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Abstract: Our main objective is to introduce the innovative concept of (α, β)-bipolar fuzzy ideals
and (α, β)-bipolar fuzzy generalized bi-ideals in ordered ternary semigroups by using the idea of
belongingness and quasi-coincidence of an ordered bipolar fuzzy point with a bipolar fuzzy set.
In this research, we have proved that if a bipolar fuzzy set h = (S; hn, hp) in an ordered ternary
semigroup S is the (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S, it satisfies two particular
conditions but the reverse does not hold in general. We have studied the regular ordered ternary
semigroups by using the (∈,∈ ∨q)-bipolar fuzzy left (resp. right, lateral and two-sided) ideals and
the (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideals.

Keywords: ordered ternary semigroup; bipolar fuzzy ideal; bipolar fuzzy generalized bi-ideal;
(α,β)-bipolar fuzzy generalized bi-ideal

1. Introduction

In real life, the bipolar fuzzy set theory is a core feature that should be considered. This theory
distinguishes between the positive information and negative information for the same object when
they have the same characteristics. For example, a house close to the commercial area of a city is both
good (it is convenient) and bad (it is noisy). Similarly, $100 represents significantly more for a poor man
but at the same time, this $100 may have less value for a millionaire. Zadeh [1] has provided a strong
mathematical tool to deal with complex and uncertain behaviors. However, the membership degrees
of the fuzzy sets are limited in the interval [0, 1]. This makes it difficult to express the diversity of the
information of the fuzzy set. In the solution of the above-mentioned flaw, Zhang in [2] introduced the
idea of bipolar fuzziness as an extension of the fuzzy set in which the membership degree range is
[−1, 1].

The traditional fuzzy set representation cannot distinguish contrary elements from irrelevant
elements. For example, consider a fuzzy set “young” defined in the age domain [0, 100]. Furthermore,
consider two ages of 50 and 95 with a membership degree of 0. Although both of them do not satisfy
the property “young”, we may say that the age 95 is more separate from the property rather than age
50. When the membership degree is in the interval range [0, 1], it is difficult to express the difference
between the irrelevant elements and the contrary elements in the fuzzy sets. If a set representation
could express this type of information, it would be more informative than the traditional fuzzy set.
This type of fuzzy set is called the bipolar fuzzy set. The results and examples related to the bipolar
fuzzy sets bipolar fuzzy finite state machine are shown in [3–6].

There are some structures that are not appropriately handled when using the binary operation of
the semigroup. For example, in the set Z of integers, its subset Z+ is closed with respect to the binary
operation and the ternary operation. However, if we take only Z− the set of negative integers, it is not
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closed with respect to the binary operation but remains closed with respect to the ternary operation.
To deal with this type of problem, we studied the ordered ternary semigroup.

Fuzzy semigroups were generalized twice, which namely produced the fuzzy ordered semigroups
and fuzzy ternary semigroups. Ordered semigroups are useful for computer science. In particular,
in the theory of automata and formal language, fuzzy ordered semigroups has been extensively
studied (see [7–11]). Different types of regularity of ordered semigroups and ternary semigroups
are characterized in terms of fuzzy ideals, such as weakly regular (or quasi-regular) ordered
semigroups [12–16]. In [16], Shabir et al. provided the characterizations of regular semigroups
by (α, β)-fuzzy ideals. and regular ternary semigroups [17,18]. Since the bipolar fuzzy theory is an
extension of the fuzzy theory, one may expect that the bipolar fuzzy ordered ternary semigroups will
be useful in studying the bipolar fuzzy automata theory and the bipolar fuzzy formal language.

Lee [19] presented the notion of bipolar fuzzy ideals of BCK\BCI-algebras. Ibrar, Khan and
Davvaz [20] used (α, β)-bipolar fuzzy generalized bi-ideals for the characterizations of the regular
ordered semigroups. In this paper, we have proved that a set of bipolar fuzzy subsets in an ordered
ternary semigroup is also an ordered ternary semigroup. Before this paper, this theorem was just used
for ordered semigroups in [20]. Similarly, we have outlined our next major contribution of this paper.
We have proved that if a bipolar fuzzy set in an ordered ternary semigroup is a (∈,∈ ∨q)-bipolar fuzzy
generalized bi-ideal of S, it satisfies two particular properties of S. However, we have shown with an
example that the reverse of this statement is not true in general. This result has negated the result
proved in [20].

We have characterized the regular ordered ternary semigroups in terms of the bipolar fuzzy
ideals and (α, β)-bipolar fuzzy generalized bi-ideals. Several results in [20,21] are generalized and new
results are found.

2. Preliminaries

A non-empty partially ordered set (S,≤) with a ternary operation is said to be an ordered ternary
groupoid (S, ·,≤) if the ternary operation is represented by the juxtaposition and partial ordering ≤
with p1 p2 p3 ≤ q1q2q3 for any pi, qi ∈ S and pi ≤ qi, i = 1, 2, 3 or equivalently, p1 ≤ p2 shows that
p1 p3 p4 ≤ p2 p3 p4, p3 p4 p1 ≤ p3 p4 p2 for all p1, p2, p3, p4 ∈ S. Moreover, if we assume that (S, ·) is a
ternary semigroup, an ordered ternary semigroup can be denoted as (S, ·,≤).

One can perceive the ternary semigroup as an ordered ternary semigroup with insignificant
ordering. A natural phenomenon shows that the ternary operations are followed by the binary
operations in the ordered ternary semigroups. In this paper, subsets mean non-empty subsets. For any
subset F containing an ordered ternary groupoid S, F3 will be written as FFF = {abc : a, b, c ∈ F}.

If we consider S as an ordered ternary groupoid and F ⊆ S, we know that (F] = {h ∈ S|h ≤ l for
any l ∈ F}. In the same way, if F, G and H are subsets of an ordered ternary groupoid and if F ⊆ G,
we know that (F] ⊆ (G] and ((F](G](H]] ⊆ (FGH]. Any subset F of an ordered ternary groupoid S
will be known as the left (resp. lateral, right) ideal of an ordered ternary semigroup, assuming that
(F] = F and SSF ⊆ F (resp. SFS ⊆ F, FSS ⊆ F). Any left, lateral and right ideal is termed as an ideal.
Any left and right ideal is termed as a two-sided ideal [21].

A subset F of an ordered ternary semigroup is known as the generalized bi-ideal of S provided
that (F] = F and FSFSF ⊆ F. A subset F of an ordered ternary semigroup is called the subsemigroup
of S if (F] = F and F3 ⊆ F. Any subsemigroup F of an ordered ternary semigroup is known as the
bi-ideal of S if (F] = F and FSFSF ⊆ F [22]. Each bi-ideal of an ordered ternary semigroup S is a
generalized bi-ideal of S but its reverse does not hold generally.
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Example 1. Let S = {α, β, γ, δ} with αβγ = α(βγ) be an ordered ternary semigroup with the following
multiplication table and order below:

. α β γ δ

α α α α α

β α α α α

γ α α β α

δ α α β β

≤= {(α, α), (β, β), (γ, γ), (δ, δ), (α, β)}. The subsemigroups of S are presented as
{α}, {α, β}, {α, β, γ}, {α, β, δ} and {α, β, γ, δ}. All the subsemigroups of S are bi-ideals. The generalized
bi-ideals of S are {α}, {α, β}, {α, γ}, {α, δ}, {α, β, γ}, {α, β, δ}, {α, γ, δ} and {α, β, γ, δ}. However, on the
other hand, {α, γ}, {α, δ} and {α, γ, δ} are not bi-ideals of S because they are not subsemigroups of S.

A bipolar-valued fuzzy set h of an ordered ternary groupoid S has the form of h = (S; hn, hp)

where hn : S→ [−1, 0] and hp : S→ [0, 1] are mappings. hn(m) represents the satisfaction degree of
an object m to the counter property of h = (S; hn, hp) and hp(m) represents the satisfaction degree of
an element m to the corresponding property of h = (S; hn, hp).

If hp(m) = 0 and hn(m) 6= 0, this means that m does not satisfy the property of h. If hp(m) 6= 0 and
hn(m) = 0, this situation means that m only considered the positive satisfaction for h = (S; hn, hp). This is
also possible for an element m with hn(m) 6= 0 and hp(m) 6= 0. This happens when a membership
function of the property intersects with some portion of the domain. For the bipolar-valued fuzzy set,
h = (S; hn, hp). Furthermore, we will use the terminology of the bipolar fuzzy sets instead of using the
bipolar-valued fuzzy sets.

BF(S) represents the collection of all bipolar fuzzy subsets of the ordered ternary semigroup S.
We also express an ordered relation≤ on BF(S) in this way. If h = (S; hn, hp) and g = (S; gn, gp) are two
bipolar fuzzy sets in S, h ≤ g if and only if (for every m ∈ S) hn(m) ≥ gn(m) and hp(m) ≤ gp(m), h = g
if and only if g ≤ h and h ≤ g. Furthermore, h ∩ g = (S; hn ∨ gn, hp ∧ gp), h ∪ g = (S; hn ∧ gn, hp ∨ gp).
For any ordered ternary groupoid S, the bipolar fuzzy sets 0 = (S; 0n, 0p) and 1 = (S; 1n, 1p) are
illustrated as (for all m ∈ S) 0n(m) = 0 = 0p(m), 1n(m) = −1 and 1p(m) = 1. This is the usual practice
to examine that (BF(S),≤) is a poset that has 0 as a minimum element and 1 as the maximum element.
We can state that a ∈ S:

Aa = {(l, m, n) ∈ S× S× S | a ≤ lmn}.

