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Abstract: Given a multivariate complex centered Gaussian vector Z = (Zy, ..., Z) with non-singular
covariance matrix X, we derive sufficient conditions on the nullity of the complex moments and we
give a closed-form expression for the non-null complex moments. We present conditions for the
factorisation of the complex moments. Computational consequences of these results are discussed.
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1. Introduction

The p-variate Complex Gaussian Distribution (CGD) is defined by [1] to be the image under the
complex affine transformation z — p + Az of a standard CGD. In the Cartesian representation this
class of distributions is a proper subset of the general 2p-variate Gaussian distribution and its elements
are also called rotational invariant Gaussian Distribution. Statistical properties and applications are
discussed in [2].

As it is in the real case, CGD'’s are characterised by a complex covariance matrix X~ = E (ZZ*),
which an Hermitian operator, 2* = X. In some cases, we assume X to be positive definite, z*Xz > 0 if
z # 0. This assumption is equivalent to the existence of a density. We assume zero mean everywhere
and we use the notation CN (Z).

When the complex field C is identified with R? it becomes a R-vector space, and the monomials
must be replaced by complex monomials. The object of this paper is the computation of the moments

of a CGD, i.e., the expected values of the complex monomials Hle z?j Z}n] under the distribution
CN, (2).

The computation of Gaussian moments is a classical subject that relies on a result usually called
Wick’s (or Isserlis’) theorem, see ([3], Ch. 1). The real and the complex cases are similar, but the
complex case has a peculiar combinatorics. Actually, from many perspectives, the complex case is
simpler, as observed in Section 2.3.

The paper is organised as follows. In Section 2 we offer a concise but complete overview of the
basic results concerning the CGD. In particular we give a proof of Wick’s theorem based on a version
of the Faa di Bruno formula. In Section 3 we present recurrence relations for the moments and apply
them to derive a new closed-form equation for the moments. Other results are sufficient conditions
for the nullity of a moment, which is a feature where the complex case is different from the real case.
The presentation is supported by a small running example. In Section 4 we present conditions on the
moment of interest and on the sparsity of the correlation matrix that ensure the factorisation of that
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moment into a product of lower degree moments. Both the results on the closed form of the moment
formula and the factorisation are expected to produce computational algorithm of interest. This issue
is discussed in the final Section 5. The standard version of the Wick’s theorem reduces the computation
of the moments to the computation of the permanent of a matrix for which optimised algorithms
have been designed. We have not performed this optimisation for the algorithms suggested by our
results so that a full comparison is not possible by now. Some technical combinatorial computations
are presented in the Appendix A.

2. The Multivariate Complex Gaussian Distribution and Its Moments

The identification C 3 z = x + iy <> (x,y) € R? turns C into a 2-dimensional real vector space
with inner product (zq,z3) = z1Z. The image of the Lebesgue measure dxdy is denoted dz.

If C is seen as a real vector space of dimension 2, then the space of linear operators has dimension 4.
It is easy to verify that a generic linear operator A has the form

Arz—az+pz, apcC. (1)

Notice that the linear operator z — az is just a special case. A generic R-multilinear operator is of

the form
(Zl,...,Zk) — Z DCLHZ,' H Z]’. 2)
Lc{l,..k} i€l je{l,..k}\L
A general complex monomial H] 1% ]j
identifying some of the variables e.g., z1z1zp = ttat3, with t; = tp = 29, t3 = zp and L = {1, 3}.

The set of p-variate complex monomials characterise probability distributions on CP.

is obtained from a suitable multilinear form by

2.1. Calculus on C

If f: C — Cis differentiable, the derivative at z in the direction / is expressed in the form in
Equation (1) as

df(2)[h] = D~ f(z2)h + D" f()h

and the derivative operators D~ and D™ are related with the Cartesian derivatives by the equations

D—zlla_ia

and DT =

1
2

9 d ]
— +i=— . (©)]
=1,k oxj 9y, j=1,mmk
The operators appearing in the equation above are sometimes called Wirtinger derivatives and
denoted by D~ = 9/0z and D™ = 9/9z. The Wirtinger derivatives act on complex monomials as
follows

D~ Z'z" = nz"" 17", D" = mz"z" !,

If f is k-times differentiable, the the k-th derivative at z in the direction Ay, .. ., I is
k « () d c(f)
— Cc
df@me-onl= Y [0V KT, @)
ce{—+}k /=1 j=1
where h]-_ = h]- and h;r = Ej.

We are going to use the following form of the Faa di Bruno formula, see [4].

Proposition 1. Let f: C — Cand g: R" — C. For each set of commuting derivative operators D, . .., Dy,

Dy---Dpfog(x)= Y. (d"f)og(x) @ Dpg(x) ®)

nell(k) Bern
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where T1(k) is the set of partitions of {1,...,k}, d*"" is defined in Equation (4) and Dg = [Tpcp Dp.

Proof. The proof easily follows by induction on k by using the fact that each partition of {1,...,k}
is derived by a partition of {1,...,(k—1)} by adding the singleton {k} as a new element of the
k-partition, and by adding k to each element of the (k — 1)-partition. [

Remark 1. The formula applies either when each derivation is a different partial derivation D; = a%,- or when
D; = Dj, for some i, j. In case of repeated derivations, some terms in the RHS appear more than once. If equal
factors are collected, combinatorial counts appear. In the following, first we use the basic formula, then we switch,
in the general case, to a different approach, based on the explicit use of recursion formulee instead of closed form
equations.

2.2. Complex Gaussian

The p-variate Complex Gaussian Distribution (CGD) is, when expressed in the real space R?7,
a special case of a 2p-variate Gaussian Distribution. The definition is given below.

