. mathematics @y

Article

On the Domain of the Fibonacci Difference Matrix

Fevzi Yasar '* and Kuddusi Kayaduman 2

1 Kilis Yatirim Destek Ofisi, Sehitler Mah. Cambazlar Sok. No:9, Kilis 79000, Turkey

2 Faculty of Arts and Sciences, Department of Mathematics, Gaziantep University, Gaziantep 27310, Turkey;
kayaduman@gantep.edu.tr

* Correspondence: fevziyasar@hotmail.com

Received: 31 December 2018; Accepted: 19 February 2019; Published: 21 February 2019

Abstract: Matrix F'derived from the Fibonacci sequence was first introduced by Kara (2013) and the
spaces Ip(F) and I-(F); (1 < p < =) were examined. Then, Bagarir et al. (2015) defined the spaces co(F)
and c(F) and Candan (2015) examined the spaces c(F(7,s)) and co(F(7,s)). Later, Yasar and Kayaduman
(2018) defined and studied the spaces cs(F(s,r)) and bs(F(s,r)). In this study, we built the spaces cs(F)
and bs(F). They are the domain of the matrix F on cs and bs, where F is a triangular matrix defined
by Fibonacci Numbers. Some topological and algebraic properties, isomorphism, inclusion relations
and norms, which are defined over them are examined. It is proven that cs(F) and bs(F) are Banach
spaces. It is determined that they have the y, B, a -duals. In addition, the Schauder base of the space
cs(F) are calculated. Finally, a number of matrix transformations of these spaces are found.

Keywords: matrix transformations; Fibonacci numbers; sequence spaces; Fibonacci double band
matrix; y, B, a -duals

1. Introduction

Cooke [1] formulated the theory of infinite matrices in the book “Infinite Matrices and Sequence
Spaces”. Many researchers have investigated infinite matrices after the publication of this book in
1950. In most of these studies, the domain of infinite matrices on a sequence space was studied. In
this study, we address the question: What are the properties of the domain of the Fibonacci band
matrix on sequence spaces bs and cs? The domain of the Fibonacci band matrix creates a new sequence
space. We handle algebraic properties of this new space in order to determine its duals and its place
among other known spaces, and to characterize the matrix transformations of this space.

One difficulty of this study is to determine whether the new space is the contraction or the
expansion, or the overlap of the original space. Another difficulty is to determine the matrix
transformations on this space and into this space. For the first problem, we give a few inclusion
theorems. For the second problem, we use the matrix transformation between the standard sequence
spaces and two theorems.

Generating a new sequence space and researching on its properties have been important in the
studies on the sequence space. Some researchers examined the algebraic properties of the sequence
space while others investigated its place among other known spaces and its duals, and characterized
the matrix transformations on this space.

We can create a new sequence space by using the domain of infinite matrices. Ng-Lee [2] first
investigated the domain of an infinite matrix in 1978. In the same period, Wang [3] created a new
sequence space by using another infinite matrix. Many researchers such as Malkovsky [4], Altay, and
Bagar [5] followed these studies. This topic was studied intensively after 2000.

Leonardo Fibonacci invented Fibonacci numbers. He introduced Fibonacci numbers originated
from a rabbit problem. These numbers create a number sequence:

1,1,2,3,5,8,13,21,34,55,89,....
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This sequence has important properties and applications in various fields.
Let us indicate the Fibonacci sequence by (fu). f» is defined as

[ =fu-1 a2 (n22)
with fo= fi=1. The golden ratio is

hmﬁ :M — ¢
n—»0 fn 2

Let us indicate the set of all real-valued sequences with w and list some subspaces of w called
standard sequence spaces.

c={r=(rk)ew:}im|rk—p|=0 forsomepe(C},
[N ={r=(rk)ew:]l€im|rk|=0},

n
bs = r:(rk)ew:suerk <oop,
neN | =0

n
s, = r:(rk)ew:herk =0,
n%kd)

