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Abstract: In this paper, we consider the time-optimal control problem about a kind of Petrowsky
system and its bang-bang property. To solve this problem, we first construct another control problem,
whose null controllability is equivalent to the controllability of the time-optimal control problem of
the Petrowsky system, and give the necessary condition for the null controllability. Then we show
the existence of time-optimal control of the Petrowsky system through minimum sequences, for
the null controllability of the constructed control problem is equivalent to the controllability of the
time-optimal control of the Petrowsky system. At last, with the null controllability, we obtain the
bang-bang property of the time-optimal control of the Petrowsky system by contradiction, moreover,
we know the time-optimal control acts on one subset of the boundary of the vibration system.

Keywords: Petrowsky system; time-optimal control; null-controllability; existence of time-optimal
control; bang-bang property
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1. Introduction

In physics, the Petrowsky systems are usually used to describe the phenomena about the vibration
of elastic beams or perches, etc. The vibration phenomena are very common in a large number of
engineering problems, so they are widely studied in practice [1-10]. Naturally, the optimal control
problems of the Petrowsky systems are also studied. Some approaches are discussed to solve the
problems about the optimal control of vibration systems [11-23]. In [11-13], the methods of multiplier
and operator semigroups are applied to solve the optimal control problems of some general Petrowsky
systems. In [14-16], a functional analysis approach is used to obtain the necessary conditions for
controllability and approximate controllability of the vibration systems. Sometimes the approximate
controllability of a vibration system can also be solved through the convergence of a sequence of
standard control problems as in [17]. In [18], the optimal control of discretely connected parallel
vibration beams is discussed by the means of the Galerkin coupled with parameterization. Moreover,
the wavelet’s approach can be used to solve the optimal control problems of some special kinds of
vibration system as in [19-23]. However, the time-optimal control problems of vibration equations
are not talked about according to the literatures that we have reviewed. In practical engineering
problems, we often need to control a certain vibration system with an external force to keep it in a
given equilibrium state, where we may face a new problem: how to control the oscillation system to
reach the equilibrium state as soon as possible. This is a time-optimal control problem for vibration
systems. In practice, time-optimal control problem is an important control problem, which is used to
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study how to reach some given target in the shortest time, namely, what gives the strategy to solve the
problem as soon as possible.

In this paper, we investigate the time-optimal control problem of a kind of Petrowsky system
about the vibration of an elastic beam which is a joint of two parts of a building, where the elastic
beam is used to reduce the damage caused by vibration to the building. Basing on the actual situation,
the elastic beams are allowed to oscillate to a certain extent, for the material of the beams has certain
seismic resistance. The joints of elastic beams must be fixed, otherwise the beams will be broken, and
can not protect the building. So we can construct the model for the time-optimal control problem of this
Petrowsky system. At first, according to the vibration of elastic beam, we model the controlled system.

( )+ A%y(x, t) = xou(x,t) (x,t) € Q xRy,
t

( ) = Ay(x ) (x,1) € 30 x R, @
,0) = xeQ,
y ( ,0) = y xeq,

where QO C RY is a bounded, simply connected and open subset with smooth boundary 9(,
and (yo,y1) € H2? x L*(Q). Also, y(x,t) € C(0,+00; H3(Q) is the statement variable, u(x,t) €
L?(0, +0; w) is the control variable with supp u C w, and w C Q is a nonempty open subset on which
the control act. The second, according to the property of the material of elastic beam, we know that the
target state Y7 € C(0, +o0; H2(Q) satisfies the following conditions

%yT(x,t) + A%yr(x,t) =0 (x,t) € Q xRy,

yr(x,t) =0 (x,t) € 0Q) X Ry, )
yT(/O):O XEQ,
(yr)e(x,0) =y x€q,

where yr(x,t) =0, (x,t) € 9Q x R4 means the boundary of the joint is solid throughout the vibration
process, yr(-,0) =0, x € Q) describes the elastic beam when it is non-vibrating before it is acted on by
outside force, and y* is the permissible degree of vibration. So (y1):(x,0) = yk, x € Q, hints that the
elastic beam should be controlled to vibrate beyond the permissible degree of given yX.. In practice,
the outside control is limited, so we denote the admissible control set by U= {u € L?(0, +o0;w) |||
u | 12(0,+0050) < M, M > 0}, where M is a fixed constant, the maximum external force can be provided
by the equipment facility. The control u is the outside force, which acts on the elastic beam, and is
used to keep the vibration from damaging the building. In construction, the engineers usually control
the damage of vibration by building some elastic beams, where the vibration of the elastic beam can
be controlled under a target statement through a bounded outside force. So the time-optimal control
problem of a kind of Petrowsky system is: find a u € U such that y(-; yo, y1, 4) = yr in the shortest
time, namely,
T* = inf {T|y(T;yo, y1,u) = yr(T),u € U},

where v is the solution of (1) corresponding to u. T* is called the optimal time, the corresponding u* is
called the optimal control of system (1).

