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Abstract

:

In this paper, we define Hurwitz–Lerch multi-poly-Cauchy numbers using the multiple polylogarithm factorial function. Furthermore, we establish properties of these types of numbers and obtain two different forms of the explicit formula using Stirling numbers of the first kind.
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1. Introduction


The Cauchy numbers [1,2,3] of the first and second kind, respectively denoted by cn and c^n, play important roles in many applications in number theory, combinatorics, and in different areas such as approximate integrals and difference-differential equations. These sequences of numbers are usually defined by means of the integral,


cn=∫01t(t−1)⋯(t−n+1)dt=n!∫01tndt








and:


c^n=∫01(−t)(−t−1)⋯(−t−n+1)dt=(−1)n∫01⟨x⟩ndt








where ⟨x⟩n=(x)(x+1)⋯(x+n−1)(n≥1) is the rising factorial with ⟨x⟩0=1.



Bernoulli numbers are defined by the generating function:


tet−1=∑n=0∞Bntnn!.











One of the relations of the Bernoulli numbers with Stirling numbers of the second kind is:


Bn=(−1)n∑m=0nnm(−1)mm!m+1








where nm represents the Stirling numbers of the second kind [4] defined by:


(et−1)mm!=∑n=m∞nmtnn!.











In 1997, Kaneko [5] defined certain variations of Bernoulli numbers in terms of the polylogarithm function:


Lik(z)=∑n=1∞znnk,








which are called poly-Bernoulli numbers, denoted by Bn(k). More precisely, poly-Bernoulli numbers are defined by:


Lik(1−e−t)1−e−t=∑n=0∞Bn(k)tnn!.











Parallel to this, certain variations of Cauchy numbers of the first kind were introduced by Komatsu [2,6], whose motivation was to relate the numbers to polylogarithm factorial functions:


Lifk(z)=∑m=0∞zmm!(m+1)k.











These numbers are called poly-Cauchy numbers of the first kind, denoted by cn(k). More precisely, these numbers are defined as follows:


cn(k)=n!∫01⋯∫01x1x2⋯xkndx1dx2⋯dxk.











The poly-Cauchy numbers possess several properties including an explicit formula:


cn(k)=(−1)n∑m=0nnm(−1)m(m+1)k,








where nm represents the Stirling numbers of the first kind [4] defined by:


[log(1+t)m]m!=∑n=m∞(−1)n−mnmtnn!,








the generating function:


Lifk(ln(1+t))=∑n=0∞cn(k)tnn!,








and the following relation with Stirling numbers of the second kind:


∑m=0nnmcm(k)=1(n+1)k.











Komatsu [2,6] also defined poly-Cauchy numbers of the second kind as follows:


c^n(k)=n!∫01⋯∫01−x1x2⋯xkndx1dx2⋯dxk.











Clearly, c^n=c^n(1). Similarly, these numbers possess the following properties: the explicit formula:


c^n(k)=(−1)n∑m=0nnm1(m+1)k,








the generating function:


Lifk(−ln(1+t))=∑n=0∞c^n(k)tnn!,



(1)




and a relation with Stirling numbers of the second kind:


∑m=0nnmc^m(k)=(−1)n(n+1)k.











Certain generalizations of poly-Cauchy numbers of the first and second kind were introduced by Cenkci and Young [7]. This generalization was motivated by the concept of the Hurwitz–Lerch factorial zeta function defined by:


Φf(z,s,a)=∑n=0∞znn!(n+a)s








for s∈C when |z|<1, Res>1 when |z|=1 and a∉{0,−1,−2,⋯}.



These numbers were called Hurwitz-type poly-Cauchy numbers of the first and second kind, denoted by cn(k)(a) and c^n(k)(a), which are respectively defined by:


Φf(log(1+t),k,a)=∑n=0∞cn(k)(a)tnn!








and:


Φf(−log(1+t),k,a)=∑n=0∞c^n(k)(a)tnn!.