The univariate CGD is the distribution of a complex random variable Z = X + iY were the
real and imaginary part form a couple of independent identically distributed centered Gaussian X

and Y. As x? + y? = zz, the density of Z is ¢(z) = ﬁ exp (—2}722) The complex variance is

v =E (ZZ) = 202 and we write Z ~ CN1 (7). Notice that the standard Complex Gaussian has v = 1
that is, 0> = 1/2. The complex moments of U ~ CNq (1) are

— o 27
E (U”Um) = %/{Cu”ﬁm exp (—ut) du = %/0 prmtle—p? dp/o eln=me gg |

hence 0 if n # m, otherwise
E(u"d") =€ (|u?) = 2/ 21160 go = pt | 6
( ) (| | ) 0 e P (6)

If Z ~CN7 (7)and a € C, then it is easy to prove that aZ ~ CN; (awy). The univariate complex
Gaussian is sometimes called “circularly symmetric” because el Z ~ Z. Moreover, Z ~ Z.

Consider d independent standard Complex Gaussian random variables, u,j=1,..., d and let
C= [cij] be a p x d complex matrix. As in the real case, the distribution of Z = CU, U = (U, ..., Uy),
is a multivariate Complex Gaussian Z ~ CNp (X), with covariance matrix ¥ = CC*. In the special
case of a non singular covariance matrix %, the density exists and is obtained by performing the change
of variable V = £71/2Z ~ CN, (I), to get

. _ 1 _xy—1
go(z,Z)—mexp( z*% z) , (7)

see [2].
Our aim is to discuss various methods to compute the value of a given complex moment of a
normal random vector Z ~ CAp, (¥) namely,

v(ny,...,np;my,...,my) =E (Z;lln.ZZ”Z;"l ...Z;np> ,

where 1y, ..., m, are non-negative integers. In the case of independent standard CG’s, i.e., identity
covariance matrix, we have
nq Np73mM1 T7Mp _ n177M Np33Mp
E(up--upa - Uyr) =B (uihy) B (uT,”)

which is zero unless mj = n; forallj =1,..., p. In the general case, each component Zj is a C-linear
combination of independent standard U]-'s, so that each moment is the result of C-multilinear and
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C-anti-multilinear computations. The result will be a sum of products hence, one should expect
numerically hard computations.

Various approaches are available and their respective merits depend largely on the setting of the
problem: number of variables, total degree of the complex monomial, sparsity of the covariance matrix.
All this issues will be discussed in the following.

2.3. Wick’s Theorem

Let us first consider the case where all the exponents in the complex monomial are 1. The general
case is a special case of that one, where some of the variables are equal. The unity case is solved
by the classical Wick’s theorem (or Isserlis” theorem). In real case, for example in ([3], [Th. 1.28]),

if (Xl,. ey Xq) is a centered (real) Gaussian vector with covariance matrix £ = [(Tij]? =17 then, if g
is even
E(XpX)= ), JI EXXp)= ) I o
neP(q) {ijren neP(q) {ij}en

where P(gq) is the set of all partitions of {1,...,q} into subsets of two elements. If g is odd,
thenE (X;---X,) =0.

The moment can be zero even in special cases depending on the sparsity of the covariance matrix.
For example,

E(X1X2X3X4) = E(X1X2) E(X3X4) + E(X1X3) E(X2X4) + E(X1Xy) E(X2X3) ,

and, if E(X7, X5) = E(Xp, Xy) = E(X1,Xy) = 0, then E(X1X,X3X4) = 0, even if the variables are
not independent.

A similar equation applies to the complex case, see e.g., ([5], [Lemma 4.5]). For sake of
completeness, we give here a proof based on the Faa di Bruno formula.

Let us recall that the permanent of the g X g complex matrix A = [a,'/j]?’ =1 is

q
per(A)=Y, Tlaix.
meS(q) i=1

where S(g) is the symmetric group of permutations on {1, ..., q}. The properties of the permanent are
discussed in [6].

Theorem 1 (Wick’s theorem). Given a 2g-variate complex Gaussian (Z1, . . ., Zy T, Tq), then

E(Zy-- ZgTy---Ty) =per (L), T=[E(ZT))]_. ®)

In particular,
E(leqzlzq) :per(Z) , XM= [E (ZZZ]>]Z]:1 . (9)
Proof. Let us consider first the case where Z = Z; = --- = Z;and T = Ty = - - - = Tj. There are two

standard independent Uy, U, ~ CN1 (1) such that Z ~ c11U; + c1oUp and T ~ co1Uq + cpUp. From
straightforward algebra, the independence of Uj, U, and Equation (6), we get

E(29T") = qiE (2T)" .

Second, we apply a typical Gaussian argument. For each real A = (Ay,...,A;) and pu =
(#1,- -, 1q), we define the jointly complex Gaussian random variables Z = AZ; + - - - + A;Z; and
T=mTN+ - +u+qgl;toget
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E((MZ1+ -+ AgZg) (ua Ty + - - + g Ty)7) =

QE((ZT) =g (N2p)?, ==[E@ZT))]_, -

The LHS v(A; i) is an homogeneous polynomial in A and y namely,

b
- T A”l...A”ﬂybl...y‘f
) = (g1 L E(zeezpTremy) AR
b1+"'+bq=q

We have proved that for exponents such thata; +--- +a; = by + - - - + b; = g it holds

bq) 0%

ag =b =
q!E(Zf1-~~Zq" Ty = (M)

b
AT - .a/\f]ﬂ CTAR: T

Finally, we can use the Faa di Bruno formula to compute the derivative in the RHS. Assume all
exponentsareequal 1,1 =4y =--- = bq. The k-derivative of the power z +— z7 is g!z7 ~k/k!, so that,
if we write A; = a1 and p; = aj4

9% q

|
tZ q — q:
oAy oAy opr oy ) nenz( )#”(llemwal] Bgﬂ"“ 1]21MJ+‘70”
The factor HBEH%(E?jzl ;0 q05j) is zero unless the partition is of the form 7 =

{B={i,j}|1<i<qq+1<j<2}. Insuch a case, the factor is equal to [];—; 0; z(;) for some
permutation 77 € 5(q). Cancellation of 4! concludes the proof. [

Remark 2. We note that the same argument shows that unequal lengths of the real and complex part give zero.
In case of repeated components, i.e., non-unit exponent, the condition for nullity is the fact the sum of the two
blocks of exponent are different.