From the model of the time-optimal control of the Petrowsky system, we find that the states of
the target and the control system have a similar structure. So we can construct an appropriate control
problem, such that the controllability of the time-optimal control of the Petrowsky system is equivalent
to the null controllability of the constructed control problem for the linearity of the systems. The
null controllability of optimal control system can be mainly obtained trough the extreme value of a
functional as in [13,14], or through the Carleman inequality of the control systems as in [23-29].

In this paper, for the operator —A?, the Carleman inequality of the constructed control system can
not be acquired easily as one of the control systems with the operator A, but its null controllability can
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be considered as an extreme value of a functional, which is defined by integration according to the
solution of the constructed control system. Therefore, as in the following Section 2, we do not solve the
control problem of system (1) directly, but solve it through a constructed control problem for its null
controllability, where the null controllability is equivalent to the controllability of the time-optimal
control problem of system (1). So we first need to construct another control problem, and obtain the
necessary and sufficient conditions for its null controllability, then use the null controllability to get the
existence of time-optimal control of system (1) and the bang-bang property of the time-optimal control
of system (1).

This paper is organized as follows. In Section 2, we firstly construct the control problem, which
is used to solve the time-optimal control of the Petrowsky system for its null controllability, then list
the necessary condition for its null-controllability. In Section 3, we show the existence of time-optimal
control problem through the null-controllability of the constructed control problem. In the last section,
with the null-controllability, we prove the bang-bang property of the time-optimal control of the
Petrowsky system by contraction, and finally find out the time-optimal control just act on the boundary
of the elastic beam.

2. The Conditions for the Null Controllability of Constructed Control Problem

In this section, in order to help to obtain the existence of time-optimal control of the Petowsky
system, we first transform it to another control problem, whose null controllability is equivalent to
the controllability of the time-optimal control of system (1). So the existence of the time-optimal
control of the Petrowsky system (1) can be solved by the minimizing null controllability sequence of
the constructed control problem. Naturally, we then give a necessary and sufficient condition of the
null controllability for the constructed control problem. At last, since the null controllability can be
considered as the extremum value of a functional F, defined by an integral according to the control
system (1), we can get the formula of the control through the null controllability, which can be used to
denote the time-optimal control u* of the time-optimal control of the Petrowsky system later.

Assume that y is the solution of system (1), and let z = y — y, from the systems (1) and (2) above.
We know that z satisfies

%z(x,t) + N2z(x,t) = xou(x,t) (x,t) € QA xRy,

z(x,t) = Dz(x, t) (x,t) € 02 X Ry, 3)
z(-,0) =20 =40 xeQ,
zt(x,0) =zt =yl —yk x € Q.

According to the systems above, we know the controllability of the time-optimal control of system
(1) is equivalent to the null controllability for the control system (3). So the time-optimal control of
system (1) is acquired through the minimizing of sequences of the control problem of system (3) for its
null controllability. Namely, we find a control u € U such that the control 1 can leads the state z(T) to
zero in the shortest time. The optimal time T* is defined by

T = l}glfj{ﬂz(T) =0,u € U},
where z is the solution of control system (3). T* is called the optimal time, the corresponding control u
is called the optimal control u* for the control system (1).

From above we know that the null controllability of the control system, (3) is the key to the
time-optimal control of the Petrowsky system. So we first give a necessary and sufficient condition
for the null controllability of the control system (3) through a functional below. V(¢°, 1) € L?(Q) x
H2(Q), (2% 2!) € H}(Q) x L?(Q), setting (-, -)2,—» the dual product between H}(Q2) and H2(Q)),
is defined by

(90,91, (2,2)) = (1, 20)2,2 — [ y2lax )
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Consider the system

Ep(x,t)+ A%(x, ) =0 (x,1) € Qx Ry,
P(x,t) = Ayp(x,t) =0 (x,t) € 02 X R,
p(, T) =99 xeq,

i(x, T) =k x € Q.

