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Abstract

:

In this article, Optimal Homotopy Asymptotic Method (OHAM) is used to approximate results of time-fractional order Fokker-Planck equations. In this work, 3rd order results obtained through OHAM are compared with the exact solutions. It was observed that results from OHAM have better convergence rate for time-fractional order Fokker-Planck equations. The solutions are plotted and the relative errors are tabulated.
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1. Introduction


The Fokker-Planck equation (FPE) was primarily introduced by Fokker and Planck to design the Brownian type motion of particles (Risken, 1989) [1], that is, it articulates the transformation of likelihood estimates of a random function in time and space, therefore Fokker-Planck model is employed to demonstrate and elucidate solute transport [2]. Fokker-Planck model particularized the time progression of density function of location and speed of the particle. Scientific manifestations such as uncharacteristic dispersion, constant random motion, wavy promulgation, polymer-macro-molecular architectures, electric-charge transporter in non-crystalline semiconductors, Biological code of DNA and RNA molecules, and arrangement materialization are demonstrated by [FPPDEs] with time and space fractional differential expressions as given in Heinsalu et al. [2], 2006; Yan et al. [3], Yang et al. [4], 2009; Zhuang et al., 2006/07 [5]. These applications of FPPDE with time and space-fractional differential equations have involved relevant researchers to invistigate the problem. Brownian motion [6] and the material diffusivity based approaches in reaction-kinetics of reactive fluids [7] are now deliberated, in numerous technologies; in physicochemical systems and biological synthesis [1]. The FPE is aspired in reaction-kinetics [8]. Some other technical aspects of these equations have been studied by He and Wu [9], Jumarie [10], Kamitani and Matsuba [11], Xu et al. [12], and Zak [13].



The general form of FPE for the motion of a focus field v(s,t) with space and time variables s, t is defined as [1]


∂vs,t∂t=−∂As∂s+∂2Bs∂s2vs,t



(1)







Initial Condition


vs,0=fs,s∈R



(2)




where As and Bs>0 are drift and diffusion coefficients respectively. This equation is also called the forward Kolmogorove equation. The diffusion and drift coefficients may also be time dependent such as


∂vs,t∂t=−∂As,t∂s+∂2Bs,t∂s2vs,t



(3)







There is an alternate form of FPE, which is called the nonlinear FPE. The nonlinear FPE has significant solicitations in numerous capacities such as modeling the combustion and the interaction between fluid dynamics and chemistry. To model many real-life problems in fields such as plasma physics, chemical particle dynamics, hydrodynamics, solid state physics, chemical particle-dynamics, hydrodynamics, solid state physics, and additional course of studies, nonlinear fractional equations are used [14].



In the case of single variable, FPE is expressed as:


∂vs,t∂t=−∂As,t,v∂s+∂2Bs,t,v∂s2vs,t,



(4)







Due to number of applications of the FPE, some investigations have been carried out to obtain its solution numerically. In this regard, the works of Buet et al. [15], Harrison [16], Palleschi et al. [17], Vanaja [18], and Zorzano et al. [19] are important conntributions.Here, we take classical integer order of FPE (4), and the nonlinear FPE with time fractional derivative


∂αvs,t∂tα=−∂As,t,v∂s+∂2Bs,t,v∂s2vs,t,t>0,s>0and0<α≤1



(5)




where ∂α∂tα denotes the Caputo or Riemann-Liouville non-integral order derivative a FPE with time and space derivatives in fractional form. The function v(s,t) is taken as fundamental function of space and time. Specifically, for α=1, the time-fractional order FPE (5) reduces to the classical non-linear FPE given by (4) in the case s>0.



In the fractional calculus, the concept of non-integral ordered differentiation and integration has been used. Fractional calculus is derived from classical calculus. In historical perspective, fractional calculus is seen as classical calculus. However, in the current era, fractional calculus has more attentiveness because of its wide-ranging solicitations in many technological fields. The theoretical explanation of the subject has been studied in detail and developed by Oldham and Spanier [20] Miller and Rose [21] and Podlubny [22] and provide us with a lot of knowledge. In the meanwtime, it has been noted by the many mathematicians, researchers and scientists who have observed that the role of non-integer operators is very important in expressing the properties of physical phenomena. Many procedures have been proficiently expounded by fractional differentiation and integrals. Additional relative study has been done between classical models and fractional models. It was concluded that fractional models are more efficient than classical models. Different types of modeling such as traffic flow, fluid flow, signal processing etc., belonging to real world problems, results in FPDE’s. The use of NLEE’s in physical circumstances is very important. The areas in which we can use NLEE’s including Plasma physics, quantum field theory, chemical reactions and biological applications. Recently, many researchers has introduced many methods to obtain analytical solutions of NLEEs such as generalized Kudryashov method [23], modified extended tanh function method [24], exp function method [25], extended trial equation method [26], sine-cosine method [27], and G’/G-expansion method [28].