[, :{r:(rk) eEw: sup‘z;{‘ <oof,
keN

bv:{r:(rk) ew:im —rk_1| <oo},
k=0

bv, =bvnec,

[, ={r=(rk)ew:i|rk|p <oo, 0<p<oo},

k=0

A ={r=(rk) ew:i|rk| <oo},
k=0

Now let us take real valued infinite matrix T = (t«), where tu is a real number for every n, k€N
Let A and B be sequence spaces. Sequence Tx = {Tu(x)} is T-transform of a for every a = (ar)€A. Here,
TaeB and

T(a)=) 1, (1)
k

and Tu(a)—t (t exists for every n€N). Then, T is called a matrix transformation from A to B.
Now let us take infinite matrix T and sequence space ¢ to define domain of infinite matrix T. The

domain of the matrix T on ¢ is characterized by



Mathematics 2019, 7, 204 3 of 19

6r={x = (xx)ew: Tx€é}. ()

Many reserachers have studied the domain of a matrix on a sequence space. For more detailed
information on these new sequence spaces, see references [6-26].

The Fibonacci difference matrix F was first introduced by Kara [27] in 2013. F is derived from
(f+). In this study, Kara [27] defined the spaces I,(F) and I~(F); (1 <p < ). After this study the co(F(r,s))
and c(F(r,s)) was introduced by Candan [28], in 2015, where F(r,s) is a generalized Fibonacci matrix.
Candan and Kara [19] introduced and examined I(F(t,s)); (1 < p < o). In 2018, Yasar and Kayaduman
[29] defined and examined cs(F(s,#)) and bs(F(s,7)) and Kayaduman and Yasar [30] studied spaces
bs(N') and cs(Nt), where Ntis a Norlund matrix.

Let 6 be a sequence space. The y, f, a -duals of 4 are defined, respectively, as follows
& ={x=(x,)ew:xs=(x,s,) €bs forall s € 5},
&’ ={x=(x,) ew:xs=(x,s,) ecs forall s € 5},

5 ={x=(x,) ew:xs =(x,5,) €l, foralls €5}.

In this study, spaces cs(F) and bs(F) are introduced and the related notations are given in Section
2. In addition, some topological and algebric properties, isomorphism, inclusion relations and norms
which are defined over them are examined. The y, 8, @ -duals of these spaces are determined in
Section 3. The Schauder base of space cs(F) are calculated. Finally, many matrix transformations of
these spaces are found. In the last section, the results and previous studies and the working
hypotheses are discussed.

A detailed literature review was performed before this study was started. Scans were made on
related articles, magazines, and books. As a result of these scans, the part related to our subject was
synthesized and the results were noted. These results were then applied to our problem area. Finally,
the results of this study were obtained.

2. Results

2.1. The Domain of Fibonacci Difference Matrix F on Bounded and Convergent Series

In this section, cs(F) and bs(F) are introduced. Related notations are given. In addition, some
topological and algebric properties, isomorphism, inclusion relations, and norms defined over them
are examined.

For similar studies, see refeerences [19] and [27-34].

Let spaces cs(F) and bs(F) be the domain of the matrix F on cs and bs, where F = {fu} infinite

matrix is defined by (fi)

J

f;lk: L’ k:n

0, 0<k<n-lorn<k

for all k,neN. Then we inroduce cs(F) and bs(F) as
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cs(F)= xz(xk)ew:(

bs(F) =

We can see cs(F) = (cs)r and bs(F) =

n

xz(xk)ewzsupz

neN [z=

I

(bs)r by using Equation (2).

Let the inverse matrix of F be F-.. For all k,n€N, F1= {Flx} is found as

2
anH

Let us take sequence x = (xu). If y = Fx, then we calculate as

Y, =(Fx), = o S

S =

0,

Xo»

fn+1 !

Sifea

g

k> n.

n-1°

0<k<n

Herefrom, if we calculate inverse of F, then we find that x = F'y and

Theorem 1. bs(F) is a linear space.

Proof. The proof is left to the reader since it is easy to show. o

Theorem 2. cs(F) is a linear space.

Proof. The proof is left to the reader since it is easy to show. o

x_

k=0 kf;chl

Now, let us give some theorems related to our study.

