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Abstract: Matrix F~ derived from the Fibonacci sequence was first introduced by Kara (2013) and the
spaces [,(F) and l(F); (1 < p < c0) were examined. Then, Basarir et al. (2015) defined the spaces cy(F)
and c(F) and Candan (2015) examined the spaces c(F(,5)) and ¢y(F(1,5)). Later, Yasar and Kayaduman
(2018) defined and studied the spaces cs(F(s,r)) and bs(F(s,r)). In this study, we built the spaces cs(F)
and bs(F). They are the domain of the matrix F on c¢s and bs, where F is a triangular matrix defined by
Fibonacci Numbers. Some topological and algebraic properties, isomorphism, inclusion relations and
norms, which are defined over them are examined. It is proven that cs(F) and bs(F) are Banach spaces.
It is determined that they have the -, 8, a -duals. In addition, the Schauder base of the space cs(F) are
calculated. Finally, a number of matrix transformations of these spaces are found.

Keywords: matrix transformations; Fibonacci numbers; sequence spaces; Fibonacci double band
matrix; 7, B, a -duals

1. Introduction

Cooke [1] formulated the theory of infinite matrices in the book “Infinite Matrices and Sequence
Spaces”. Many researchers have investigated infinite matrices after the publication of this book in
1950. In most of these studies, the domain of infinite matrices on a sequence space was studied. In this
study, we address the question: What are the properties of the domain of the Fibonacci band matrix on
sequence spaces bs and cs? The domain of the Fibonacci band matrix creates a new sequence space.
We handle algebraic properties of this new space in order to determine its duals and its place among
other known spaces, and to characterize the matrix transformations of this space.

One difficulty of this study is to determine whether the new space is the contraction or the
expansion, or the overlap of the original space. Another difficulty is to determine the matrix
transformations on this space and into this space. For the first problem, we give a few inclusion
theorems. For the second problem, we use the matrix transformation between the standard sequence
spaces and two theorems.

Generating a new sequence space and researching on its properties have been important in the
studies on the sequence space. Some researchers examined the algebraic properties of the sequence
space while others investigated its place among other known spaces and its duals, and characterized
the matrix transformations on this space.

We can create a new sequence space by using the domain of infinite matrices. Ng-Lee [2] first
investigated the domain of an infinite matrix in 1978. In the same period, Wang [3] created a new
sequence space by using another infinite matrix. Many researchers such as Malkovsky [4], Altay, and
Basar [5] followed these studies. This topic was studied intensively after 2000.
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Leonardo Fibonacci invented Fibonacci numbers. He introduced Fibonacci numbers originated
from a rabbit problem. These numbers create a number sequence:

1,1,2,3,5,8,13,21,34,55,89,....

This sequence has important properties and applications in various fields.
Let us indicate the Fibonacci sequence by (f,). f, is defined as

fo=fo1+fu2m>2)

with fo = f1 = 1. The golden ratio is

limfn+1 _ 1+\/5:4)

n—eo  fy 2

Let us indicate the set of all real-valued sequences with w and list some subspaces of w called
standard sequence spaces.

c= {rz (1) ew:klim\rk—p| =0 forsomepe(C},
—>00
co = {r: (rg) € w: lim |ry] :0},
k—o0
<oo},
:0},

loo = {r = (r¢) € w:sup|rg| < oo},

keN

n
Y
k=0

n
Y

k=0

bs

{r: (re) € w:sup

neN

CSOI{TI(T’k)GW5nlE};o

bv = {r: (re) Ew: Z|rk—rk,1\ < oo},

k=0
bvy = bvNcy
lp:{r:(rk)ew: Y |rklP < oo, 0<p<oo},
k=0
L = {r— (re) €ew: Y |ne| < 00},
k=0

Now let us take real valued infinite matrix T = (t,), where t, is a real number for every n,keN
Let A and B be sequence spaces. Sequence Tx = {T,(x)} is T-transform of a for every a = (ax)€A. Here,
TaeB and

Tn(”) = Ztnkuk 1)
k

and T, (a)—t (t exists for every n€N). Then, T is called a matrix transformation from A to B.
Now let us take infinite matrix T and sequence space § to define domain of infinite matrix T. The
domain of the matrix T on ¢ is characterized by

ot = {x = (xp)€w: TxeEd}. )
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Many reserachers have studied the domain of a matrix on a sequence space. For more detailed
information on these new sequence spaces, see references [6-26].