To solve nonlinear problems, the idea of homotopy has been combined with perturbation method. In his investigation Lio [29] did the fundamental work by using the homotopy analysis method. For the first time in 1998, the homotopy perturbation method was presented by He [30]. A novel technique which is known as OHAM was created by Marinca et al. [31,32,33]. The benefit of OHAM is that it establishs its convergence criteria similar to HAM but more pliable. In various research papers S. Iqbal et al. [34,35,36], Sarwar et al. [37,38] and Alkhalaf [39] have proved sufficient generalization and trust of this method, achieved well approximate solutions, and presented important applications in science and engineering. The concept of OHAM has been articulated in this paper. It provides logical, trust worthy solution to linear, non-linear, time dependent, time fractional and space fractional differential equations and PDEs. The arrangement of the paper is as follows. In Section 2, basic definitions of fractional calculus are given, Section 3 is dedicated to the scheme of method, Section 4 includes model problems, results and discussions, Section 5 includes conclusions.




2. Mathematical Preliminaries


A function of real value f(s),s>0, assumed to be in space cμ,μ∈R, is very important for the study of fractional calculus. If it exists, p>μ is a real number such that fs=sp



f1s, where f1s∈c0,∞, assumed to be in space cμm iff fm∈cμ,m∈N.



Definition 1.

Riemann-Liouville sense integral operator of a function f∈cμ, of fractional order α>0, μ≥−1 is defined as


RLDa,t−αfs=1Γα∫ats−μα−1fμdμ,t>0,α>0,










k−1<α<k,k∈Z+



(6)









Definition 2.

Riemann-Liouville sense integral operator of a function f s, of fractional order α>0 is defined as


RLDa,tαfs=1Γn−αdkdsk∫ats−μk−α−1fμdμ,α>0,t>0,










k−1<α<k,k∈Z+



(7)









Definition 3.

Caputo sense derivative operator of a function fs of fractional order α>0 is defined as


CDa,tαfs=1Γn−α∫ats−μk−α−1fkμdμ,α>0,t>0,










k−1<α<k,k∈Z+



(8)




If j−1<α<j,j∈N and f∈cμm,μ≥−1, then


RLDa,t−α(CDa,tαfs)=fs−∑i=0j−1fiax−ajΓi+1,s>0



(9)










3. OHAM Scheme for Time Fractional Parabolic Partial Differential Equation


According to the {OHAM} algorithm [36,37], we shall extend this scheme for time fractional Fokker-Planck partial differential equations {tFFPPDEs} in the following steps.



Step-1:



Compose the time fractional order Fokker-Planck governing equation as


J(v(s,t))−f(s,t)=0,s∈0,1,t>0



(10)







Ω is domain. Now Equation (10) is decomposed in to J(v)=Q(v)+T(v). Where Q is a fractional part and T is a non-fractional part. Qi=∂αΨi(x,t)∂tα,i=0,1,2,3,…,Ti=∂2Ψi(x,t)∂x2,i=0,1,2,3,…



Step-2:



Make an optimal homotopy for time fractional order partial differential equation, Ψ(s,t;p): Ω×0,1⟶R which satisfies


(1−p)(Q(v)−f(s,t))−H(s,p;c)(J(v)−f(s,t)=0



(11)




where s∈Ω and P∈0,1 is an embedding parameter, for p≠0,Hs,p;c is a nonzero auxiliary function and H0=0 when P increases in the interval 0,1 the solution Ψ(s,t) certifies a rapidly Convergence to the exact solution.


Hs,p;c=pk1s,ci+p2k2s,ci+p3k3s,ci+…+pmkms,ci



(12)




where ci;i=1,2,3,…,m are auxiliary convergence control parameters, and kix,i=1,2,3,…,m can be function on the variables. The selections of Kms,ci may be polynomial, exponential and soon. The selection of functions is very important, because the rate of convergence of the solution really depends on the functions.



Step-3:



Expand Ψs,t;p,c in Taylor’s series about p, to improve an approximate results as


Ψs,t;p,ci=v0x,t+∑k=1mvks,t;cipk,i=1,2,…,m



(13)







It has been cleared that the rate of convergence of the (13) depends upon auxiliary constants ci.


v∼s,t;p,ci=v0s,t+∑k=1mvks,t;cipk,i=1,2,…,m



(14)







Step-4:



Compare the coefficients of like powers p after replacing Equation (13) in (11), we can get (Zeroth, First, Second and higher-order) problems if needed.


p0:Q0−f(s,t)=0



(15)






p1:Q1−Q0+f(s,t)−c1(Q0−T0+mv0+cv03−f(s,t))=0



(16)






p2:Q2−Q1−c1(Q1+T1+mv1+cv13)−c2(Q0+T0+mv0+cv03+f(s,t))=0



(17)






p3:Q3−Q2−c1(Q2−T2+mv2+cv23)−c2(Q1−T1+mv1+cv13)










−c3(Q0+T0+mv0+cv03−f(s,t))=0



(18)




and so on



Step-5:



Put Equation (14) in to Equation (10), outcomes the bellow expression for residual.


