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Abstract: In this paper, we prove a unique common coupled fixed point theorem for two pairs of
w-compatible mappings in S;-metric spaces. We also furnish an example to support our main result.
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1. Introduction

In 2012, Sedghi et al. [1] introduced the notion of S-metric space and proved several results.
Some other authors also worked on this (e.g., [2-6]). On the other hand, the concept of b-metric space
was introduced by Bakhtin [7] and Czerwik [8] (see also [9-11]).

Recently, Sedghi et al. [1] defined S,-metric spaces using the concepts of S and b-metric spaces
and proved common fixed point theorem for four maps in S,-metric spaces (see also [12]).

Bhaskar and Lakshmikantham [13] introduced the notion of coupled fixed point and proved some
coupled fixed point results as well.

The aim of this paper is to prove a unique common coupled fixed point theorem for four mappings
in S;-metric spaces. Throughout this paper, R™ and N denote the set of all non-negative real numbers
and positive integers, respectively.

First, we recall some definitions, lemmas and examples.

Definition 1. Ref. [4] Let X be a nonempty set. A S-metric on X is a function S : X3 — R that satisfies the
following conditions for each x,y,z,a € X:

(S1) S(x,y,z) =0ifandonlyifx =y =z,
(52) S(x,y,z) < S(x,x,a) +S(y,y,a) + S(z,z,4a).

Then, the pair (X, S) is called a S-metric space.

Definition 2. ([8]) Let X be a nonempty set and s > 1 be a given real number. A functiond : X x X — R* is
called a b-metric if the following axioms are satisfied for all x,y,z € X:

(b1) d(x,y) =0ifandonlyifx =y;
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(bp) d(x,y) =d(y,x); and
(b3) d(x,y) <s[d(x,z) +d(z,y)].

The pair (X, d) is called a b b-metric space.

Definition 3. ([1]) Let X be a nonempty set and b > 1 be a given real number. Suppose that a mapping
Sp : X3 — R* is a function satisfying the following properties:

(Spl) Sp(x,y,z) =0ifand only if x =y = z; and
(Sp2) Sp(x,y,z) < b(Sp(x,x,a) + Sp(y,y,a) + Sp(z,z,a)) forall x,y,z,a € X.

Then, the function Sy, is called a Sy-metric on X and the pair (X, Sy) is called a Sy-metric space.

Remark 1. ([1]) It should be noted that the class of Sy-metric spaces is effectively larger than that of S-metric
spaces. Indeed, each S-metric space is a Sy-metric space with b = 1.

The following example shows that a Sp-metric on X need not be a S-metric on X.

Example 1. ([1]) Let (X, Sy) be a Sy-metric space and Sy(x,y,z) = SP(x,y,z), where p > 1 is a real number.
Note that Sy is a Sy-metric with b = 22P=1). In addition, (X, Sy) is not necessarily a S-metric space.

Definition 4. ([1]) Let (X, Sy) be a Sy-metric space. Then, for x € X, r > 0, we defined the open ball Bs, (x,)
and closed ball Bs, [x, r] with center x and radius r as follows, respectively:

Bs,(x,7r) ={y € X:S,(y,y,x) <r},
Bs,[x, 7] ={y € X:S(y,y,x) <r}.

Lemma 1. ([1]) In a Sy-metric space, we have
Sp(x,%,y) < bSp(y,y,x)

and
Sh(%y/ x) < bsh<x1 X,y>'

Lemma 2. ([1]) In a Sy-metric space we have
Sp(x,x,2) < 2bS;(x, %, y) + b*Sy(y, Y, 2).

Definition 5. ([1]) Let (X, Sy) be a Sy-metric space. A sequence {x,} in X is said to be:

(1) Sp-Cauchy sequence if, for each € > 0, there exists ng € N such that Sy(xy, Xn, Xp) < € for each
m,n > np.

(2) Sp-convergent to a point x € X if, for each € > 0, there exists a positive integer ng such that
Sp(xXn, xn,x) < €0r Sy(x,,x,x,) < € for all n > ng and we denote that by nlg%o Xp = X.

Definition 6. ([1]) A Sy-metric space (X, Sy) is called complete if every Sy-Cauchy sequence is Sy-convergent in X.

Lemma 3. ([14]) If (X, Sy,) is a Sy-metric space with b > 1 and {x,} is a Sy-convergent to x, then for all
y € X, we have

L1 o ,
(i) Esb(y,x,x) < nh_r}r(}omf Se(y,y,xn) < nl1_r>rolosup Se(y, Y, xn) <2bSy(y,y,x); and

| . .
(ii) b—ZSh(x, x,y) < r}l_r&lnf Sp(Xn, xn,y) < nlgr(}o sup Sp(xp, Xy, y) < bzsb(x, X, Y).