Considering three bipolar fuzzy sets h = (S; hn, hp), g = (S; gn, gp) and f = (S; fn, fp) of S,
we define the product as h ◦ g ◦ f = (S; hn ◦ gn ◦ fn, hp ◦ gp ◦ fp) where

(hn ◦ gn ◦ fn)(a) =

{
∧{hn(l) ∨ gn(m) ∨ fn(n)}

0
if Aa 6= ϕ

if Aa = ϕ

(hp ◦ gp ◦ fp)(a) =

{
∨
{

hp(l) ∧ gp(m) ∧ fp(n)
}

0
if Aa 6= ϕ

if Aa = ϕ.

Clearly, it can be seen that the multiplication ◦ on BF(S) is well-defined and (BF(S), ◦) is a ternary
groupoid with zero 0 = (S; 0n, 0p). That is, 0p ◦ hp ◦ gp = hp ◦ 0p ◦ gp = hp ◦ gp ◦ 0p = hp ◦ 0p ◦ 0p =

0p ◦ gp ◦ 0p = 0p ◦ 0p ◦ fp = 0 and 0n ◦ hn ◦ gn = hn ◦ 0n ◦ gn = hn ◦ gn ◦ 0n = hn ◦ 0n ◦ 0n =

0n ◦ gn ◦ 0n = 0n ◦ 0n ◦ fn = 0 for every h, g, f ∈ BF(S). Clearly, for hi, gi, fi ∈ BF(S), i = 1, 2, 3,
we have h1 ◦ h2 ◦ h3 ≤ g1 ◦ g2 ◦ g3 if and only if (h1n ◦ h2n ◦ h3n)(a) ≥ (g1n ◦ g2n ◦ g3n)(a) and (h1p ◦
h2p ◦ h3p)(a) ≤ (g1p ◦ g2p ◦ g3p)(a) for any a ∈ S with Aa 6= ϕ. Particularly, h1 ◦ h2 ◦ h3 = g1 ◦ g2 ◦ g3 if
and only if (h1n ◦ h2n ◦ h3n)(a) = (g1n ◦ g2n ◦ g3n)(a) and (h1p ◦ h2p ◦ h3p)(a) = (g1 ◦ g2p ◦ g3p)(a) for
any a ∈ S with Aa 6= ϕ.
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Definition 1. A bipolar fuzzy set h = (S; hn, hp) of an ordered ternary groupoid S is called the fuzzy left (resp.
lateral, right) ideal of S if every l, m, n ∈ S:

1. l ≤ m implies hn(l) ≤ hn(m) and hp(l) ≥ hp(m);
2. (hn(lmn) ≤ hn(n) with hp(lmn) ≥ hp(n)) (resp. (hn(lmn) ≤ hn(m) with hp(lmn) ≥ hp(m)) and

(hn(lmn) ≤ hn(l) with hp(lmn) ≥ hp(l)).

A bipolar fuzzy two-sided ideal can be defined when it is a bipolar fuzzy left and a bipolar fuzzy
right ideal. A bipolar fuzzy left, a bipolar fuzzy lateral and a bipolar fuzzy right ideal are collectively
called a bipolar fuzzy ideal.

Definition 2. A bipolar fuzzy set h = (S; hn, hp) will be called a bipolar fuzzy generalized bi-ideal of S if every
l, m, n, p, q ∈ S

1. l ≤ m implies hn(l) ≤ hn(m) and hp(l) ≥ hp(m);
2. hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n)} and hp(lpmqn) ≥ ∧

{
hp(l), hp(m), hp(n)

}
.

Definition 3. A bipolar fuzzy set h = (S; hn, hp) is called a bipolar fuzzy subsemigroup of S if every
l, m, n, p, q ∈ S

1. l ≤ m implies hn(l) ≤ hn(m) and hp(l) ≥ hp(m);
2. hn(lmn) ≤ ∨{hn(l), hn(m), hn(n)} and hp(lmn) ≥ ∧

{
hp(l), hp(m), hp(n)

}
.

A bipolar fuzzy generalized bi-ideal with the bipolar fuzzy subsemigroup of S is called a bipolar
fuzzy bi-ideal of S.

Definition 4. If (s, t) ∈ [−1, 0)× (0, 1], h = (S; hn, hp) is the bipolar fuzzy set in S where:

hn(m) =

{
s
0

if m ∈ (l],
if m /∈ (l],

hp(m) =

{
t
0

if m ∈ (l]
if m /∈ (l]

This is called as an ordered bipolar fuzzy point with support l and value (s, t). Symbolically, it is
written as l

(s,t) . For bipolar fuzzy set l
(s,t) in S and an ordered bipolar fuzzy point l

(s,t) , we say that:

1. l
(s,t) ∈ h if hn(l) ≤ s with hp(l) ≥ t,

2. if hn(l) + s < −1 and hp(l) + t > 1,
3. l

(s,t) ∈ ∨qh whenever l
(s,t) ∈ h or l

(s,t) qh,

4. l
(s,t) ∈ ∧qh whenever l

(s,t) ∈ h and l
(s,t) qh,

5. l
(s,t)αh whenever l

(s,t)αh does not hold for α ∈ {∈, q,∈ ∨q,∈ ∧q}.

Let h = (S; hn, hp) be a bipolar fuzzy set in S in such a way that hn(l) ≥ −0.5 and hp(l) ≤ 0.5
for every l ∈ S. Suppose that l ∈ S and (s, t) ∈ [−1, 0)× (0, 1] such that l

(s,t) ∈ ∧qh. When l
(s,t) ∈ h

and l
(s,t) ∈ qh, we know that hn(l) ≤ s, hp(l) ≥ t, hn(l) + s < −1 and hp(l) + t > 1. This shows that

−1 > hn(l) + s ≥ 2hn(l) and 1 < hp(l) + t ≤ 2hp(l). Thus, 1 < 2hp(l) implies 0.5 < hp(l) so that

hn(l) < −0.5 and 0.5 < hp(l). This means that { l
(s,t)

∣∣∣ l
(s,t) ∈ ∧q} = ϕ . As a result the following case

α =∈ ∧q will be omitted.

Definition 5. A bipolar fuzzy set h = (S; hn, hp) in S is known as (α, β)− bipolar fuzzy generalized bi-ideal of
S if every (s, t) ∈ [−1, 0)× (0, 1] and every l, m, n, p, q ∈ S

1. l ≤ m, m
(s,t)αh implies l

(s,t) βh

2. l
(s1,t1)

∈ αh, m
(s2,t2)

∈ αh, n
(s3,t3)

∈ αh implies lpmqn
(∨{s1,s2,s3}, ∧{t1,t2,t3})

βh.
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Definition 6. Let u = (S; un, up) be a bipolar fuzzy set in S. We define the upper part u+ = (S; u+
n , u+

p ) of
u = (S; un, up) as follows: u+

n (x) = un(x) ∧−0.5 and u+
p (x) = up(x) ∨ 0.5. In a same way, the lower part

u− = (S; u−n , u−p ) of u = (S; un, up) is defined as: u−n (x) = un(x) ∧−0.5 and u−p (x) = up(x) ∨ 0.5.

Definition 7. Let F be a non-empty subset of S. Thus, the upper part χ+
F = (S, χ+

nF, χ+
pF) of the

characteristic function χF = (S, χnF, χpF) of F is explained as χ+
nF(d) =

{
−1
−0.5

if d ∈ F
if d /∈ F

and

χ+
pF(d) =

{
1

0.5
if d ∈ F
if d /∈ F

. In the same way, the lower part χ−F = (S, χ−nF, χ−pF) of the characteristic

function χF = (S, χnF, χpF) of F can be represented by χ−nF(d) =

{
−0.5

0
if d ∈ F
if d /∈ F

and χ−pF(d) ={
0.5
0

if d ∈ F
if d /∈ F

.

3. The Bipolar Fuzzy Sets of an Ordered Ternary Semigroup

In this section, the concept of the bipolar fuzzy sets of ordered ternary semigroups, bipolar
fuzzy left, right and lateral ideals are being discussed with the help of various lemmas and theorems.
The following theorem was proved in [21] only for fuzzy sets in an ordered ternary semigroup but
here, we have proved it for bipolar fuzzy sets in an ordered ternary semigroup. For bipolar fuzzy sets
in ordered semigroups, it has only been defined in literature but not proved. The proof of this theorem
is not obvious.

Theorem 1. If S is an ordered ternary groupoid, (BF(S), ◦,≤) is also an ordered ternary groupoid. In addition,
if S is an ordered ternary semigroup, (BF(S), ◦,≤) is also an ordered ternary semigroup.