R(s,t)=Q(v(s,t))+T(v(s,t))+f(s,t)











i construct the ϕci


ϕci=∫0t∫ΩR2s,t;cidsdt



(19)







R is a residual of the problem Fokker-Planck



ii Auxiliary constants ci can be calculated as follows:


∂ϕ∂c1=∂ϕ∂c2=…=∂ϕ∂cm=0



(20)







If Rs;ki=0, then vs;ki will be the exact solution. Normally it doesn’t happen, likely in non-linear problems.



Step-6:



The use of auxiliary constants in Equation (14), we can get the rapidly convergent approximate solutions.



Step-7:



Accuracy of the method by



i Error norm L2


L2=vexact−vN2≃b−aN∑i=0Nviexact−vNi2



(21)







ii Error norm L∞


L∞=vexact−vN∞≃maxiviexact−vNi












4. Fractional Models of Time-Dependent PDE’s and Results with Discussions


In this section, consider the three examples for the (OHAM) algorithm. which represents the accuracy, validity and effectiveness of the extended (OHAM) algorithm. The OHAM algorithm presented in Section 3 for time-fractional order FPEs and explanation of the formulation in the examples of Section 4, provides extremely valid results for the problems without any spatial discretization. While applying OHAM, there is no need to compute higher-order solutions.



There are 15 tables (Table 1, Table 2, Table 3, Table 4, Table 5, Table 6, Table 7, Table 8, Table 9, Table 10, Table 11, Table 12, Table 13, Table 14 and Table 15 ) and 15 figures (Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10, Figure 11, Figure 12, Figure 13, Figure 14 and Figure 15 ) in Section 4. Table 2, Table 6 and Table 11 of examples 1, 2 and 3 respectively represents the values of auxiliary constants c1,c2 and c3 for different values of α.Table 3, Table 4 and Table 5 of example 1, Table 7, Table 8, Table 9 and Table 10 of example 2 and Table 12, Table 13, Table 14 and Table 15 of example 3 respectively represents approximate results, exact results and absolute error for different values of α, and also for different values of time t=1, and error norms of examples 1, 2 and 3 represents the validity and accuracy of the method. Error norms are available in the following Table 1.



4.1. Example


Let us assume the following FPE with time-fractional order. Where As and Bs are drift and diffusion coefficients.


∂αv(s,t)∂tα=−∂∂ss6+∂2∂s2s212v(s,t),0<α≤1,t>0,s>0











Initial Condition


v(s,0)=s2











Exact Solution


v(s,t)=s2et2











Problem series of time-fractional order FPE with (zeroth, first, second and third-order).


p0:∂αv0(s,t)∂tα



(22)






p1:16sc1∂v0(s,t)∂s+112s2c1∂2v0(s,t)∂s2−∂αv0(s,t)∂tα−c1∂αv0(s,t)∂tα+∂αv1(s,t)∂tα



(23)






p2:16sc2∂v0(s,t)∂s+16sc1∂v1(s,t)∂s+112s2c2∂2v0(s,t)∂s2+112s2c1∂2v1(s,t)∂s2










−c2∂αv0(s,t)∂tα−∂αv1(s,t)∂tα−c1∂αv1(s,t)∂tα+∂αv2(s,t)∂tα



(24)






p3:16sc3∂v0(s,t)∂s+16sc2∂v1(s,t)∂s+16sc1∂v2(s,t)∂s+112s2c3∂v0(s,t)∂s










+112s2c2∂v1(s,t)∂s+112s2c1∂v2(s,t)∂s−c3∂αv0(s,t)∂tα−c2∂αv1(s,t)∂tα










−∂αv2(s,t)∂tα−c1∂αv2(s,t)∂tα+∂αv3(s,t)∂tα



(25)







Solution series of time fractional order Fokker-Planck equation with (zeroth, first, second and third-order).


v0(s,t)=s2



(26)






v1(s,t)=tαs2c12Γ1+α



(27)






v2(s,t)=14tαs2tαc12Γ1+2α+2(c1+c12+c2)Γ1+α



(28)






v3(s,t)=18tαs2t2αc13Γ1+3α+2tαc1c1+c12+c2Γ1+2α+4c2+c11+c12+2c2+c3α



(29)







In the following vs,t is the approximate result of time fractional order Fokker-Planck equation.


vs,t=18s28−t3αc13Γ1+3α+2t2αc1c1(3+2c1)+2c2Γ1+2α










+4tα2c2+c13+c1(3+c1)+2c2+c3Γ1+α



(30)








4.2. Example


Let us assume the following Fokker-Planck equation with time fractional order. Where As and Bs are drift and diffusion coefficients.


