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Abstract

:

Mathematical thinking (MT) has been one of the most important goals for mathematics education as it can support sustainable mathematics learning. Its role in school mathematics has recently been explicitly identified as one of “Four Basics” in the latest national curriculum standard for compulsory education, which is seen as one of the prominent features of Chinese mathematics education. This paper reviewed definitions, descriptions, and explanations from a historical perspective and aimed to provide a comprehensive and contemporary conceptualization for MT in a Chinese context, which can be applied as a comparison to MT in English works. To achieve this, document analysis was applied in this study. Major official documents, papers, and books were reviewed to see the process of MT conceptualization given by the policy makers and researchers. Results indicated that MT places more emphasis on the process of mathematical methods application in problem solving, such as the method of combination of symbolic and graphic mathematics. Mathematical thought is also recommended by Chinese researchers to help students think like mathematicians. Another major characteristic is that the classification of major types of MT is usually focused on that which can make the concept more understandable.
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1. Introduction


Mathematical thinking (MT) is essential for teaching and learning mathematics [1]. It is not only the foundation for children’ development [2] but also the cornerstone of students’ sustainable development in mathematics [3]. Studies have shown that Asian mathematics teachers used to explain mathematics subjects matter in more depth and place a greater stress on thinking and understanding [4,5]. Especially in China (in this study, mainland China is considered), mathematical thinking (MT) is paid much attention in classroom instruction, which can be seen as the most important feature of Chinese mathematics education [6]. Hence, the stress on MT can help to explain Chinese students’ good outstanding performance in international assessment [7,8,9,10], such as the Trends in International Mathematics and Science Study (TIMSS) and the Programme for International Student Assessment (PISA). While mathematics education in East Asian countries, such as Singapore and Japan, has been devoted significant attention, however, much less attention has been paid to Chinese mathematics education [11]. Consequently, introducing the unique characteristics in Chinese mathematics education would open a door for others to know more about Chinese mathematics education. The primary goal of this study is to provide a comprehensive understanding of mathematical thinking based on the statements of MT in the official documents.



In mainland China, a center-periphery curriculum development system is followed, and nationwide unified and mandatory curriculum standards (or syllabus) are used as guidelines for all teaching and learning activities at different grade levels and serve as a direct channel for major education reforms [12,13]. In the latest version of the Compulsory Education Mathematics Curriculum Standard issued in 2011 [14], one of the most important changes was the extension of “Two Basics” (here refers to basic knowledge and skills) as “Four Basics” [15]. This can be seen as a great achievement of basic education curriculum reform after entering the 21st Century in China [16]. Moreover, while “Two Basics” was considered to be a unique feature in Chinese mathematics education in the past [17,18], “Four Basics” is now seen as the unique feature of mathematics curriculum reform in China [15]. The principle of “Two Basics” was generalized to describe the characteristics of Chinese mathematics education. It literally refers to basic knowledge and basic skills [19,20]. Mathematical concepts, rules, formulas, axioms, and theorems can be included in basic knowledge, whereas, basic skills include computation, data processing and the use of calculators, simple reasoning, and drawing tables and figures [19]. Moreover, basic knowledge is mainly attained through memorization, while basic skills are primarily acquired by practice [21]. For example, manipulation on polynomial expressions, algebraic fractions, exponential and radical expressions, and memorization of the rules [22]. The final purpose was to help students solve problems, especially the examination questions, accurately and speedily [22]. For instance, when teaching the “distributive law of multiplication over addition”, students are required to remember the formula “a (b + c) = ab + ac” accurately and given a number of exercises to practice and memorize the law and calculate fast. Mathematical thinking can be made more condensed and faster and reach a higher level through skillful calculations and memorization of formulas [22]. In the new curriculum standard [14], basic mathematical thinking and basic experience of mathematics activities were added to make up for “Four Basics”.



From the above explanations, it can be seen that the role of MT has been in a prominent position in the latest Curriculum Standard, and not in the previous ones. Why is it that one of the “Four Basics” is in the new Curriculum Standard? To understand it, this study aimed to address the following questions: (a) how is MT developed in these official documents? (b) How are the interpretations for MT shown in these documents? (c) How are the interpretations given by researchers based on these documents?




2. Research Method


The document analysis method is “…a systematic procedure for reviewing or evaluating documents—both printed and electronic (computer-based and Internet-transmitted material)” [23]. Researchers can apply it to their studies in order to reveal the meaning of the documents, develop understanding and discover new insights related to their research problems [24].



Specifically, researchers can understand the historical roots of specific issues and gain new visions to current phenomena by investigating the documents that bore witness to past events [23]. Documents can not only show the historical roots of specific issues, but they can also highlight specific changes and developments which can be traced by comparing various documents [23]. Documents analyses are usually broad in scope and can cover lengthy time spans while addressing, numerous events and settings [13]. Hence, the document analysis method is appropriate for the first research question, which seeks to understand the evolution of mathematical thinking from a historical perspective.



2.1. Data Selection


Document analyses require data selection rather than data collection [13]. This section describes how the documents were selected for analysis. Two aspects were considered: the Chinese key words necessary to identify materials on mathematical thinking and data resource considerations.