Mathematics 2019, 7, 313 3of 14

In particular, if x = y, then we have lgn Sp(xn, xn,y) = 0.
n (o]

Definition 7. ([13]) Let X be a nonempty set. An element (x,y) € X x X is called a coupled fixed point of a
mapping F : X x X — X ifx = F(x,y) and y = F(y, x).

Definition 8. ([15]) Let X be a nonempty set. An element (x,y) € X x X is called:

(i) a coupled coincident point of mappings F : X x X — Xand f : X — X if f(x) = F(x,y) and

F(y) = F(y, %) and
(i) a common coupled fixed point of mappings F: X x X — Xand f : X — X ifx = f(x) = F(x,y) and

y=f(y) = F(y,x).

Definition 9. ([16]) Let X be a nonempty set and F : X x X — X and f : X — X. The {F, f} is said to

be w-compatible pair if f(F(x,y)) = F(f(x), f(y)) and f(F(y,x)) = F(f(y), f(x)) whenever there exist
x,y € Xwith f(x) = F(x,y) and f(y) = F(y, x).

For more details of other generalized metric spaces as well as on some rational contraction,
see [9,17-19].
Now, we give our main result.

2. Main Results

Let ® denote the class of all functions ¢ : [0,00) — [0,00) such that ¢ is a non-decreasing,

continuous, ¢(t) < ﬁ forallt > 0and ¢(0) =

Theorem 1. Let (X, Sy) be a Sy-metric space. Suppose that A,B: X x X — X and P,Q : X — X satisfy:
(1) A(X xX)CQ(X),B(X x X) CP(X);
(2) {A, P} and {B, Q} are w-compatible pairs;
(3) oneof P(X) or Q(X) is Sy-complete subspace of X; and
(4) 2b° Sy(A(x,y), A(x,y), B(u, )

Sp(P(x), P(x),Q(u)), Sp(P(y
Su(A(y, x), Ay, x), P(y)), Sp(B(u

Sp(A(xy), Alx, )

(
< ¢ | max x) (
Sp(A(y, x), Ay, ) (B
1+ S,(P(y), P(y), (

forall x,y,u,v e X, ¢ € .

Then, A, B, P and Q have a unique common coupled fixed point in X x X.

Proof of Theorem. Let x¢,)y9 € X. From Equation (1), we can construct the sequences {x,}, {yx},
{zn} and {w, } such that

A
A
B
B

Xon, Yon) = Q(X2141) = Zon,
Yon, X2n) = Q(Yan+1) = Wan,
Xon 41, Yon+1) = P(Xaut2) = 2on41,
) = P(y2n+2) = wopy1, n=0,1,2,---

(
(
(
(Yon+1, X2n41

Case (i). Suppose zo;; = Zpp41 and Wy, = Woy4q for some m. Assume that zp,,41 7# zom42 OF
W41 7 Wam12-
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From Equation (4), we have
Sp(z2m+2, Zom+2, Z2m+1)

< 20°Sy(A(xam2, Yam+2) A(Xam+2, Yam+2), B(Xom+1, Yam+1))

Sb(P(x2n1+2)rP(x2m+2)/ Q(x2m+1))/ Sb(p(y2m+2 ,P(y2m+2 Q(y2m+1))/

Sp(A(x2m12, Yom+2), A(X2ms2, Yoams2), P(Xomy2

)

P( )

Sy (A(Wam+2, Xom+2), A(Y2m+2, Xom+2), P(Yom+2)
Q( )

)

’

Sb(B(x2m+1/ y2m+1)r B(x2m+1/ y2m+1) Xom+1

)
)
)
< ¢ | max
Sb(B(]/2m+1/x2m+l) (y2m+11x2m+1) (y2m+1 )r
Sp(A(x2ms2, Yam+2), A(X2m2, Yams2), Q(%2m11))Sp (B(X2m41, Y2m+1), B(X2ms1, Yom+1), P(X2m12))
1+Sh( (x2m+2) (x2m+2) (x2m+l))
Sp(A(yam+2, X2m+2), AWam+2, X2m+2), QWam+1))So(B(Y2m+1, X2am+1), B(y2ms1, Xom+1), P(yam+2))
P(

1+ Sh( (]/2m+2) y2m+2) (y2m+l ))

Sb (22m+1/ Z2m+4-1,22m )/ Sb (w2m+1/ Wom4-1, W2m )/ Sb (sz+2r 22m+2s Z2m-+1 )/

= ¢ | max Sb(w2m+2rw2m+2/w2m+1)rSh(22m+lr22m+1122m)1Sb(w2m+1/w2m+1rw2m),

Sp(Z2m+2, Zom+2, Zom+1) Sb(Zom+1, Zom+1,22m)  Sp(Wam+2, Wap 42, Wony1) Sp(Wami1, Wamt1, W)
,
1+ Sp(zom+1, Z2m+1, Z22m) 1+ Sp(Wom41, Womt1, Wam)

=¢ (max { 0,0, Sp(z2m+2, Z2m+2, Z2m+1) Sp(Wam42, Wam+2, Wam41),0,0,0,0 })

=¢ (max { Sp (ZZm+21 22m+2sZ2m+1 )r Sb(w2m+2/ Wom+2, w2m+1) }) .