∂αv(s,t)∂tα=−∂∂s4vs−s3+∂2∂s2vv(s,t),0<α≤1,t>0,s>0











Initial Condition


v(s,0)=s2











Exact Solution


v(s,t)=s2et











Problem series of time fractional order Fokker-Planck equation with (zeroth, first, second and third-order).


p0:∂αv0(s,t)∂tα



(31)






p1:13c1v0(s,t)+4c1v0(s,t)2s2+13xc1∂v0(s,t)∂s−8c1sv0(s,t)∂v0(s,t)∂s+2c1∂v0(s,t)∂s2+2c1v0(s,t)∂2v0(s,t)∂s2−∂αv0(s,t)∂tα−c1∂αv0(s,t)∂tα+∂αv1(s,t)∂tα



(32)






p2:13c2v0(s,t)+4c2v0(s,t)2s2+13c1v1(s,t)−8c1s2v0(s,t)v1(s,t)+13sc2∂v0(s,t)∂s−8c2sv0(s,t)∂v0(s,t)∂s−8c1sv1(s,t)∂v1(s,t)∂s+2c2∂v0(s,t)∂s2+13sc1∂v1(s,t)∂s−8c1sv0(s,t)∂v0(s,t)∂s+4c1∂v0(s,t)∂s∂v1(s,t)∂s−2c1v0(s,t)∂2v0(s,t)∂s2+2c1v1(s,t)∂2v0(s,t)∂s2+2c1v0(s,t)∂2v1(s,t)∂s2−c2∂αv0(s,t)∂tα−∂αv1(s,t)∂tα−c1∂αv1(s,t)∂tα−∂αv2(s,t)∂tα



(33)






p3:13c3v0(s,t)+4c3v0(s,t)2s2+13c2v1(s,t)−8c2s2v0(s,t)v1(s,t)+4c1v1(s,t)2s2+13c1v2(s,t)8c1s2v0(s,t)v2(s,t)+13sc3∂v0(s,t)∂s−8c3sv0(s,t)∂v0(s,t)∂s+8c2sv1(s,t)∂v0(s,t)∂s+8c1sv2(s,t)∂v0(s,t)∂s+2c3∂v0(s,t)∂s2+13sc2∂v1(s,t)∂s−8c2sv0(s,t)∂v1(s,t)∂s−8c1sv1(s,t)∂v1(s,t)∂s+4c2∂v0(s,t)∂s∂v1(s,t)∂s+2c1∂v1(s,t)∂s2+13sc1∂v2(s,t)∂s−8c1sv0(s,t)∂v2(s,t)∂s+4c1∂v0(s,t)∂s∂v2(s,t)∂s+2c3v0(s,t)∂2v0(s,t)∂s22c1v1(s,t)∂2v0(s,t)∂s2+2c1v2(s,t)∂2v0(s,t)∂s2+2c2v0(s,t)∂2v1(s,t)∂s2+2c1v1(s,t)∂2v1(s,t)∂s2+2c1v0(s,t)∂2v2(s,t)∂s2−c3∂αv0(s,t)∂tα−c2∂αv1(s,t)∂tα−∂αv2(s,t)∂tα−c1∂αv0(s,t)∂tα+∂αv3(s,t)∂tα



(34)







Solution series of time fractional order Fokker-Planck equation with (zeroth, first, second and third-order).


v0(s,t)=s2



(35)






v1(s,t)=tαs2c1Γ1+α



(36)






v2(s,t)=tαs2tαc12Γ1+2α+c1+c12+c2Γ1+α



(37)






v3(s,t)=tαs2t2αc13Γ1+3α+2tαc1c1+c12+c2Γ1+2α−c2+c11+c12+2c2+c3Γ1+α



(38)







In the following vs,t is the approximate result of time fractional order Fokker-Planck equation.


vs,t=s21−t3αc13Γ1+3α+t2αc1c1(3+2c1)+2c2Γ1+2α










−tα2c2+c13+c1(3+c1)+2c2+c3Γ1+α



(39)








4.3. Example


Let us assume the following Fokker-Planck equation with time fractional order. Where As and Bs are drift and diffusion coefficients.