The Fibonacci difference matrix F was first introduced by Kara [27] in 2013. F is derived from (f;).
In this study, Kara [27] defined the spaces I,,(F) and I«(F); (1 < p < c0). After this study the co(F(r,s)) and
c(F(r,5)) was introduced by Candan [28], in 2015, where F(r,5) is a generalized Fibonacci matrix. Candan
and Kara [19] introduced and examined I,(F(r,s)); (1 < p < o). In 2018, Yagar and Kayaduman [29]
defined and examined cs(F(s,r)) and bs(F(s,r)) and Kayaduman and Yasar [30] studied spaces bs(N*)
and cs(N?), where N is a Norlund matrix.

Let 0 be a sequence space. The v, B, & -duals of J are defined, respectively, as follows

0T ={x=(x¢) € w:xs=(x8x) € bsforalls € 6},

0F = {x = (x) €w:xs = (xi8¢) € cs foralls € 6},
0 ={x=(xx) €Ew:xs = (xs¢) € I forall s € §}.

In this study, spaces cs(F) and bs(F) are introduced and the related notations are given in Section 2.
In addition, some topological and algebric properties, isomorphism, inclusion relations and norms
which are defined over them are examined. The v, B, « -duals of these spaces are determined in
Section 3. The Schauder base of space cs(F) are calculated. Finally, many matrix transformations of
these spaces are found. In the last section, the results and previous studies and the working hypotheses
are discussed.

A detailed literature review was performed before this study was started. Scans were made on
related articles, magazines, and books. As a result of these scans, the part related to our subject was
synthesized and the results were noted. These results were then applied to our problem area. Finally,
the results of this study were obtained.

2. Results

2.1. The Domain of Fibonacci Difference Matrix F on Bounded and Convergent Series

In this section, cs(F) and bs(F) are introduced. Related notations are given. In addition, some
topological and algebric properties, isomorphism, inclusion relations, and norms defined over them
are examined.

For similar studies, see refeerences [19] and [27-34].

Let spaces cs(F) and bs(F) be the domain of the matrix F on cs and bs, where F = {f ;} infinite matrix
is defined by (f;;)

a1 , k=n-1
f nk — z k=n

for1”
0, 0<k<n—1lorn<k

for all k,neN. Then we inroduce cs(F) and bs(F) as

= = (x w: ) S —Mx c
== (E(fen- B )]

2 ()

bs(F) = {x = (x¢) € w:sup 2\ G

neN

We can see c¢s(F) = (cs)r and bs(F) = (bs)r by using Equation (2).
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Let the inverse matrix of F be F~!. For all k,neN, F~1 = {F~1,,} is found as

2

Intl 0 < k < n
fl=L Ffear VSES
k 0, k> n.

Let us take sequence x = (x,,). If y = Fx, then we calculate as

X0, n=20
yn = (Fx)n = { fn fn+1 n > 1

Fort Xn o Xn—1, =z
Herefrom, if we calculate inverse of F, then we find that x = F~1 y and

L S
e ZO fifern®
Now, let us give some theorems related to our study.
Theorem 1. bs(F) is a linear space.
Proof. The proof is left to the reader since it is easy to show. [J
Theorem 2. cs(F) is a linear space.

Proof. The proof is left to the reader since it is easy to show. [J

Theorem 3. bs(F) is a normed space with:

[[x[| = sup
neN

Z(fflx ﬁ}f"k 1)

j=0

Proof. The proof is left to the reader since it is easy to show. [J
Theorem 4. cs(F) is a normed space with Equation (6).
Proof. The proof is left to the reader since it is easy to show. [J

Theorem 5. bs(F) is isomorphic to bs.

40f16

®)

(4)

©)

(6)

Proof. Let us take T: bs(F) —bs mentioned Equation (4) by x—y = Tx = Fx. It is easy to see that T is

linear and injective.