2.1.1. Keywords in Chinese Determined


Before looking into Chinese literature on MT, it was necessary to identify the Chinese key words relevant to it. Once these were established, this study could then discuss the meaning and evolution of mathematical thinking within a Chinese context.



Besides Sixiang being used to describe MT, there are still other relevant terms used frequently, such as Shuxuesixiangfangfa (the mathematical method of mathematical thinking/way), and Shuxuesixiang & Fangfa (mathematical thinking and method). These terms have always been used interchangeably in the literature. Considering this, these termswere selected as the key words for the purposes of document selection. The following section describes the data sources and the finalized data selection.




2.1.2. Data Sources


The literature was searched primarily through the following two ways. The first was a search of the China National Knowledge Infrastructure (CNKI) database, where almost all educational academic papers could be found. The other was a search through related books on MT. Since the 1980s, a number of important changes have taken place in the construction of Chinese databases. After nearly 30 years, three main large databases: China National Knowledge Infrastructure (CNKI), WANGFANG DATA, and CQVIP (formally known as Database Research Center under Chongqing Branch of Institute of Scientific & Technical Information of China (CB-ISTIC)) have been established and are both very popular and easy to access. Table 1 (below) provides a quick comparison of the three databases.



The table reveals that CQVIP does not contain doctoral and other dissertations, conference proceedings, and journal papers focused on science and technology. WANGFANG does not collect newspapers. By contrast, CNKI is a relatively comprehensive database compared to the other two. Therefore, CNKI is the primary resource for conducting searches of Chinese literature.




2.1.3. Data Selection


With regard to official documents, the only criterion was to ensure that the documents addressed MT first. Three official documents were incorporated into this study. MT as an idea first appeared in the 1992 teaching syllabus entitled Junior Secondary School Mathematics Teaching Syllabus for Full-time Nine-year Compulsory Education [22]. The teaching syllabus has since been supplanted by the newer curriculum standards, which serve as the national documents to guide teaching and learning activities. Hence, this study included both the 2001 curriculum standard, Mathematics Curriculum Standard for Full-time Compulsory Education (Experimental Version) [25], and the more recent curriculum standard, Mathematics Curriculum Standard for Compulsory Education (2011 Version) [6].



With respect to other academic materials, the papers reviewed were selected using two primary criteria: (a) the papers should be from key journals, and; (b) if they were not from key journals, they should be cited by others frequently which can show their acceptance and popularity among researchers. With regard to the first point, papers should be from the key journals in mathematical and general education, such as, Journal of Mathematics Education, Shuxue Tongbao, and Curriculum, Teaching Material and Method. These key journals usually have rigorous review processes, which ensure only high-quality work is published. Therefore, any papers on MT published in these journals should be reliable. Besides, this study also looked at other papers that were not published in the aforementioned key journals but were often cited by others. This may not ensure their research has been recognized and recommended by others, but it does indicate these studies have drawn a reasonable amount of attention from other scholars. Therefore, by analyzing these papers, certain insights might be found. Regarding the books, two criteria were considered: (a) important works on the study of mathematical thinking, and; (b) written by prestigious scholars in the field.



In total, three official documents, 57 academic papers and 10 books were selected and analyzed. A summary of the selected materials is presented in Table 2 (below).





2.2. Data Analysis


Content analysis and thematic analysis are two popular ways for analyzing documents. Content analysis refers to “the process of organizing information into categories related to the central questions of the research” [13] (p. 32). Thematic analysis is “a form of pattern recognition within the data, where emerging themes becoming the categories for analysis” [25]. Both methods require researchers to start the process with prior assumptions in their mind. However, this study seeks to gain a full understanding of mathematical thinking from a historical perspective. It becomes difficult to have some prior assumptions for this.



Hence, grounded theory formed the basic procedure for this data analysis. The researcher began with an open coding system with the aim to develop categories of concepts and themes emerging from the literature without making any prior assumptions [26,27]. Key words, terms and sentences were underlined (see Text 1).


Text 1: “basic knowledge means basic concepts, principles, properties, formulas, axioms, theorems and the mathematical thinking and method reflected by mathematical content”.



[22] (p. 1)







Secondly, grouping similar data and giving conceptual labels to those groups could produce themes which can be used to form a conceptual scheme and ground a theory [28], for instance, the types of MT (see Text 2).


Text 2: “They may have the following types. The first type is strategical thinking including thinking about transformation, …, etc. The second type is logical thinking including deduction, … etc. The third type is manual thinking including thinking about construction, discriminant of a quadric equation in one unknown, etc.…”.



[29]







Thirdly, we reviewed and compared the key terms and/or themes in order to organize ideas and pinpoint the changes in the conception of MT over the history of Chinese mathematics education. I checked the usage of the terms MT and mathematical method stated in the official documents and found that MT was involved in mathematical methods, even in the latest Curriculum Standard (see below Text 3).


Text 3 MT is reflected in the process of knowledge establishment, development and application, is the abstraction and generalization of mathematical content and method in a higher level, such as abstracting, sorting, generalizing, deducting and modeling.



[25] (p. 46)







After this, major characteristics were shown, and changes that happened in MT were generalized. The following section reports these findings.