Proof. To prove that (BF(S), ◦,≤) is an ordered ternary groupoid, it is enough to show that h1p ◦
h2p ◦ h3p ≤ g1p ◦ g2p ◦ g3p and h1n ◦ h2n ◦ h3n ≥ g1n ◦ g2n ◦ g3n for all hi, as well as gi ∈ BF(S)
with hi ≤ gi where i = 1, 2, 3. Indeed, as we know that a ∈ S if Aa 6= ϕ, we have (h1p ◦ h2p ◦
h3p)(a) = ∨

(l,m,n)∈Aa
min

{
h1p(l), h2p(m), h3p(n)

}
≤ ∨

(l,m,n)∈Aa
min

{
g1p(l), g2p(m), g3p(n)

}
≤ (g1 p ◦

g2p ◦ g3p)(a). Furthermore, (h1n ◦ h2n ◦ h3n)(a) = ∧
(l,m,n)∈Aa

max {h1n(l), h2n(m), h3n(n)} ≥ ∧
(l,m,n)∈Aa

max {g1n(l), g2n(m), g3n(n)} ≥ (g1n ◦ g2n ◦ g3n)(a). Now if we assume that S is an ordered ternary
semigroup, we have to check only the associative law:h1 ◦ h2 ◦ (h3 ◦ h4 ◦ h5) = h1 ◦ (h2 ◦ h3 ◦ h4) ◦ h5 =

(h1 ◦ h2 ◦ h3) ◦ h4 ◦ h5 for all h1, h2, h3, h4, h5 ∈ BF(S). Only the first equality is justified here. Let a ∈ S
with Aa 6= ϕ.

[h1p ◦ (h2p ◦ h3p ◦ h4p) ◦ h5p ](a) = ∨
(p′ ,µ,n)∈Aa

{
h1p(p′) ∧ (h2p ◦ h3p ◦ h4p)(µ) ∧ h5p(n)

}
.

[(h1p ◦ h2p ◦ h3p) ◦ h4p ◦ h5p ](a) = ∨
(l,m,n)∈Aa

{
(h1p ◦ h2p ◦ h3p)(l) ∧ h4p(m) ∧ h5p(n)

}
= ∨

(p′′ ,q′ ,r′ ,m,n)∈A1

{
((h1p(p′′ ) ∧ h2p(q

′) ∧ h3p)(r
′))∧

h4p(m) ∧ h5p(n)

}
Without a loss of generality, we suppose that Al 6= ϕ for some (l, m, n) ∈ Aa and Aµ 6= ϕ for

some (p′,µ, n) ∈ Aa. This is because Al = ϕ for any (l, m, n) ∈ Aa if and only if Au = ϕ for some
(p′,µ, n) ∈ Aa. In contrast, A1 = {(p′′ , q′, r′, m, n)|(p′′ , q′, r′) ∈ Al and (l, m, n) ∈ Aa for any l ∈ S}.
In the same way,
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[h1p ◦ (h2p ◦ h3p ◦ h4p) ◦ h5p](a) = ∨
(p′′ ,q′ ,r′ ,m,n)∈A2

{
h1p(p′′ ) ∧ (h2p(q′) ∧ (h3p)(r′) ∧ h4p(m)) ∧ h5p(n)

}
where A2 = {(p′′ , q′, r′, m, n)|(q′, r′, m) ∈ Aµ and (l, m, n) ∈ Aa for any u ∈ S}. It is sufficient to show
that A1 = A2. Let (p′′ , q′, r′, m, n) ∈ A1 and thus for any l ∈ S we have a ≤ lmn and l ≤ p′′ q′r′.
If we suppose µ = q′r′m we have a ≤ lmn ≤ p′′ q′r′mn ≤ p′′µn and µ ≤ q′r′m. This shows that
(p′′ ,µ, n) ∈ Aa and (q′, r′, m) ∈ Aµ. Therefore, (p′′ , q′, r′, m, n) ∈ A2 and subsequently A1 ⊆ A2.
Similarly,A2 ⊆ A1 and therefore,A1 = A2 is required. Hence we can prove the negative part by using
similar arguments. �

A binary operation ◦ over BF(S) is defined by ∗ to avoid from any confusion for any a ∈ S,
where S is an ordered semigroup. Let Ba = {(l, m) ∈ S× S | a ≤ lm}. For any two bipolar fuzzy sets
h = (S; hn, hp) and g = (S; gn, gp) of S, h ∗ g is defined as h ∗ g = (S; hn ◦ gn, hp ◦ gp)

(hn ∗ gn)(a) =

{
{hn(l) ∨ gn(m)}

0
if Ba 6= ϕ

if Ba = ϕ
,

(hp ∗ gp)(a) =

{ {
hp(l) ∧ gp(m)

}
0

if Ba 6= ϕ

if Ba = ϕ.

Theorem 2. Suppose that S is an ordered semigroup. If S is regarded as an ordered ternary semigroup through
a usual natural method, the ternary operation ◦ of BF(S) is persuaded through the binary operation ∗ of BF(S).

Proof. If we let a ∈ S with Aa = ϕ, we obtain (hp ◦ gp ◦ fp)(a) = 0. When Ba = ϕ, we obtain
(hp ∗ gp ∗ fp)(a) = 0. If Ba 6= ϕ, this reveals that Bm = ϕ for all (m, n) ∈ Ba and so, (hp ∗ gp ∗ fp)(a) =
∨

(m,n)∈Ba

{
(hp ∗ gp)(m) ∧ fp(n)

}
= 0. Thus, (hp ∗ gp ∗ fp)(a) = (hp ◦ gp ◦ fp)(a). Suppose a ∈ S

such that Aa 6= ϕ. Thus, Ba 6= ϕ and Bm 6= ϕ for some (m, n) ∈ Ba. Thus, (hp ∗ gp ∗ fp)(a) =

∨
(m,n)∈Ba

{(hp ∗ gp)(m)∧ fp(n)}. This becomes (hp ∗ gp ∗ fp)(a) = ∨
(k,l,n)∈A

{hp(k)∧ gp(l)∧ fp(n)}. Here,

A = {(k, l, n) | (k, l) ∈ Bm with (m, n) ∈ Ba for any m ∈ S}. To prove A ⊆ Aa, let (k, l, n) ∈ A such that
(k, l) ∈ Bm and (m, n) ∈ Ba. This implies a ≤ mn and m ≤ kl. Thus, a ≤ mn ≤ k ln and (k, l, n) ∈ Aa.
Thus, A ⊆ Aa. On the contrary, let (k, l, n) ∈ Aa with m = kl. Thus, a ≤ k ln ≤ mn and m ≤ kl. Thus,
(k, l) ∈ Bm and (m, n) ∈ Ba. Consequently, (k, l, n) ∈ A. This implies that Aa ⊆ A. Therefore, A = Aa

so (hp ∗ gp ∗ fp)(a) = (hp ◦ gp ◦ fp)(a). Similarly, we can prove that (hn ∗ gn ∗ fn) = (hn ◦ gn ◦ fn). �

We now remark that if (S3] = S, the left ideals, right ideals and ideals of the ordered semigroup S
are the same as the left ideals, right ideals and two-sided ideals of the ordered ternary semigroup S,
respectively. The same conclusions hold for bipolar fuzzy ideals.

4. Bipolar Fuzzy Generalized Bi-Ideals

In this paper, S means an ordered ternary semigroup unless otherwise mentioned. Each bipolar
fuzzy bi-ideal is also a bipolar fuzzy generalized bi-ideal of S but the reverse inclusion is not valid.
For the justification of this remark, we provide the following example.

Example 2. Let S be an ordered ternary semigroup as defined in example 1, which also defines a bipolar fuzzy set
h = (S; hn, hp) of an ordered ternary semigroup S. Thus, every bipolar fuzzy set h = (S; hn, hp) of an ordered
ternary semigroup that satisfies conditions 1 and 2 of Definition 5 are the bipolar fuzzy generalized bi-ideals of
an ordered ternary semigroup. Bipolar fuzzy generalized bi-ideals are not bipolar fuzzy bi-ideals. The bipolar
fuzzy set defined as follows
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S α β γ δ

hn −0.7 −0.1 −0.5 −0.2
hp 0.8 0.2 0.4 0.3

is a bipolar fuzzy generalized bi-ideal of S but this is not bipolar fuzzy bi-ideal of S, because −0.1 = hn(β) =

hn(γ.γ.γ) > ∨{hn(γ), hn(γ), hn(γ)} = ∨{−0.5,−0.5,−0.5} = −0.5 and 0.2 = hp(β) = hp(γ.γ.γ) <
∧
{

hp(γ), hp(γ), hp(γ)
}
= ∧{0.4, 0.4, 0.4} = 0.4. This example justifies the above remark.

Lemma 1. [23] Considering S as an ordered ternary semigroup, the below given properties are equivalent:

1. S is regular.
2. F ∩ I = (FIF] for each generalized bi-ideal F and every ideal I of S.

Lemma 2. [24] Considering S as an ordered ternary semigroup, the below given properties are equivalent:

1. S is regular.
2. F ∩ L ⊆ (FSL] for every bi-ideal F and every left ideal L of S.
3. R ∩ F ∩ L ⊆ (RSFSL] for every bi-ideal F, every right ideal R and every left ideal L of S.