Remark 3. We observe that the complex case can be considered, in some perspective, more simpler than the real
one. In fact, for example, when summing over Wick pairings, the former case considers only pairings matching
Z; to T; variables; while the real case considers all pairings (and thus the sums involved are more complicated).

3. Computation of the Moments via Recurrence Relations

In the previous section we have offered a compact review of Wick’s theorem which is a tool for
the computation of the moments of the CGD.

The case were there exponents in the complex moment are not all equal 1 is reduced to the case of
the theorem by considering repeated components. However, repeated components lead to identities
between terms in the expansion of the permanent, which is always an homogeneous polynomial in
the covariances. In this section we derive expressions of the permanent where all the monomials
appear once, presented as a system of recurrence relations among the moments of a Z ~ CNp, (Z).
In conclusion, we present an explicit formula for the moments, which is an homogeneous polynomial
in the elements of X in standard form.

Let us first introduce some definitions.

Definition 1. Let & = (ny,...,1p; my,...,mp) € ZZZPO be a multi-index, let Z ~ C./\/p (%), and let
v(w) =E(Z]" -2,/ Z" - -Z;"”) be the a-moment of Z.
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1. Thesets N ={h=1,...,pjn, #0}and M = {k =1,..., p|my # 0} are the supporting sets of the
multi-index «.

2. Each element of the matrix ¥ is an elementary moment, oy = v(Bux), with Bpx = ey + ep i,
hk=1,...,pand {ej}-1,.2p the canonical basis of R?P.

3. Givenh € Nand k € M, a; is the multi-index (ny,...,n, — 1,..,npmy,. .., mg — 1,...,mp):
Kpp = & — Bk

We derive the recurrence relations among the moments, explicitly computing the integrals by part.
Our proof of Proposition 2 requires the following lemma. Recall that D~ and D™ are the Wirtinger
derivatives, as in Equation (3).

Lemma 1. Let us assume that the covariance matrix X is not degenerate and let ¢ be the associated density
of Equation (7). For each bounded function f: C — C with Wirtinger derivatives bounded by a polynomial,
the following relations hold:

1. [D%f(z) ¢(z) dz = — [ f(z) D" ¢(z) dz, and analogously for D~.
2. zZo(zX) = -XD ¢(zX) and zp(z; L) = —LD T ¢(z; ).

Proof of 1. We prove the thesis component-wise, dropping the index j.

[ D@0 dz= [ 3 (5r o) + i f ) ) o,y dudy =
- /f(x,y)% <aax +i;y) o(x,y) dxdy = —/f(z)D+<p(z) dz .

O

Proof of 2. Let g(z) = z* Z7! z so that ¢(z;Z) = —rd5 exp (—g). We prove that z = D~ g and
z = £D™g¢, and so the thesis follows trivially. We have %z = ¢, and a%z = ie, with {eq, ... ,ep} the
canonical basis of R?. As the directional derivative of g in the direction r is d,g(z) = r*S 71z + z*Z 17,
then

9 o(2) = (ie)" =1z + 25 iey) ,

ig(z) =Lz +2*2 7l and —
Yk

axk

and we have foreach k =1,..., p that

Dlg(z) = (ek*Zflz +Z*Z*1ek> + % ((iek)*Zflz —l—z*Z*l(iek)) =

N =

1
5 (ektZ_lz + 2 e 4 fr Tz — z*Z_lek) =gl 1z,

hence DT g(z) = XX 1z=z O
3.1. Recurrence Relations

We prove in the following proposition recurrence relations in which a moment is expressed as a
linear combination of moments with total degree reduced by 2. The proof is based on Lemma 1, hence
it assumes that the covariance matrix is non-degenerate.

Proposition 2 (Recurrence relations for the moments). Given the multi-index « with supporting sets N
and M, there are #N + #M < 2p recurrence relations for the moment v(«)

v(ie) =Y mpoyv(ag), heN, and  v(a) =) nyopviag,) ke M. (10)
keM heN
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As a consequence, the moment is zero unless ZZ:l ny, = Z]le M.

Proof. Let f(z,a) = H;;l z;lj E;ﬂf be the complex monomial with exponent «, and let 1 € N. We denote
by {ey,..., ezp}, the canonical basis of R?”.

via) = /CP flz,a)(z;X)dz
= /(Cp flz,a —ep)zpp(z; 2)dz

7 e fz, 0 —e)eyED" (2, %) dz by Lemma 1.2
P
P
=— Z‘Thk/ f(z,a — ;) Dy (2, 2)dz
=1 T

=) ow / D/ f(z,a —ep)(zX)dz by Lemma 1.1
keM cr

= ¥ o [ flza— e - epe)g(zE)dz
keM cr

=Y oumev(ay)
keM

By considering zj instead of z, we can prove that v(a) = YN i O V() for each k € M.

Notice that such the proof holds without requiring any conditions on ZZ:l ny and Zzzl my.
The stated sufficient condition for the nullity of the moment, Y ,cn 1y # Yrem My, is derived by
considering a linear combination of the recurrence relations. In fact,

<Z nyv(a) = ) mW(“)) =) m (Z My O V(“hk)> - ) my <Z ny Ok V(Déhk))

heN keM heN keM keM heN
implies v(a) (Xnen nn — Lkem k) = 0 hence, v(a) = 0if Ypen 11y # Lkem e O

Remark 4. If 2521 ny, = Z,’(’:l my = q, the recurrence relations in Proposition 2 coincide with the recurrence
formula for computing the permanent of a q x q matrix I, derived from X splitting the h-th row in ny, copies and
the k-th column in my, copies.

