 0and 0 < g < n — p, then forany u € S"~1,

q

Py (k3,1 (1) < Py,

=

q q

() + 9§} (1), (22)

~T=

with equality for 0 < q < n — p if and only if K and L are dilated. For g = n — p, Equation (22) becomes an
equality.

Proof. Because of 0 < g < n — p implies "”%p > 1, thus by Equation (19) and the Minkowski integral
inequality we have for y € M(S"1,2) and any u € 5" 1,

: q
= n—p —p
" — p _ n—p
p‘I’p?K-T-,,L)(u) - (p‘I’p(K-TWL)(uO = (pK—Tqu(u) * y)

[t ]

This yields inequality Equation (22).

From the equality condition of Minkowski integral inequality, we know that equality holds in
Equation (22) for 0 < ¢ < n — p if and only if K and L are dilated. Clearly, if § = n — p, Equation (22)
becomes an equality. [

Lemma?7. IfK, L€ S},0<p<n/2and0 < g <n—p,then forany M € S},

~ - rq -~ P9 ~ Pq
Ty (¥ (KT L), M) 07 < 0, (K, M) 007+ Ty (8L, M) 017, 23)

with equality if and only if K and L are dilated.

Proof. Since0 < p <n/2and 0 < q < n — p, thus % > 1. Using Equation (12), Equation (22) and

the Minkowski integral inequality, we have for any M € S},

~ ~ Pq 1 n— (n—p)?
Vp(‘IIp (K+qL),M) (n—p)2 — |:n An,l p‘l"p(ijqu) (u)pﬁ/l(u)du]
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1 _
#la [ te

" g
= V(¥ pK, M) -

This yields inequality Equation (23).
ForO0<g<n-—

p
ﬁ,l(u)du} e

Pq

+ V(¥ pL, M) (1P

10 of 14

p, according to the equality conditions of Equation (22) and Minkowski integral

inequality, we see that equality holds in Equation (23) if and only if K and L are dilated, and ¥, K and
¥, L are dilated. However, by Equation (19) we know that K and L are dilated is equivalent to ¥, K
and ¥, L are dilated. Therefore, equality holds in Equation (23) if and only if K and L are dilated.

For q = n — p, from equality condition of Minkowski integral inequality, we are aware of equality
holds in Equation (23) if and only if ¥,K and ¥ ,L are dilated, this is equivalent to K and L are

dilated. O

Proof of Theorem 3. Because of (

)

rq
(n—p)?

_P = ~ ntp
[n 1 Qp(Yp(K+4L))

4
= n

{sup{nvp(‘Yp(K—?qL), Q)V(Q)

—— > 0, thus by Equations (1) and (23), we obtain that

rq
n—p)?

Qe 8”}}

pq
= sup{ (n— l’ Vp(‘I’p(K+qL) Q*) =r*V(Q)

<sup {n

P’i

<[v (¥,K Q") = + Vp(¥pL, Q) (-

g
w2 Qe Sgl}
2

}V(Q) oo QeS"}

2

S S

R y(Q)i 7 QGS”}

+Sup{ ”P VP(TLQ) V(Q)nii QES”}
- [tk @@t o]
o
+[sup{nl7p(‘FpL,Q*)V(Q)5 Qe ng}} v
Lz iy ] 25

From this, we get inequality Equation (4), and equality holds in Equation (4) if and only if K and L are

dilated. O

The proof of Theorem 1 requires the following lemmas.
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Lemma8. IfK,L € 8,0 < p < —q < n, then forany u € S"71,

P&"jpﬂ ps:tjq) n(nn:rq)
p‘Yp(KﬂL)(u) PTPKP (u) P‘Y,,Lp ()

< + , (24)
V(K¥,L) V(K) V(L)

with equality if and only if K and L are dilated.

Proof. Since 0 < p < —g < n, thus Z;s > 1. Hence, by Equation (13), Equation (19) and the

Minkowski integral inequality we have for 4 € M(S"~1,¢) and any u € S"~1,

n+

=

n+

=

p(nn:rq) p n—p n—p n—p
) [P @] [0 -]
V(KF,L) V(KF,L) VKT, L)

n+q

( Pk (1) ) *4 =
V(KF4L)

n—p n+q n—p n+
 [Blw ) [
V(K) V(L)
p(nnjq) p(nnjq)

B PTPKP (u) P‘YPLP (u)
- V(K) V(L)

This deduces Equation (24).

According to the equality condition of Minkowski integral inequality, we know that equality
holds in Equation (24) if and only if K and L are dilated. [

Lemma9. IfK,L € S},0<p <n/2and0 < p < —q < n, then forany M € S,

p(n+q) p(n+q) p(n+q)

Vp (‘Pp (K Fq L), M) (n—p)? v, (‘PPK’ M) (n—p)2 . v, (lIJpL/ M) (1—p)2
V(KFqL) - V(K) V(L) %

(25)

with equality if and only if K and L are dilated.

Proof. Since0 < p <n/2and 0 < p < —g < n, thus ;’Z;f;j > 1. Using Equation (12), Equation (24)
and the Minkowski integral inequality, we have for any M € S},

p(ntq)

Ty (¥p(K Fq L), M)
V(K¥4L)

pln+q)

(n—p)?

L o B ) (001
V(K¥4L)

p(n+q)

1 / Py, keeg1) 1 70,
- nJs1 \ V(KF4L)
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n— n— (n=p) (n+q)
< 1 / Py, K (u) +PTPLP (u) n(n+p'1) p( ) fn—;‘;Z
= e TV V(L) Pral)au
— (Yl ) —
1 p?f'p[r;(u)pjri/[(u) ?n—;')az 1 pzlfpf(u)pﬁ/f(u) (n—p)
<|= / e + = / e T
n n—1 (n—p) gn—1 (n=p)
) plnta) V(L) p(n-+q)
pntq) - p(n+q)
_ Vp(¥pK, M) 0V, (FpL, M) (0
- V(K) V(L)

From this, inequality Equation (25) is obtained.

12 of 14

By the equality conditions of Equation (24) and the Minkowski integral inequality, we see that

equality holds in Equation (25) if and only if K and L are dilated. [J

p(n+q)

Proof of Theorem 1. From 0 < p < n/2and 0 < p < —g < n, we know that n—p?

Equations (1) and (25), we obtain that

b, 08, (k5 1)

V(K¥4L)
ptay
[sup{nT (8, (K7, 1),Q)V(Q)F Qe sy
- V(KF,L)
17, (8, (K 5, 1), @) B V(@) s
_ nVp(¥p(KFq L), Q")) " nln-p)? n
_sup{ V(K:FqL) QGSO}
V,(¥,K, Q)] n=p)* V,(¥,L, Q*)] (=2 P(rta)
<sup{[[n 4 pV(KQ) ) Vi pV(LQ) ) }V(Q)”" )
By
< Sup{[an(‘YpK Q* ‘)/](K)P V(Q)rtn-r 0c Sg}
B(L 0] P v
+sup{[n Vo (¥ QE(L; Q) QGSon}
f(i+;7>
[sup{vp<‘1fp1<,g*>v<@>5 QGSS“}] ”
N V(K)
€(1+)q)
[sup{Vp(‘I’pL, QIV(Q)T: Qe 83}} o
- V(L)
plnsg) plrsg)
[n e (‘PPK)"“’}(””) [nﬁﬁ,,(\lpr)"IT”)
- V(K) * V(L)

> 0. Thus by

This gives inequality Equation (5). In addition, equality holds in Equation (5) if and only if K and L are

dilated. O
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