3. Findings


This discussion traces evolution of mathematical thinking from the establishment of the New China following the 1949 revolution. In order to provide a thorough overview of the history of mathematical thinking in China, Figure 1 (below) provides a timeline. Key publications are presented on the left side of the vertical line while the right side records the major official documents in mathematics education and major events that have had a profound effect on mathematics education in China.



According to the Figure 1, only one paper of all of the publications was published before 1979. During this period, which featured the “Great Leap Forward” and the “Culture Revolution”, education in China was a disaster. In 1978, China implemented an ‘‘open-door’’ policy and sought to realize the Four Modernizations in industry, agriculture, national defense, and science and technology, which were essential to reform in education [30]. Since the 1980s, traditional Chinese classroom teaching has been criticized by educators, because they are teacher-dominated systems of knowledge delivery that rely solely on lecture style classes, along with the corresponding passive role of the students [13]. In the meantime, a major study on MT was also started [31]. The terms mathematical thinking and methods as one of learning objectives appeared officially in the mathematics syllabus of 1992 [32], which was the most influential syllabus in Chinese mathematics education. Then, in 1999, the Ministry of Education began designing a new basic education curriculum system for the 21st century. Mathematics was officially the first school subject to be reformed [33]. Before the year 2000, the official documents issued by the central government relating to the mathematics curriculum issued were called “teaching syllabi,” since then, they have been known as “curriculum standards” [34]. A mathematical thinking method appeared in the 2001 version of the Curriculum Standard [35]. Ten years later, another round of reforms to the curriculum standard was launched, and the latest curriculum standards were released at the end of 2011. In this version, mathematical thinking is identified as one of the “Four Basics” [14]. Overall, the role of mathematical thinking has played an increasingly important role in the history of mathematics education.



Due to the role of teaching syllabi and/or standards, the times that the official documents were issued stand as critical points. This history is summarized by four major periods; 1980–1991, 1992–2000, 2001–2010, and 2011 onwards. In addition, Ding’s 1956 paper that proposed mathematical thinking and had a direct influence on all subsequent research is discussed. The main ideas of this paper are summarized and reviewed in the following section. The subsequent sections introduce the evolution of mathematical thinking over the four periods.



3.1. Earlierst Explanations Given By Ding


The article “The development of mathematical thinking” written by Ding Shisun [36] (Ding Shisun is a mathematician and retired politician of the People’s Republic of China. He served as President of Peking University and Chairman of the China Democratic League (retrieved from https://en.wikipedia.org/wiki/Ding_Shisun, accessed on 12 December 2018). Within this one and half-page paper, he explained what could be regarded as MT. Ding defined MT as the views humans have about mathematics, such as the role of mathematics in the knowledge system, the relationship between mathematics in theory and its application, the relationship between mathematics and other sciences, and the patterns of mathematical development. All in all, three aspects in particular were considered in Ding’s study of mathematical thinking. The first aspect was that every era of mathematical development could serve as a research objective. For example, what were the primary views of people on mathematics in each era? The second aspect believes it is necessary to study the research methods developed by mathematicians, past and present. There is much to learn from studying the views of notable scholars such as Descartes, Newton, Leibniz, Euler, etc., on mathematics. Thirdly, important mathematical concepts should be focused on, because these concepts reflect profound understanding of the objective world, such as number and number systems, space, sets, continuity, order, equivalence, and so on.



According to Ding, the study of MT should consider the views of people on mathematics, the development of mathematics, mathematical research methods and key mathematical concepts. As Ding stated at the beginning of the paper, the study of MT has some differences from the study of history of mathematics, but it is closely related to it. However, he did not use any references, because he asserted that no relevant studies were conducted in China. Also, he admitted that there could be relevant research in the capitalist countries (by which he meant the Western world), but he did not know. Nevertheless, he had raised a new research topic for the future mathematics education. This can be regarded as the earliest work on the topic of MT in China.




3.2. Explanations Given by Researchers from the Persepctives of Methodology and Method (1980–1991)


During the 1980s, two main schools of thought arose, both of which were highly influential on subsequent research on MT. One was advocated by Xu Lizhi (or as L. C. Hsu): a distinguished mathematician) whose interests lay in explaining it from the perspective of mathematical methodology. The second school of thought was founded by Xie (was a professor studying dialectics of nature in Northeast China Normal University) who advocated methods for mathematical thinking.



3.2.1. Mathematical Methodology


Mathematical methodology was advocated by Xu from 1980s. He wrote a book entitled Elective Lectures on Mathematical Methodology and published the first version in 1983 [37]. This book was so popular among readers that it was published again five years later with only minor revisions [38]. Xu focused on ten topics to explain mathematical methodology, excluding the appendix. He began by offering a definition of mathematical methodology. According to Xu:


Mathematical methodology is a discipline which aims to study and discuss the patterns of mathematical development, method of mathematical thinking and principles of mathematical findings, inventions and innovation.