For a bipolar fuzzy set h = (S; hn, hp) of S with (s, t) ∈ [−1, 0) × (0, 1], we define N(h; s) =

{l ∈ S|hn(l) ≤ s} and P(h; t) =
{

l ∈ S
∣∣hp(l) ≥ t

}
, which are known as the negative s-cut and positive

t-cut of h = (S; hn, hp), respectively. (s, t)-cut of h = (S; hn, hp) is denoted by C(h; (s, t)) and is defined
as C(h; (s, t)) = N(h; s) ∩ P(h; t) [20]

Here, we characterize bipolar fuzzy generalized bi-ideal of S in the form of (s, t)-cut generalized
bi-ideal of S.

Theorem 3. Let h = (S; hn, hp) be a bipolar fuzzy set in S. Thus, h = (S; hn, hp) is a bipolar fuzzy generalized
bi-ideal of an ordered ternary semigroup S if and only if the non-empty (s, t) -cut C(h; (s, t)) belonging to
h = (S; hn, hp) is termed as a generalized bi-ideal of S for every (s, t) ∈ [−1, 0)× (0, 1].

If F is a subset of S, the characteristic function of F is denoted by χ−F = (S; χ−nF, χ−pF) where χ−nF

and χ−pF are described as χ−nF(d) =

{
−1
0

if d ∈ F
if d /∈ F

and χ−pF(d) =

{
1
0

if d ∈ F
if d /∈ F

.

5. (α, β)-Bipolar Fuzzy Generalized Bi-Ideals

The (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal has played a central role in the (α, β)-bipolar
fuzzy generalized bi-ideal. The characterizations of the regular ordered semigroups in terms of
(α, β)-fuzzy generalized bi-ideals and in terms of (α, β)-bipolar fuzzy generalized bi-ideals were given
in [3,20]. Here, we extend their generalizations to ordered ternary semigroups.

Theorem 4. Let h = (S; hn, hp) be a bipolar fuzzy set in S. Thus, h = (S; hn, hp) is a bipolar fuzzy generalized
bi-ideal of S if and only if every (s, t) ∈ [−1, 0)× (0, 1] and every l, m, n, p, q ∈ S

1 l ≤ m, m
(s,t) ∈ h implies l

(s,t) ∈ h

2 l
(s1,t1)

∈ h, m
(s2,t2)

∈ h and n
(s3,t3)

∈ h implies that lpmqn
(∨{s1,s2,s3},∧{t1,t2,t3})

∈ h.

Proof. Let h = (S; hn, hp) be a bipolar fuzzy generalized bi-ideal of S. Let l, m ∈ S such that l ≤ m and
m

(s,t) ∈ h. Thus, hn(m) ≤ s and hp(m) ≥ t. As h = (S; hn, hp) is a bipolar fuzzy generalized bi-ideal
of S, we get hn(l) ≤ hn(m) and hp(l) ≥ hp(m) for l ≤ m. This shows that hn(l) ≤ s and hp(l) ≥ t
so l

(s,t) ∈ h. Consider l, m, n, p, q ∈ S and (s1, t1), (s2, t2), (s3, t3) ∈ [−1, 0)× (0, 1] such that l
(s1,t1)

∈ h,
m

(s2,t2)
∈ h and n

(s3,t3)
∈ h. Thus, hn(l) ≤ s1, hn(m) ≤ s2, hn(n) ≤ s3 and hp(l) ≥ t1, hp(m) ≥ t2,
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hp(n) ≥ t3. This follows Definition 10 as hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n)} ≤ ∨{s1, s2, s3} and

hp(lpmqn) ≥ ∧
{

hp(l), hp(m), hp(n)
}
≥ ∧{t1, t2, t3}. Thus, lpmqn

(∨{s1,s2,s3},∧{t1,t2,t3})
∈ h.

Conversely consider l, m ∈ S such that l ≤ m. Let hn(m) = s and hp(l) = t. Thus, m
(s,t) ∈ h

implies that l
(s,t) ∈ h. Thus, hn(l) ≤ s and hp(l) ≥ t. Therefore, hn(l) ≤ s = hn(m) and

hp(l) ≥ t = hp(m). Let l, m, n, p, q ∈ S since l
(hn(l),hp(l))

∈ h, m
(hn(m),hp(m)

∈ h and n
(hn(n),hp(n))

∈ h

for every l, m, n ∈ S. Thus, by (2), we have lpmqn
(∨{hn(l),hn(m),hn(n)},∧{hp(l),hp(m),hp(n)}) ∈ h. This implies

that hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n)} and hp(lpmqn) ≥ ∧
{

hp(l), hp(m), hp(n)
}

. This theorem is
proved using Definition 5. �

Theorem 5. Let h = (S; hn, hp) be a non-zero (α, β) -bipolar fuzzy generalized bi-ideal of S. Thus, we can
determine that the set S◦ = {l ∈ S|hn(l) 6= 0} ∩

{
l ∈ S

∣∣hp(l) 6= 0
}

is a generalized bi-ideal of S.

Proof. Let l, m ∈ S, l ≤ m with m ∈ S◦. At that moment, hn(m) 6= 0 6= hp(m). Suppose
hn(l) = 0 = hp(l). When α ∈ {∈,∈ ∨q}, we can determine that m

(hn(m),hp(m))
αh but l

(hn(m),hp(m))
βh for

every β ∈ {∈, q,∈ ∨q,∈ ∧q}. This contradicts the supposed statement. Thus, hn(l) 6= 0 6= hp(l),
hn(m) 6= 0 6= hp(m) and hn(n) 6= 0 6= hp(n). Assume that hn(lpmqn) = 0 = hn(lpmqn).
If α ∈ {∈,∈ ∨q}, we can determine that l

(hn(l),hp(l))
αh, m

(hn(m),hp(m))
αh and n

(hn(n),hp(n))
αh but

lpmqn
((hn(l)∨hn(m)∨hn(n)),(hp(l)∧hp(m)∧hp(n))

βh for all β ∈ {∈, q,∈ ∨q,∈ ∧q}. This shows a contradiction. Thus,

hn(lpmqn) 6= 0 6= hp(lpmqn). This shows that lpmqn ∈ S◦. �

6. (∈,∈ ∨q)-Bipolar Fuzzy Generalized Bi-Ideals

This section is our most important section as our main contribution is in this section. We have
proved that if a bipolar fuzzy set h = (S; hn, hp) in the ordered ternary semigroup S is the (∈,∈
∨q)-bipolar fuzzy generalized bi-ideal S, we know that it satisfies two particular conditions. We have
proved in an example that the converse of this result is not true in general. However, this result
was previously proved in [20] for the ordered semigroup with if and only if conditions. However,
we negate this by giving an example, which proves that the converse is not true.

Theorem 6. If F is the left (resp. right, lateral) ideal of S we can determine that χF = (S; χnF, χpF) is the
bipolar fuzzy left (resp. right, lateral) ideal of S.

Proof. Let l, m, n ∈ S. Case (1) occurs when l, m, n /∈ F, which means that χnF(l) = 0 = χnF(m) =

χnF(n) and χpF(l) = 0 = χpF(m) = χpF(n). This implies that χnF(lmn) ≤ 0 = χnF(n) and χpF(lmn) ≥
0 = χpF(n). Case (2) occurs if l, m, n ∈ F. Thus, χnF(l) = −1 = χnF(m) = χnF(n) and χpF(l) = 1 =

χpF(m) = χpF(n) so χnF(lmn) ≤ −1 = χnF(n) and χpF(lmn) ≤ 1 = χpF(n). Case (3) occurs if l ∈ F
but m, n /∈ F, which means that χnF(l) = −1 but χnF(m) = 0 = χnF(n). Furthermore, χpF(l) = 1
but χpF(m) = 0 = χpF(n). Thus, χnF(lmn) ≤ 0 = χnF(n) and χpF(lmn) ≥ 0 = χnF(n) as lmn ∈ F or
lmn /∈ F. Similarly, these relations hold for other cases. Hence, χF is a bipolar fuzzy left ideal of S. �

Theorem 7. If F is generalized bi-ideal of S, we can determine that χF = (S; χnF, χpF) is a bipolar fuzzy
generalized bi-ideal of S.

Proof. We have to prove the following inequalities for all l, m, n, p, q ∈ S:
χnF(lpmqn) ≤ max{χnF(l), χnF(m), χnF(n)} and χpF(lpmqn) ≥ min

{
χpF(l), χpF(m), χpF(n)

}
.

Let l, m, n, p, q ∈ S. Case (1) occurs when l, m, n, p, q /∈ F, which means that χnF(l) = 0 =

χnF(m) = χnF(n) = χnF(p) = χnF(q) and χpF(l) = 0 = χpF(m) = χpF(n) = χpF(p) = χpF(q).
This implies that χnF(lpmqn) ≤ 0 = max{χnF(l), χnF(m), χnF(n)} and χpF(lpmqn) ≥ 0 =

min
{

χpF(l), χpF(m), χpF(n)
}

. Case (2) occurs when l, m, n, p, q ∈ F, which means that χnF(l) =

−1 = χnF(m) = χnF(n) = χnF(p) = χnF(q) and χpF(l) = χpF(m) = χpF(n) = χpF(p) = 1 = χpF(q).
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Since F is a generalized bi-ideal of S we have χnF(lpmqn) = −1 = max {χnF(l), χnF(m), χnF(n)} and
χpF(lpmqn) = 1 = min

{
χpF(l), χpF(m), χpF(n)

}
. For Case (3), if l ∈ F but m, n, p, q /∈ F, we determine

that χnF(l) = −1, 0 = χnF(m) = χnF(n) = χnF(p) = χnF(q), χpF(l) = 1 and 0 = χnF(m) = χnF(n) =
χnF(p) = χnF(q). This implies that χnF(lpmqn) = −1 ≤ 0 = max{χnF(l), χnF(m), χnF(n)} and
χpF(lpmqn) ≥ 0 = min

{
χpF(l), χpF(m), χpF(n)

}
. Similarly, these relations hold for other cases. Hence,

χF is a bipolar fuzzy generalized bi-ideal of S. �

Theorem 8. If a bipolar fuzzy set h = (S; hn, hp) in S is a (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal S,
we can determine that the following properties are being followed. For every l, m, n, p, q ∈ S:

1. l ≤ m implies hn(l) ≤ ∨{hn(m),−0.5} and hp(l) ≥ ∧
{

hp(m),−0.5
}

2. hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n),−0.5} and hp(lpmqn) ≥ ∧
{

hp(l), hp(m), hp(n), 0.5
}

.