Similarly, we can prove that

Sp(Wam-+2, Wamt2, Woms1) < ¢ (Max {Sp(z2m+2, 22m+2, Z2m+1), Sp(Wam+2, W2m12, Wam+1) }) -

It follows that

max { Sy (22m+2, Z2m+2, Zom+1), Sp (Wam+42, Womt2, Wom1) }

< ¢ (max {Sp(zom+2, 2om+2, Z2m+1), Sp(Wam+2, Wom+2, Wam+1) }) -

Hence, zoy 12 = zom+1 and wom12 = W41
Continuing in this process, we can conclude that zp,; . = zom and Wy, 1 = Wwoy, for all k > 0.
It follows that {z,, } and {w, } are Cauchy sequences.

Case (ii). Assume that zp, 7# zo,11 Or Wy, # Woy,41 for all n.

Put Sy = max {Sp(zn+1,Zn+1,2n), Sp(Wn+1, Wnt1,Wn) }-
From Equation (4), we have

Sy(zont2, 22042, 22n+1)

< 26°Sy(A(x2n12, Yant2), A(X2n12, Yan+2), B(X2n 11, Y2n 1))

Sp(P(xan+2), P(xan+2), Q(x2111)), St (P(Y2n+2), P(Y2n+2), Q(¥2nt1)),
Sp(A(x2n+2, Yon+2), A(Xan+2, Yont2), P(x2012)),
Sp(A(Yan+2, ¥an+2), A(Yan+2, Xan+2), P(Y2n+2)),
Sp(B(x2n41, Yon+1), B(x2n11, Y2nt1), Q(x2041)),
Sp(B(Yan+1, %2n41), B(y2nt1, X2n11), QW2n+1)),

Sp(A(x2112,Y2nv2), A(X2n12, Y2n42), Q(%2141)) S (B(X2n 41, Y2u 1), B(x2011, Y2u 1), P(X2142))
1+ Sp(P(x2u12), P(x2n12), Q(x2141))
Sp(A(y2ns2, %onv2), AY2nt2, ¥ant2), QW2n+1)) S (B(Y2n11, ¥2u 1), By2ni1, ¥2041), P(y2n12))
1 +Sb( (y2n+2)r (]/2n+2)r Q(]/211+1))

< ¢ | max

’
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Sy (22041, Zon41,221)» Sp(Wan1, Wan+1, Wan ), S (Zon12, 22042, Zon+1),

— ¢ | max Sp(W2n+2, Wan+2, Wan+1), Sp(Zon+1, Zan+1,22n), Sp(Wan 11, Wan+1, Wan),

Sp (22042, Zon+2,221) Sp(Z2n41, Zon+1,Z2n41)  Sp(W2n42, Wang2, Wan) Sp(Won41, Wont1, Wont1)
,
1+ Sp(z2n+1, 22041, Z2n) 14 Sp(waps1, Want1, Wan)

Sp(Z2n+1, Zon+1,22n), Sp(22n42, 22042, Zon+1),
max
Sp(Wan41, Wan41, Wan), Sp(W2n42, Wan+2, Wan41)

<maX S2n+1,S2n

=¢
=¢
Similarly, we can prove

Sp(Wan+2, Wont2, Wopt1) < ¢ (Max{Szu+1,S2n}) -

Thus,
Sont1 < p(max{San, Sont1})-

If Sp,+1 is maximum, then we get contradiction so that Sy, is maximum.
Thus,

S2;1+1 < (P(SZn) < SZn- (1)

Similarly, we can conclude that Sy, < Sp;—1.

Itis clear that {S, } is a non-increasing sequence of non-negative real numbers and must converge
to a real number, say r > 0.

Suppose r > 0. Letting n — oo, in Equation (1), we have r < ¢(r) < r.

It is a contradiction. Hence, » = 0.