∂αv(s,t)∂tα=−∂∂ss+∂2∂s2s22v(s,t),0<α≤1,t>0,s>0











Initial Condition


v(s,0)=s











Exact Solution


v(s,t)=set











Problem series of time fractional order Fokker-Planck equation with (zeroth, first, second and third-order).


p0:∂αv0(s,t)∂tα



(40)






p1:sc1∂v0(s,t)∂s+12s2c1∂2v0(s,t)∂s2−∂αv0(s,t)∂tα−c1∂αv0(s,t)∂tα+∂αv1(s,t)∂tα



(41)






p2:sc2∂v0(s,t)∂s+sc1∂v1(s,t)∂s+12s2c2∂2v0(s,t)∂s2+12s2c1∂2v1(s,t)∂s2










−c2∂αv0(s,t)∂tα−∂αv1(s,t)∂tα−c1∂αv1(s,t)∂tα+∂αv2(s,t)∂tα



(42)






p3:sc3∂v0(s,t)∂s+sc2∂v1(s,t)∂s+sc1∂v2(s,t)∂s+12s2c3∂2v0(s,t)∂s2










+12s2c2∂2v1(s,t)∂s2+12s2c1∂2v2(s,t)∂s2−c3∂αv0(s,t)∂tα−c2∂αv1(s,t)∂tα










−∂αv2(s,t)∂tα−c1∂αv2(s,t)∂tα+∂αv3(s,t)∂tα



(43)







Solution series of time fractional order Fokker-Planck equation with (zeroth, first, second and third-order).


v0(s,t)=s



(44)






v1(s,t)=−tαsc1Γ1+α



(45)






v2(s,t)=tαstαc12Γ1+2α−c1+c12+c2Γ1+α



(46)






v3(s,t)=tαs−t2αc13Γ1+3α+2tαc1c1+c12+c2Γ1+2α−c2+c11+c12+2c2+c3Γ1+α



(47)







In the following vs,t is the approximate result of time fractional order Fokker-Planck partial differential equation.


vs,t=s1−t3αc13Γ1+3α+t2αc1c1(3+2c1)+2c2Γ1+2α










+tα2c2+c13+c1(3+c1)+2c2+c3Γ1+α



(48)









5. Conclusions


In this article, time-fractional order of partial differential equations is given for Fokker-Planck system. The applications in hand are solved by OHAM. Results indicate the best agreement between approximate solutions and exact solutions. This work illustrates that optimal homotopy asymptotic approach is promptly convergent technique. Therefore OHAM demonstrates its power and hidden strength for the solutions of fractional models in applications of non-linear systems.
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The following abbreviations are used in this manuscript:



	OHAM
	OptimalHomotopyAsymptoticMethod



	m,c
	RealConstants



	t
	TimeVariable



	s
	Space Variable



	FPDEs
	FractionalorderPartialdifferentialequations



	NLEEs
	NonlinearEvaluationEquations



	NLPDEs
	NonlinearPartialdifferentialequations



	μ,p
	RealNumbers



	vs,t
	Transversaldisplacementofthebeam



	Rs,t
	ResidualofFokker−Planckequation



	∂α∂tα
	Non−integralorderderivativeoperator
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Figure 1. 3D exact Solution of Example 1 with α=1. 
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Figure 2. 3D approximate Solution of Example 1 with α=1. 
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Figure 3. 3D Solutions of Example 1 with different values of α. 
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Figure 4. Absolute error of Example 1 at α=1. 
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Figure 5. 2D Solutions of Example 1 for different values of α. 
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Figure 6. 3D exact Solution of Example 2 with α=1. 
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Figure 7. 3D approximate Solution of Example 2 with α=1. 
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Figure 8. 3D Solutions of Example 2 with different values of α. 
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Figure 9. Absolute error of Example 2 at α=1. 
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Figure 10. 2D Solutions of Example 2 for different values of α. 
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Figure 11. 3D exact Solution of Example 3 with α=1. 
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Figure 12. 3D approximate Solution of Example 3 with α=1. 
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Figure 13. 3D Solutions of Example 3 with different values of α. 
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Figure 14. Absolute error of Example 3 at α=1. 
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Figure 15. 2D Solutions of Example 3 for different values of α. 
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Table 1. Error norms of examples.






Table 1. Error norms of examples.





	L2=1.0000×10−8,L∞=1.0000×10−8
	Example 1



	L2=9.1200×10−6,L∞=2.0000×10−6
	Example 2



	L2=1.3400×10−5,L∞=2.0000×10−6
	Example 3
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Table 2. Auxiliary Convergence-constants for dissimilar values of α of Example 1.






Table 2. Auxiliary Convergence-constants for dissimilar values of α of Example 1.