Theorem 3. bs(F) is a normed space with:

Proof. The proof is left to the reader since it is easy to show. o

I =supl>"

f;’l+]

/-

neN| j=0 f;c+1

Theorem 4. cs(F) is a normed space with Equation (6).

Proof. The proof is left to the reader since it is easy to show. o

Theorem 5. bs(F) is isomorphic to bs.
Proof. Let us take T: bs(F) —bs mentioned Equation (4) by x—y = Tx = Fx. It is easy to see that T is

linear and injective.

/o

S

k-1

4 of 19

)

(4)

Q)

We must find T is surjective. Let y = (y»)€bs. By using Equation (5) and Equation (6), we see

|| =sup
neN

=sup
neN

=sup

k=0

Z(fk _fia

k+1 jfk

xk—l]

_ f;c+1

k-1

2
f}c+1

o S [ S
; f;wl ;ﬁﬁH

Zyk

neN | =0

=[], <=

Yj

S

2

k=0

ST

Yj
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We see that x€bs(F). Hence, T is surjective. In addition, bs(F) and bs izometric because

bs(F) ”y

Theorem 6. cs(F) is isomorphic to cs.

Proof. The proof can be made similar to Theorem 5, so it is left to the reader. o

Theorem 7. bs(F) is a Banach space with Equtaion (6).

Proof. It is easy to see the norm conditions are ensured. Let a Cauchy sequence xi= (x¥) in bs(F) for
each ieN. For all k€N, we have

||x bs * =

i ﬁc i _f;c+1 i
Ve = Xy X1
S S

from Equation (4). For all € > 0 there is 1y = ny(¢e) such that

¢ -
bs(F)

=sup Zn:(i (x, —x;)— Jis C xzi”_l)j

neN =0\ J g1 fk

=sup>_ (¥, =)
k=0

neN

==l <2
bs

for all i,m > ny. yi—y (i—) such that yebs exists, since bs is complete. Since bs and bs(F) are

isomorphic, bs(F) is complete. It hereby is a Banach space. o

Theorem 8. cs(F) is a Banach space with Equation (6).
Proof. It is easy to see the norm conditions are ensured. Let a Cauchy sequence xi= (x«) in cs(F) for
each i€eN. For all k€N, we have

i fk i _ﬁc+l i
Ve = Xy X
f;c+1 fl‘c

from Equation (4). For all € >0, there is 1o = no(¢) such that

Hx[ —x" =sup Z(A (x, =) _M(xli—l _xlrfn—l)j
k

es(F) neN |00 . f

=sup (¥, =)
k=0

neN

<&

cs

py-r

for all i,;m > ny. yi—>y (i—°) such that yecs exists, since ¢s is complete. Since cs and cs(F) are

isomorphic, cs(F) is complete. It hereby is a Banach space. o

Now, let R = (rx) infinite matrix. Let us list the following:

sup2|rnk| < oo, %

neN

liin r,=0foreachneN, (8)
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SUp D > (7 =11 4)| <0, ©)
m g |n=0
liernk =pforeachkeN, peC, (10)
"k
SUP D |1y | <0, (11)
nok
limr, =a, foreachkeN, g, €C, (12)
sup ZZ(rnk = )| <0, (13)
N.KeF [neN keN
sup ZZ(rnk —F)| <0, (14)
N.KeF |neN keN
lim(r,, —7,,,,)=a foreachkeN, aeC, (15)
li’sllz Pk =Tk = Z ‘li’l;n(r;zk — )]s (16)
k k
sup lil£nrnk <o, (17)
limz Tow — V| = 0 uniformly in n, (18)
Tk
h;?lz Z(rnk - rn,k+l) = 0’ (19)
k |n=0

h,gnz Z(rnk - rn,k+l) = Z Z(rnk - rn,k+l) , (20)
k |n=0 k n

Sup z Z [(r;lk - ’/;l,k+l) - (rn—l,k - rn—l,k+1 )] < (X), (21)

N,KeF [neN keN
sup|lim ) r,| <o, @)

meN =0
Ja, €C> Zrnk =a, foreachk eN, )
n

sup Z Z [y =7 )=y =1y )] < 0. 24)

N.KeF |neN keN
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The collection of all finite subsets of N denoted by #.