©)

If (P(t), Y1 (t)) € L*(Q) x H~2(Q) is the unique weak solution of system (5), we then have the
following result.

Theorem 1. To system (3), there are some u € C°(0, T; w) and some time T, such that z(T) = 0 if and only if
the solution 1 of (5) satisfies

[ it = 4,50~ 2~ [ 90" b ©

Proof. Multiplying the first equation of system (3) by ¢, with integration by parts, we obtain

T T,
./o /wt,budxdt :/0 ./wll)(ztt + A%z)dxdt
T
:/ [z _‘/’fz]|gdx+/o /u)z(l/}tt—FAZl[J)dxdt @)
- / [¥r2¢(T) — ¢r2(T)]dx — /Q [0z — pP20)dx

From the above and the definition of (-, ), _», we acquire

/ / pudxdt = —(pk, z(T) 2,,2+_/Q 2z (T)dx

®)
(90,22~ [ 9(0)dx.
Therefore, we get z(T) = 0 if and only if
/ | puddt = (91(0), )22 — [ [p(0)z"a. ©)

Replacing (z°,z!) with (y° — y%, y! — y}) correspondingly, we then have

T
/ / udxdt = (9, 4° — y3)2, > —/ PO(y' — yp)dx
0 Jw QO

This completes the proof. [

Besides the necessary and sufficient condition for the null controllability of system (3), we can
also get the formula of the controls for the control system (3) as the controls lead the state z to zero
at some time T. It is well known that, from another perspective, the null controllability of a control
system can be regard as an extreme value of a functional, which is defined according to the weak
solution of the control system. So we can obtain the formula of the control through the condition of the
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extreme value of the functional, where the functional is decided by the control system. Before defining
the functional F for the control system (3), we consider the system below

L)+ A2p(x,H) =0 (x,£) € A x Ry,
P(x, t) = Ayp(x,t) =0 (x,t) € 02 X Ry,

10
$(,0) = y° x€Q, o
¥i(x,0) = ¢! xeq,
where (¥(t), 1 (t)) € L2(Q) x H=2(Q) denotes the unique solution of (10), from [9], we have
HIIJH%OO(O,T;LZ(Q)) + Hlpf(t)H%oo(orT;HfZ(Q)) S H(lpol lpl)H%Z(Q)XHfZ(Q)' (11)

Since the operator —A? can generate an isometric group on the space H3(Q) x L?(Q), according
to the regularity of parabolic equation, the condition (6) can be expressed as the following.

Corollary 1. For any initial statement (2°,z') € H} x L2(Q)), under the control u € U, the statement z of
system (3) can reach zero at some time T if and only if

T
/ / pudxdt =< (¢°, 1), (2°,21) > (12)
0 Jw
holds, where  is the solution of system (10).

In fact, the condition (12) is a necessary condition for the extremum value of the functional F
which is defined by

F:L2(Q) x H2(Q) — R,

0 .pl I 2 0 .51y (,0 1 (13)
Pyt =5 [ [ 1pPdxdt+ (@, y1), (2,21,
where ¢ is the solution of (10) with the initial data (¢, ¥!). To show that condition (12) is a necessary
condition of the extremum value of functional F, we first present a lemma which guarantees the
existence of the extremum value for a functional.

Lemma 1. Let H is a reflexive Banach space, K is a convex subspace of H, if the mapping h has the following
properties:

(i) his convex;

(ii) h is low semi-continuous;

then there exists a unique xo € K such that

h(xo) = mingegh(x).

From the lemma above and the observability inequality of dual system (10) as in [10], we know,
for all (¢°, ¢!) € L?(Q) x H2(Q), that there exists a constant C > 0 such that the inequality

T
a2 I, 9D 20 (14

holds. There is a following result about the functional F.
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Theorem 2. For any initial statement (z°,z"), if the observability inequality (14) holds, then there exists a
unique minimum ($°, ') € L2(Q) x H2(Q).

Proof. (i) V(¢°,¢') € L2(Q) x H2(Q), A € (0,1), we have
FA@WY, 9" + (1= A)(¢° —¢") = AF(9°, 9") + (1 - V) F(¢° — ")
Al=2) (T 2 (15)
- = /0 /Q|1p—<p\ dxdt.

By the observability inequality, we have
T 2 0 1
L 1w—ePasa=c @9 = (¢° =) Beqyenay

therefore, for any (¢°, 1) # (¢°, ¢!)