These numbers possess the following properties, which are parallel to those of poly-Cauchy numbers: the explicit formulas:


cn(k)(a)=(−1)n∑m=0n(−1)mnm(m+a)k,c^n(k)(a)=(−1)n∑m=0nnm(m+a)k,








relations with Stirling numbers of the second kind:


∑m=0nnmcm(k)(a)=1(n+a)k,∑m=0nnmc^m(k)(a)=(−1)n(n+a)k,








and expressions of Hurwitz-type poly-Bernoulli numbers in terms of Hurwitz-type poly-Cauchy numbers:


Bn(k)(a)=∑l=0n∑m=0n(−1)m+nm!nmmlcl(k)(a),Bn(k)(a)=∑l=0n∑m=0n(−1)mm!nmmlc^l(k)(a),cn(k)(a)=∑l=0n∑m=0n(−1)m+nm!nmmlBl(k)(a),c^n(k)(a)=∑l=0n∑m=0n(−1)nm!nmmlBl(k)(a).











Corcino et al. [8,9] extended the poly-Bernoulli numbers and defined the Hurwitz–Lerch-type multi-poly-Bernoulli numbers Bn(k1,k2,⋯,kr)(a) as follows:


Φ(1−e−t,(k1,k2,⋯,kr).a)=∑n=0∞Bn(k1,k2,⋯,kr)(a)tnn!.



(2)







The numbers have the explicit formula:


Bn(k1,k2,⋯,kr)(a)=∑0≤m1≤m2≤⋯≤mr≤n(−1)n+mrmr!nmr(m1+a−r+1)k1(m2+a−r+2)k2⋯(mr+a)kr.



(3)







Further generalization of poly-Cauchy numbers of the first and second kind was defined by Komatsu et al. [10] using the multiple polylogarithm factorial function inspired by the following definition of multi-poly-Bernoulli numbers by Imatomi et al. [11],


Lik1,k2,⋯,kr(1−e−t)1−e−t=∑n=0∞Bn(k1,k2,⋯,kr)tnn!








where:


Lik1,k2,⋯,kr(z)=∑0≤m1<m2<⋯<mrzmrm1k1⋯mrkr








is the multiple polylogarithm function. Komatsu et al. correspondingly defined a factorial version of the multiple polylogarithm factorial function as follows:


Lifk1,k2,⋯,kr(z)=∑0≤m1<m2<⋯<mrzmrm1!⋯mr!(m1+1)k1⋯(mr+1)kr.



(4)







More precisely, the multi-poly-Cauchy numbers of the first and second kinds, cn(k1,k2,⋯,kr) and c^n(k1,k2,⋯,kr), are defined, respectively, as:


Lifk1,k2,⋯,kr(ln(1+t))=∑n=0∞cn(k1,k2,⋯,kr)tnn!,



(5)






Lifk1,k2,⋯,kr(−ln(1+t))=∑n=0∞c^n(k1,k2,⋯,kr)tnn!.



(6)







These numbers possess the following explicit formula:


cn(k1,k2,⋯,kr)=∑0≤m1<m2<⋯<mr≤nnmrm1!⋯mr−1!(m1+1)k1⋯(mr+1)kr,c^n(k1,k2,⋯,kr)=∑0≤m1<m2<⋯<mr≤n(−1)mrnmrm1!⋯mr−1!(m1+1)k1⋯(mr+1)kr.











In this paper, a multiple parameter Hurwitz–Lerch factorial zeta function will be introduced, which will be used to define certain multiple parameter Hurwitz–Lerch poly-Cauchy numbers. Several properties are established including generating functions, explicit formulas, and some relations involving the Stirling numbers.




2. Hurwitz–Lerch Multi-Poly-Cauchy Numbers


Combining the concepts of the Hurwitz–Lerch multi-poly-zeta function and multiple polylogarithm factorial function, we can define the Hurwitz–Lerch multi-factorial zeta function as follows:



Definition 1.

The Hurwitz–Lerch multi-factorial zeta functionΦf(z,(k1,k2,⋯,kr),a)is defined by:


Φf(z,(k1,k2,⋯,kr),a)=∑0≤m1<m2<⋯<mrzmrm1!(m1+a−r+1)k1m2!(m2+a−r+2)k2⋯mr!(mr+a)kr








whereki∈C,i∈Nwhen|z|<1andReki>1when|z|=1anda∉{0,−1,−2,⋯}.





Note that when r=1, Definition 1 gives:


Φf(z,k1,a)=∑0≤m1zm1m1!(m1+a)k1,








the Hurwitz–Lerch factorial zeta function.



Observe that:


Φf(ln(1+t),(k1,k2,⋯,kr),a)=∑0≤m1<m2<⋯<mr(ln(1+t))mrm1!(m1+a−r+1)k1m2!(m2+a−r+2)k2⋯mr!(mr+a)kr=Lifk1,k2,⋯,kr(ln(1+t))(a).