We must find T is surjective. Let y = (y,)€bs. By using Equation (5) and Equation (6), we see

_ L fk _ fen
X = su X
H ” p kZ ( f k— 1)’

neN fk+1

n
=sup| ¥ yi| = HyHbs<°°

neNIk

= sup f i fen yi | — frer1 Z fea Vi
N k=0 fk+1 o fifis1 7 e o fifiv1 ]
Z

We see that x€bs(F). Hence, T is surjective. In addition, bs(F) and bs izometric because ||x||ys(p) =

[¥llps- O
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Theorem 6. cs(F) is isomorphic to cs.
Proof. The proof can be made similar to Theorem 5, so it is left to the reader. U
Theorem 7. bs(F) is a Banach space with Equtaion (6).

Proof. It is easy to see the norm conditions are ensured. Let a Cauchy sequence x* = (x;') in bs(F) for
each ieN. For all keN, we have
i_ Se i e

TR A
from Equation (4). For all € > 0 there is ny = ny(¢) such that

i_ m _ L L i .m\ fk7+1 i _m
12" = x|y —izg kg()(fk“ (2 —x") 7 (%1 xk—l))
n . .
=sup| L (v, —vi)| = v —y"[lps < e
neNlk=0

for all i,;m > ny. y;—y (i—o0) such that y € bs exists, since bs is complete. Since bs and bs(F) are
isomorphic, bs(F) is complete. It hereby is a Banach space. U

Theorem 8. cs(F) is a Banach space with Equation (6).

Proof. It is easy to see the norm conditions are ensured. Let a Cauchy sequence x' = (x!) in cs(F) for
each ieN. For all keN, we have
S i S
Ye= 7 X — T X
TRt T

from Equation (4). For all € > 0, there is 1y = ny(e) such that

i m _ L fr i_m_fk+1 i 1
[|x* — x ||cs(l—") —igg kgo(f"“ (xk xk) fi (xk—l xk_1)>’
—sup‘ YWy =y — "l <e
neNlk=0

for all i;m > ny. y;—y (i—c0) such that y € cs exists, since cs is complete. Since cs and cs(F) are
isomorphic, cs(F) is complete. It hereby is a Banach space. [

Now, let R = (r,%) infinite matrix. Let us list the following:

sup) |1kl < oo, @)
neN k

lilrcnrnk =(0foreachn e N, (8)

m
SUPZ Z (rnk - rn,kJrl) < oo, (9)

m k |{n=0
h};ﬂ;”nk =pforeachk e N, peC, (10)
sup) |ruk — ruks1] < oo, (11)

nok

lilgnrnk =aiforeachk € N, g, € C, (12)
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sup < o

N,KeF

Z Z (rnk - rn,k+1)

neNkeN

Z Z (rnk - 7n,k—1)

neNkeN

sup
N,KeF

< 0o,

lirrln(rnk —tpiy1) = aforeachk €N, a € C,

1111}12|rnk - rn,k+1| = Z‘h};ﬂ("nk - rn,kJrl) ’
k k

< 0o,

sup|limr
|k

limZ‘rnk — Ty k1 ‘ = 0 uniformly in #,
p y
k

m
hr{lnz Z (rnk - rn,k—‘rl) =0,
k |n=0
m
Z (rnk - rn,k+1) = Z Z (rnk - rn,k+1) ’
n=0 k|n
sup Z 2 Tnk —Tn k+1 (rnfl,k _rnfl,kJrl)} <,
N,KeF|neNkeN
m
sup limz Tnk| < 00
meN| k n=0
Ja, e C> Zrnk =g foreachk € N,
n
sup Z Z [(rnk - 7n—1,k) - (rn,k—l - rn—l,k—l)} < 0.
N,KeF|neNkeN

The collection of all finite subsets of N denoted by F.