Thus,
lim Sy (2n41,2n41,20) =0 2
and
Jim Sy (wy 41, W41, wn) = 0. 3)

Now, we prove that {z5,} and {w»,} are Cauchy sequences in (X, S;). On teh contrary, we
suppose that {z5,} or {ws,} is not Cauchy. Then, there exist ¢ > 0 and monotonically increasing
sequence of natural numbers {2m; } and {25} such that for ny > my

max{Sy(22m,, Z2m Z2n; )» St (W2my  Wamy, Won, ) } > € 4)

and
max{ Sy (22m,, Zom,» Z2n,_5)r Sp(Wamy, Wamy, Won, )} < €. 5)

From Equations (4) and (5), we have
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€ < max{Sy(z2m;, 22my, 221, )+ Sb (W2, W2y, Wony ) }

< 2bmax{Sy(z2m;, Z2myr Z2m+2)r Sb (W2 Wamy, Wam, +2) }
+ bmax{Sy(z2n,, 22n, Z2m; +2)s S (W2, +2, Wy, Wam+2) }

< 2b (2b max{ Sy (22m,, Z2my Z2mg+1)» Sb(W2ms W2 W 11) })
+ 2b (b max{ Sy (z2m+2, Z2m+2 Z2m+1)» Sb (Wamy 12, Wamy 42, Wamy+1) })
+ b (2b max{Sy (z2n,, 22n,» Z2mg+1) Sp (W2, Wanys W 11) }) (6)
+ b (bmax{ Sy (zom, 12, Zom+2, Z2n, 1) Sb (W +2, Wy +2, W 11) })

< 4b° max{Sy(zam+1, Zom+1, Z2my )» Sp (W1, Womy +1, W, ) }
+ 26 max{ Sy (2om; +2, Zomy+2, Zomy+1)r Sb (Wormy +2, Wan+2, Womy +1) }
+2b° max{Sy (2am,+1, Zan,+1, Zom, )» St (Wany+1, Wan+1, Won, ) }
+ b® max{Sp (2omy-+2, Zomy+2, Zomg+1)r So(Wamg-+2, Womy 42, Wy 41) }-

Now, from Equation (4), we have

5
20 Sy (Z2my 420 Z2my+20 Z2mg+1)

Su(Zome+1, Z2m 1, 22 )» S (Wi 41, W11, W2ny, ) Sp(Z2my +20 Z2my+2 Z2mp+1)s
Sp(Wamg+2, Wiy +2, W2y +1) s Sb (220415 220,41 220y )5 St (W2 41, Wy 41, W2y ),
< Sb(zamyt2, Z2my+2, 22n, ) Sb(Zamg +1 Z2m,+1, Z2my +1)
< ¢ | max
1+ Sy(Zomp 41, Z2m 41, 221,
Sp (w2mk+2/ Womny+2, Wany ) Sp (w2nk+1/ Wony 41, mek+l)
1+ Sb(w2mk+1r Wony+1, w2nk)

’

Similarly,
26° Sy (W, +2, Wom+2, Wan+1)

S (Zamy+1, Z2my+1 22n ) Sb (Wamy 11, W2y 1, Wany )» Sp(Z2my+25 Z2my+20 22my 1),
Sp (W2 42, Wamg+2, Wiy +1)s Sb(Z2n, 41, Z2m+1, 221, )» Sb (W 1, W41, Wony ),
< Sp(z2mg+2, Z2my+20 22n,) S (Zamy +1, Z2m 415 22my 1)
< ¢ | max
1+ Sp(z2my 41, Zomg+1, Z2m;.)
Sp (W42, Wamg+2, Wy ) Sp (W2, 41, W2y +1, Wy 1)
1+ Sy (Womy+1, Wy 41, W2ny.)

’

Thus,

5
2b° max { Sb (szk-i-Z/ Z2my+27 22 +1 )/ Sb (w2mk+2/ W2y +2, w2i’lk+1) }

Sp(Z2my +1, Z2mg+1, 22m ) Sb (W2 1, W2y 1, W2y ),
S (Z2my+2, Z2mg+2, Z2my+1)r Sb(W2my 42, Wang+2, W2y 1),
Sp(Z2m, +1, Z2m+1 Z2my. ) s S (W2, 41, W2y 1, W2ny ),
S (Z2my+2, Zomg+2, 221, ) Sb (22141, 220, 41, Z2mg+1) . (7)
1+ S, (Zka-HI Z2my+1s Zan) ’
Sp(Wamy +2, W2ny 12, Wany ) Sp (W2 41, W2 +1, W2y +1)
1+ Sp(Wamy +1, Wamy+1, Wany)

< ¢ | max
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However,
max{ Sy (z2m; +1, Z2my+1, Z2m; ) r Sb (W21, Womy+1, Wany )