The recursive formula for the permanent of a q x q matrix I, developed with respect to the r-th row is,
see [6]:

9
per(T) = ) v,per(T,;)
=1
where L, is obtained from I deleting the r-th row and the j-th column. Suppose that the first ny rows and
the first my columns of I are obtained repeating ny times the first row of ¥ and my times the first colum of 2,
respectively. If 1 <r <mnqand1 <j < my, then Yrj = 011, and so

ny my

Z Vrj per(l"l_j) =011 Zper(l"l_j) = myoq; per(T'y;)

j=1 j=1

since the matrices Iy are all the same between them for 1 < j < my. The matrix I'|; is associated
to the multi-index ay; = (ny —1,ny,...,np,my —1,my,...,mp). Then per(T;) = v(ag;) and so

271:11 71 per(l"fj) = myoqv(ayy ). The thesis follows by considering the sums associated to successive blocks of
repeated colummns.
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The nullity of a moment depends also on the sparsity of the covariance matrix. For example,
here is a simple sufficient condition.

Corollary 1. If there exists h € N such that oy, = 0 for all k € M or if there exists k € M such that oy, =0
forallh € N then v(a) = 0.

Proof. In such cases the recurrence relations in Proposition 2 consist of null addends. O

3.2. Closed Form

The recurrence relations in Proposition 2 allow us to compute a complex moment as a linear
function of lower degree moments. Hence, each complex moment is a polynomial of the elementary
moments oy, h € N, k € M. For example, in the simple case where « is proportional to a multi-index
of an elementary moment, & = 1 By, n € Z>o, fpx = ep +epik, h € N, k € M, then each recurrence
relation contains one term only, so that

v(n Bux) = ntv(Bur)" = nl oy .

In general, the value of v(«), with a such that } < n 11, = Yxem M, can be obtained considering
that « is generated by the vectors with integer coefficients:

n = Z Ay Pox  with  ap € Z>g .
heN, keM

The coefficient vector a = [a],en is not uniquely determined. For instance, if « = (2,2,1,3) then
keM

(2,2,1,3) = (1,0,1,0) + (1,0,0,1) 4+2(0,1,0,1) = 2(1,0,0,1) + (0,1,1,0) + (0,1,0,1) .

Considering all the possible integer coefficient vectors a that produce the same «, leads to define

2
the subset I(a) C Z’;O associated to each a-moments.

2
Definition 2. Let p € Nand let a« = (ny,...,1np; my,...,my) be a multi-index. The set I(x) C Z;O

2
contains all integer vectors a = (ary,...,a1p, G21,---,82p, -, Ap1,---,App) € Z’;O such that l;j(a,a) <
a; < Lij(zx, a),i,j=1,...,p, where the bounds are defined by

i p
Lilwa) =0V [ Y nmy— Y my— Y ape |,
h=1 h=j+1 h<i, k<j
(hk)#(i.f)

-1 i—1
Lz-j(zx,a) = <1’li — Z a,'k> A\ (m] — Z Llhj> .
k=1 h=1

Some elements of a € I(a) are uniquely determined, as shown in the following Proposition.
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Proposition 3. Let « = (nq,..., np,mi,..., mp) be a multi-index.

1. The free elements of the vector a are (p — 1)2. In fact, foreach h = 1,...,p — 1, the elements App, Apy and
app are:

p—1 p—1 p—1 p—1
Gy =1y — ) @y e =M= ) @ App=1p— ) mi+ ) a.
=1 i=1 =1 i=1

2. If there exists an index r such that n, = 0, then a,, = 0, for k = 1. .. p. Analogously, if there exists an
index s such that ms = 0, then aps =0, forh =1...p.

For simplicity « and a are omitted. This proof is based on Proposition Al in Appendix A that
states 0 < 11] < Lij'

Proof of 1. We show, by induction, the thesis for Aip-

—1 -1 -1
Base step: ny — Z/’Z:l ayg =lhyp < Ly =my Anp — 2,’{7:1 aix and so a1y = ny — Z,le arg-
Induction step: assume ay,, = ny, — Z,’(:ll ay for h < i, thatis n, = Zlf:l ayi. We obtain

i i—1 4 p—1 p—1

lp=Y m— ) ﬂthZ(”hZahk>+niZﬂik=”iZﬂik

7= h=1...5k=1..p 7= k=1 k=1 k=1
(hk)#(i,p)

and so, since I;, < L;, = (n; — Z,’f;ll a) A (my — Zﬁ;i app), we conclude that a;, = n; — Z,’j;ll ajk.
The proof for a,; is analogous. Finally, from 4;, and a,;, we obtain, by direct computation, a,,. [

Proof of 2. We have

p—1 p—1
0< Ly <n— Eﬂrk:— Zﬂrk
k=1 k=1

andso, 4, =0,k=1,...,(p —1). Since a,, = n, — Z,i:ll ay, we have a,;p = 0.
Analogously for aj;. [

Example 1. If p = 3 we have

() = { a = (a1, 012,821, 822) € Zio | OV (ng —my —m3) < agy < ny Amy,
0V (ny —mz—an) <app < (nm —an) Amy,
0V (n +ny—my—mz—an) < ay <nyA(m —apn),
0V (ny+mny—mg—ay —ap —ax) <axn < (ny—ax) A(my—ap)} .

The following theorem gives an explicit expression of the x-moment of CN, (X). The proof is
based on several propositions given in the Appendix A.

Theorem 2. Let a be a multi-index with N and M supporting sets. Assume that Y eyt = Yrem Mg
Then the a-moment of CN'p (X) is

v(a) = [ ] nptmy! 11 5 (11)
h=1 acl(a) hk=1 %hk:

by setting o, = 1 also when oy = 0. The set 1(«) is as in Definition 2.
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Proof. We denote by P(a) the product

[ o
P(a) = - (12)
k=1 k!