	α
	C1
	C2
	C3





	0.80
	−1.1382774688754758
	0.0037885053090463954
	−0.000174712141108153



	0.90
	−1.1107929354301047
	0.003161371941557728
	−0.00018086873390210935



	1
	−1.08852120622551
	0.002520331203809885
	−0.000157925397207195
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Table 3. Third order approximate results for different values of α at t=0.25 of Example 1.






Table 3. Third order approximate results for different values of α at t=0.25 of Example 1.





	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0119767
	0.0116233
	0.0113316
	0.0113315
	8.75451 × 10−8



	0.2
	0.0479067
	0.0464931
	0.0453263
	0.0453259
	3.50181 × 10−7



	0.3
	0.10779
	0.10461
	0.101984
	0.101983
	7.87906 × 10−7



	0.4
	0.191627
	0.185973
	0.181305
	0.181304
	1.40072 × 10−6



	0.5
	0.299417
	0.290582
	0.283289
	0.283287
	2.18863 × 10−6



	0.6
	0.43116
	0.418438
	0.407937
	0.407933
	3.15162 × 10−6



	0.7
	0.586857
	0.569541
	0.555247
	0.555243
	4.28971 × 10−6



	0.8
	0.766507
	0.74389
	0.725221
	0.725215
	5.60289 × 10−6



	0.9
	0.97011
	0.941486
	0.917857
	0.91785
	7.09116 × 10−6



	1
	1.19767
	1.16233
	1.13316
	1.13315
	8.75451 × 10−6
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Table 4. Third order approximate results for different values of α at t=0.75 of Example 1.
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	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0156162
	0.0150579
	0.01455
	0.0145499
	7.33448 × 10−8



	0.2
	0.0624648
	0.0602316
	0.0581999
	0.0581997
	2.93379 × 10−7



	0.3
	0.140546
	0.135521
	0.13095
	0.130949
	6.60103 × 10−7



	0.4
	0.249859
	0.240926
	0.2328
	0.232799
	1.17352 × 10−6



	0.5
	0.390405
	0.376447
	0.36375
	0.363748
	1.83362 × 10−6



	0.6
	0.562183
	0.542084
	0.5238
	0.523797
	2.64041 × 10−6



	0.7
	0.765193
	0.737837
	0.712949
	0.712946
	3.5939 × 10−6



	0.8
	0.999436
	0.963705
	0.931199
	0.931195
	4.69407 × 10−6



	0.9
	1.26491
	1.21969
	1.17855
	1.17854
	5.94093 × 10−6



	1
	1.56162
	1.50579
	1.455
	1.45499
	7.33448 × 10−6
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Table 5. Third order approximate results for different values of α at t=1 of Example 1.






Table 5. Third order approximate results for different values of α at t=1 of Example 1.





	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0176316
	0.017043
	0.0164872
	0.0164872
	4.20216 × 10−10



	0.2
	0.0705263
	0.0681719
	0.0659488
	0.0659489
	1.68086 × 10−9



	0.3
	0.158684
	0.153387
	0.148385
	0.148385
	3.78194 × 10−9



	0.4
	0.282105
	0.272687
	0.263795
	0.263795
	6.72345 × 10−9



	0.5
	0.440789
	0.426074
	0.41218
	0.41218
	1.05054 × 10−8



	0.6
	0.634737
	0.613547
	0.59354
	0.59354
	1.51278 × 10−8



	0.7
	0.863947
	0.835105
	0.807873
	0.807873
	2.05906 × 10−8



	0.8
	1.12842
	1.09075
	1.05518
	1.05518
	2.68938 × 10−8



	0.9
	1.42816
	1.38048
	1.33546
	1.33546
	3.40375 × 10−8



	1
	1.76316
	1.7043
	1.64872
	1.64872
	4.20216 × 10−8
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Table 6. Auxiliary Convergence-constants for dissimilar values of α of Example 2.






Table 6. Auxiliary Convergence-constants for dissimilar values of α of Example 2.





	α
	C1
	C2
	C3





	0.80
	−1.308948328474646
	0.021280759643554505
	−0.0021469182349789346



	0.90
	−1.2408044001379672
	0.016391737893447004
	−0.0021312813887900796



	1
	−1.1883828193729018
	0.012284347967711771
	−0.0017435155114261395
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Table 7. Third order approximate results for different values of α at t=0.25 of Example 2.






Table 7. Third order approximate results for different values of α at t=0.25 of Example 2.