Lemma 9. Let us suppose infinite matrix R = (r,). Then,

(rnk)

()R =
(2)R=
(3R =
(4)R =
(5)R =
(6) R =
(7) R =
(8) R =
(9R=
(10) R =
(1) R =
(12) R =
(13) R =
(14) R =
(15 R =
(16) R =
(17)R =
(18) R =

(rn
(
(
(
(
(
(
(

Tk
Tk

r
r
r
r

(
(
(
(
(
(
(
(
(

nk
nk
nk
nk
Tnk
Tk
Tk
Tnk
Tnk
Tk
Tnk
Tnk
Tk

k) €
)
)
nk)
)
)
)
)

(

(
(
(
(
(cs
(
(
(

S
S
S
S
S
S
S

) €
) €
)€
) e
) €
)€
) e
) €
) €

bs, leo) iff Equations (11) and (8) hold [35].

cs, c) iff Equations (11) and (12) hold [36].

bs, 1) iff Equations (13) and (8) hold [37].

cs, 1) iff Equation (14) holds [35].

bs, c) iff Equations (8), (15) and (16) hold [37].

cs, loo) iff Equations (17) and (11) hold [35].

bs, ¢o) iff Equations (18) and (8) hold [35].

bs, ¢sg)iff Equations (19) and (8) hold [38].

bs, ¢s) iff Equations (20) and (8) hold [38].

(bs, bv) iff Equations (21) and (8) hold [38].

bs, bs) iff Equations (8) and (9) hold [38].

cs, cs) iff Equations (9) and (10) hold [39].

bs, bvy) iff Equations (21), (18) and (21) hold [35].

cs, co) iff Equations (11) and (12) hold with ay, = 0 for all k € N [40].
cs, bs) iff Equations (9) and (22) hold [38].

cs, cso)iff Equations (9) and (23) hold with ay = 0 for all k € N [38].
cs, bv) iff Equation (24) holds [38].

N N N N N N N

cs, bvg) iff Equations (24) and (12) hold with ay = 0 for all k € N [35].

6 of 16

(13)

(14)
(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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Theorem 10. bs(F) D () bs is valid.

Proof. Suppose xcbs. If we show that F is an element of (bs,bs) then x is element of bs(F). For this, F
must provide Equations (8) and (9). Since liin fqx = 0 for each n € N, Equation (8) is provided.

If we examine Equation (9), we find

2 (fuk = fuk+1)| = 0.

O
Theorem 11. bs(F) D ) £« is not valid.

Proof. Suppose x = (x;) = (f2k+1). Then y = Fx = (1,0,0....)€bs. On the other hand, f?,;—0 as k—c0. It
is clear xebs(F), but x € (. This result completes the proof. [

Theorem 12. ¢s(F) D () cs is valid.

Proof. Suppose xccs. If we show that F is element of (cs,cs) then x is element of ¢s(F). For this, F must
provide Equations (10) and (9). Equation (9) has been provided from the Theorem 10. If we look at the
Equation (10) then, for each k€N,

i 52) 4o

such that /eC exists. O
Theorem 13. cs(F) D () c is not valid.

Proof. Let x = (x;) = (¢+1). Then y = Fx = (1,0,0....)Ecs. On the other hand, 2¢,;—0c0 as k—c0. It is clear
x€cs(F), but x ¢ c. This result completes the proof. [

Theorem 14. cs(F) C bs(F) is valid.

Proof. If xecs(F), y = Fxecs. Hence, Y Fx € c. Since cCloo, Y FX € loo. Hence, Fxebs. That is, x€bs(F).
This result completes the proof. [

Let us take normed space A and let (a;) € A. If there is only one scalar sequence (vi) such that
y= Z Vi and hm Hy - Z viag|| = 0 then (a;) is called a Schauder base for A.

Now, let us give corallary releated to Schauder basis.

Corallary 15. Let a sequence u¥) = {u,gk)} N in cs(F) be for each k € N and
ne

Uy’ =< fifin

f2
0, n < k.

(o)
Then {uglk)} N is a base for cs(F). Every x € cs(F) can write as a single x = Y, ykuk such that
ne k=0
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2.2. The Duals of cs(F) and bs(F) and Matrix Transformations

Let us give the two lemmas to use in the next stage.

Lemma 16. Let infinite matrix C = (c,) and a = (a,) € w. Let us take C = aF~, that is,

- anf,;kl, 0<k<n
nk 0, n<k

forallk,n € N, 6 € {cs,bs}. Then,a € {6(F~")}"iff C € {5,11}.