Proof. Let h = (S; hn, hp) be an (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal S. Suppose l, m ∈ S with
l ≤ m. Considering the following cases:

(1) hn(m) > −0.5 and hp(m) < 0.5,
(2) hn(m) ≤ 0.5 and hp(m) ≥ 0.5,
(3) hn(m) ≤ −0.5 and hp(m) < 0.5,
(4) hn(m) > −0.5 and hp(m) ≥ 0.5,

From case (1), we assume with a contradiction that hn(l) > ∨{hn(m),−0.5} or hp(l) <

∧
{

hp(m), 0.5
}

. This makes hn(l) > hn(m) or hp(l) < hp(m). If hn(l) > hn(m), we can determine that
there exists s ∈ [−1, 0) such that hn(l) > s ≥ hn(m). If we let t = hp(m), we can determine that

m
(s,t) ∈ h but we know that l

(s,t)∈h and l
(s,t) qh. That is, we obtain l

(s,t)∈ ∨qh, which is a contradiction.
If hp(l) < hp(m), there exists t ∈ (0, 1] such that hp(l) < t ≤ hp(m). If we let s = hn(m), we can
determine that m

(s,t) ∈ h but we know that m
(s,t)∈h and m

(s,t) qh. That is, we obtain l
(s,t)∈ ∨qh, which is a

contradiction. Hence, hn(l) ≤ ∨{hn(m),−0.5} or hp(l) ≥ ∧
{

hp(m), 0.5
}

.
From case (2), we have hn(m) ≤ −0.5 and hp(m) ≥ 0.5. This implies m

(−0.5,0.5) ∈ h.

Since m
(−0.5,0.5) ∈ h, we can determine that l

(−0.5,0.5) ∈ h. Hence l
(−0.5,0.5) ∈ ∨qh. Thus l

(−0.5,0.5) ∈ h or
l

(−0.5,0.5) qh. If l
(−0.5,0.5) ∈ h we can determine that hn(l) ≤ −0.5 ≤ ∨{hn(m),−0.5} and hp(l) ≥ 0.5 ≥

∧
{

hp(m), 0.5
}

. If l
(−0.5,0.5) qh, we can determine that hn(l)− 0.5 < −1 and hp(l) + 0.5 > 1. This implies

that hn(l) < −0.5 and hp(l) > 0.5. Therefore, hn(l) ≤ ∨{hn(m),−0.5} and hp(l) ≥ ∧
{

hp(m), 0.5
}

.
From case (3), we have hn(m) ≤ −0.5 and hp(m) < 0.5. Suppose that hn(l) > −0.5 or hp(l) <

hp(m). If hn(l) > −0.5 we can determine that there exists s ∈ [−1, 0) such that hn(l) > s ≥ −0.5 ≥
hn(m) (using case 3). Let hp(m) = t and hn(m) ≤ s. This represents m

(s,t) ∈ h on the other side l
(s,t)∈h

and l
(s,t) qh. That is, we obtain l

(s,t)∈ ∨q, which is a contradiction. Now if hp(l) < hp(m) this shows
that there exists t ∈ (0, 1] such that hp(l) < t ≤ hp(m). If we let hn(m) = s, we can determine that

m
(s,t) ∈ h but we know that l

(s,t)∈h and l
(s,t) qh. This implies l

(s,t)∈ ∨q, which is a contradiction. Hence,

hn(l) ≤ −0.5 ≤ ∨{hn(m),−0.5} and hp(l) ≥ hp(m) ≥ ∧
{

hp(m), 0.5
}

.
From case (4). we have hn(l) ≤ hn(m) and hp(l) ≥ hp(m) ≥ 0.5. We suppose hn(l) > hn(m)

or hp(l) < 0.5 in a contradiction. If hn(l) > hn(m), we can determine that there exists s ∈ [−1, 0)
such that hn(l) > s ≥ hn(m). Since hn(m) ≤ s and hp(m) ≥ 0.5 implies m

(s,0.5) ∈ h, it is impossible

to determine l
(s,0.5)∈h and l

(s,0.5) qh that has l
(s,0.5)∈ ∨qh. If hp(l) < 0.5, we can determine that there

exists t ∈ (0, 1] such that hp(l) < t < 0.5 ≤ hp(m). Let s = hn(m) and t ≤ hp(m). This implies
m

(s,t) ∈ h but we know that l
(s,t)∈h and l

(x,t) qh. That is, we obtain l
(s,t)∈ ∨qh, which is a contradiction.

Hence, hn(l) ≤ hn(m) ≤ ∨{hn(m),−0.5} and hp(l) ≥ 0.5 ≥ ∧
{

hp(m), 0.5
}

. Thus, the required result
is proved. Let p, q, l, m, n ∈ S and consider the following cases.
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(1) ∨ {hn(l), hn(m), hn(n)} > −0.5 and ∧
{

hp(l), hp(m), hp(n)
}
< 0.5,

(2) ∨ {hn(l), hn(m), hn(n)} ≤ −0.5 and ∧
{

hp(l), hp(m), hp(n)
}
≥ 0.5,

(3) ∨ {hn(l), hn(m), hn(n)} ≤ −0.5 and ∧
{

hp(l), hp(m), hp(n)
}
< 0.5,

(4) ∨ {hn(l), hn(m), hn(n)} ≥ −0.5 and ∧
{

hp(l), hp(m), hp(n)
}
≥ 0.5

Let hn(lpmqn) > ∨{hn(l), hn(m), hn(n),−0.5} or hp(lpmqn) < ∧
{

hp(l), hp(m), hp(n), 0.5
}

.
For the case (1) equation, it becomes hn(lpmqn) > ∨{hn(l), hn(m), hn(n)} or hp(lpmqn) <

∧
{

hp(l), hp(m), hp(n)
}

. If hn(lpmqn) > ∨{hn(l), hn(m), hn(n)}, we can determine that there exists
s ∈ [−1, 0) such that hn(lpmqn) > s ≥ ∨{hn(l), hn(m), hn(n)}. Let t = ∧

{
hp(l), hp(m), hp(n)

}
.

Now l
(s,t) ∈ h, m

(s,t) ∈ h and n
(s,t) ∈ h but we know that lpmqn

(s,t) ∈h and lpmqn
(s,t) qh. This implies lpmqn

(s,t) ∈ ∨q,

which is a contradiction. If hp(lpmqn) < ∧
{

hp(l), hp(m), hp(n)
}

, we can determine that there occurs
t ∈ (0, 1] such that hp(lpmqn) < t ≤ ∧

{
hp(l), hp(m), hp(n)

}
. If we let s = ∨{hn(l), hn(m), hn(n)},

we can determine that l
(s,t) ∈ h, m

(s,t) ∈ h and n
(s,t) ∈ h but we know that lpmqn

(s,t) ∈h and lpmqn
(s,t) qh. Thus,

we obtain lpmqn
(s,t) ∈ ∨q, which is impossible. Hence, hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n),−0.5} and

hp(lpmqn) ≥ ∧
{

hp(l), hp(m), hp(n), 0.5
}

.
For the case (2) ∨{hn(l), hn(m), hn(n)} ≤ −0.5 and ∧

{
hp(l), hp(m), hp(n)

}
≥ 0.5. This implies

l
(−0.5,0.5) ∈ h, m

(−0.5,0.5) ∈ h and n
(−0.5,0.5) ∈ h so lpmqn

(−0.5,0.5) ∈ ∨q. Thus, lpmqn
(−0.5,0.5) ∈ h or

lpmqn
(−0.5,0.5) qh. If lpmqn

(−0.5,0.5) ∈ h, we determine that hn(lpmqn) ≤ −0.5 ≤ ∨{hn(l), hn(m), hn(n),−0.5} and

hp(lpmqn) ≥ 0.5 ≥ ∧
{

hp(l), hp(m), hp(n), 0.5
}

. If lpmqn
(−0.5,0.5) qh we can determine that hn(lpmqn) −

0.5 < −1 and hp(lpmqn) + 0.5 > 1. This implies that hn(lpmqn) < −0.5 and hp(lpmqn) >

0.5. Therefore, hn(lpmqn) ≤ −0.5 ≤ ∨{hn(l), hn(m), hn(n),−0.5} and hp(lpmqn) ≥ 0.5 ≥
∧
{

hp(l), hp(m), hp(n), 0.5
}

.
For case (3), we have hn(lpmqn) ≤ −0.5 and hp(lpmqn) ≥ ∧

{
hp(l), hp(m), hp(n)

}
. Suppose

that hn(lpmqn) > −0.5 or hp(lpmqn) < ∧
{

hp(l), hp(m), hp(n)
}

. If hn(lpmqn) > −0.5, there exists
s ∈ [−1, 0) such that hn(lpmqn) > s ≥ −0.5 ≥ ∨{hn(l), hn(m), hn(n)}. Let t = ∧

{
hp(l), hp(m), hp(n)

}
.