Comparing this with the left-hand side of (5) and (6), it would be logical to define the Hurwitz–Lerch multi-poly-Cauchy numbers of the first and second kinds as follows:



Definition 2.

The Hurwitz–Lerch-type multi-poly-Cauchy numbers of the first kind are defined by:


Φf(ln(1+t),(k1,k2,⋯,kr),a)=∑n=0∞cn(k1,k2,⋯,kr)(a)tnn!.













Definition 3.

The Hurwitz–Lerch-type multi-poly-Cauchy numbers of the second kind are defined by:


Φf(−ln(1+t),(k1,k2,⋯,kr),a)=∑n=0∞c^n(k1,k2,⋯,kr)(a)tnn!.













These numbers have the explicit formula involving Stirling numbers.



Theorem 1.

Fork1,k2,⋯,kr∈Z,n≥0, we have:


cn(k1,k2,⋯,kr)(a)=(−1)n∑0≤m1<m2<⋯<mrn(−1)mrnmr(mr+a)kr∏i=1r−11mi!(mi+a−r+i)ki.



(7)









Proof. 

First, we have:


∑n=0∞cn(k1,k2,⋯,kr)(a)tnn!=Φf(ln(1+t),(k1,k2,⋯,kr),a)=∑0≤m1<m2<⋯<mr(ln(1+t))mrm1!(m1+a−r+1)k1m2!(m2+a−r+2)k2⋯mr!(mr+a)kr.











Now, working on the right-hand side, we have:


∑0≤m1<m2<⋯<mr(ln(1+t))mrm1!(m1+a−r+1)k1m2!(m2+a−r+2)k2⋯mr!(mr+a)kr=∑0≤m1<m2<⋯<mr(ln(1+t))mrmr!·1(mr+a)kr∏i=1r−11mi!(mi+a−r+i)ki=∑0≤m1<m2<⋯<mr∑n=mr∞(−1)n−mrnmrtnn!·1(mr+a)kr∏i=1r−11mi!(mi+a−r+i)ki=∑n=0∞∑0≤m1<m2<⋯<mrn(−1)n−mrnmr(mr+a)kr∏i=1r−11mi!(mi+a−r+i)ki·tnn!=∑n=0∞(−1)n∑0≤m1<m2<⋯<mrn(−1)mrnmr(mr+a)kr∏i=1r−11mi!(mi+a−r+i)kitnn!.











It follows that:


∑n=0∞cn(k1,k2,⋯,kr)(a)tnn!=∑n=0∞(−1)n∑0≤m1<m2<⋯<mrn(−1)mrnmr(mr+a)kr∏i=1r−11mi!(mi+a−r+i)kitnn!.











Comparing the coefficients completes the proof. ☐





The following theorem is an explicit formula for the Hurwitz–Lerch-type multi-poly-Cauchy numbers of the second kind, which can be shown similar to the proof of Theorem 1.



Theorem 2.

Fork1,k2,⋯,kr∈Z,n≥0, we have:


c^n(k1,k2,⋯,kr)(a)=(−1)n∑0≤m1<m2<⋯<mrnnmr(mr+a)kr∏i=1r−11mi!(mi+a−r+i)ki.



(8)









Parallel to the results of Cencki and Young [7], relations between Hurwitz–Lerch-type multi-poly-Cauchy numbers and Hurwitz–Lerch-type multi-poly-Bernoulli numbers can be shown using the orthogonality and inverse relations for Stirling numbers [12]. By the orthogonality relations:


∑r=mn(−1)n−rnrrm=∑r=mn(−1)n−rnrrm=δmn,



(9)




where δmn is a Kronecker symbol, it follows that:


fn=∑m=0n(−1)n+mnmgm⇔gn=∑m=0n(−1)n+mnm.



(10)







Consequently, we obtain the following results:



Theorem 3.

For the Hurwitz–Lerch-type multi-poly-Bernoulli numbersBn(k1,k2,⋯,kr)(a), we have:


∑mr=0nnmrBmr(k1,k2,⋯,kr)(a)=∑0≤m1≤⋯≤mr−1≤nn!(n+a)kr∏i=1r−11(mi+a−r+i)ki.



(11)









Proof. 