Proof. Let x = (x,) and a = (a,) elements of w. y = (y,) such that y = Fx which is defined in Equation (4).
If we use to Equation (4), then

anXy = aﬂ(Fily)n - (Cy>n (25)
ax = (ay xn) €41 with x = (x,)€pu(F) iff Cyel; with yeA. Consequently, Ce(p,f1). O
Lemma 17. [41] Let us take a = (ay) €w and infinite matrix C = (c). Let the inverse matrix H = (h,;) of the

triangular matrix G = (g,x) is given by

=k
, n < k.

—

Za]-h].k, 0<k<mn
Cuk = j

o

Then, for any sequence space 9,
sl={a=(a) ew:Ce (6ln) },

52:{a:(ak)€w:C€((5,c)}.

If we consider Lemma 9, Lemma 16 and Lemma 17 together, the following is obtained;

Corallary 18. Let us take r = (ri)€ w and infinite matrix A = (ax) and B = (byy) such that

-1 n 2
<k<
Ay = rnfnk » Osksm and b, = E I+l T
0, n <k j=k fefrs

If we take dy, dy, d3, dy, ds, dg, d7 and dg as follows:

dy=<r=(rp)€w: sup | ¥ ¥ (aux —appp1)| <o ¢,
N,Ke FlneNkeN

dy=qr=(rg) Ew: sup | ¥ ¥ (pk —anr-1)| <o,
N,KeFlneNkeN

dz = r:(rk)ew:liincnkzo ,

dg=<r=(rp) €ew:IeC> lirrln(bnk —byki1) =a forallk € N},

= () € 0 B b — by = 2 [lim (b — b }

r=(r¢) ew:ﬂae@angnbnk:aforaUkeN},

47 = [r = (1) € w:supY|byk — by pia| < oo},

neN k
<oo}.

r = (ry) € w:sup|limb,;

neN
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then,
(1) {bs(F)}* = d;
(2){cs(F)P* =d,
(3) {bs(F)}f = d3ndyNds
(4) {cs(F)}P = dgnd;
(5) {bs(F)}" = d3Nd;
(6) {cs(F)}Y = dyNdg.

Theorem 19. Let y € {cs,bs} and A C w. Then, U = (u,y) € (u(F),A) iff

v = (0" € (u,c) foralln € N (26)
V= (vnk) € (V/ )\)/ (27)
where
/+1 n L 0<k<
o) — Zk Fefet =m (28)
0, m <k
and

2
j+1

; 29
Ok = ]kfkfk+1 @)

forallk,m,n € N.

Proof. Necessity part: Let us take that A = (a,4) € (u(F),A) and x = (x;) € u(F). If we use
Equation (5), then we find

Z ApkXp = Z Ank Z fkka}/]
m m 2 (30)

= B (m)
_kgojgkfkfkﬂankyk Zd 'y = D" (y).

According to the hypothesis, for each meN, Ay, (x) € c. Then, v(m) € ¢ for each meN and V(") ¢
(u,c). Ax = Vy if we consider for m— oo from Equation (30). As a result, we find V = (v,,) € (, A).

Sufficient part: Suppose that Equations (26) and (27) are satisfied and x = (x;) € u(F) be
By using Corollary 18 and Equations (26) and (30), we have that y = Fx € g and

=Y vi’:)yk =Y apx; = A,(qm)(x) € c.
k=0 k=0

Hence, A = (a1 ) €Xists. Ax = Vi if we consider for m—oo from Equation (30). Consequently,
we find A = (ay) € (u(F),A). O

Theorem 20. Let u € {bs,cs}and A C w and U = (u,y) and B = (byy) be infinite matrices. Let

fﬂ u fn-i—l (31)

bktz k — Upy_1 k-
T fa fo T

Then, U € (A, u(E)) iff B € (A, p).
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Proof. Let z = (z;)€ [ and Equation (31) exist. Then, we have

Z bukzi = Z ( fnfil ay fnle (- 1k> Zk- (32)

If we take m— o0 to Equation (32), we have that (Bz), = (F(Az)),. Consequently, Az€u(F) iff Bze . That
is, Be (A, u). 0O

Let us give almost convergent sequences space, which was first defined by Lorentz [42]. Let

n+k

t = (t)€Ll. tis almost convergent to limit ¢ iff 11m Z = a uniformly in n. It is denoted by
ook=o "

¢ —limt = a. In addition, és and & mean the spaces of almost convergent series and almost null
sequences, respectively. ¢y and ¢ are

&y = {x = (x3) € los : lim Z m”fl‘ = O uniformly in n}

” . Xpik _ . .
¢ = {x =(x) €lo:TNeC> %g}okgom—fi = w uniformly in n}.