This shows that l
(s,t) ∈ h, m

(s,t) ∈ h and n
(s,t) ∈ h but we know that lpmqn

(s,t) ∈h and lpmqn
(s,t) qh. That is we

obtain (lpmqn)
(s,t) ∈ ∨q h, which is impossible.

If hp(lpmqn) < ∧
{

hp(l), hp(m), hp(n)
}

, we can determine that there exists t ∈ (0, 1] such that
hp(lpmqn) < t ≤ ∧

{
hp(l), hp(m), hp(n)

}
. If we let s = ∨{hn(l), hn(m), hn(n)}, we can determine

that l
(s,t) ∈ h, m

(s,t) ∈ h and n
(s,t) ∈ h but we know that lpmqn

(s,t) ∈h and lpmqn
(s,t) qh. That is, we obtain

(lpmqn)
(s,t) ∈ ∨q h, which is not possible. Hence, hn(lpmqn) ≤ −0.5 ≤ ∨{hn(l), hn(m), hn(n),−0.5} and

hp(lpmqn) ≥ ∧
{

hp(l), hp(m), hp(n)
}
≥ ∧

{
hp(l), hp(m), hp(n), 0.5

}
.

For case (4), we have hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n)} and hp(lpmqn) ≥ 0.5.
Let hn(lpmqn) > ∨{hn(l), hn(m), hn(n)} or hp(lpmqn) < 0.5. If hn(lpmqn) > ∨{hn(l), hn(m), hn(n)},
we can determine that there exists s ∈ [−1, 0) such that hn(lpmqn) > s ≥ ∨{hn(l), hn(m), hn(n)}.
Consequently, l

(s,0.5) ∈ h, m
(s,0.5) ∈ h and n

(s,0.5) ∈ h but we know that lpmqn
(s,0.5)∈h and lpmqn

(s,0.5) qh. That is,

we obtain lpmqn
(s,0.5)∈ ∨q, which is not possible. If hp(lpmqn) < 0.5, we can determine that there exists

t ∈ (0, 1] with hp(lpmqn) < t ≤ 0.5 ≤ ∧
{

hp(l), hp(m), hp(n)
}

. Let s = ∨{hn(l), hn(m), hn(n)}.
This implies that l

(s,t) ∈ h, m
(s,t) ∈ h and n

(s,t) ∈ h but we know that lpmqn
(s,t) ∈h and lpmqn

(s,t) qh. That is,

we obtain lpmqn
(s,t) ∈ ∨q which is a contradiction. Hence, hn(lpmqn) ≤ ∨{hn(l), hn(m), hn(n)} ≤

∨{hn(l), hn(m), hn(n),−0.5} and hp(lpmqn) ≥ 0.5 ≥ ∧
{

hp(l), hp(m), hp(n), 0.5
}

. �

The following example shows that the converse of the above theorem is not true in general.
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Example 3. Let S = {α, β, γ, δ, ε, ζ} be an ordered ternary semigroup defined by the following multiplication
table and order:

· α β γ δ ε ζ

α α α α α α α

β α β α δ ε ζ

γ γ γ γ γ γ γ

δ α δ α β ε δ

ε α ε α ε ε ε

ζ α ζ α ζ ε ζ

≤= {(α, α), (β, β), (γ, γ), (δ, δ), (ε, ε), (ζ, ζ), (ζ, ε)}. Let a bipolar fuzzy set h = (S; hn, hp) be defined as:

S α β γ δ ε ζ

hn −0.10 −0.3 −0.9 −0.4 −0.5 −0.7
hp 0.8 0.3 0.7 0.4 0.4 0.5

By simple calculations, we can prove that h satisfies the conditions (1) and (2) of the above
theorem. However, h is not an (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S, since β

(−0.28, 0.38)∈h
because hp(β) = 0.3 < 0.38. Furthermore, hn(β) + (−0.28) = −0.2 − 0.28 = −0.48 < −1 and
hp(β) + (0.38) = 0.3 + 0.38 = 0.68 > 1 implies that β

(−0.28, 0.38) qh. Therefore, β
(−0.28, 0.38)∈ ∨qh.

It is very easy to determine that every (∈,∈ ∨q)-bipolar fuzzy bi-ideal is an (∈,∈ ∨q)-bipolar
fuzzy generalized bi-ideal but the converse is not true in general.

Example 4. Suppose that we consider S as an ordered ternary semigroup given in Example 1 and we define
bipolar fuzzy set as follows:

S α β γ δ

hn −0.8 −0.4 −0.6 −0.2
hp 0.8 0.2 0.4 0

Thus, h = (S; hn, hp) is evidently an (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal of S for all l, m ∈ S
such that: We have hn(l) ≤ hn(m) and hp(l) ≥ hp(m). Furthermore, hn(lpmqn) = hn(a) = −0.7 ≤
∨{hn(l), hn(m), hn(n),−0.5} and hp(lpmqn) = hp(α) = 0.8 ≥ ∧

{
hp(l), hp(m), hp(n), 0.5

}
for all

l, m, n, p, q ∈ S. However, hn(γ.γ.γ) = hn(β) = −0.3 > −0.5 = ∨{hn(γ), hn(γ), hn(γ),−0.5} and
hp(γ.γ.γ) = hp(β) = 0.2 < 0.4 = ∨

{
hp(γ), hp(γ), hp(γ), , 0.5}. Hence, h = (S; hn, hp) is not an

(∈,∈ ∨q) -bipolar fuzzy bi-ideal of S.

Theorem 9. Let h = (S; hn, hp) be a non-zero (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal of S. Thus, the set
S◦ = {l ∈ S|hn(l) 6= 0} ∩

{
l ∈ S

∣∣hp(l) 6= 0
}

is a generalized bi-ideal of S.

Proof. Let h = (S; hn, hp) be a non-zero (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S. Let l, m ∈ S
such that l ≤ m and m ∈ S◦. Thus, hn(m) 6= 0 and hp(m) 6= 0, so hn(m) < 0 and hp(m) > 0.
Suppose hn(l) = 0 or hp(l) = 0. Since m

(hn(m),hp(m))
∈ h and hn(l) > hn(m) or hp(l) < hp(m).

It follows l
(hn(m),hp(m))

∈h, which shows a contradiction. Furthermore, hn(l) + hn(m) = hn(m) ≥ −1

or hp(l) + hp(m) = hp(m) ≤ 1. Thus, hn(l) + hn(m) ≥ −1 or hp(l) + hp(m) ≤ 1. This implies
l

(hn(l)+hn(m))
qh, which contradicts the statement. Therefore, hn(l) 6= 0 and hp(l) 6= 0. Thus,

l ∈ S◦. Let l, m, n, p, q ∈ S such that l, m, n ∈ S◦. Thus, hn(l) 6= 0, hn(m) 6= 0, hn(n) 6= 0,
hp(l) 6= 0, hp(m) 6= 0 and hp(n) 6= 0. Thus, hn(l) < 0, hn(m) < 0, hn(n) < 0, hp(l) > 0,
hp(m) > 0 and hp(n) > 0. If we suppose that lpmqn /∈ S◦, we know that hn(lpmqn) = 0 or
hp(lpmqn) = 0. Clearly, l

(hn(l),hp(l))
∈ h, m

(hn(m),hp(m))
∈ h and n

(hn(n),hp(n))
∈ h. Since hn(lpmqn) =

0 > ∨{hn(l), hn(m), hn(n)} or hp(lpmqn) = 0 < ∧
{

hp(l), hp(m), hp(n)
}

. Thus, hp(lpmqn) <

∧
{

hp(l), hp(m), hp(n)
}

, which implies lpmqn
(∨{hn(l),hn(m),hn(n)},∧{hp(l),hp(m),hp(n)})∈h. This is a contradiction.
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Furthermore, hn(lpmqn) + ∨{hn(l), hn(m), hn(n)} = ∨{hn(l), hn(m), hn(n)} ≥ −1 or hp(lpmqn) +
∧
{

hp(l), hp(m), hp(n)
}
= ∧

{
hp(l), hp(m), hp(n) ≤ 1 . Thus, hp(lpmqn) + ∧

{
hp(l), hp(m), hp(n) ≤ 1 .