[27] (p. 1) and [28] (p. 1)







He stressed that patterns of mathematical development derived from the history of mathematics in a macro way and those specific methods and processes (such as generalizing and analogizing) in mathematics in a micro way. This was the first topic covered in the book. In the other nine chapters and the appendix, Xu introduced a number of topics he thought were relevant to mathematical methodology. However, not all of them are directly related to methods and most stressed the history of mathematics. Specifically, the three topics, along with the appendix, that illustrated methodology included: the method of mathematical modeling (chapter 2), the method of relationship-mapping- inversion (RMI) (chapter 3), the axiomatic method (chapter 4), and the appendix on the abstracting method. Of these, the RMI method proved to be the most influential among Chinese readers.



In this modeling method, a formal model can be constructed based on reality. Then, the model is analyzed to get a result and lastly the result is inverted so the problem reflects reality. The process from reality to model can be seen as a mapping and the analytical results of model can be translated back to reality by inverting the model. The principles of RMI were described as followed:


Letting R represents a group of the relationship structures of original images and suppose the group contains x, which is an original image and to be determined. Then, letting M is a map whose function assumed that R can be mapped into relation structures of mapping image, R*, which contains the mapping image x* whose original image is x. If there was a way to determine x*, x could be known by the inversion, namely the inverse mapping, I = M−1.



[28] (p. 25)







Figure 2 (below) illustrates the process described above. R, R*, x and x* can be given the following meanings: R—the relationship system of the practical problems; R*—the relationship system of the theoretical problems; M—the process of moving from the practical problems to the theoretical problems; I = M−1—the inverse process of moving from the theoretical problems to the practical problems; x*—the mapping image of an unknown x in a practical problem. It can be seen that modeling and abstracting are involved in this process.



The other four chapters discuss the development of other theories which are related to the history of mathematics. They are structuralism (chapter 5), polynomials solvable by radicals and Galois theory (chapter 6), nonstandard numbers and the non-Cantorian set theory in the construction of natural numbers (chapter 7), mathematics paradoxes including paradoxes and three crises in mathematical history (chapter 8) and an introduction to mathematical schools (logicism, intuitionism and formalism) (chapter 9). The last chapter had a short discussion on the mental activities, including brain storming and divergent thinking, in the invention of mathematics.



Based on the aforementioned description, even though the history of mathematics is still a key part of mathematical methodology, the author stressed the role of abstracting in mathematics. That’s why he added a supplement on abstracting in the appendix in the second edition of the book. Especially in the RIM method, modeling and abstracting are indispensable.




3.2.2. Mathematical Thinking Method


To enhance the study of mathematical thinking method, a team was assembled in 1987, drawing members from 15 different provinces of China. One of major outcomes of the study group was the publication of the book Mathematical Thinking Method [39]. The study group believed that mathematical thinking should be defined on two levels.


In the narrow sense level, mathematical thinking method refers to mathematical argumentation, operations, and thinking, methods and strategies for mathematical application.



[29] (pp. 1–2)






In the broad sense level, apart from the considerations in the narrow sense, mathematical objectives, properties, characteristics, roles, development patterns for mathematics (such as concepts, theories, methods and forms) should be included.



[29] (pp. 1–2)







When compared to Xu’s work, Xie and Xu placed a great deal more emphasis on methods. Concretely, they classified methods into logical methods and non-logical methods. Logical methods included: generalizing and reasoning; deductive reasoning; analogy reasoning; analysis and synthesis. At the same time non-logical methods included: image thinking; mathematical beauty and aesthetic ability; anti-mindset; and creative thinking. In addition, authors also introduced the axiomatic method, mathematical modeling method, relationship-mapping-inversion (RMI) method; constructive method; successive approximation method; duality principle method; method of mating anti-examples. Moreover, they discuss problem solving in the application of these methods. Unlike Xu who stressed abstracting but relegated it to the appendix, Xie & Xu stressed the role of conjecturing as an independent chapter.





3.3. MT and Mathematical Method Stated in the Teaching Syllabus(1992–2001)


In June 1992, the mathematics teaching syllabus for junior secondary school was released by the national education committee [22]. The document described MT and method as follows:


The basic knowledge means basic concepts, principles, properties, formulas, axioms, theorems and the mathematical thinking and methods reflected by mathematical contents.



[22] (p. 1)







This is the first time that appeared in official documents as a part of the basic knowledge which all students have to learn [40]. It needs to be noted that MT and mathematical methods are mentioned respectively. Stated this way in the official document, it wound up being a hot research topic for mathematics education researchers for the next ten years [29]. Over this period, academics argued over the definitions of the terms, the relationship between MT and method, and the types of MT.



3.3.1. Definition of MT


At the beginning of 1993, the Mathematical Accomplishment (MA) project was launched in junior secondary schools of Jiangsu province and supported by the local government. The project lasted 8 years from the beginning of 1993 to the end of 2000 and sought to develop the MT abilities of students and improve their mathematical literacy. Here, MT is eventually defined as:


the space-forms and quantity relationships in real life reflected in human’s consciousness and then processed by human’s thinking, the products of thinking was mathematical thinking.



[41]







They also accepted a second definition that: “…MT is the understanding of mathematical nature, knowledge and patterns ([32], p. 35)”. The second statement was accepted and adopted by most scholars, posited that mathematical thinking is “…the deep understanding of mathematical nature and patterns in studying mathematics” [42] or “the deep understanding of patterns of mathematical knowledge and content development” [43].