< 2bmax{ Sy (z2m, +1, Z2m; +1, Z2m;. )» Sp(W2rmy +1, W2y +1, Wamy ) }

+b max{Sb (Zanr Z2nr szk)r Sp (w2nkr W2ny, Wamy, )}

<2b max{sb (Zka+1/ Z2my+1, Z2my ), Sp (w2mk+1/ W2y +1, W2my, ) }

+1? max{Sb (Zka/ Z221myr 22n, )r Sp (w2mk1 W2, w2nk)}

< 2bmax{ Sy (Z2m; 11, Z2my +1, Z2my ) » Sb(Wan 41, Wamet1, Wamy, ) }
+ b (2b max{Sy(22m,, Zom, Zan, »)r Sb (W, Wamy, Won, 5)})
+ b (b max{Sy(zon,, Zony, Zom,_»)» Sp(Wanys Wany, Wy ,)})
< 2bmax{ Sy (Zam 11, Z2m +1, Z2my ) » Sb (W41, Wom-1, Wamy, ) }
+2b%€ + b (2b max{Sy (zon,, Zany, Zam,—1), Sp (W, Wy, Wy —1) })
+ b (bmax{Sy(zam;_y, Zome—2, Zom,—1) Sp(Wan,—2, Wan—2, W, —1) })
< 2bmax{ Sy (Zom 11, Z2m +1, Z2my )» Sb (W21, Wome1, Wamy, ) }
+2b%€ + 2b* max{Sy (zon,, Zong, Zon,—1), Sp(Wany, Wy, W, —1)
+ b° max{ Sy (2om,—1, Zom,—1, Zong—2) Sb (W, —1, Way 1, Wane—2) }-

Letting k — oo, we have

. 3
l}Lm max{ Sy (22m,+1, Z2my+1, Z2m;, )» S (W2 +1, Wamy 41, Wan, ) } < 2b7€.
(o)
In addition,

lim Sp(Z2my+2, Zome+2, 22n, ) Sb(Z2m+15 220,41 Z2m,4+1)
k—o0 1+ Sb(Zka+1/22mk+1/22nk)

1
<l 2bSy(z z ,Z bS , z .
- kglgo 1+ Sh(ZkaJrerkaJrerznk) [ b( A2 S22 zmkH) - b(zznk “2mes zmkH)]

[2bSp (z2n,+1/ Zon+1, Z2n, ) + 0Sp(Z2m, 11, Z2my 1, 221, )]

3
< lim b°Sp(Z2my +1, Zoamg+1, 221, ) Sb(Z2m+1, Z2my 1/ Z2n, )
T koo 1+ Sp(zomy+1, Zomy+1, Zan;)

.3
< lim bSy(zom, +1, Z2m; 1, 221 )
k—oc0

< 2b°e.

Similarly,

lim Sp(zamy+2, Zam+2, Z2m ) So(Wang+1, Wang 41, Wamy+1)

< 2b%.
k—e0 1+ Sb(w2mk+1/ W2my+1, ZUan)

Letting k — oo in Equation (7), we have
lim  max{Sy(z2m,+2, Z2m; +25 Zom,4+1) Sb (W2 +2, Wty 42, Won, 1)

k—ro0

< 2%;5‘1’ (max{2b%¢,0,0,0,0,2b%, 2b%}) (8)

1



Mathematics 2019, 7, 313 8 of 14

Now, letting n — oo in Equation (6), from Equations (2), (3) and (8), we have
2 1 6
€e<04+04+0+0b ﬁ<p(2b €) <e.

It is a contradiction. Hence, {25, } and {w,, } are S;-Cauchy sequences in (X, Sp).
In addition,

max{Sy(z2n+1,22n+1, Z2m+1)» Sb(Won1, Wan4+1, Wam+1) }

< 2bmax{Sy(z2n11, 22041, 221), Sp (W2 11, Wan 11, Wan) }
+bmax{Sy(z2m+1,Zam+1,22n), Sp(W2m-+1, Wam+1, Wan) }

< 2bmax{Sy(z2n11, 22041, 221), Sp (W21, Wan 11, Wan) }
+2b% max{Sy (zam+1, Z2m-+1, Z2m) s Sp (W21, Wam+1, Wom) }

+b? max{Sy(z2n, 221, 22m ), Sp (Wan, Wan, Wam ) }-

Since {zp,} and {w,,} are S,-Cauchy sequences, from Equations (2) and (3), it follows that
{zon+1} and {wy,, 11} are also S,-Cauchy sequences in (X, Sp). Hence, {z,} and {w, } are Sj-Cauchy
sequences in (X, Sp).

Suppose P(X) is a Sy-complete subspace of (X, S;). Then, the sequences {z, } and {w, } converge
to « and B in P(X). Thus, there exist a and b in P(X) such that

lim z, = « = P(a) and nlgn w, = B = P(b). )

n—oo

Now, we have to prove that A(a,b) = a and A(b,a) = B. On the contrary, suppose that
A(a,b) #wor A(b,a) # B.