Lemma 9. Let us suppose infinite matrix R = (7x). Then,

1) R=(r,)€(bs,l,) iff Equations (11) and (8) hold [35].

2) R=(r,)e(cs,C) iff Equations (11) and (12) hold [36].

@) R=(r,)€(bs,l) iff Equations (13) and (8) hold [37].

@) R=(r;)e(cs,l}) iff Equation (14) holds [35].

) R=(r,)€(bs,c) iff Equations (8), (15) and (16) hold [37].

6) R=(r;)e(cs,,) iff Equations (17) and (11) hold [35].

7y R=(r,)(bs,c,) iff Equations (18) and (8) hold [35].

©®) R=(r,)€(bs,cs,) iff Equations (19) and (8) hold [38].

©) R=(r,)e(bs,cs) iff Equations (20) and (8) hold [38].

10) R=(r,)€(bs,bv) iff Equations (21) and (8) hold [38].

11y R=(r, ) €(bs,bs) iff Equations (8) and (9) hold [38].

12) R=(r,)e(cs,cs) iff Equations (9) and (10) hold [39].

13) R=(r,) €(bs,bv}) iff Equations (21), (18) and (21) hold [35].

(14) R=(r,)(cs,¢,) iff Equations (11) and (12) hold with a«=0 for all keN [40].
15) R=(r,)€(cs,bs) iff Equations (9) and (22) hold [38].

16) R=(r,)e(cs,cs,) iff Equations (9) and (23) hold with ac=0 for all kEN [38].
17) R=(r, ) €(cs,bv) iff Equation (24) holds [38].

18) R=(r, ) (cs,bv,) iff Equations (24) and (12) hold with ax= 0 for all keN [35].

Theorem 10. bs(F) D bs is valid.

Proof. Suppose x€bs. If we show that F is an element of (bs,bs) then x is element of bs(F). For this, F

must provide Equations (8) and (9). Since li{n /., =0 for each n € N, Equation (8) is provided.

If we examine Equation (9), we find

sup Z

m-k

i(fnk _fn,k+1) =0. o

n=0

Theorem 11. bs(F) D ¢~ is not valid.

Proof. Suppose x = (xx) = (fx+1). Then y = Fx = (1,0,0....)€bs. On the other hand, fx1—oo as k—oo. It is
clear x€bs(F), but x ¢ {~. This result completes the proof. o

Theorem 12. cs(F) D cs is valid.
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Proof. Suppose x€cs. If we show that F is element of (cs,cs) then x is element of cs(F). For this, F must
provide Equations (10) and (9). Equation (9) has been provided from the Theorem 10. If we look at
the Equation (10) then, for each k€N,

such that [€C exists. o
Theorem 13. ¢s(F) D c is not valid.

Proof. Let x = (xx) = (f&1). Then y = Fx = (1,0,0....)Ecs. On the other hand, f1—e as k—oo. It is clear

x€cs(F), but x ¢ c. This result completes the proof. O

Theorem 14. cs(F) c bs(F) is valid.

Proof. If x€cs(F), y = Fx€cs. Hence, z . Fx e c. Since ccf-, ZkFx €l,. Hence, Fx€bs. That is,

x€bs(F). This result completes the proof. o
Let us take normed space A and let (ax) e A. If there is only one scalar sequence (vt) such that
Y- Z Vidy
k=0

Now, let us give corallary releated to Schauder basis.
Corallary 15. Let a sequence u*) = {uf,k)} “ in cs(F) be for each k€N and

=0 then (@) is called a Schauder base for A.

0
y = kaak and llm
k=0 n— o

2
o A, 0<k<n
un = f;(f;ﬁ—l
0, n<k.

Then {uik )} . is a base for cs(F). Every x € cs(F) can write as a single X = Zykuk such that
ne k:O

Vi :(ﬁx)k-

2.2. The Duals of cs(F) and bs(F) and Matrix Transformations

Let us give the two lemmas to use in the next stage.