Zang and his colleges’ definition seemed like the process of abstracting or modeling, but he also stressed the profound understanding of mathematical knowledge and the patterns that were similar to others. The profound understanding of mathematics was usually interpreted as the patterns and properties within mathematics itself.




3.3.2. MT and Mathematical Method


The 1992 Teaching Syllabus stated that MT and methods should be put together. This made researchers and teachers discuss at great length how to distinguish between mathematical thinking and mathematical methods.



The relationship between MT and mathematical methods was also considered in the MA project. Mathematical methods are forms of MT that specifically focus on manipulative features while MT can guide the use of mathematical methods [32]. If mathematical methods are the means of construction, MT is the architectural drawings [44]. Methods are more concrete and detailed while thinking is more abstract. The MA definition of MT and methods, and the distinction that was made between the two terms were supported and cited by Cai [45] as the editor of junior secondary textbooks issued by People’s Education Publisher and was used by most of junior secondary schools of China. Even the team members Sun and Zang, who reviewed more than 160 papers over a ten year period ending in 2002, yet they still hold the same beliefs as they did during the MA project [29].



Using Zhang and Guo [46] interpretations, the distinction between the two terms is clearly visible. When an important point of mathematical content, such as limits, is applied to solve a problem, it can be called method. While it is used to evaluate the meaning of itself in the mathematics system, it can be called thinking. For instance, if a “limit” is applied to find derivatives and integrals, it is called the method of limit. Conversely, if the very meaning of a limit is discussed in the process of change to be represented by numerical values and the transformation made from infinite to limited, this is called extreme thinking. If the two dimensions are combined together, it becomes known as “limit thinking”.



However, earlier interpretations of mathematical methodology and mathematical method are also involved in MT. Similar to the interpretations on mathematical methodology and mathematical thinking method, Zheng [47] claimed that MT should be understood from two perspectives. The first perspective is integral to mathematics itself and focuses on specific dimensions of mathematical thought, such as limit thinking, axiomatic thinking, and sets thinking. Here, a great deal of value could be found by taking a historical perspective. The second perspective is separable from mathematical content and addresses questions, such as how mathematicians determined their research fields and what strategies they used in problem solving. In other words, mathematical thoughts and mathematical methods should be regarded as the two major aspects for interpreting MT.




3.3.3. Types of MT


Going beyond the definition and drawing the distinction between mathematical thinking and mathematical methods, the third important finding is the ability to classify MT into typologies. This is noteworthy because both the definition for mathematical thinking and drawing the distinction between mathematical thinking and methods were not easy to clarify. Thus, by being able to classify types of MT, it may help to further clarify these ideas enough to make it possible for empirical studies.



The “MA” project provided a classification system for mathematical thinking [19,32]. The project identified three categories and 18 types of MT that were frequently used in the six junior secondary school textbooks. The results are summarized in Table 3 (below).



Apart from the content of the textbooks themselves, what was taught in the classroom was also considered in classification system. Zang asserted that it is essential to understand MT from the actual teaching and mathematics itself [28]. This was based on the mathematics knowledge teaching in secondary schools. In such context, the MT was usually more popular, basic and easier than other kinds of mathematical thinking, such as function thinking. This simple MT was also abstracted from concrete mathematical content and has been testified in actual life. The other was that there was a more comprehensive understanding for MT that the development of mathematics concepts, theories and methods should also be considered besides those basic MT.





3.4. Mathematical Thinking Method Stated in the Curriculum Standard (2002–2011)


In July 2001, the Ministry of Education issued Mathematics Curriculum Standard for Compulsory Education (experimental version) [25]. In this document, the primary learning object is that students:


… should obtain the important mathematical knowledge including mathematical facts and activity experience, basic mathematical thinking method and basically mathematical application skills which are necessary for their future society life and further self-development.



[25] (p. 3)







This is the first time that the basic “mathematical thinking method” is seen as one of the learning objects besides the “Two Basics” [48]. At the same time, this standard still failed to offer a definition or description of mathematical thinking.



3.4.1. Mathematical Thinking Method


MT is seen as being very close to mathematical methods. Over the period between 1992–2001, MT and mathematical methods had been discussed at length. The result was that in this curriculum standard, the term mathematical thinking method was used to replace both MT and methods of the previous teaching syllabus. In Chinese, MT and methods represent two nouns (MT& mathematical methods), while mathematical thinking method meant one single noun. In other words, what was previously two separate ideas, mathematical thinking and mathematical methods, the 2001 Curriculum Standard made into a single indivisible whole.



It was accepted that MT is the understanding of mathematical theories and methods while mathematical methods were the strategies used to solve mathematical problems [40,49]. For example, to understand the formula (a + b) 2 = a2+2ab+b2, the algebraic method (by calculating (a + b) (a + b)) can be used to explain the equation. However, if square modeling (by calculating areas of figures) was also used to explain the relationship, it would be much better to understand the formula. This method of using a combination of symbolic and graphic mathematics can help students understand mathematical formulae much better than simply using an algebraic method only. This process of learning mathematical formulae through the use combinations of numerical and graphical methods is an excellent example of mathematical thinking. There is no strict boundary between the two, so the term mathematical thinking method has been used frequently by researchers and teachers [40,49,50].