From Equation (4) and Lemma 3, we obtain that

1

2°
< lim inf2b° Sy(A(a,b), A(a,b), B(x2n11, Y2u+1))

Sp(P(a), P(a), Q(x2n41)), Sp(P(b), P(b), Q(y2n+1)),

Sy(A(a,b), Aa,b),P(a)),Sy(A(b,a), A(b,a), P(D)),

(A(a,b),A(a,b),a)

Sp(B(x2n+1,Y2n+1), B(X2n41, Yont1), Q(x20n41)),

< ’}gxgoinf ¢ | max Sy(B(Yan+1, ¥2u+1), BY2n+1, X2n+1), Q(W2n41)),
Sp(A(a,b), A(a,b), Q(x2141)) Sp(B(¥2n+41,Y2n+1), B(X2n11,Y2ns1), P(a))
1+ 5,(P(a), P(a), Q(x2141)) ’
Sp(A(b,a), A(b,a), Q(Wan+1)) So(B(Wan+1, X2n+1), B(Y2n+1, X2u+1), P(b))
1+ 5,(P(b), P(b), Q(y2n+1))
Sb(“/ u, ZZn)r Sb(ﬁ/ ﬁr wZn)r
Sp(A(a,b), Aa,b),a),Sy(A(b,a), A(b,a),B),

Sp(zan+1, 22041, Zan), Sy (Wan+ 1, W2n 11, Wan),
Sy(A(a,b), A(a,b), Q(¥2141)) Sp(Z2n11, 22011, &)
14 Sp(e, &, Q(x2141))
Sp(A(b,a), A(b,a), w2,)Sp(Want1, Wans1, B)
1+S4(B, B, Q(y2n+1))
¢ (max{ 0,0,5,(A(a,b), A(a,b),a),Sy(A(b,a), A(b,a), B),0,0,0,0 })

¢

b b,a
(max{ Sy(A(a,b), A(a,b), ), Sy(A(b,a), A(b,a), ) })-

< lim inf ¢ | max
n—oo

’
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Similarly,

25 So(A(b,2), A(b,a), B) < ¢ (max{ S,(A(a,b), Ala,b),2), Sy(A(b,a), A(b,a),p) }).

Thus,

imax Sy(A(a,b), Aa,b),a), < ¢ [ max Sp(A(a,b), A(a,b),a),
2b Sp(A(b,a), A(b,a),B) | — Sp(A(b,a), Ab,a),B) | )

By the definition of ¢, it follows that A(a,b) = « = P(a) and A(b,a) = p = P(b). Since (A, P) is
w-compatible pair, we have that A(«, ) = P(a) and A(B,a) = P(B).
From Equation (4) and Lemma 3, we have

25 Se(A@,B), Ala,B),a)

< lim sup 2b°Sy (A(a, B), A(a, B), B(X2n41, Yon+1))
Sp(P(), P(a), Q(x21+1)), Sp(P(B), P(B), Q(y2n+1)),
Sp(A(w, B), A(w, B), P(w)),
Sp(A(B,a), A(B, ), P(B)),
). Q
)s

(x2n+1))/

Sp(B(Y2n+1,X2n+1), B(Y2n+1, X2041), Q(W2n+1)),
Su(A(®, ), A, B), Qx20+1)) Sb(B(xaui1, Yani1), B(x2ui1, Yans1), P()
1+ 8,(P(w), P(a), Q(x2041)) ’
Sp(A(B,a), A(B,2), QW2n+1)) Sp(B(y2n+1, X2n+1), B(Y2ns1, X2ut1), P(B))
14 S,(P(B), P(B), Q(y2n+1))

Sp(A(e, B), A, B), z2n), Sp(A(B, &), A(B, &), wan),
0,0, Sp(22n+1,22n+1,22n), Sp (Won+1, Wan1, Wan),

= lim sup ¢ | max Sp(Alw, B), A(w, B), 2ou) Sp(Zan+1,Z2n11, A&, B))
e 1+ Sy(A(a,B), A, B), z2n) ’
Sp(A(B ), A(B, &), wan) Sp(Wan+1, Want1, A(B, )
1+ S,(A(B, ), A(B, &), way)

So(A(w, B), A, B), zon), Sp(A(B, ), A(B, &), wan),
< lim sup ¢ | max Sp(Z2n+1, Z2n11, 221 ), Sp (Wan41, Want1, Won),
Sp

n—oo
(z2n41, 22041, A&, B)), Sp (W2 41, Wany 1, A(B, &)

, Sb(B(x21+1, Y2n+1), B(X2n+1, Yon+1
< nlgn sup ¢ | max

stb(A(lX, ,B)/ A(ﬂl, ‘B),tx),ZbSb(A(,B,DC),A(,lex)r ﬁ)/
< ¢ [ max 0,0,b2S(a,a, A(w, B)),b%Sy (B, B, A(B, 1))

<¢ <2b2 max{ Sp(A(a, B), Aw, B), &), Sp(A(B, &), A(B, &), B) }) :
Similarly,
25 So(A(B,2), A(B,a), B) < ¢ (20 max | Sy(A(w, B), Alw, B),a), Sy(A(B,a), A(B,a),B) }).