FA@O,9") + (1= A)(¢° — ")) < F(¢°, ") + (1 = A)F(¢° — ¢"),

so F is convex.
(ii) It’s obvious that F is continuous, so it is low semi-continuous.
(iii) In fact

1 /T ¢
2 LT 2 = 1 9 a2y | ) iz ey

%

F(y°, 9"
(16)

> = H(‘/’ lP )”LZ (Q)xH=2(Q) — ||(4’0,1/71)||L2(Q)XH72(Q)||(ZO,21)||L2(Q)XH§(Q),
therefore,
lim F(y% ¢') = o0
104N 20 etr-2(0) vy

From (i)—(iii) and Lemma 1, we get that F has a unique minimum (¢°, ') € L>(Q) x H~2(Q).
0

According to the results above, we can obtain the formula of the control u of the constructed
control problem through the uniqueness of the minimum of the functional F.

Theorem 3. For any (2°,z') € HZ(Q) x L2(Q), if (4°,¢') € L2(Q) x H2(Q) is the unique minimal
value point of the functional F, and § is he solution of (10) with the initial data (lﬁo,@) then the control
T =

U = X is one of the controls which can leads z° to zero at some time T > 0, i.e., z(T)

Proof. Since the functional F takes the unique minimal value at (¢°, '), then for any (y°, 1) €
L%2(Q) x H~2(Q), we have

lim [ ((@°, 1) +0(y°, ¢h)) — F(¢°, 91)]
(17)
= /OT /Q‘Plpdx‘it — (9", 2%2, 2+ /Q $Ozldx = 0.

Then we obtain

/O . / Pwdxdt = (p!,2° / Ozldx. (18)

Combining (4) with 20 = % — y% and z! = y! — y}, we have

(90,91, 2D) = (91,2022 = [ 902t (19)
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According to Corollary 1, from the above, we acquire

/O ' /Q Ppdxdt = /0 ! /w pudxdt. (20)

Therefore, we obtain that u = x,, is the control of the control system (3), and this completes
the proof. O

In Section 3, we will know if there is a control u which can lead the state of the control system (3)
to zero, then it can control the state of control system (1) to the target. Then for the boundedness of ¢
from (11) and its observability inequality, we can get that the time-optimal control u* of system (3) is
also the time-optimal control of the Petrowsky system (1) through minimizing sequences. So in this
way, we can also get the formula of the optimal control u* of the time-optimal control problem of this
kind of Petrowsky system.

3. Existence of Time-optimal Control

In this section, we will show the existence of time-optimal control of the Petrowsky system (1)
through the null controllability of the control system (3) in the similar way as that in [9-11]. At first,
under the necessary and sulfficient condition, with the null controllability of the control system (3) we
show that the admissible control set U of the control system (1) is nonempty, i.e., U # ¢, where ¢ is the
null set. Then, we give the existence of time-optimal control for the control system (3) by minimizing
sequences, where its state is controlled to zero. Finally, we get the existence of optimal time control of
the Petrowsky system (1) for the equivalence between the null controllability of the control system (3)
and the controllability of the control system (1).

Since the state y of time-optimal control system (1) arrives at the target yr as the state z of control
system (3) reaches zero, we have the following result.

Theorem 4. Under the condition (6), for any (yo,y1) € H3 x L?(Q), there is a control u € U and some T
such that y(T) = yr(T), where y is the solution of system (1) and y1(T) is the target state at time T.

Proof. Under condition (6), from Section 2 we know that there is a control u € U such that
z(T) = 0, where z is the solution of (3) with the initial data z°,z' corresponding to the control
u. Combining systems (2) and (3), we know z = y — y1. Then for the corresponding initial data
1%, yY), (%, y%) and a control u, we can get y(T) — yr(T) = 0. This means that there is a control u € U,
which will lead y to the target yr at some time T, namely, y(T) = y,(T). This completes the proof. [J

From the above result of Theorem 4, we know U # ¢. If there are unique control u and time T such
thaty(T) = yr, then T = T* is the optimal time of the time-optimal control system (1). Otherwise there
are more controls u, corresponding time T, such that z(T,,) = yr,. For the boundedness of u and T,
there are a subsequence u,, and T, such that z(T},, u,, ) = 0, so we can define the optimal time T* as
following

T* = inf{Ty | 2(Ty,) = 0,u,, € U}, (21)

where z,, = z(-,uy, ) are the solution of system (3) corresponding to u,, . Therefore, there is a result
about the optimal time of the control system (1) below.