3.4.2. Major Types of MT


With the developments in mathematics education that transpired in China over this period, the importance of MT has been increasingly accepted by more and more teachers. Hence, the issue of the types of mathematical thinking remained a problem requiring further investigation [18].



MT can be classified into three levels [40]. The first level can refer to the thinking methods used to solve specific problems, such as the elimination method, the substitution method, the method of completing squares and undetermined coefficients. The second level would describe higher order logical thinking methods, for instance; analysis, synthesis, deduction, induction and analogy. The top level would include very general mathematical thinking methods including the axiomatic method and mathematical modeling. The three levels can be classified into mathematical methods, logical reasoning and mathematical modeling.



Additionally, some mathematical thinking methods have been identified as crucially important for secondary mathematical education [31]. They include letters standing for numbers indicated mathematics from constant to variable; set and corresponding; function and equation; symbolic-graphic combinations; mathematical modeling; and conversion. Whereas at the primary school level, categorization; conversion; symbolic-graphic combination; and generalization should be used in order to teach mathematical thinking method [51]. The more specific kinds of mathematical thinking became the focus in school teaching. Hence, teaching became the focal point of mathematical thinking method.




3.4.3. The Teaching of MT


The teaching of MT was discussed extensively, particularly on those points that are seen as important to secondary education, such as function, categorization and combination of symbolic-graphical thinking [38,43]. Teachers usually like to pay effort to help students to solve problems with the specific methods. Students are supposed to develop the corresponding mathematical thinking produced in applying these methods. For instance, some mathematical problems can be easily solved using functional methods. Triangles can be categorized into different types of triangles based on their properties, such as isosceles triangles and equilateral triangles. The learning of functions cannot happen without numbers and graphics, which means it usually necessary to use combination of symbolic and graphic thinking.



Moreover, there has been a significant amount of discussion over what kinds of mathematical thinking could be used to teach specific topics, such as the teaching of functions [52], plane vectors [53] and statistical knowledge [54,55]. Even the use of technology such as Geometer’s Sketchpad (GSP) was considered in the teaching of mathematical thinking methods, particularly for symbolic-graphical combinations [56], because beautiful, complex and dynamic graphics can be drawn with the aid of this software. However, in the literature, the authors were only recommending the kinds of mathematical thinking that might be appropriate, rather than anything to do with the actual teaching.



The teaching of MT can not only be implemented in secondary school level or above, rather, it needs to be implemented from primary school [57]. For example, 2 plus 1 equals 3 which is the only correct answer and the whole process can be written as 2 + 1 = 3. If the left side of “1” was changed to “2”, then the right side would be from “3” to “4” correspondingly. If the left “1” became “5”, then the right would be adjusted from “3” to “6”. The number on the right side of the equation, namely the answer, is a unique number. As we know, in mathematics, a functional relationship is a relationship in which the value of one variable varies with changes in the value of a second variable. This can also be called an empirical or causal relationship. In such situations, the value of the right number is determined by the left two numbers, which can be seen as a function with two variables. If one of the left numbers was fixed, then the right number would be determined by the other right number, which can be seen as a function with one variable. Here, it is not necessary for the teacher to lay out the concept of a function to the pupils, but the teacher needs to have a sense of function thinking incorporated into his/her teaching [49]. Generalization, deductions, analogy, categorizations, conversions and symbolism are the main types of MT in primary school mathematics [48].





3.5. MT as One of “Four Basics”in Curriculum Standard 2011 (From 2011–2018)


3.5.1. Explanations Given for MT


To further improve the teaching and learning of mathematics, the latest version of the Curriculum Standard for Compulsory Education Mathematics (2011 version) [6], was released. In this document, the first learning objective is that students should “…obtain basic knowledge, basic skills, basic thinking and basic activity experience of mathematics which they need to survive in society and fulfill the development in the future life” [6] (p. 8). As a result, this document formalizes MT as one of the “Four Basics”. This standard provides a rough definition for mathematical thinking.


MT is reflected in the process of knowledge establishment, development and application, is the abstraction and generalization of mathematical content and method in a higher level, such as abstracting, sorting, generalizing, deducting and modeling.



[6] (p. 46)







MT, rather than the mathematical thinking method, is used in the new mathematics curriculum standard. That is wise and appropriate because method could easily lead to people to think of specific methods, such as the method of deformation, observation, and comparison, rather than focusing on the thinking [58].



However, methods still serve as tools to help students develop MT. The Standard, for example, uses categorizing to explain the teaching aspect [58] (p. 46). Categorizing is one kind of important mathematical thinking that is frequently used by students. There are numerous ways to categorize things, for example; categorization of numbers (nature number, rational number, etc.), geometric figures, algebraic expressions, etc. Students can obtain the skill of categorizing gradually as they learn how to categorize different things through classifying the properties of each kind of items or use the method of categorization to solve problems. However, it is not easy to help students develop mathematical thinking in classroom teaching.