First, we show that szl np!mpt L ae1(a) P(a) is the elementary moment 0y, when & = Bj. Let
a = By Since n; = m; = 0 for each i # h and j # k, Item 2 of Proposition 3 implies that a;, = a,; = 0,
fori # h,j # kand r < p, that is gy is the unique element of the vector a different from zero.
Furthermore ay;, = 1 since [ = 1 and Lj; = 1 and the thesis follows.

Now, we show that ]—[Zzl nplmp! Ype(a) Pa) satisfies the recurrence relations for a general a.
Let us consider 2,7?:1 myov (e, ), with ay, = o — e, — eprk- Let a,jk be the vector a containing the
value ay; + 1 instead of ay: a,fk = a+ e(_1)p+k- From Equation (12), for a € I(a; ), we have

o P(a) = o ﬁ o = (a +1)QL+1 ]ﬁ[ o _ = (g +1) P(af).  (13)
hk ahk! L s hk ( .+ 1) L ! hk hk
(r,8)# (k) (r,8)#£ (k)

Let 6(a) = [10_, ny!m,! Yaci(a) P(a). From Equations (12) and (13) it follows

Z Mo (6, ) = Hnr'mr' Z mkahk Z P(a Hnr'mr' Z Z (ape +1) P(a)

k=1 h ael () k=1qaeI(a;;)

In Proposition A3 we have shown that ./, )(ahk +1) P(aj}) = Yaci(a) nk P(a). Then

p
2 mopd(ay,) = Hnr'mr' Z 2 ap P(a Hnr'm ! Z MP(CI) ,

k=1 k=1 a€l(a) acl(a) h

and so, since Proposition 3 shows Zle aye = Ny, we obtain ZZ:1 myoyd(ay;) = 6(a). The thesis
follows because the function §(«) satisfies the recurrence relations and coincides with the elementary
moments, so that 6(a) = v(a).

Analogously if we consider ZZ:l npopev(ag,). O

Remark 5. For each elementary moment oy = 0, if ay # 0, the corresponding addend of the sum on I(x) is
null. Then, in the sum on I(«) are present only the addends such that aj = 0, since we assume 09 =1.

Remark 6. It should be noted that Equation (11) of Theorem 2 contains the multinomial coefficients

p P
n m
| | ( L ) and | | ( h >
=1 anpt - - - ahp =1 ay..- aph

that are related to the cardinality of the special permutations of equal terms in the permanent. This remark
prompts for a purely combinatorial proof of the equation for the moments. However, it should be noted that
the specific value of w induces on each ayy the constrains provided by the limits Iy, and Ly that are stated in
Definition 2 and Proposition 3. We do not follow here this line of investigation. We thank an anonymous referee
for suggesting this remark.

Example 2. Let us consider the case with p = 2 and p = 3.

o Ifp=2andny + ny = my + my, then v(a) = nylny!mymy! Yacl(a) P(a), where
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I(DC) = {1111 S ZEO | ov (1’11 — m2> < a;p < A ml} and
p(a) _ ﬁ 0.{721 —an 0.27”11—&11 ngzfmlﬂln

ap1! (mp —an)! (my —an)! (ng—mg+an)!

o Ifp=3andny+ny+n3=my+my+ms, thenv(a) = nylnalnglmymylms! Yo () Pa), where I(a)
is shown in Example 1 and

2 2
a1 a1 a an) "1*2;,:1 a1p 712*211:1 azp
Pa) = Y %2 %1 9% Y13 923
an! a! an! an! (g — Y5 _ ayp)! (na— Yol aop)!
2
oM -2 a;m Umz—Zizl ap o3 M e Bk
31 32 33

(my — Yhyam)! (ma—Yh_q ap)! (ng —my —my+ Y5 g ape)!
Example 3 (Running example). Let Z ~ CN'5 (£), with X such that
013 = 014 = 04 = 025 = 035 = 045 = 0.

Leta = (1,2,0,2,1;1,1,1,1,2), where 22:1 ny = 2221 my = 6, so that the condition of Theorem 2 is
satisfied. Here N = {1,2,4,5} and M = {1,2,3,4,5}.

Since nz = 0, from Proposition 3 it follows that az, = 0,k =1, ...,5. Denoting by R;(j) = E;;ll a; and
by C;(i) = yil apj, with R;(1) = 0and C;(1) = 0, the set I(«) is defined by:

0<a;; <1 0<ay <1-Ci(2)

0<apn<1-Ri(2) | 0<an < (2—Ra(2)A(1—Ca(2))

0§ﬂ13§1*R1(3) 0<ay; < (2*R2(3))/\(17C3(2))

0<ay<1—Ri(4) | 0V(1=Ri(4) = Ro(4) — Ca(2)) < ans < (2— Ra(4)) A (1= Ca(2))
a1 = 1- Rl (5) ays = 2— R2(5)

0<agy <1-C1(4)

0V (1—=Rq(2) = Ra(2) = Ra(2) = C2(4)) < aap < (2— Ry(2)) A (1= C2(4))
0V (2—Ry(3) = Ra(3) — R4(3) = C3(4)) < ag3 < (2—R4(3)) A (1= C5(4))
0V (3—Rq(4) — Rao(4) — Ry4(4) — C4(4)) < ass < (2—Ry(4)) A (1 - Cu(4))
a45 =2 — Ry(5)