Theorem 5. Under the condition (6), for any (yo,y1) € H3 x L2(Q), there is an optimal control u* € U and
the optimal time T* such that y(T*) = yr(T*), where y is the solution of the Petrowsky system (1).
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Proof. To prove the result, considering the system (3), we firstly show the existence of the time-optimal
control of system (1) through the existence of the null controllability for the system (3). For system (3),
we know that the weak solution (z,z;) € C(0, T; H3(Q) x L2(Q)) can be presented by

(z,2z¢) = S(£)(2°,2") + /Ot S(t — T)u(t)dr, 22)

where S(t) is a Cp—semigroup generated by the operator—A? in the space H3(Q) x L*(Q). If u €
W21(0,T; L2(Q))), then there is a unique strong solution of system (3) with

(z,2¢) € (CY0, T; H3(Q) x L*(Q))),C(0, T; H3 (Q) x L*(QY))).
From the proof of Theorem 4, we have
(o () = SO, + [ $(¢ = T (D) @)

By the Lebesgue control theorem and the convergence of bounded sequence, we have

(z,(z)¢) = ,}E{}o(znw(znk) t) = hm{ (20,2 +/ T)uy, (T)dT}
(24)
— 5(5)(2,21) +/0 S(t — T)u(t)dr.
Setting z,, = Y, — yr, 2, = ¥° — ¥}, 2z, = y* — v}, then we have
" —yryi = (yr)e) = lm (Y, = yr, ()t = (y7)t)
t
= Lim {(S(1)(s = vy —vh) + / S(t—Tuy(Tdt}  @5)

=S —yry' - +/ (t — T)u*(T)dT.

From Theorem 1 and the boundedness of u, there are u,, € U and T, such that z,, (T,,) = 0,
therefore

lim 2, (To,) = 2(T") = y(T*) —y2(T*) = 0, y(T") = yr(T*),

and limy_,, Ty, = T* = inf,cy{T|z(T) = 0,u € U}.
Furthermore, according to the Theorem 3 and the boundedness of i from (11), we obtain the
formula of the optimal time control

ut = nygnoo)fw{l]\nk = Xw{l)\/ (26)

where @y, is the solution of (10) for any initial value (tfgk, lf},k), and (@k, @lk) is the unique minimum
of the functional F with the initial value (y°,y!) for system (1). This completes the proof. [J

4. Bang-Bang Property for Time-Optimal Control of Petrowsky System

From Section 3, we know there exists a time-optimal control for the control system (1). In fact, the
time-optimal control has a special property: bang-bang property. In this section, we give the bang-bang
property of the time-optimal control of the Petrowsky system (1) by contradiction-combining the
methods in [13-15].

In order to get the bang-bang property of the time-optimal control of the Petrowsky system
(1), we firstly show the bang-bang property of the time-optimal control of the control system (3) by
contradiction. The target of the control system (3) is z(T*) = 0.
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Theorem 6. Under the condition (6), for any (2°,z1) € H3(Q) x L2(Q)), T* is the shortest time for the control
u to lead the state z of system (3) from the initial value z° to zero, namely, z(T*) = 0. Then the corresponding
control u is the time-optimal control control u* € U for the control system (3), and u* € oU.

Proof. We prove the Theorem 6 by the way of contradiction. Suppose that there exists a subset
E C [0, T*] with positive measure | E |> 0 and € > 0 such taht

u*(t) € Uand d(u*(t),0U) > € foreacht € E, (27)

where d(u*(t),0U) is the distance between the point u*(t) and the boundary aU in L%(Q).
Therefore, we have

B(u" (1), 5)

For the contradiction, we need a positive number § < T*, and a control v, in the set U,; such that

C U foreacht € E. (28)

2(T* — 5;v5,2°) = z(T*;u*,2°) = 0, (29)
where z(t;v5,2°) and z(t;u*,z°) are the solutions of system (3) with the initial data (z°,z!) and

corresponding controls v; and u*.
According to the presentation of the solution for the system (3) by semigroup, we have

T*—(S
2(T* — 6;v5,2°) = S(T* — 6)z —i—/ — 0 — T)Xw0s(T)dT (30)

and
z(T*;u S(T")z —i—/ = T)xeu* (T)dT. (31)

Hence, according to (29), there is a positive number § < T*, and a control v5 € U,; such that
)