This implies that lpmqn
(∨{hn(l),hn(m),hn(n)}∧{hp(l),hp(m),hp(n)}) qh, which is a contradiction. Therefore,

hn(lpmqn) 6= 0 and hp(lpmqn) 6= 0. Hence, lpmqn ∈ S◦. Thus, S◦SS◦SS◦ ⊆ S◦. �

Theorem 10. If h = (S; hn, hp) is a non-zero (q,∈ ∨q) -bipolar fuzzy generalized bi-ideal of S. Thus, the set
S◦ = {l ∈ S| hn(l) 6= 0} ∩

{
l ∈ S

∣∣hp(l) 6= 0
}

is a generalized bi-ideal of S

Proof. Let h = (S; hn, hp) be a non-zero (q,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S. Let l, m ∈ S,
such that l ≤ m with m ∈ S◦. This implies that hn(m) 6= 0 and hp(m) 6= 0. Thus, hn(m) < 0 and
hp(m) > 0 according to Definition 5. Hence, hn(m)− 1 < −1 and hp(m) + 1 > 1. This implies m

(−1,1) qh.

Suppose if hn(l) = 0 or hp(l) = 0. Thus, hn(l) > −1 or hp(l) < 1, so l
(−1,1)∈h, which contradicts

Definition 5. Therefore, hn(l) 6= 0 and hp(l) 6= 0. Hence, l ∈ S◦. Let l, m, n, p, q ∈ S such that l, m, n ∈
S◦. Thus, hn(l) 6= 0, hn(m) 6= 0, hn(n) 6= 0, hp(l) 6= 0, hp(m) 6= 0 and hp(n) 6= 0. This represents
hn(l) < 0, hn(m) < 0, hn(n) < 0, hp(l) > 0, hp(m) > 0 and hp(n) > 0. Hence, hn(l)− 1 < −1, hn(m)−
1 < −1, hn(n)− 1 < −1, hp(l) + 1 < 1, hp(m) + 1 < 1, and hp(n) + 1 < 1. It follows that l

(−1,1) qh,
m

(−1,1) qh and n
(−1,1) qh. If hn(lpmqn) = 0 or hp(lpmqn) = 0 we can determine that hn(lpmqn) > −1 or

hp(lpmqn) < 1. This implies that lpmqn
(−1,1)∈h, which is not possible. Furthermore, hn(lpmqn)− 1 = −1

or hp(lpmqn) + 1 = 1. This shows that lpmqn
(−1,1) qh, which contradicts the supposition. Therefore,

hn(lpmqn) 6= 0 and hp(lpmqn) 6= 0. Hence, lpmqn ∈ S◦. Thus, S◦SS◦SS◦ ⊆ S◦. Hence, S◦ is a
generalized bi-ideal of S. �

7. Upper and Lower Parts of (∈,∈ ∨q)-Bipolar Fuzzy Generalized Bi-Ideals

In this section, we have studied the upper and lower parts of the (∈,∈ ∨q) bipolar
fuzzy generalized bi-ideal in ordered ternary semigroups and obtained several interesting results.
Furthermore, in this section, we have studied the regularity of the ordered ternary semigroups and
have proved various results.

The proofs of the following Lemmas are obvious.

Lemma 3. Let u =
(
S; un, up

)
, v =

(
S; vn, vp

)
and w =

(
S; wn, wp

)
be bipolar fuzzy sets in S. Thus,

the following equations are satisfied:

1. (u ∧ v)− = (u− ∧ v−)
2. (u ∨ v)− = (u− ∨ v−)
3. (u ◦ v ◦ w)− = (u− ◦ v− ◦ w−).

Lemma 4. Let u = (S; un, up), v = (S; vn, vp) and w = (S; wn, wp) be bipolar fuzzy sets in S. Thus,
the following equations are satisfied:

1. (u ∧ v)+ = (u+ ∧ v+)
2. (u ∨ v)+ = (u+ ∨ v+)
3. (u ◦ v ◦ w)+ ≥ (u+ ◦ v+ ◦ w+) if Fa = ϕ.

Lemma 5. If F, G and H represents the non-empty subsets of S the following equations are satisfied:

1. F ⊆ G if and only if χ−F ⊆ χ−G
2. (χF ∧ χG)

− = χ−F∩G

3. (χF ∨ χG)
− = χ−F∪G

4. (χF ◦ χG ◦ χH)
− = χ−

(FGH]
.

Proof. The proofs of (1), (2) and (3) are quite clear.
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(4) Consider k ∈ (FGH]. Thus, χ−n(FGH]
(k) = −0.5 and χ−p(FGH]

(k) = 0.5. As k ∈ (FGH] with
k ≤ lmn for some l ∈ F, we can determine that m ∈ G and n ∈ H. Consequently, (l, m, n) ∈ Ak with
Ak 6= ϕ. Since l ∈ F, m ∈ G and n ∈ H so χnF(l) = −1, χpF(l) = 1, χnG(m) = −1, χpG(m) = 1
χnH(n) = −1 and χpH(n) = 1. Thus, we can determine:

(χnF ◦ χnG ◦ χnH)
−(k) = (χnF ◦ χnG ◦ χnH)(k) ∨−0.5

= ∧
(p,q,r)∈Ak

{(χnF(p) ∨ χnG(q) ∨ χnH(r))} ∨ −0.5

≤ {χnF(l) ∨ χnG(m) ∨ χnH(n)} ∨ −0.5
= (−1∨−1∨−1) ∨−0.5
= −0.5 = χ−n(FGH]

(k).

Furthermore, we obtain:

(χpF ◦ χpG ◦ χpH)
−(k) = (χpF ◦ χpG ◦ χpH)

−(k) ∧ 0.5
= ∨

(p,q,r)∈Ak

{
χpF(p) ∧ χpG(q) ∧ χpH(r)

}
∧ 0.5

≥
{

χpF(l) ∧ χpG(m) ∧ χpH(n)
}
∧ 0.5

= (1∧ 1∧ 1) ∧ 0.5
= 0.5 = χ−p(FGH]

(k).

If we let k /∈ (FGH], we can determine that χ−n(FGH]
(k) = 0 and χ−p(FGH]

(k) = 0. Thus,

(χnF ◦ χnG ◦ χnH)
−(k) = (χnF ◦ χnG ◦ χnH)(k) ∨ −0.5 = 0 ∨ −0.5 = 0 = χ−n(FGH]

(k) and

(χpF ◦ χpG ◦ χpH)
−(k) = (χpF ◦ χpG ◦ χpH)(k)∧ 0 = 0 = χ−p(FGH]

(k). That is, (χF ◦ χG ◦ χH)
− = χ−

(FGH]
.

�

Lemma 6. If a subset F is the generalized bi-ideal of S, we can determine that χ−F = (S; χ−nF, χ−pF) is an
(∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal of S.

Lemma 7. If a subset F is a left (resp. right, lateral) ideal of S, we can determine that χ−F = (S; χ−nF, χ−
p F) is an

(∈,∈ ∨q) -bipolar fuzzy left(resp. right, lateral) ideal of S.

Proposition 1. If we let h = (S; hn, hp) be an (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal of S,, we can
determine that h− = (S; h−n , h−p ) is a bipolar fuzzy generalized bi-ideal of S.

Proof. Let that h− = (S; h−n , h−p ) is an (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S. Suppose
l, m ∈ S such that l ≤ m. Thus, hn(l) ≤ hn(m) ∨ −0.5 and hp(l) ≥ hp(m) ∧ 0.5. Therefore, hn(l) ∨
−0.5 ≤ (hn(m) ∨ −0.5) ∨ −0.5 = hn(m) ∨ −0.5 and hp(l) ∧ 0.5 ≥ (hp(m) ∧ 0.5) ∧ 0.5 = hp(m) ∧ 0.5.
This implies that h−n (l) ≤ h−n (m) and h−p (l) ≥ h−p (m).

If we let p, q, l, m, n ∈ S, we can determine that hn(lpmqn) ≤ (hn(l) ∨ hn(m) ∨ hn(n)) ∨−0.5 and
hp(lpmqn) ≥ (hp(l) ∧ hp(m) ∧ hp(n)) ∧−0.5 by using the second condition of Theorem 15. Thus,

hn(lpmqn) ∨ −0.5 ≤ (hn(l) ∨ hn(m) ∨ hn(n)) ∨ −0.5. This shows that hn(lpmqn) ∨ −0.5 ≤
(hn(l)∨−0.5)∨ (hn(m)∨−0.5)∨ (hn(n)∨−0.5). This becomes h−n (lpmqn) ≤ h−n (l)∨ h−n (m)∨ h−n (n)
and h−p (lpmqn) ∧ 0.5 ≥ (h−p (l) ∧ 0.5) ∧ (h−p (m) ∧ 0.5) ∧ (h−p (n) ∧ 0.5). This implies that h−p (lpmqn) ≥
h−p (l) ∧ h−p (m) ∧ h−p (n). Thus, h− = (S; h−n , h−p ) is a bipolar fuzzy generalized bi-ideal of S. �

Now, for the next theorems, we will study the regular ordered ternary semigroups in the form of
the lower parts of (∈,∈ ∨q)-bipolar fuzzy left (resp. right or two-sided) ideals and (∈,∈ ∨q)-bipolar
fuzzy generalized bi-ideals. An ordered ternary semigroup S is called regular if a ∈ (aSa] for any
a ∈ S [21].
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Theorem 11. Any S is regular if and only if each (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal h = (S; hn, hp)

and each (∈,∈ ∨q) -bipolar fuzzy left ideal g = (S; gn, gp) of S. Thus, it becomes (h ∧ g)− ≤ (h ◦ 1 ◦ g)−.