4
a51 =1—C1(5) asp =1—Cy(5) as3 =1—C3(5) as4 =1 —C4(5) ass = Y_ Cx(5) -3
k=1

The moment is:

a;1 A1y M3 (14 1-Rq(5) A1 Ay A3 Ml 2—Ry(5) Ay Ay
v(a) =8 911 %12 913 %14 Y15 U1 923" 93 91 95 T4 %4
wer Mt At a!t ! (1=Ri(5))! an! an! axn! an! (2= Ra(5))!  an! am!
4
a43 a4 2*R4(5) 1*C] (5) 1—C2(5) 1—C3(5) 17C4 (5) Zk:l Ck(S)—3
43 Y44 Y45 I51 Ts5p I53 T54 55

ag! agy! (2-Ry(5))! (1-C1(5)! (1—C2(5)! (1—C3(5))! (1—Ca(5))! (Tf_, Cr(5) —3)!

where the null elementary moments are highlighted.
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As specified in Remark 5, we set ay, = 0 when oy = 0. In this example we obtain a5 = ax| = ax =
a3 = a4 = ass = 1 and the other ap, = 0 and so the moment v() is

v(a) = 8 015 091 02 043 044 055 .
4. Factorisation

In this section we present a factorisation of the complex moments which depends on the null
elements of £ and on the supporting sets N and M of the given moment. The argument we use is not
based on independence assumptions. Such a factorisation is possible when there exists a non trivial
partition of the supporting sets induced by the non null elements of covariance matrix X.

Definition 3. Let N and M be the supporting sets of a multi-index . The graph induced by w is the bipartite
graph G = (N, M, E), where the edges are defined by € = {(h,k) € N x M| oy # 0}. Let {Cs}gz1 be the
connected components of G, Cs = (Ns, Ms, Es). The connected components of G define a partitions of N and M,
that we call the partition induced by X.

Notice that the partitions of M and N are uniquely defined and they can be the trivial partition.

Theorem 3. Let {Nr}gz1 and {Mr}rQ:l be the partition induced by X. Let w, be the multi-index « restricted to
Ny UM, &y = (ny, my)pen,um,- The moment v(w) is given by

v(@) = v(m)v(a) - -vag)

Proof. We use the notations of Theorem 2. Let A, = N; x M,. There are no edges in G outside
each connected component, oy = 0 if (k) ¢ U,A,. According to the argument in Remark 5,
each ay, € I(w) is zero unless (h, k) € U, A,. By cancelling trivial factors, we have

p Ak Apk

Y% -y (17 %

|
ael(a) k=1 k> 0cT(a) \r=1 (hk)ea, Tk

It follows that

Ank Ank s

ﬁ%: YoOTT T T T p(a) = {a€ I(a)| ag =0, (k) € UA},

| |
a€l(w) k=1 Mhk* gelr(a) (hk)ea; T (mijean Tk
so that
: i i
v =TT ( TTm! IT me T T
r=1 \heN,  keM, a(hk)EAT  ap(hk)€Ag (Wk)eA, “Ik*  (nk)eaq “hk:
: i
=TT | IT ! TT m M2
r=1 \heN,  keM,  ay,(Lk)EA, (hk)eA, "Ik’
= v(ar)v(ag) - v(ag) .
O

The factorisation of the previous theorem reduces the computational complexity for computing
v(a), since each factor is a moment of lower order. The computation of the connected components of a
graph requires linear time, in terms of the numbers of its nodes and its edges, see [7].

In presence of a non-trivial induced partition of the supporting sets, the following corollary shows
necessary conditions for the nullity of the moment v(«).
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Corollary 2. Under the hypothesis of Theorem 3, the moment v(a) is null if there exists r € {1,...,Q}

such that
Yo o £ Y, my.

heN, UM, keN,UM,

Proof. If there exists 7 € {1,...,Q} such that ;e n.um, 71 # Lken,um, Mk, then v(a;) is null and the
thesis follows. [

Remark 7. If there exists an h € N such that oy, = 0 for each k € M or if there exists an k € M such that
ok = 0 for each h € N, then Corollary 1 shows that v(x) = 0. This is a degenerate case, where the bipartite
graph G has a connected component (D, M,) or (N, D), for some r. It follows that, for example, if there exists a
connected component (D, My), then Y e n,um, Mk 7 0 and Yyen,um, i = 0 since h € M, does not belong to
N. In such a case, we have v(a) = 0.

Example 4 (Running example—continued). As in Example 3, let Z ~ CN'5 (X) with ¥ such that o3 =
014 = 024 = 025 = 035 = 045 = 0.

Let N = {1,2,3,4,5} and M = {1,4,5}. Then there exist the non trivial induced partition of N and
M, given by Ny = {1,2,5} and My = {1,5}, N, = {3,4} and My = {4}. In such a case the matrix
[OnklneN, kem is

o1 0 o5 o1 o015 0
0 0 0 0
0] 0(2)1 - 0 ( by row/column ) 321 - 0
hklheN, keM = 34 = . = 51 055
’ tat
0 oy 0 permutations 0 0 os
051 0 055 0 0 T44

The permuted matrix highlights the induced partitions. The conditions of Corollary 2 for the nullity of
v(a) are
ny + np + ns # my + ms or N3+ ng # my .

We compute the moments with two different .

1. Leta=(2,2,2,2,2,2,0,0,2,6). Insuchacasev(a) = 0even if Y pennp = Ygem Mx = 10. In fact
n3 + 1y # my.

2. Leta=(2,1,1,1,1; 2,0,0,2,2). From Theorem 3 the moment v(«) factorises in v(aq) v(ay), where
wy = (ny,ng, ns; my,mp,ms) = (2,1,1; 2,0,2) and ay = (n3, ny; mz,my) = (1,1; 0,2).

We compute, separately, v(n1) and v(ay) applying the restrictions on I1(a1) and I(ay) specified in
Proposition 3 and in Remark 5, and the formulee for p = 3 and p = 2 of Example 2:

2
v(al) =4 015021051 + 8 011091055 and 1/(0(2) = 2034044 .

5. Discussion

This piece of research about the moments of the CGD was originally motivated by the desire to
evaluate the approximation error of a cubature formula with nodes on a suitable subset of the complex
roots of the unity, first introduced in [8].