Now, let us take infinite matrix R = (r,;) and list the following:

Jday € C > f —limr,; = a foreachk € N, (33)
n+i
hmz TH1 Z A Z ik — ax) | | = 0 uniformly in 7, (34)
j=
n
sup) || A1) rjk (35)
neN g i—=0
n
Jap € C> f—lim)_ rj = a; foreachk € N, (36)
j=0
n
supz Z Tig| < 00 (37)
neN k |j=0
Jay € C3 ) ) ry = apforeachk €N, (38)
n k
n
ALY (rjk—ac|| =0, (39)
=0
sup) Z r]k < oo, q= (40)
neN g ]
m
sup 2 Tuk| < o0 41)
mneN|n=0
m [0}
sup Z 2 Tak| < o (42)
m,leN|n=0k=I
m 1
sup 2 Z Tak| < 00 (43)
m,leN|{n=0k=0
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o0
2 Tuk| = O,
n=m
ernk convergent
n k
m
r&g}rgoyg) (fuk — Tugs1) = aforeachk € N, a € C.

Lemma 21. Let infinite matrix R = (r,) for all kneN. Then,

(1)R =
(2)R =
(3R =
(4)R =
(5)R =
(6) R =
(7)R =
(8 R=
(9 R =
(10) R =
(11) R =
(12) R =
(13) R =
(14) R =
(15) R =
(16) R =
(17) R =

(rax) € (6, cs) iff Equation (23) and Equations (37)—(39) hold [43].

(rax) € (cs, &) iff Equation (11) and Equation (33) hold [44].
(rux) € (bs,€) iff Equations (8), (11), (33) and (34) hold [45].
(rax) € (bs, és) iff Equations (8) and (34)—(36) hold [45].
(rax) € (cs, ¢s) iff Equation (35) and Equation (36) hold [44].
(rx) € (loo, bs) = (¢, bs) = (co, bs) iff Equation (37) holds [38].
(rnk) € (Ip, bs) iff Equation (40) holds [46].
(rax) € (1, bs) iff Equation (41) holds [38].
(rux) € (b, bs) iff Equation (42) holds [38].
(rux) € (bvo, bs) iff Equation (43) holds [46].
(rax) € (loo, cs) iff Equation (44) holds [38].
(rax) € (c, cs) if and only Equations (10), (37) and (45) hold [38].
(rx) € (cso, cs) iff Equations (9) and (46) hold [38].
(rnk) € (Ip, cs) iff Equations (10) and (40) hold [46].
(rax) € (1, cs) iff Equations (10) and (41) hold [46].
(rax) € (bo,cs) if and only Equations (10), (41) and (43) hold [38].

(rux) € (boo, cs) iff Equations (10) and (43) hold [46].

110f 16

(44)

(45)

(46)

Now, suppose v, and v%) which mentioned Equations (28) and (29) and give the following equations

11,?“’5,73) =0foreachn € N,

: (m) (m)
h,{n; Uk T Ukt

= 0 uniformly in #,

Ju,eC> nlgrolo (Ui(fl:l) — M ) = vy foreach k € N,

nk+1

limov,, = 0foreachn €N,
k—o00

SUPZ|Unk - Z711,k+1| < 0o,
n ok

Jop € C 3 lim (Opk — V1) = di foreach k € N,

UV — Un,k+1‘ = [ uniformly in n,

< 00,

m
Z (vnk - vn,kJrl)

n=0

sup)

meN k

:0,

Z (vnk - Z)n,kJrl)
=0

)

k

2 (Unk - Un,k+l) =

n

m
Y (Onk — Vpki1)
n=0

(47)