1 -1
Lemma 16. Let infinite matrix C=(C,k)5 and a= (an) ew. Letus take C =akF , that is,

cnk =

a,f.', 0<k<n
0, n<k
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forall k,n e N, O€{cs,bs}.Then, ae{&(F’l)}a itft Ce{d,l}.

Proof. Let x = (xx) and a = (a1) elements of w. y = (y») such that y = Fx which is defined in Equation (4).

If we use to Equation (4), then

a,x,=a,(F"y), =((),. (25)
ax = ( an xn)€{7 with x = (x»)Ep(F) iff Cyel; with yeA. Consequently, C€(y,{1). O

Lemma 17. [41] Let us take a = (ax)€w and infinite matrix C = (cw). Let the inverse matrix H = (hu) of
the triangular matrix G = (gu) is given by

0, n<k.
Then, for any sequence space 6,
Sh={a=(a)ew:Ce(4,l,)},
Sf ={a=(ak)ew:Ce(5,c) }

If we consider Lemma 9, Lemma 16 and Lemma 17 together, the following is obtained;

Corollary 18. Let us take r = (1) €w and infinite matrix A = (aw) and B = (bu) such that

2
<k< L
ank_ rn nk’ O_k_nand bnk:ZLJ
0, n<k Y

If we take di,d»,ds,ds,ds,de,d7 and ds as follows:
oo},

z Z(ank _an,k+l) <
< oo},

neN keN
d, = {rz () ew:3a eC>lim(b, - M):aforazzkeN},

N,KeF

:{r:(rk)ew: sup

Z Z (a, — n,k—l)

N.KeF |neN keN

d, = {r =(r,)ew: sup

QL
I

s {r rk)ewhmc 0},
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I

= 3 im(b, b, .,)
k

nk bn,k+l

d, :{r:(rk)ew:limZb
n k

dy={r=()ew:3acC>limb, _aforallkeN}

d8

=(r,)ew:sup
neN

d7 {7" - (rk) ew: Supz‘bnk n,k+1 < OO}’
neN

b, | <.

then,

(1) {bs(F)}e = du

(2) {es(F)}e = dz

(3) {bs(F)}F = dsndands
{ 8
{bs(F)p
{es(F)}

(4) {cs(F)}f = dend
(5) {bs(F)}r = dsnd>
(6) {cs(F)}r = dmnds.

Theorem 19. Let U € {CS,bS} and A C w. Then, U =(u,, ) € (((F),A) iff

(v,(,f)) €(u,c) forallneN (26)
V=) el 27)
where
[
o _ Z—um, 0<k<m
nk ) j=k f}gf}ﬁ.l (28)
0, m<k
and

- Jj+l1 29
,Z_;:fkfm *)

forall k,m,n e N .
Proof. Necessity part: Let us take that A=(a, )€ (u(F),A) and x=(x,)€ u(F). If we use
Equation (5), then we find

m 2

1+1
Zankxk Z%Z
k=0 k=0 »f;cfk-%—l

ShY fi+1 (m) (1)
= —a,y d.; v, =D"(y).
k-o;c:ﬁﬁ+l o ; Lo

(30)
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According to the hypothesis, for each m€N, Am(x) € c. Then, M € ¢ for each meN and

y e(uc) . Ax = Vy if we consider for m —e from Equation (30). As a result, we find

V = (vnk) € (lu’ /1)
Sufficient part: Suppose that Equation (26) and Equation (27) are satisfied and
x=(x,) € 4(F) be.By using Corollary 18 and Equations (26) and (30), we have that ' =Fx € 1

and

v (y)= Z oy, = Zakxk " (x)ec.

Hence, A=(a,),., exists. Ax=Vy if we consider for m—co from Equation (30). Consequently, we

find A= (a,)e(u(F),A).o

Theorem 20. Let p €{bs,cs} and A C w and U = (um) and B = (bxk) be infinite matrices. Let

fn+l ﬁz

Uy - (CLy)

Then, Ue(A1(F)) B < (1. u).