Thus,
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By the definition of ¢, it follows that A(a, f) = a« = P(a) and A(B,«) = = P(B).

Therefore, («, B) is a common coupled fixed point of A and P.

Since A(X x X) C Q(X), there exist x and y in X such that A(x, ) =« = Q(x) and A(B,a) =
B=Q(y)

From Equation (4), we have

Sp(a,a,B(x,y)) = Sp(A(a,B), A, B), B(x,y))
< 20°Sy(A(w, B), A, B), B(x,y))
Sp(P(a), P(a), Q(x)), Sp(P(B), P(B), Q(y)),
Sp(A(a, B), A, B), P()), Sp(A(B, ), A(B, a), P(B)),
Sp(B(x, ), B(x,y),Q(x)), Sp(B(y, x), B(y, x), Q(y)),
S ¢ [max g Sp(A(w, B), Ala, B),Q(x)) Sp(B(x,y), B(x,y), P(«))
1+ 5p(P(a), P(a), Q(x)) '
Sp(A(B, &), A(B, ), Q(y))Sk(B(y, x), By, x), P(B))
1+ S,(P(B), P(B), Qy)
max { 0,0,0,0,5(B(x,), B(x,y), ), Sy(B(y, x), B(y, ), $),0,0 })

N~ —~
~ =

=
—_ =
~—

=¢
<¢ bmax{ Sy(a, &, B(x,v)),Sy(B, B, B(y,

Similarly,

So(B B, B(y,x)) < ¢ (bmax{ Sy(e,0B(x,v)), S4(B,B,B(y, %)) }).
Thus,
max { Sy(,a, B(x,)), Sp(B,,B(y,x)) } < ¢ (bmax{ Sy(a,a,B(x,¥)),5,(8,6,By,%)) })-

It follows that B(x,y) = « = Q(x) and B(y, x) = B
Since (B, Q) is w-compatible pair, we have B(«, )
From Equation (4), we have

So(@,2,B(w,B)) = Sy(A(w,B), Alw,B), B(x, B))
< 20°5,(A(w, ), Alw, B), B(, B))
So(P(@), P(), Q(w)), Sy (P(B), P(B), Q(B)),
So(Aw, B), Alw, B), P(x)), Sy(A(B, @), A(B, ), P(B),
So(B(a, B), Ba, B), Qw)), Sy(B(B,a), B(B, ), Q(B)),
< ¢ | maxq Sy(A(wB), Aw,p), Q(w))S (B(a, B), B(x, p), P(n))
1+ 5,(P(a), P(w), Q(w)) '
Su(A(B, ), A(B, %), Q(B))Sy(B(B,w), B(B, ), P(B))
1+5,(P(), P(B), Q(B))
. So(w,a, B(, B)), Sy(B, B, B(B,)) })
Sv(B(a, B), B(w, B),a), Su(B(B, ), B(, ), )

-7 ) b
S(/)(bmax{ Sp(a, 2, B(x, B)), Sy (B, B, B(B, ) })
Similarly,

So(p,B,B(B,)) < ¢ (bmax { Sy(a,a,B(x, ), Sy(B. B, B(B,w) }).
Thus,

max { Sy(a,a, B(a, B)), Sy(B, B, B(B,«) } < ¢ (bmax{ 8(a,a B(a,p)),Ss(B,BB(B) }).

It follows that B(a, 8) = « = Q(«) and B(B,a) = B = Q(p).
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Therefore, (a, B) is a common coupled fixed point of A, B, P and Q.

To prove uniqueness, let us take that (a!, 8!) is another common coupled fixed point of A, B, P

and Q.
From Equation (4), we have

Sp(a, o, at) < 20°S,(a,a,al)
=20°S(A(a, B), A, B), (t’é1 )
« )rshl(ﬁrﬁ B, Sp( ),

Sp(a,a,
<o maxd  SoBBB)SaLad) (B BB,
- Sp(a,a,a')Sp (!, 0t ) Sy(B, B, B1)S(B', B, B)
1+ 5y (a0, 00) " 1+ S(B.BBY)

< ¢p(bmax{Sy(a,a,a'), Sy(B, B, B')})-

Similarly,

So(B, B, B') < Pp(max{bSy(a,a,a'),bS,(B, B, B')})-

Thus,
max { Sy (wa,01),Sy(8,,") } <9 (bmax{ Sy(a,,a1),5,(8,8,8") })-

It follows that « = a! and B = B'. Hence, («, ) is a unique common coupled fixed point of

A,B,Pand Q.
O

Now, we give one example which support our main theoretical result.