(48)

(49)
(50)
(51)
(52)

(53)

(54)

(55)

(56)
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sup Z Z [(Unk - Un,k+1) - (Unfl,k - Z)nfl,k+l)] < oo,
N,KeF|neNkeN
sup [ Y ) (0uk —vp_1p) | < oo
N,KEF|neNkeN
Ju € C 3 lim VS,?) = vy foreach k € N,
n
m m
sup)_ [0}’ — U;&,k)ﬂ‘ < %,
nok
sup |limv,; | < oo,
|k
Ju, e C> lim v, = o foreachk € N,
m
sup|lim ) " v,| < oo,
meN| k n=0
m
Supz 2 (Opk — Z771,k71) < 0o,
meN k |n=0
Ju,eC> Zvnk = v foreach k € N,
n
sup Z Z (Opk — Vni—1)| < 00,
N,KeFneN|keN
Ju, € C3 f —limvy, = v foreach k € N,
sup Z Z [(Unk - Un—l,k) - (Un,k—l - Un—l,k—l)] < 0o,
N,KeF |neN keN
1 9 n+i
lim) | —3 Y AlY, (vjk —Ix) | | = 0 uniformly in n,
Ul e bl e R e
n
sup) | Y vjk| < oo,
neN g |j=0

JFeCa) )Y vu=I
Tk

=0,

li}gn;

AL& (Ojk — I
i=0

A

sup)

neN g

< 00,

n
) vk
j=0

n
Ju,eC> f— limz vjx = vg foreach k € N.
j=0

12 0of 16

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

If we consider Theorems 19 and 20, Lemmas 9 and 21, then we give the below conclusions.

Corollary 22. Let us take U = (u,) mentioned in Theorem 19. Then,

(1) U = (uyg) € (bs(F),co) iff Equations (47) and (49) hold and Equation (53) holds with 1= 0.

(2) U = (uyg) € (bs(F),cso) iff Equations (47)—(50) and Equation (55) hold.
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(3) U = (uyx) € (bs(F),c) iff Equations (47)—(50) and Equations (52) and (53) hold.

(4) U = (uyg) € (bs(F),cs) iff Equations (47)—(50) and Equation (56) hold.

(5) U = (uyg) € (bs(F),l) iff Equations (47)—(51) hold.

(6) U = (u,g) € (bs(F), bs) iff Equations (47)—(50) and Equation (54) hold.

(7) U = (uyx) € (bs(F),1y) iff Equations (47)—(50) and Equation (58) hold.

(8) U = (uyx) € (bs(F), bv) iff Equations (47)—(50) and Equation (57) hold.

(9 U = (uyk) € (bs(F),bvy) iff Equations (57) and (47)—(49) and Equation (51) hold and Equation (53)

also holds with 1= 0.

Corallary 23. Let us take U = (u,;) mentioned in Theorem 19. Then,

(1) U = (uy) € (cs(F),co) iff Equations (59), (60), Equation (51) hold and Equation (62) also holds
with vy = 0 for all k € N.

(2) U = (uyk) € (cs(F),csp) iff Equations (59), (60), Equation (54) hold and Equation (65) also holds
with vy = 0 forall k € N.

(3) U = (uyx) € (cs(F),c) iff Equations (59), (60), Equation (51) and Equation (62) hold.

(4) U = (uyg) € (cs(F), cs) iff Equations (59), (60), Equation (64) and Equation (65) hold.

(5) U = (uyg) € (cs(F),lo) iff Equations (51) and (59)-(61) hold.

(6) U = (uyg) € (cs(F), bs) iff Equations (59), (60), (54) and (63) hold.

(7) U = (uyg) € (cs(F),lh) iff Equations (59), (60) and (66) hold.

(8) U = (uyg) € (cs(F), bv) iff Equations (59), (60) and (68) hold.

(9) U = (uyg) € (cs(F), bvy) iff Equation (59), (60) and (62) hold and Equation (68) holds with vy = 0
forallk € N.

Corollary 24. Let us take U = (1, ) mentioned Theorem 19. Then,

(1) U = (uy) € (bs(F),¢) iff Equations (47)—(51), (67) and (69) hold.