Note that (3) can be expressed as:


Bn(k1,k2,⋯,kr)(a)=(−1)n∑0≤m1≤⋯≤mr≤n(−1)mrmr!nmr(m1+a−r+1)k1(m2+a−r+2)k2⋯(mr+a)kr=∑mr=0n∑0≤m1≤⋯≤mr(−1)n+mrmr!nmr(m1+a−r+1)k1(m2+a−r+2)k2⋯(mr+a)kr.











Rewriting Equation (3) as:


gn=∑mr=0nnmrfmr








for:


gn=(−1)nBn(k1,k2,⋯,kr)(a)








and:


fmr=∑0≤m1≤⋯≤mr(−1)mrmr!(m1+a−r+1)k1(m2+a−r+2)k2⋯(mr+a)kr,








the conclusion follows by applying Equation (10). ☐





Observe that when r=1, the right-hand side of Equation (11) reduces to the single term n!(n+a)k1, so that:


∑m1=0nnm1Bm1(k1)(a)=n!(n+a)k1,








which is [7] (Theorem 2.5).



The next theorem contains result on Hurwitz–Lerch-type multi-poly-Cauchy numbers parallel to Theorem 3.



Theorem 4.

For the Hurwitz–Lerch-type multi-poly-Cauchy numbers, we have:


∑mr=0nnmrcmr(k1,k2,⋯,kr)(a)=∑0≤m1≤⋯≤mr−1≤n1(n+a)kr∏i=1r−11mi!(mi+a−r+i)ki



(12)




and:


∑mr=0nnmrc^mr(k1,k2,⋯,kr)(a)=∑0≤m1≤⋯≤mr−1≤n(−1)n(n+a)kr∏i=1r−11mi!(mi+a−r+i)ki.



(13)









Proof. 

The proof can be shown parallel to Theorem 3. Now, (12) follows from (7) and (10) by considering:


fn=cn(k1,k2,⋯,kr)(a)








and:


gmr=∑0≤m1≤⋯≤mr1m1!(m1+a−r+1)k1⋯mr−1!(mr−1+a−1)kr−1(mr+a)kr,








and (13) follows from (8) and (10) by considering:


fn=c^n(k1,k2,⋯,kr)(a)








and:


gmr=∑0≤m1≤⋯≤mr(−1)mrm1!(m1+a−r+1)k1⋯mr−1!(mr−1+a−1)kr−1(mr+a)kr.



(14)







This completes the proof. ☐





Now, when r=1, the right-hand side of (12) and (13) reduces to the single term 1(n+a)k1 and (−1)n(n+a)k1, respectively, so that:


∑m1=0nnm1cm1(k1)(a)=1(n+a)k1








and:


∑m1=0nnm1c^m1(k1)(a)=(−1)n(n+a)k1,








which is [7] (Theorem 2.6).



To obtain a kind of generalization of the results in [7] (Theorem 2.7), we introduce modified Hurwitz–Lerch-type multi-poly-Bernoulli numbers, denoted by B^n(k1,k2,⋯,kr)(a), using the Hurwitz–Lerch multi-factorial zeta function as follows:


Φf(1−e−t,(k1,k2,⋯,kr),a)=∑n=0∞B^n(k1,k2,⋯,kr)(a)tnn!.



(15)







These numbers have the explicit formula involving Stirling numbers.



Lemma 1.

For nonnegative integer n, we have:


B^n(k1,k2,⋯,kr)(a)=∑0≤m1<m2⋯<mrn(−1)n+mrnmr(m+a)kr∏i=1r−11mi!(mi+a−r+i)ki.













Proof. 

Working on the left-hand side of (15), we get:


Φf(1−e−t,(k1,k2,⋯,kr),a)=∑0≤m1<m2⋯<mr(1−e−t)mrmr!(m+a)kr∏i=1r−11mi!(mi+a−r+i)ki=∑0≤m1<m2⋯<mr(−1)mr(m+a)kr(e−t−1)mrmr!∏i=1r−11mi!(mi+a−r+i)ki=∑0≤m1<m2⋯<mr(−1)mr(m+a)kr∑n=mrnmr(−t)nn!∏i=1r−11mi!(mi+a−r+i)ki=∑0≤m1<m2⋯<mr(−1)n+mr(m+a)kr∑n=mrnmrtnn!∏i=1r−11mi!(mi+a−r+i)ki=∑n=0∞∑0≤m1<m2⋯<mrn(−1)n+mrnmr(m+a)kr∏i=1r−11mi!(mi+a−r+i)kitnn!.