X x X xX — R be defined by Sp(x,v,z)

Example 2. Let X = [0,1] and let S, =
(ly +z —2x| + |y — z|)?. Then, Sy is a Sy-metric space with b = 4. Define ¢ : R* — RT by

x2+y2 2+y x?
P(t) = 46’AB XxX—Xand P,Q: X — X by A(x,y) = T,B(x,y) o ,P(x) = vy

2
and Q(x) = % respectively. Then, we have
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20°Sy(A(x, y), A(x,y), B(u,v))

=2(#) (JA(oy) + B(n,0) —24(x,y)| + |A(x,y) - B(u,0)])?
=2(#) (2lA(x,y) - B(w,0)])?
=2(4) (1A(xy) - B(w,v)|?
24 4ot

48 49

=2(4°)

4x? —u?  4y? —0? 2
S +
4 4

S
54&9(%{

<2
v max

= 2(4%)

4x2 —y
16

4y2_02
+[ 5

i
)
)

2 2

452 —y
16

4x2 — 2
,

4y — v
5

4% —v

SO mAXY g Axy), Alx ), Q(u))

It is clear that all conditions of Theorem 1 are satisfied and (0, 0) is a unique common coupled
fixed point of A, B, P and Q.
Putting A = B = P = Q in Theorem 1, we obtain the next important result on unique fixed point.

Theorem 2. Let (X, Sy) be a complete S,-metric space. Suppose that A : X x X — X satisfies condition

20°S(A(x,y), A(x,y), A(u,0))

Sp(x,x,u), 5(y, y,0), Se(A(x,y), A(x,y), x),
So(A(y, x), Ay, x),y), Sp(A(u, ), A(u,0), u), S (A(v,u), A(v,u), 0),

Sp(A(x,y), Alx,y),u) Sb(B(M,U)rB(u,U)rx) So(A(y, x), Aly, x),v) Sp(B(v,u), B(v,u),y)
1+ S,(x, x,u) 14 Sy(v,y,0)

< ¢ | max

forall x,y,u,v € X, ¢ € ®. Then, A has a unique coupled fixed point in X x X.

3. Application

In this section, we study the existence of a unique solution to an initial value problem, as an
application to Theorem 2. Consider the initial value problem:

() = f(tx(t),x(t), teI=[01], x(0)=1x (10)

where f : I X [% oo) X [%,oo) — [%,oo) and xp € R.
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Theorem 3. Consider the initial value problem in Equation (10) with

Fec(ix [Bm) x [2er) i

t 1 t t
Off(sfx(S)/y(S))dS = \@mm{ gf(SIX(S)IX(S))dS/bff(s,y(S),y(S))dS } -

Then, there exists a unique solution in C (I X {@,oo) X {

4
Equation (10).

?,oo)) for the initial value problem in

Proof of Theorem. The integral equation corresponding to the initial value problem in Equation (10) is

t

x(t) = xo+ [ f(s,x(s), x(s))ds.

0

4

Let X =C (Ix {@,oo) X [%,oo)) and let S(x,y,z) = (ly +z —2x| + |y — z|)? for x,y € X.
Define ¢ : [0,00) — [0,00) by ¢(t) = % and A: X x X — X by

t

A = xo+ [ Fs,x(6),y())ds an

0

Now, we have
S(A(xy) (1), A(xy)(t), A(u,0) ()

= {AGy) (1) + A, 0) (1) = 2A(x,y) ()| + [Alx,y) (1) = A(u,0) ()]}
=4 [A(x,y)(t) = A(w,0) (1)

¢ t 2
= | s, x(8)y(s))ds = | s, ), 005)
t t 2
Off(s,x(s),x(s))cls 0ff(s u(s),u(s))ds
=4 | — min ; — — min
V| v |V s e, as
t t 2
4 [ f(s,x(s),x(s))ds — [ f(s,u(s), u(s))ds
< - | max Ot Ot
° [ F5,3(5),(6))ds — [ £(5,0(5),2(5) s
t t 2
\ [ F(s,x(s), x(5))ds — ] £(s,u(s), u(s))ds |
= — max 0 0 )
5 t t
‘ I f(s,y(s),y(s))ds — Off(S v(s),v(s))ds
=& max{ 4 [x(t) — u()) 4 [y(1) — o(t) P }
= % max {S(x,x,u),S(y,y,v)}

< ¢(M(x,u,y,0)).

Hence, from Theorem 2, we conclude that A has a unique coupled fixed pointin X. O
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