In this paper, we discussed particular cases of the Wick’s theorem for the CGD. When the exponent
« of the complex moment is not 0-1 valued, the permanent has repeated terms in the sum. By collecting
them, one obtains the form of Theorem 2, which is an homogeneous polynomial in the covariances.
By the way of this expression, cases of factorisation of the moments have been derived in Theorem 3.
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The relevance of Theorem 2 is mainly theoretical. On one side, it allows for the analysis of the
moment’s behaviour as function of the elementary moments 0;;. On the other side, our the proof of the
factorisation depends on it. The factorisation, if any, reduces the computational complexity of v(«).

Let us discuss briefly the complexity of the computation of moments that do not factorise. We can
compare the method presented in this paper, based on Equation (11), with the method based on the
permanent, see Equation (9). For simplicity, we consider Z ~ CAp, (¥), with X without null elements,
and all the exponents of the moment equal to 1, i.e., &« = (n,...,1n; n,...,n).

The computation of the moment as the permanent of a np x np matrix requires (np)! products
using a raw algorithm and it requires (np)2"P~! products using the Ryser algorithm, see [6].

The optimisation of the algorithm for Equation (11) is outside the scope of this paper. The raw
implementation of such a formula requires first to compute, only once, j!, for j = 1,...,p. Then,
for each a € I(a), the computation of P(a) which requires 2np products, since thk:l apx = np.
A conservative upper bound of #I(«) is obtained by assuming that each a;; € [0, n]. It follows that
#I(w) < n(P=1? and so the the complexity of Equation (11) is less than 2pn1+(7"’1>2. Actually, the #I(«)
is much smaller in most cases. For instance, if p = 5, n = 6 then the effective #I(a) = 1.6 x 108, while
n(P=1” = 2.8 x 1012,

Notice that the complexity of our formula, 2pn’* (¥ ~17 is much smaller than the complexity of the
raw version of the permanent, (np)!. Furthermore, comparing the complexity of the Ryser algorithm
to the upper bound of our algorithm, we find, by direct computation, that np2"?~1 > 2npn(? 12
when p is small and # is large. For example our algorithm is less expensive for p = 5and n > 12.
We expect that the Ryser optimisation techniques applied to Equation (11) will lead to a further
reduction in complexity.
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Appendix A. Properties of the bounds /;; and L;;

The following proposition states that the definition of I(«) in Definition 2 is consistent.

Proposition Al. Let a, a, lij(a,a) and Ljj(x,a) be as in Definition 2. If the entries ay of the vector a,
h<i, k<j, (hk)#(ij), satisfy the bounds Iy (a,a) < ap < Lyy(a,a), then 0 < lij(a,a) < Ll‘]‘(lx,ll),

Proof. For simplicity # and a are omitted. Obviously, for each i, j, we have lij > 0 and so ajj > 0.
If (i,j) = (1,1), 11 = 0V (n; — Z]’(J:z my) and L1; = nj A my. The thesis follows straightforward.
The case with (ij) # (1,1) is proved by induction.

e Base steps. We prove that I;; < Ly, by induction on j. The inequalities hold for (i,j) = (1,1).
Weassume Iy 1 <ayj 1 <Lyj .
i—2 . i—1
We have allj',ll < Lyjq < om— Zizl ay,, that is ny — Z;{Zl a'1k1 > 0 and so
Lyj = (n1 — Z{(:l ajg) Am; > 0. We show that Ly; > ny — Z,f:jﬂ my — Z{(:l ay and so, since
i—1 . i—1
Ly; > 0, we conclude Ly; > Iy;. If Lyj = ny — Zi:l ayx, obviously, Ly; > ny — ZI’::]'H my — E{(Zl aqg-
The case L; = m; also implies /;; < Ly;. In fact, from the inductive hypothesis, we have
i—2 . i—1
ayj-1 = ll,j—l >n — Z]f:]. my — Z{(Zl a1k, thatis m; > ny — Z,f:jﬂ my — E;(:1 a1x. Analogously,
the relation between /;; and L; ; can be shown.
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e Induction step. We show that [;; < L;;, by assuming that Iy < ap < Ly for h < i,k < p, so that
li—l,j < ai—1,j < Li—l,jr and for h < v, k < j, so that li,j—l < ajj—1 < Li,]'—l- It follows that Lij >0
since the inequalities

i-2 j=2 i-1 j-1
ai—1,j < mj— Z Apj and ajj—1 <n;— Z ajg 1mp1y mj— Z Apj > 0and n; — Z aix > 0.
=1 k=1 =1 k=1

Furthermore, from ;; 1 <a;; 1 and froml;_;; <a; 1 it follows

i—1

i P
Yomp =Y me— ). ay <0 and ) ny— ka— Y aw <0
=1 k=j ki?..lfjil h=1 k=j+1 hki'i'i;l

and so, by adding m; — Z;;ll apj and n; — Z{(;ll a; to both sides of the first and of second relation,
respectively,

Zah]>2nh—2mk— Y awm

=1 k=j+1 h=1...i;k=1...j
(hJ)#(i,])
Zazh>2nh_ ka— Y am
-1 k=j+1 h=1..ik=1...j
(hJ)#(i,f)

We conclude that L;; > [;;. Infact L;; > 0 and

j—1 i—1
Li,j = <1/ll‘ — Z Llik) A (m] ﬂm) Z ny — Z my — Z Apg -
k=1 h=1 =1 h=j+1 h=<i; k<j—1
(k) # (i)
O

Proposition A1 also holds when some values 7, and m; are equal to zero.

2
Proposition A2. Let & = (ny,my,...,np,mpy) € Z2>p0 and let a = (111,1,---,a1,p,---/11p,p) € Z’;O be a
vector belonging to I(a). If a;j coincides with a bound, then some ayy are uniquely determined.