/ S(T* — 5 — T)xwos(T)dt = [S(T*) — )]z +/ et (DT, (32)
0

Therefore, for any positive number § < T*, we have

r * * 0 * * r * *
/0 S(T* — T)xwit (T)dT:/O S(T" — T)xwit (T)dT-f—/é S(T* — T)xu*(T)dT
— 5(T* - 6) /05 (6 — )y (1)dT (33)
+ /OT*_ S(T* — 6 — T)xewu™ (6 + 1)dT,

and
[S(T*) — S(T* —6))2° = S(T* — 6)[(S(6) — I)2). (34)

Equation (32) means that there exist a positive number § < T* and a control v; € U,; such that
T*—6 4
/ S(T* — 6 — T)xewvs (T)dT = S(T* — 5)[/ S(5 — ) xou* (7)dT
0 0
T*—6
+(8(8) — D2 + / S(T* —6 — T)xou* (6 + 7)dt  (35)
0

T*—6
— S(T* = 8)z; + / S(T* — 6 — T)xett* (6 + 7)dT,
0

where z5 = fo — T) et (T)dT + (S(6) — 1)2°
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For each 0 < 6§ < T*, we denote E; by the set {t : t +J € E} and xg the characteristic function
of the set E;. Then for each ¢ sufficiently small, there exists a control us € L®(0,+o00; L?(Q))) and
l[1s(t)][12() < 5 for almost t > 0. Therefore, we can construct the control v; by

os(f) = {u*(t +68) + xg; (Hus(t), if t €0, T* — 6], 36)

g, if t >T* 5,

where 1 is any control in U,. Itis clear that v : [0, +00) — L?(Q) is measurable. In one hand, we have
t+d €East € [0,T* — 6] NEs, and from (28), we have B(u*(t +6), 5) C U. Soiif || us ||;2(q) < 5 for
almost t > 0, then we have

* €
[05(8) = (¢ + )l 2(q) = s (W)l 2y < 5 (37)

for almost t € [0, T* — 6] N E;, namely, vs(t) € B(u*(t+6), 5) for almost t € [0, T* — 6] N Es. On the
other hand, for almost t € [0, T* — 6] N E§ we have v,(t) = u*(t+ ) € U. Therefore, v; € Uyy.
From Section 2, we know that, V(2°,z!) € H3(Q) x L2(Q), if (¢°,¢') € L?(Q) x H72(Q) is the
unique minimum value of the function F, and letting I’P\ be the solution of (10) with the initial value
(¢°, 1), then u = x,,§ is one of the controls in U, such that z(T* — §;v;, (z°,z!)) = 0. This contradicts
that T* is the optimal time, therefore, u* € JU.

Let z = y — y1, from the proof above and the property of y1 according to (2), then the following
result holds. [

Corollary 2. To the time-optimal control problem of the Petrowsky system (1), V(y°,y) € H3(Q) x L*(Q),
if T* is the optimal time of the Petrowsky system, and u* is the optimal control corresponding to T*, then
u* € ol. i.e., ||u*||L2(Q) =M.

According to Theorem 3, we know that )(aﬂl?\ = u* and u* € JU, furthermore, we have the result
about the subset w.

Corollary 3. If there exists a time optimal control u* for the control system (1), then the time-optimal control
u* must act on the boundary of the system’s domain Q, i.e., w C Q).

This interesting result shows us a useful strategy for anti-vibration in practical engineer project.
If we want to save the elastic beam or perches of the building to vibrate within a decided safe degree
by outside force control), the fastest action is to apply the largest outside force to act on the boundary
of some part of the elastic beam or perches.

5. Conclusions

From the results in the above sections, we know that if the controlled Petrowsky system is linear,
the time-optimal control of it can be obtained by null controllability of a constructed time-optimal
control. The null controllability of the constructed control system is equivalent to the controllability
of the Petrowsky system. It is the key to acquiring both the existence and bang-bang property of
time-optimal control problem. However, the null controllability can not always be acquired by the
Carleman inequality as the control problem of heat equation, and here it is solved by the extreme value
of a functional defined according to weak solution of the control system. The bang-bang property of
the time-optimal control of the Petrowsky system shows us a fast strategy for a practical engineering
project. If we want to guarantee the elastic beam or perches of a building are safe with some device,
the fast and efficient approach is to apply the largest force on the device and let it act on the boundary.
These results are not only interesting in theory but also useful in practice.
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