3.5.2. Major Types of MT


Even today, there is a great deal of debate on how to classify the types of MT. Shi developed a classification system of mathematical thinking with three main categories. Later, Gu concluded that aesthetic thinking should be a fourth category [58,59]. The categorization can be seen in Table 4.



Specifically, further studies consider the types in textbooks and some specific content. Current textbooks already devote a sufficient amount of effort to developing mathematical thinking [60]. Abstracting, thinking about symbolic and graphic combination, categorizing, thinking about set, and analogizing all appear in numerical and algebra topics. On a more general level, Liu proposed three perspectives and eight types of MT [61]. The first perspective is the nature of mathematics, which includes abstracting, reasoning and modeling. The second perspective draws from the level of human thinking, incorporating categorizing, modules and thinking about sets. The third perspective is straight forward problem solving and includes two major types; thinking about symbolic and graphic combination and thinking about transformation (Huagui).




3.5.3. Teaching of MT


Attention has not only been paid to the classification systems, but also to the teaching of MT. MT is seen as the essence of mathematics, and the core of teaching mathematics should be the teaching of MT [62]. Students can have a much more robust understanding of the knowledge they have learnt, because mathematical thinking can help students develop the knowledge chains or networks in their minds [63]. Hence, the teaching of MT is being discussed far more than in previous periods [63,64,65].



Considering limited studies on the teaching patterns of MT in the classroom, Zhang and Fang [64] proposed a model for the teaching of MT (See Figure 3).



Actually, this model incorporates three of the basics (not considering the fourth: mathematical activity experience) of Chinese mathematics education. The knowledge chain refers to the learning and grasping of basic knowledge. Variation teaching is to ask students to do exercises in order to enhance their understanding of what they have learnt through various tasks. Refining MT means that students could master the essence of knowledge. Firstly, relevant basic knowledge points can be formulated to create a knowledge chain. Then, the teacher can help establish a knowledge network through variation teaching. Taking the teaching of quadratic equation with one unknown as an example, the concept of equation, quadratic formula, and Vieta’s formula could be associated in a chain. Then, with that established, various examples, exercises and test items could be provided to solidify that knowledge. At the same time, mathematical thinking skills, such as numerical-graphical combinations could be used in teaching the topic.



It should be noted that this model is constructed based on one knowledge chunk not one lesson. In one lesson, it is difficult for students to recall all of the related knowledge to this lesson and to develop a knowledge chain or network in one lesson. This means that this model is difficult for teachers to use in their teaching, especially in situations where student academic performance is not so good.





3.6. Conclusions and Discussions


3.6.1. The Struggling Relationship between MT and Mathematical Methods (methodology)


Mathematical method has always been considered in mathematical thinking. The relationship between mathematical thinking and methods was also discussed. It can easily be seen from the terminology used in the three official documents, mathematical thinking and method in Teaching Syllabus 1992 [22], mathematical thinking method in Curriculum Standard 2001 [25] and mathematical thinking in the latest Curriculum Standard 2011 [6]. The role of mathematical thinking has evolved from being a kind of knowledge to a place of prominence as one of the four basics. It would seem that the role of methods has become weaker but, in reality, that weakening is just superficial.



These terms have always been used interchangeably. Sometimes, it seems that there is no appreciable difference between the meaning of mathematical thinking and mathematical thinking method in mainland China [39]. Sometimes, it is explained that when mathematical thinking is used to a solve problem, and after refining a certain type of problem, a set of proficient procedures will gradually be formed, which then become known as mathematical methods [58]. Until 2010, there were still no acceptable and common definitions that will unequivocally separate the two terms [48]. The definition given by the Curriculum Standard 2011 explains the deep-thinking ways (abstracting and generalizing) of mathematical methods is one aspect of mathematical thinking. This seems still not easy understanding by researchers and teachers.



From a historical perspective, Ding’s work offered a starting point to the study of mathematical thinking in China. The perspectives that humans have about mathematics are seen as mathematical thinking [26]. However, that was far too broad to understand mathematical thinking. Xu Xie combined mathematical method to mathematical thinking which [28,29] laid a foundation for mathematical thinking method. Their work has led subsequent researchers and teachers to struggle with methods in mathematical thinking in China.



Thus, both researchers and teachers have found trouble distinguishing between mathematical thinking and mathematical methods. The two combined together become the mathematical thinking method, which is frequently used by teachers and researchers in their respective professions [66]. Moreover, in terms of teaching, methods receive much more attention than thinking. Teachers may just care about whether students can use specific methods to solve problems rather than whether or not they understand the method and why they should choose it. In such cases, teachers may not be aware what kinds of mathematical thinking would enhance their teaching.




3.6.2. Involvement in Mathematical Thought Process


When mathematical thinking appeared for the first time in Ding’s paper, the development of mathematics including major concepts and methods used by mathematicians were included [26]. Since then, the development of mathematics has frequently incorporated elements of mathematical thinking [29,34,38]. The reason for this is likely the result of the introduction of new books from the outside world. One example would be the introduction of Morris Kline’s classic work Mathematical thought from ancient to modern times (Vol. 1–4) [67,68,69,70]. These books introduced classical mathematical thought, which included the history of mathematics and made Chinese researchers to explain mathematical thinking from this way a second influential book would be How to read and do proofs: An introduction to mathematical thought process [71]. This book had a profound effect on Chinese mathematics education. The following methods are recommended by this book: construction method, choose method, specialization, nested quantifiers, contradiction method, contrapositive method, induction, either/or methods, max/min methods. Although these methods can be used in problem solving, the book’s value lies in its emphasis on the process of these methods. All of these books have had a broad effect on Chinese mathematics education [72].