	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0144264
	0.0135386
	0.0128423
	0.0128403
	2.02198 × 10−6



	0.2
	0.0577055
	0.0541544
	0.0513691
	0.051361
	8.0879 × 10−6



	0.3
	0.129837
	0.121848
	0.11558
	0.115562
	1.81978 × 10−5



	0.4
	0.230822
	0.216618
	0.205476
	0.205444
	3.23516 × 10−5



	0.5
	0.360659
	0.338465
	0.321057
	0.321006
	5.05494 × 10−5



	0.6
	0.519349
	0.48739
	0.462322
	0.462249
	7.27911 × 10−5



	0.7
	0.706892
	0.663392
	0.629272
	0.629172
	9.90768 × 10−5



	0.8
	0.923288
	0.866471
	0.821906
	0.821776
	1.29406 × 10−4



	0.9
	1.16854
	1.09663
	1.04022
	1.04006
	1.6378 × 10−4



	1
	1.44264
	1.35386
	1.28423
	1.28403
	2.02198 × 10−4
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Table 8. Third order approximate results for different values of α at t=0.50 of Example 2.
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	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0192502
	0.0177079
	0.0164786
	0.0164872
	8.57133 × 10−6



	0.2
	0.0770006
	0.0708317
	0.0659146
	0.0659489
	3.42853 × 10−5



	0.3
	0.173251
	0.159371
	0.148308
	0.148385
	7.7142 × 10−5



	0.4
	0.308003
	0.283327
	0.263658
	0.263795
	1.37141 × 10−4



	0.5
	0.481254
	0.442698
	0.411966
	0.41218
	2.14283 × 10−4



	0.6
	0.693006
	0.637485
	0.593231
	0.59354
	3.08568 × 10−4



	0.7
	0.943258
	0.867688
	0.807453
	0.807873
	4.19995 × 10−4



	0.8
	1.23201
	1.13331
	1.05463
	1.05518
	5.48565 × 10−4



	0.9
	1.55926
	1.43434
	1.33477
	1.33546
	6.94278 × 10−4



	1
	1.92502
	1.77079
	1.64786
	1.64872
	8.57133 × 10−4
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Table 9. Third order approximate results for different values of α at t=0.75 of Example 2.






Table 9. Third order approximate results for different values of α at t=0.75 of Example 2.





	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0253271
	0.0230167
	0.0211713
	0.02117
	1.32961×10−6



	0.2
	0.101308
	0.0920668
	0.0846853
	0.08468
	5.31845×10−6



	0.3
	0.227944
	0.20715
	0.190542
	0.19053
	1.1966×10−5



	0.4
	0.405234
	0.368267
	0.338741
	0.33872
	2.12738×10−5



	0.5
	0.633177
	0.575418
	0.529283
	0.52925
	3.32403×10−5



	0.6
	0.911775
	0.828601
	0.762168
	0.76212
	4.7866×10−5



	0.7
	1.24103
	1.12782
	1.0374
	1.03733
	6.5151×10−5



	0.8
	1.62093
	1.47307
	1.35497
	1.35488
	8.50952×10−5



	0.9
	2.05149
	1.86435
	1.71488
	1.71477
	1.07699×10−4



	1
	2.53271
	2.30167
	2.11713
	2.117
	1.32961×10−4
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Table 10. Third order approximate results for different values of α at t=1 of Example 2.
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	x
	α=0.80
	α=0.90
	α=1
	Exact
	Abs Error





	0.1
	0.0329299
	0.0297454
	0.0271826
	0.0271828
	2.42868×10−7



	0.2
	0.13172
	0.118982
	0.10873
	0.108731
	9.71472 × 10−7



	0.3
	0.29637
	0.267708
	0.244643
	0.244645
	2.18581 × 10−6



	0.4
	0.526879
	0.475926
	0.434921
	0.434925
	3.88589 × 10−6



	0.5
	0.823249
	0.743634
	0.679564
	0.67957
	6.0717 × 10−6



	0.6
	1.18548
	1.07083
	0.978573
	0.978581
	8.74324 × 10−6



	0.7
	1.61357
	1.45752
	1.33195
	1.33196
	1.19005 × 10−5



	0.8
	2.10752
	1.9037
	1.73968
	1.7397
	1.55435 × 10−5



	0.9
	2.66733
	2.40938
	2.20179
	2.20181
	1.96723 × 10−5



	1
	3.29299
	2.97454
	2.71826
	2.71828
	2.42868 × 10−5
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Table 11. Auxiliary Convergence-constants for dissimilar values of α of Example 3.






Table 11. Auxiliary Convergence-constants for dissimilar values of α of Example 3.





	α
	C1
	C2
	C3





	0.50
	−1.6908143324161584
	0.031495748179462206
	0.013627751680300606



	0.75
	−1.3507160438669397
	0.023917158998521395
	−0.0018086228260346293



	1
	−1.1883828193958865
	0.012284347914349618
	−0.0017435154438312696
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Table 12. Third order approximate results for different values of α at t=0.25 of Example 3.