Proof. Let z = (zt)€ A and Equation (31) exist. Then, we have

ankzk Z(; ank_%anl,szk' (32)
k=0 n+l n

If we take m—eo to Equation (32), we have that (Bz)n= (F(Az))». Consequently, Az€u(F) iff Bz€u. That
is, Be (A,u).0

Let us give almost convergent sequences space, which was first defined by Lorentz [42]. Let ¢ = (t)€{-..

t is almost convergent to limit ¢ =d uniformly in n. It is denoted by

m—>%0 4= 0m+l

¢ —lim? = & .Inaddition, ¢sand ¢, mean the spaces of almost convergent series and almost null

sequences, respectively. ¢, and ¢ are

m—)ookom

{x (x,)el, :lim Z 1 = 0 uniformly in n}

éz{x:(xk)elw :3leC> limzx”—”‘:a uniformly in n}
m—>ook:0m+1
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Now, let us take infinite matrix R = (r«) and list the following:

Ja, €C> f~limr, =q, foreachkeN, (33)
1 q n+i
lim» ——> A| > (r, —a,) | =0 uniformly in n, (34)
¢« Tq+liE S

neN

sup Z A {Zn: rjk} < 00, (35)
j=0

Ja, eCaf—lierjk =a, foreachk eN, (36)

j=0

sup Z Z Pie| <, (37)
neN | =0
Jda, €C> ernk =a, foreachk eN, (38)
n k

limz A{Z(rjk —ak} =0, (39)
"k =0

P
sup Y[ ry| <o, g =L, (40)
neN "1 j=0 P -1
sup | Y ., | < oo, (41)
m,neN|,—o
sup V| <0, (42)
m,leN | p=0 k=l
m
sup 3> 1| <o, (43)
mIeN| =0 k=0
im> > r,|=0, (44)
" k |n=m
ZZrnk convergent (45)
n k
,}g?oz(r"’f_rmk“):a foreachkeN aeC (46)
n=0

Lemma 21. Let infinite matrix R = (r«) for all k,n€N. Then,
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1) R=(r,) €(C,cs) iff Equation (23) and Equations (37)~(39) hold [43].
@) R=(r,)€(cs,C) iff Equation (11) and Equation (33) hold [44].

3) R=(,) € (bs,C) iff Equations (8), (11) and (33)~(34) hold [45].

@) R=(r,)e(bs,Cs) iff Equations (8) and (34)~(36) hold [45].

5) R=(r,)e(cs,Cs) iff Equation (35) and Equation (36) hold [44].

©) R=(r,)e(l,,bs)=(c,bs)=(c,,bs) iff Equation (37) holds [38].

7) R=(r,,)€(l,,bs) iff Equation (40) holds [46].

®) R=(r,)€(l,bs) iff Equation (41) holds [38].

©) R=(r,)(bv,bs) iff Equation (42) holds [38].

(10) R=(r,,) €(bv,,bs) iff Equation (43) holds [46].

a1) R=(r,)e(l,,cs) iff Equation (44) holds [38].

12) R=(r,)€(c,cs) if and only Equations (10), (37) and (45) hold [38].
(13) R=(r,) €(csy,CS) iff Equations (9) and (46) hold [38].

(14) R=(r,.) €(l,,cs) iff Equations (10) and (40) hold [46].

15) R=(r,)e(l,cs) iff Equations (10) and (41) hold [46].

16) R=(7,) €(bv,cs) if and only Equations (10), (41) and (43) hold [38].
17) R=(r, ) €(bv,,cs) iff Equations (10) and (43) hold [46].