Proof. Let (h ∧ g)− ≤ (h ◦ 1 ◦ g)− for each (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal h = (S, hn, hp),
each (∈,∈ ∨q)-bipolar fuzzy left ideal g = (S; gn, gp) of S. We need to show that S is regular.
Using Lemma 2, we only show that F ∩ L ⊆ (FSL] for each generalized bi-ideal F and each left ideal
L of S. Consider u ∈ F ∩ L. This shows that u ∈ F, u ∈ L. Using Lemma 22 and 23, we get χ−F as
an (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal and χ−L as an (∈,∈ ∨q)-bipolar fuzzy left ideal of S.
Using this assumption, χ−

(FSL](u) = χ−F (u) ◦ χ−S (u) ◦ χ−L (u) ≥ χ−F (u) ∧ χ−S (u) ∧ χ−L (u) = χ−F∩S∩L(u)
by using Definition 5. Therefore, F ∩ S ∩ L ⊆ (FSL] and S is regular.

Conversely, suppose that S is regular and u ∈ S. Thus, there exists l ∈ S such that u ≤ ulu ≤
ul(ulu) ≤ (ululu)l(ulu). This shows that (ululu, l, ulu) ∈ Au so Au 6= ϕ. Now, we obtain:

(hn ◦ 1n ◦ gn)
−(u) = (hn ◦ 1n ◦ gn)(u) ∨−0.5

= ∧
(l,m,n)∈Au

{(hn)(l) ∨ 1n(m) ∨ gn(n)} ∨ −0.5

≤ {(hn)(ululu) ∨ 1n(l) ∨ gn(ulu)} ∨ −0.5

Since h = (S, hn, hp) is a (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S, so (hn)(ululu) ≤ (hn)(u) ∨
hn(u) ∨ hn(u) ∨−0.5 = (hn)

−(u) and g = (S; gn, gp) is (∈,∈ ∨q)-bipolar fuzzy left ideal of S. Thus,
gn(ulu) ≤ gn(u) ∨−0.5 = g−n (u). Hence, (hn ◦ 1n ◦ gn)

−(u) ≤ (hn ∧ gn)
−(u). Similarly, we can prove

that (hp ◦ 1p ◦ gp)
−(u) ≥ (hp ∧ gp)

−(u). Thus, we have the required result of (h ∧ g)− ≤ (h ◦ 1 ◦ g)−.
�

Theorem 12. Any S is regular if and only if each (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal h = (S; hn, hp)

and each (∈,∈ ∨q)-bipolar fuzzy ideal g = (S; gn, gp) of S. Thus, it becomes (h ∧ g)− ≤ (h ◦ g ◦ h)−.

Proof. Let (h ∧ g)− ≤ (h ◦ g ◦ h)− for each (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal h = (S; hn, hp)

and each (∈,∈ ∨q)-bipolar fuzzy ideal g = (S; gn, gp) of S. Now, to prove that S is regular, we just
need to show that F ∩ I ⊆ (FIF] for each ideal I and every generalized bi-ideal F of S by Lemma 1.
Let b ∈ F ∩ I at that instant b ∈ I and b ∈ F. Thus, Lemma 22 shows that χ−F = (S; χ−nF, χ−pF)

is an (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal of S and through Lemma 23, χ−I = (S; χ−nI , χ−pI)

is an (∈,∈ ∨q)-bipolar fuzzy ideal of S. Thus, through the given supposition, we get χ−
(FIF](b) =

χ−F (b) ◦χ−I (b) ◦χ−F (b) ≥ χ−F (b)∧χ−I (b) = χ−F∩I(b). This shows χ−
(FIF](b) ≥ χ−F∩I(b) by using Lemma 5.

Therefore,F ∩ I ⊆ (FIF]. This proves that S is regular.
On contrary, assume that S is regular with b ∈ S. Thus, there exists l ∈ S such that b ≤ blb ≤

(bl(blb). Thus, (b, (lbl), b) ∈ Ab 6= ϕ. Now, we obtain

(hn ◦ gn ◦ hn)
−(b) = (hn ◦ gn ◦ hn)(b) ∨−0.5

= ∧
(l,m,n)∈Aa

(hn ◦ gn ◦ hn)(b) ∨−0.5

= ∧
(l,m,n)∈Ab

{hn(l) ∨ gn(m) ∨ hn(n)} ∨ −0.5

≤ {hn(b) ∨ gn(lbl) ∨ hn(b)} ∨ −0.5.

Since g = (S; gn, gp) is an (∈,∈ ∨q)-bipolar fuzzy ideal of S. Thus, gn(lbl) ≤ gn(b) ∨−0.5. Thus,
we have

{hn(b) ∨ gn(lbl) ∨ hn(b)} ∨ −0.5 ≤ {hn(b) ∨−0.5} ∨ {gn(b) ∨−0.5} ∨ {hn(b) ∨−0.5}
= h−n (b) ∨ g−n (b) ∨ h−n (a)
≤ (h−n ∨ g−n ∨ h−n )(b).
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In a same way, we can easily show that (hp ◦ gp ◦ hp)
−(b) ≥ (hp ∧ gp)

−(b). Hence, (hp ∧ gp)
− ≤

(hp ◦ gp ◦ hp)
−
. �

Theorem 13. Any S is regular if and only if each (∈,∈ ∨q) -bipolar fuzzy right ideal h = (S, hn, hp),
each (∈,∈ ∨q) -bipolar fuzzy generalized bi-ideal g = (S; gn, gp) and each (∈,∈ ∨q) -bipolar fuzzy left ideal
f = (S; fn, fp) of S. Thus, we get (h ∧ g ∧ f )− ≤ (h ◦ 1 ◦ g ◦ 1 ◦ f )−.

Proof. Let (h ∧ g ∧ f )− ≤ (h ◦ g ◦ f )− for each (∈,∈ ∨q)-bipolar fuzzy right ideal h = (S; hn, hp),
each (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal g = (S; gn, gp) and each (∈,∈ ∨q)-bipolar fuzzy
left ideal f = (S; fn, fp) of S. We have to show that S is regular. Using Lemma 2, we only show
that R ∩ F ∩ L ⊆ (RSFSL] for each right ideal R, each generalized bi-ideal F and each left ideal
L of S. Consider u ∈ R ∩ F ∩ L Using Lemmas 22 and 23, we get χ−R = (S; χ−nR, χ−pR) as an (∈,∈
∨q)-bipolar fuzzy right ideal χ−F = (S; χ−nF, χ−pF) as an (∈,∈ ∨q)-bipolar fuzzy generalized bi-ideal and
χ−L = (S; χ−nL, χ−pL) as an (∈,∈ ∨q)-bipolar fuzzy left ideal of S. Using the assumption, χ−

(RFL](u) =

χ−R (u) ◦ χ−F (u) ◦ χ−L (u) ≥ χ−R (u) ∧ χ−F (u) ∧ χ−L (u) = χ−R∩F∩L(u) by using Definition 5. Therefore,
R ∩ F ∩ L ⊆ (RSFSL] and S is regular.

Conversely, suppose that S is regular and u ∈ S. Thus, there exists l ∈ S such as u ≤ ulu ≤ ul(ulu).
This shows that (u, l, ulu), (ulu, l, u) ∈ Au so Au 6= ϕ and

(hn ◦ 1n ◦ gn ◦ 1n ◦ fn)
−(u) = (hn ◦ 1n ◦ gn ◦ 1n ◦ fn)(u) ∨−0.5

= ∧
(ulu,l,u)∈Au

{hn(ulu) ∨ 1n(l) ∨ (gn ◦ 1n ◦ fn)(u)} ∨ −0.5

≤ min[hn(u) ∨
(p,t,q)∈Au

{gn(p) ∨ 1n(t) ∨ fn(q)} ∨ −0.5

≤ min[hn(u) min{gn(u) ∨ 1n(l) ∨ fn(ulu)}] ∨−0.5
= min[hn(u) min{gn(u), fn(ulu)}] ∨−0.5
≤ min[hn(u) min{gn(u), fn(u)}] ∨ (−0.5)
= min{hn(u), gn(u), fn(u)} ∨ (−0.5)
= (hn ∧ gn ∧ fn)

−(u)

In a similar way, we can easily show that (hp ◦ 1p ◦ gp ◦ 1p ◦ fp)
−(u) ≥ (hp ∧ gp ∧ fp)

−(u). Hence,
we get (h ∧ g ∧ f )− ≤ (h ◦ 1 ◦ g ◦ 1 ◦ f )−, which is the required result. �

8. Conclusions

The ternary ordered semigroups are a joined extension of ordered semigroups and ternary
semigroups. Similar to the case of ordered semigroups, the bipolar fuzzy subsets of an ordered ternary
semigroup is proved to be an ordered ternary semigroup. In addition, we have proved that if a bipolar
fuzzy set h = (S, hn, hp) in an ordered ternary semigroup S is (∈,∈ ∨q)-bipolar fuzzy generalized
bi-ideal of S, we can determine that it satisfies two particular properties of S but we have shown with
an example that the reverse of this statement is not true in general. This major result has negated
the result proved in [20]. A technique of bipolar fuzzification is applied to study the regular ordered
ternary semigroups.

Our future plans are to apply this technique for gamma semigroup and near rings. Thus, we will
further generalize it by defining the roughness of bipolar fuzzy ideals of ternary semigroups, gamma
semigroups and near-rings.
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