Table 12. Third order approximate results for different values of α at t=0.25 of Example 3.





	x
	α=0.50
	α=0.75
	α=1
	Exact
	Abs Error





	0.1
	0.19222
	0.14963
	0.128423
	0.128403
	202,198 × 10−5



	0.2
	0.384439
	0.29926
	0.256846
	0.256805
	404,395 × 10−5



	0.3
	0.576659
	0.44889
	0.385268
	0.385208
	606,593 × 10−5



	0.4
	0.768879
	0.59852
	0.513691
	0.51361
	80,879 × 10−5



	0.5
	0.961099
	0.74815
	0.642114
	0.642013
	101,099 × 10−4



	0.6
	1.15332
	0.74815
	0.770537
	0.770415
	121,319 × 10−4



	0.7
	1.34554
	1.04741
	0.898959
	0.898818
	141,538 × 104



	0.8
	1.53776
	1.19704
	1.02738
	1.02722
	161,758 × 10−4



	0.9
	1.72998
	1.34667
	1.1558
	1.15562
	181,978 × 10−4



	1
	1.9222
	1.4963
	1.28423
	1.28403
	202,198 × 10−4
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Table 13. Third order approximate results for different values of α at t=0.50 of Example 3.
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	x
	α=0.50
	α=0.75
	α=1
	Exact
	Abs Error





	0.1
	0.277161
	0.201781
	0.164786
	0.164872
	8.57133 × 10−5



	0.2
	0.554322
	0.403562
	0.329573
	0.329744
	1.71427 × 10−4



	0.3
	0.831483
	0.605342
	0.494359
	0.494616
	2.5714 × 10−4



	0.4
	1.10864
	0.807123
	0.659146
	0.659489
	3.42853 × 10−4



	0.5
	1.38581
	1.0089
	0.823932
	0.824361
	4.28566 × 10−4



	0.6
	1.66297
	1.21068
	0.988718
	0.989233
	5.1428 × 10−4



	0.7
	1.94013
	1.41247
	1.1535
	1.1541
	5.99993 × 104



	0.8
	2.21729
	1.61425
	1.31829
	1.31898
	6.85706 × 10−4



	0.9
	2.49445
	1.81603
	1.48308
	1.48385
	7.7142 × 10−4



	1
	2.77161
	2.01781
	1.64786
	1.64872
	8.57133 × 10−4
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Table 14. Third order approximate results for different values of α at t=0.75 of Example 3.
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	x
	α=0.50
	α=0.75
	α=1
	Exact
	Abs Error





	0.1
	0.379223
	0.267163
	0.211713
	0.2117
	1.32961 × 10−5



	0.2
	0.758445
	0.534325
	0.423427
	0.4234
	2.65922 × 10−5



	0.3
	1.13767
	0.801488
	0.63514
	0.6351
	3.98884 × 10−5



	0.4
	1.51689
	1.06865
	0.846853
	0.8468
	5.31845 × 10−5



	0.5
	1.89611
	1.33581
	1.05857
	1.0585
	6.64806 × 10−5



	0.6
	2.27534
	1.60298
	1.27028
	1.2702
	7.97767 × 10−5



	0.7
	2.65456
	1.87014
	1.48199
	1.4819
	9.30728 × 10−5



	0.8
	3.03378
	2.1373
	1.69371
	1.6936
	1.06369 × 10−4



	0.9
	3.413
	2.40446
	1.90542
	1.9053
	1.19665 × 10−4



	1
	3.79223
	2.67163
	2.11713
	2.117
	1.32961 × 10−4
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Table 15. Third order approximate results for different values of α at t=1 of Example 3.






Table 15. Third order approximate results for different values of α at t=1 of Example 3.





	x
	α=0.50
	α=0.75
	α=1
	Exact
	Abs Error





	0.1
	0.497281
	0.348306
	0.271826
	0.271828
	2.42868 × 10−6



	0.2
	0.994561
	0.696611
	0.543652
	0.543656
	4.85736 × 10−6



	0.3
	1.49184
	1.04492
	0.815477
	0.815485
	7.28604 × 10−6



	0.4
	1.98912
	1.39322
	1.0873
	1.08731
	9.71472 × 10−6



	0.5
	2.4864
	1.74153
	1.35913
	1.35914
	1.21434 × 10−5



	0.6
	2.98368
	2.08983
	1.63095
	1.63097
	1.45721 × 10−5



	0.7
	3.48096
	2.43814
	1.90278
	1.9028
	1.70008 × 10−5



	0.8
	3.97824
	2.78645
	2.17461
	2.17463
	1.94294 × 10−5



	0.9
	4.47552
	3.13475
	2.44643
	2.44645
	2.18581 × 10−5



	1
	4.97281
	3.48306
	2.71826
	2.71828
	2.42868 × 10−5
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