Comparing the coefficients completes the proof. ☐





The next lemma is a result on the modified Hurwitz–Lerch-type multi-poly-Bernoulli numbers parallel to Theorem 3.



Lemma 2.

For the Hurwitz–Lerch-type multi-poly-Bernoulli numbers, we have:


∑mr=0nnmrB^mr(k1,k2,⋯,kr)(a)=∑0≤m1≤⋯≤mr−1≤n1(n+a)kr∏i=1r−11mi!(mi+a−r+i)ki.













Proof. 

Rewriting Lemma 1 as:


gn=∑mr=0nnmrfmr








for:


gn=(−1)nBn(k1,k2,⋯,kr)(a)








and:


fmr=∑0≤m1≤⋯≤mr(−1)mr(mr+a)kr∏i=1r−11mi!(mi+a−r+i)ki,








and the conclusion follows by applying (7). ☐





The next theorem contains the desired relationship between the Hurwitz–Lerch-type multi-poly-Cauchy numbers and the modified Hurwitz–Lerch-type multi-poly-Bernoulli numbers.



Theorem 5.

For nonnegative integer n, we have:


B^n(k1,k2,⋯,kr)(a)=∑lr=0n∑mr=0n(−1)mr+nnmrmrlrclr(k1,k2,⋯,kr)(a),



(16)






B^n(k1,k2,⋯,kr)(a)=∑lr=0n∑mr=0n(−1)mrnmrmrlrc^lr(k1,k2,⋯,kr)(a),



(17)






cn(k1,k2,⋯,kr)(a)=∑lr=0n∑mr=0n(−1)mr+nnmrmrlrB^lr(k1,k2,⋯,kr)(a),



(18)






c^n(k1,k2,⋯,kr)(a)=∑lr=0n∑mr=0n(−1)nnmrmrlrB^lr(k1,k2,⋯,kr)(a).



(19)









Proof. 

Using Lemma 1 and (12), we have:


∑lr=0n∑mr=0n(−1)mr+nnmrmrlrclr(k1,k2,⋯,kr)(a)=∑lr=0n∑mr=lrn(−1)mr+nnmrmrlrclr(k1,k2,⋯,kr)(a)=∑mr=0n(−1)mr+nnmr∑lr=0mrmrlrclr(k1,k2,⋯,kr)(a)=∑mr=0n(−1)mr+nnmr∑0≤l1≤⋯≤lr−1≤mr1(mr+a)kr∏i=1r−11li!(li+a−r+i)ki=∑0≤l1≤⋯≤lr−1≤mrn(−1)mr+nnmr(mr+a)kr∏i=1r−11li!(li+a−r+i)ki=B^n(k1,k2,⋯,kr)(a).











Now, (17) can be found using Lemma 1 and (13). For (18), using (7) and Lemma 2 yields:


∑lr=0n∑mr=0n(−1)mr+nnmrmrlrB^lr(k1,k2,⋯,kr)(a)=∑lr=0n∑mr=lrn(−1)mr+nnmrmrlrB^lr(k1,k2,⋯,kr)(a)=∑mr=0n(−1)mr+nnmr∑lr=0mrmrlrB^lr(k1,k2,⋯,kr)(a)=∑mr=0n(−1)mr+nnmr∑0≤l1≤⋯≤lr−1≤mr1(mr+a)kr∏i=1r−11li!(li+a−r+i)ki=∑0≤l1≤⋯≤lr−1≤mrn(−1)mr+nnmr(mr+a)kr∏i=1r−11li!(li+a−r+i)ki=c^n(k1,k2,⋯,kr)(a).











Similarly, (19) can be obtained using (8) and Lemma 2. ☐





When r=1, (16), (17), (18), and (19) yield:


B^n(k)(a)=∑l=0n∑m=0n(−1)m+nnmmlcl(k)(a),B^n(k)(a)=∑l=0n∑m=0n(−1)mnmmlc^l(k)(a),cn(k)(a)=∑l=0n∑m=0n(−1)m+nnmmlB^l(k)(a),c^n(k)(a)=∑l=0n∑m=0n(−1)nnmmlB^l(k)(a).








where B^n(k)(a) is the modified Hurwitz–Lerch-type poly-Bernoulli numbers defined by:


Φf(1−e−t,k,a)=∑n=0∞B^n(k)(a)tnn!.
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