(2) U = (uy) € (bs(F), o) iff Equations (47)—(51) hold and Equations (68) and (69) also hold with
vx = 0in Equation (67) and I}, = 0 in Equation (69).

(3) U = (uyx) € (cs(F), &) iff Equations (59), (60), (67) and (51) hold.

(4) U = (uyk) € (cs(F), ¢o) iff Equations (51), (59), (60) hold and Equation (67) also holds with vy = 0.

(5) U = (uyg) € (bs(F), ¢és) iff Equations (69), (73), (74) and (47)—(50), hold.

(6) U = (uyg) € (cs(F), és) iff Equations (73), (74), (59) and (60) hold.

Corallary 25. Let us take U = (u,y) mentioned Theorem 20. Then,

(1) U = (uyk) € (Ip,bs(F)) iff Equation (40) holds with by instead of 1y, where by is defined by
Equation (31).

(2) U = (uyk) € (loo, bs(F)) = (c,bs(F)) = (co, bs(F)) iff Equation (37) holds with b, instead of 1,
where by is defined by Equation (31).

(3) U = (uyx) € (l1,bs(F)) iff Equation (41) holds with b, instead of 1, where by is defined by
Equation (31).

(4) U = (uu) € (bo,bs(F)) iff Equation (42) holds with b,y instead of r,y, where b,y is defined by
Equation (31).

(5) U = (un) € (bvg,bs(F)) iff Equation (43) holds b,y instead of r,y, where b,y is defined by
Equation (31).

(6) U = (unk) € (loo,cs(F)) iff Equation (44) holds with by instead of r,y, where b,y is defined by
Equation (31).

(7) U = (uyk) € (c,cs(F)) iff (10), Equations (37) and (47) hold by instead of 1y, where by is defined
by Equation (31).

(8) U = (uyk) € (cso,cs(F)) iff Equations (9) and (46) hold with b instead of r,y, where by is defined
by Equation (31).

(9) U = (unk) € (Ip, cs(F)) iff Equations (10) and (40) hold with by instead of 1y, where by is defined
by Equation (31).
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(10) U = (uyy) € (1,¢s(F)) iff Equations (10) and (41) hold with b,y instead of ., where by is defined
by Equation (31).

(11) U = (uy) € (bv, cs(F)) iff Equations (10), (41) and (43) hold with b, instead of ., where by is
defined by Equation (31).

(12) U = (uyy) € (bvo, cs(F)) iff Equations (10) and (43) hold b, instead of 1y, where by, is defined by
Equation (31).

(13) U = (uyk) € (¢,¢s(F)) iff Equation (65) and Equations (70)—(72) hold with b,y instead of vy,
where by is defined by Equation (31).

3. Discussion

Kizmaz [47] first introduced the difference sequence operator in 1981. Generalized difference
sequence spaces were characterized and investigated by Kirisci and Basar [4] in 2010. Kara [27] first
defined the Fibonacci Difference Matrix F, which created the Fibonacci sequence (f,;) in 2013. He also
introduced the new sequence spaces £,,(F) and {(F); where 1 < p < co. The spaces c(F(r,s)) and co(F(r.s))
were introduced by Candan [28] in 2015. In 2015, the sequence space ¢,(F(r,s)) was introduced and
studied by Candan and Kara [19]; where 1 < p < co. In addtion, a class of compact operators on KP(F)
and {«(F) was characterized by Kara et al. [32], where 1 < p < co.

In the present study, we introduced the domain of a triangular infinite matrix on a sequences
space. We described spaces cs(F) and bs(F), where F, cs, and bs are the Fibonacci Difference Matrix,
convergent and bounded series, respectively. It was demonstrated that bs(F) are the linear spaces, and
given that cs(F) is linear space in Theorem 6. without proof and, they have the same norm

(e,
E)(ﬁm ok k1>‘

where x€cs(F) or xebs(F). It was found that they are Banach spaces. In addition, inclusions theorems
were examined and found. Finally, the v, B, « -duals of them were calculated. Finally, some matrix
transformations as a main result were given.

[Jx|| = sup
neN
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