Actually, the first emphasizes the history of mathematics while the latter focuses on the process of applying mathematical methods to solve problems. Overall, even though the history of mathematics was a main component in considering mathematical thinking, it did not appear in the latest Curriculum Standard for compulsory education. The history of mathematics has been an independent aspect for teachers to teach and for students to learn mathematics.




3.6.3. Focus on the Classification of MT


In addition to mathematical methods and the history of mathematics, another characteristic of mathematical thinking in Chinese mathematics education is seeking the classification of mathematical thinking. The types or levels of mathematical thinking were classified from the perspective of problem solving [32,40]. Considering the complexity of mathematical thinking and the future of mathematics education, Shi [73] asserts that all types of mathematical thinking can be classified into abstracting, reasoning and modeling.



Two possible reasons can provide a slice sight for this phenomenon of mathematical thinking classification. One is that this can help in understanding the nature of mathematical thinking given the lack of a clear definition of mathematical thinking. Specific kinds of mathematical thinking can provide an outline of the broader concept of mathematical thinking. The other is for teaching. Although the role of mathematical thinking has been established in the official documents, it is not easy for teachers to implement. The classification system, particularly with regard to the types of mathematical thinking can be taught in secondary education, can make the lonely term of mathematical thinking imaginable.



In general, the classification system is a benefit to the understanding of mathematical thinking, especially for teachers. Compared to teaching in the United States, East Asian teachers are more likely to use strategies that facilitate constructive thinking and conceptual understanding of mathematics in their students than American teachers [4,74]. However, due to the mathematical methods involved mathematical thinking, teachers tend to teach specific methods to help students solve problems faster and get good grades in examinations.



It is necessary to have a common goal for all educational research to advance the theory of learning and enhance the practice of teaching [75]. This study can broaden the understanding of mathematical thinking through Chinese policy perspective. It should be noted that this study did not attempt to identify the exact definition of mathematical thinking. Rather, it aimed to provide a comprehensive understanding on mathematical thinking within a Chinese context. Besides the theoretical contribution, the results also make the comparison of mathematical thinking between China and other cultures achievable in the future.
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Figure 1. Overview of the evolution of mathematical thinking in Chinese mathematics education. 
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Figure 2. The relationship structure of RMI method. 
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Figure 3. Model of teaching mathematical thinking. 
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Table 1. Comparison of the three major Chinese databases.
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	Source Database
	CNKI
	WANGFANG
	CQVIP





	Academic Journals
	China Academic Journals Full-text Databases (1979); China Academic Journal Network Publishing Database (1915)
	China Digital Journals Full-text Database (1998)

s
	China science and technology Journal Database (1989)



	Doctoral Dissertations & Master Theses
	Chinese Selected Doctoral Dissertations and Master’s Theses Full-text Databases (1984)
	China Dissertation Full-text Database (1980)
	N/A



	Proceedings of Conference
	China Proceedings of Conference Full-text Database (1953)
	China Conference of Full-text Database (1985)
	N/A



	Newspapers
	China Core Newspapers Full-text Database (2000)
	N/A
	China Science & Technology Economic News Database (1992)
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Table 2. Sources of Literature Reviewed in this Study.
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	Key Words
	Before 1978
	1979–1991
	1992–2000
	2001–2010
	2011–2019Feb
	Total





	Official Documents
	
	
	1992 Teaching Syllabus
	2001 Curriculum Standard
	2011 Curriculum Standard
	3



	Journal Articles
	1
	0
	8
	22
	26
	57



	Books
	0
	3
	3
	3
	1
	10



	Total
	1
	3
	11
	25
	22
	70
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Table 3. Types of mathematical thinking in junior secondary education by analyzing textbooks.
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	Strategical
	Logical
	Manipulative





	Thinking about transformation (Hua Gui)
	Deducting
	Construction



	Abstracting & Briefly summarizing
	Categorizing
	Substitution



	Thinking about equation & function (It means problem solving with function or equation)
	Specializing
	Undetermined coefficient method



	Conjecturing
	Analogizing
	Method of completing the square



	Thinking about symbolic-graphic combination
	Generalizing
	Parameters



	Holistic & Systematic
	Inversion
	Discriminant
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Table 4. The types of MT under abstracting, reasoning and modeling (Shi, 2011).
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	Abstracting
	Reasoning
	Modeling
	Aesthetic





	Categorization
	Generalization
	Simplify
	Concise



	Set
	Deduction
	Quantify
	Symmetry



	Constant in changing
	Axiomatic
	Equation
	Uniform



	Symbolic
	Number-Graph Combination
	Function
	Express complex through simple



	Corresponding
	Conversion
	Optimization
	Perceive the essence from appearance



	Finite and infinite
	Associate &Analogy
	Random
	



	
	Specialization and generalization
	Statistic
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