Now, suppose V,; and V,(f)which mentioned Equation (28) and Equation (29) and give the

following equations

li]fn v =0 for each n e N, (47)
lim Y vy —v}'7.,|=0 uniformly in n, (48)
k
v, € Clim (i) =vi") )=, foreach k e N, (49)
]l(l_)ni v, =0 foreachneN, (50)
sup Zk: Vi = Vant| < (51)
v, eC> lljﬁg (Vp =Vyss) =d, foreachkeN, (52)

NeC> hmZ‘vnk Vel
n—»0 k

=[ llIlifOI'H]ly in n, (53)

sup Z

meN f

<, (54)

m
Z (Vnk - vn,k+l)
n=0
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hmz Z (Vnk n,k+1) = O

n=0

nk _vn,k+l) = nk _Vn,k+l) = O

sup z z [V =V = O = Vo)l <0,
N.KeF |neN keN
sup Z Z (Vo = V)| < 0.
N.KeF |peN keN

(m)

Hvke(Cahm v, =v, foreachk eN,

(m)

n k+1 <o

2

sup

n

<o,

hl{n Vo

dv, eC>s1lim v, =v, foreachkeN,

n—>x0

hmZv

sup < oo,

meN

m
Z(vnk - vn,k—l) < 0,

n=0

sup z

meN g

v, e Zvnk =y, foreachk eN

sup Z

N, KeF p,eN

Z Vak = Vis1)

keN

<o,

v, €Cs f-limy, =v, foreachkeN

Z Z [(Vnk - Vn—l,k) - (Vn,k—l ~Vooik-l )] <

neN keN

sup
N,KeF

q n+i

hmZ— Z Z(ij —[,) | =0 uniformly in n,
=0

i=0

sup Z

neN

x| < 0,

14 of 19

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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EIleCaZZvnk:l 71)
n k

lim A{Z(vﬂ{ —Zk} =0, (72)
"k =0

neN

supz A{Zn:vﬂ{} <00, (73)
j=0

v, e(Caf—limZvjk =v, foreachkeN. (74)

j=0

If we consider Theorem 19, Theorem 20, Lemma 9, and Lemma 21, then we give the below
conclusions.

Corollary 22. Let us take U=(1,) mentioned in Theorem 19. Then,

1) U=(u,)e(bs(F),c,) iff Equations (47) and (49) hold and Equation (53) holds with /=0.
@) U=(u,)e(bs(F),cs,)iff Equations (47)~(50) and Equation (55) hold.

@) U=(u,)e(bs(F),c) iff Equations (47)~(50) and Equations (52) and (53) hold.

@ U=(u,)e(bs(F),cs)iff Equations (47)-(50) and Equation (56) hold.

) U=(u,)e(bs(F),l,) iff Equations (47)~(51) hold.

©6) U=(u,)e(bs(F),bs) iff Equations (47)~(50) and Equation (54) hold.

@) U=(u,)e(bs(F),l,) iff Equations (47)~(50) and Equation (58) hold.

®) U=(u,)e(bs(F),bv) iff Equations (47)~(50) and Equation (57) hold.

©) U=(u,)<(bs(F),bv,) iff Equations (57) and (47)-(49) and Equation (51) hold and Equation
(53) also holds with [/=0.

Corollary 23. Let us take U z(unk) mentioned in Theorem 19. Then,

1) U=(u,)e(cs(F),c,) iff Equations (59), (60), Equation (51) hold and Equation (62) also
holds with v, =0 forall keN.

@) U=(u,)e(cs(F),cs,) iff Equations (59), (60), Equation (54) hold and Equation (65) also
holds with v, =0 forall keN.

@) U=(u,)e(cs(F),c) iff Equations (59), (60), Equation (51) and Equation (62) hold.
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@) U=(u,)e(cs(F),cs) iff Equations (59), (60), Equation (64) and Equation (65) hold.

) U=(u,)<(cs(F),L,)iff Equations (51) and (59)—(61) hold.

©6) U=(u,)e(cs(F),bs)iff Equations (59), (60), (54) and (63) hold.

@) U=(u,)e(cs(F),l) iff Equations (59), (60) and (66) hold.

) U=(u,)e(cs(F),bv) iff Equations (59), (60) and (68) hold.

©) U=(u,)<(cs(F),bv,) iff Equation (59), (60) and (62) hold and Equation (68) holds with
V, =0 forall keN.

Corollary 24. Let us take U= (unk) mentioned Theorem 19. Then,
1) U=(u,)<(bs(F),c)iff Equations (47)~(51), (67) and (69) hold.