1. Leta; = Lijj(a,a) = mj — Y ah] Thenagy=0forq=i+1,...,p.
2. Leta; = Lij(a,a) = n; — Zk:l ik- Thenay =0fort =j+1,...,p.

3. Let ajj = lz] (DC, a) = 2221 ny — 25:]#1 my — Z<Z%’;(§]) Apg.
/ L,]

Then aj = my —Z};llﬂht,aqj =n, —Z{(;llaqkandaqt =0forq=i+1,...,pt=j+1,...,p.
Proof. For simplicity « and a4 are omitted.
1. Letaj = Ljj =m; Zh 1apj- Then m; Zh 1 apj- We show, by induction, that a;; = 0 for g > i.
e Basestep:q=i+1 WehaveO <a;,1); < Ljq); < mj— 22:1 apj = 0.
e Induction step: letay; = 0forh = (i+1),...(4 —1). Then 0 < a,; < Ly < m; Zh 1ah]
m] — Zit:l ah]- =0.

2. Analogously to previous Item.
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3. Since a;; = Zh 1= Z]f:jﬂ my — Y n<ik<j Ank then Y1 My — Zk i1 Mk = Y n<i; apk and so,
- (k) #(i.f) k<j
for each t > j it holds

t t

zt—znh_zmk_z 2 “hk—znh_zmk+2mk_2 Z Apk

k=t+1 k=1 -1 k=j+1 k=j+1 k=1

(hk)#( t) (hk)#(lf)
t i j i t t i—1 t t—1

=) m ZZ Z Z Q= ), M=), Y, A= ), i

ki1 =1 k=1 s R k=71 =1 k=1 k=741

(R £ )
t i—1 t—1
= Y (me— ) am)— Y, agx (A1)
k=j+1 =1 ki1

We show by induction that a;; = m; — Z;,;l] ay for each t > j.

e  Basestep: t = j+ 1. By Equation (Al) with t = j + 1 we have

i-1 i—1
Lijs1 = Mg — Y apjpr < Lijpn <mjq — Y apjga
h=1 h=1

thatis/;j,1 = L; 1, and so the thesis follows since [; ;1 < a;;11 < L;j41.

e Induction step: let a; = my — Z;;l] ay for j +1 < k < t. By Equation (A1)

t—1
lip =my — EﬂhtJr Z mk—zﬂhk Z aik

k= ]+1 k=j+1
=m; — Zaht+ Zazk_ Zalk_mt Zuht>th>lzt
k=j+1 k=j+1 h=1

and so l;; = L;;, and the thesis follows since [;; < a;; < Lj;.
Analogously, we can show 4,; = ng — Ei;ll agy for q > i.

Furthermore, since a,; = L;j = ng — E{;ll age forg =i+1,...,p, then from Item 1 it follows
age =0fort=j+1,...,pand so, by varying g > i + 1 we obtain the thesis.
O

Proposition A3. Let a be a multi-index, let a;, = o — ey, — ek, and let I(a) be as in Definition (2). Let P(a)
be as in Equation (12). Then

Z (ape +1) P(ayy, ..., am+1,.. a,,p Z ape P(a
acl(ay,) acl(a)

Proof. We define the set I}y, = {b|b;; = a;j, (i,]) # (1, k); by = ape + 1;a € I(a;,) }. We consider the
bounds for b € I;;,. Using n;, — 1 and my — 1 instead of nj, and my, by direct computation we obtain the
following conditions.

1. Letj <k Sincej+1<k+1,thatisj+1 <k, wehave

j—1 i—1
ov an Z mg+1— Z bys Sbij§<ni_zbis>/\<mj_zbrj>

s=j+1 r<i; s<j; (r,5)#(ij)
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2.

Leti =handj < k. Sincei =hand j+1 < k41, thatis j+ 1 < k, we have
h p j—1 h—1
oV an* Z ms — Z bys SthS Vlh*1*2bhs AN m]—ZbU
r=1 s=j+1 r<h; s<j; (r,5)# (1) s=1 1
Leti <handj=k. Sincei <handj=kie,j+1>k+1, wehave
i P k—1 i—1
ov an_ Z ms — Z bys | < by < ni_zbis A mk_l_zbrk
r<i; s<k; (r,8)#(i,k) s=1

r=1 s=k+1

Leti = hand j = k. Since by = ap, + 1, we have

h P k—1 h-1
1v an_ Z Mms — Z brs | <bp < (”h_zbhs>A<mk_Zbrk>
r=1 s=k+1 r<h; s<k; (r,s)#(h,k) s=1 r=1

Leti > horj> k. Analysing each case (i > hand j <k, j=k,j >k j>kandi < h,i=h)asin
the previous items, we have

i p j—1 i—1
ov Z ny — Z Mg — Z bs | < bz] < (Tli — Z bis) A (Tl’l] — Z br])
r=1 s=1 r=1

s=j+1 r<i; s<j; (r,5)#(i,j)

It follows that the set I}, is strictly contained in I(«). The vectors b € I(«) \ I, are such that

by = 0 or at least a component coincides with a bound lij or L;;. This latter condition implies that
by = 0. In fact, if b € I(a) \ I, then

i P
bij=Y n— Y, m— ) bys = Lij(w) if i<hj<k or
r=1 s=j+1 r<i; s<j; (r,8)#(i,j)
j—1 k-1
bhj:nh_ ths :Lh]-(lx) if ]<k or bik:mk— Zbrk:Lik(D‘) if i<h.
s=1 s=1

From Proposition A2, we have by, = 0, i.e., ap + 1 = 0. We conclude that

Y. (am+1) Plary,... apm+1,...,app) = Y by P(b) = Y by P(b)
acl(ay,) bely, bel(a)

since the coefficients b € I(a) \ I;;, correspond to null addends, since by = 0. O
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