@ U=(u,)e(bs(F), 50) iff Equations (47)—(51) hold and Equations (68) and (69) also hold with

Vi =0 in Equation (67) and /, = 0 in Equation (69).

@) U=(u,)e(cs(F),¢) iff Equations (59), (60), (67) and (51) hold.

@) U=(u,)e(cs(F),c,) iff Equations (51), (59), (60) hold and Equation (67) also holds with
v, =0,

) U=(u,)e(bs(F),cs) iff Equations (69), (73), (74) and (47)~(50), hold.

) U=(u,)e(cs(F),cs) iff Equations (73), (74), (59) and (60) hold.

Corollary 25. Let us take U = (unk) mentioned Theorem 20. Then,

1) U =(u,) €(,,bs(F))iff Equation (40) holds with b, instead of 7, where b is defined by
Equation (31).

@ U=W,)e(,,bs(F))=(c,bs(F))=(c,,bs(F)) iff Equation (37) holds with b, instead of
1., where b, is defined by Equation (31).

B U=@u,)e (ll,bS(F )) iff Equation (41) holds with bnk instead of 7, where bnk is defined by
Equation (31).

@) U=(u,)e(bv,bs(F))iff Equation (42) holds with b, instead of 7,, where b, is defined by
Equation (31).
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6) U=(u,,) < (bv,,bs(F)) iff Equation (43) holds b, instead of 7, , where b, is defined by
Equation (31).

©) U=(u,)e(l,,cs(F))iff Equation (44) holds with b, instead of 7, where b, is defined by
Equation (31).

@) U =(unk) €(c,cs(F)) iff (10), Equations (37) and (47) hold b,k instead of 7, , where bnk is
defined by Equation (31).

®) U= (unk) € (CSO,CS(F ))iff Equations (9) and (46) hold with bnk instead of 7, where bnk is
defined by Equation (31).

©) U=(u,)e(,, cs(F))iff Equations (10) and (40) hold with b, instead of r,, where b, is
defined by Equation (31).

10) U=(u,)<(l,cs(F)) iff Equations (10) and (41) hold with b, instead of r,, where b, is
defined by Equation (31).

11) U =(u,) € (bv,cs(F))iff Equations (10), (41) and (43) hold with b, instead of F,, where b,
is defined by Equation (31).

(12) U =(u,) e (bv,,cs(F))iff Equations (10) and (43) hold b, instead of %, where b, is
defined by Equation (31).

@)y U=(u,)e (¢,cs(F)) iff Equation (65) and Equations (70)~(72) hold with b, instead of Vo
, where b, is defined by Equation (31).

3. Discussion

Kizmaz [47] first introduced the difference sequence operator in 1981. Generalized difference
sequence spaces were characterized and investigated by Kiris¢i and Basar [4] in 2010. Kara [27] first
defined the Fibonacci Difference Matrix F, which created the Fibonacci sequence (f:) in 2013. He also
introduced the new sequence spaces {y(F) and {=(F); where 1 <p < . The spaces c(F(r,s)) and co(F(7,s))
were introduced by Candan [28] in 2015. In 2015, the sequence space {»(F(r,s)) was introduced and
studied by Candan and Kara [19]; where 1 < p < . In addtion, a class of compact operators on ¢,(F)
and {~(F) was characterized by Kara et al. [32], where 1 <p <o,

In the present study, we introduced the domain of a triangular infinite matrix on a sequences
space. We described spaces cs(F) and bs(F), where F, cs, and bs are the Fibonacci Difference Matrix,
convergent and bounded series, respectively. It was demonstrated that bs(F) are the linear spaces,
and given that cs(F) is linear space in Theorem 6. without proof and, they have the same norm

fl‘c ﬁc+] j
S _
=sp 5] F L

where x &cs(F) or x €bs(F). It was found that they are Banach spaces. In addition, inclusions theorems
were examined and found. Finally, the y, B, a -duals of them were calculated. Finally, some matrix

transformations as a main result were given.
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