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Abstract

:

The Resistance-Harary index of a connected graph G is defined as RH(G)=∑{u,v}⊆V(G)1r(u,v), where r(u,v) is the resistance distance between vertices u and v in G. A graph G is called a unicyclic graph if it contains exactly one cycle and a fully loaded unicyclic graph is a unicyclic graph that no vertex with degree less than three in its unique cycle. Let U(n) and U(n) be the set of unicyclic graphs and fully loaded unicyclic graphs of order n, respectively. In this paper, we determine the graphs of U(n) with second-largest Resistance-Harary index and determine the graphs of U(n) with largest Resistance-Harary index.






Keywords:


Resistance-Harary Index; resistance distance; unicyclic graphs; fully loaded unicyclic graphs












1. Introduction


The topological index is the mathematical descriptor of the molecular structure, which can effectively reflect the chemical structure and properties of the material. The famous Wiener index W(G) (also Wiener number) introduced by H. Wiener, is a topological index of a molecule, defined as the sum of the lengths of the shortest paths between all pairs of vertices, i.e., W(G)=∑{u,v}⊆V(G)d(u,v) in the chemical graph representing the non-hydrogen atoms in the molecule.In 1993, Klein and Randić [1] defined a new distance function named resistance distance on the basis of electrical network theory replacing each edge of a simple connected graph G by a unit resistor. Let G be a simple connected graph with vertices set V={v1,v2,⋯,vn}. The resistance distance between the vertices vi and vj, denoted by r(vi,vj) (if more than one graphs are considered, we write rG(vi,vj) to avoid confusion), is defined to be the effective resistance between the vertices vi and vj in G. If the ordinary distance is replaced by resistance distance in the expression for the Wiener index, one arrives at the Kirchhoff index [1,2]


Kf(G)=∑{u,v}⊆V(G)r(u,v),








which has been widely studied [3,4,5,6,7,8,9,10,11,12].



Another distance-based graph invariant index named Harary index was introduced independently by Plavšić et al. [13] and by Ivanciuc et al. [14] in 1993 for the characterization of molecular graphs. The Harary index H(G) is defined as


H(G)=∑{u,v}⊆V(G)1d(u,v),








which is the sum of reciprocals of distances between all pairs of vertices of G. For more related results to Harary index, please refer to [15,16,17,18,19,20,21,22]. In 2017, Chen et al. [23,24] introduced a new graph invariant reciprocal to Kirchhoff index, named Resistance-Harary index, as


RH(G)=∑{u,v}⊆V(G)1r(u,v).











To understand the results and concepts, we introduce some definitions and notions. All of the graphs considered in this paper are connected and simple. A graph G is called a unicyclic graph if it contains exactly one cycle, simply denoted as G=U(Cl;T1,T2,⋯,Tl), where Cl is the unique cycle with vertices v1v2⋯vl, Ti is a tree rooted at vi, 1≤i≤l. A fully loaded unicyclic graph is a unicyclic graph with the property that there is no vertex with degree less than three in its unique cycle. Let Snl denote the graph obtained from cycle Cl by adding n−l pendant edges to a vertex of Cl. Let U(n;l) be the set of unicyclic graphs with n vertices and the unique cycle Cl and U(n) be the set of unicyclic graphs with n vertices. Let U(n;l) be the set of all fully loaded unicyclic graphs with n vertices and the unique cycle Cl, and U(n) be the set of unicyclic graphs with n vertices. Let Sn and Pn be the star and the path on n vertices, respectively.



In this paper, we improve the results of the recent paper (Chen et al. [23]) and we determine the largest Resistance-Harary index among all unicyclic graphs. Additionally, we determine the second-largest Resistance-Harary index among all unicyclic graphs and determine the largest Resistance-Harary index among all fully loaded unicyclic graphs and characterize the corresponding extremal graphs, respectively.




2. Preliminaries


In this section, we introduce some useful lemmas and two transformations. Let RG(u)=∑u∈V(G)∖{u}1rG(u,v), then RH(G)=12∑u∈V(G)RG(u). Let Cg=v1v2⋯vgv1 be the cycle on g vertices where g≥3. By Ohm’s law, for any two vertices vi,vj∈V(Cg) with i<j, one has


rCg(vi,vj)=(j−i)(g+i−j)g.











By a simple calculation, we can obtain the Resistance-Harary index of Cg, which is


RH(Cg)=∑u∈V(Cg)12RCg(v)=g∑i=1g−11i.











Lemma 1 

([1]). Let x be a cut vertex of a connected graph G and let a and b be vertices occurring in different components which arise upon deletion of x. Then,


rG(a,b)=rG(a,x)+rG(x,b).













Definition 1 

([23]). Let v be a vertex of degree p+1 in a graph G, such that vv1,vv2,…,vvp are pendent edges incident with v, and u is the neighbor of v distinct from v1,v2,…,vp. We form a graph G′=σ(G,v) by deleting the edges vv1,vv2,…,vvp and adding new edges uv1,uv2,…,uvp. We say that G′ is a σ-transform of the graph G (see Figure 1).





Lemma 2 

([23]). Let G′=σ(G,v) be a σ-transform from the graph G, d(u)≥1 described in Figure 1. Then, RH(G′)≥RH(G), with equality holds if and only if G is a star with v as its center.





Definition 2 

([23]). Let u,v be two vertices in a graph G, such that u1,u2,⋯,us are pendents incident with u and v1,v2,⋯,vt are pendents incident with v in G0⊆G, respectively. G′ and G″ are two graphs β transformed from G, such that G′=G−{vv1,vv2,⋯,vvt}+{uv1,uv2,⋯,uvt}, G″=G−{vv1,vv2,⋯,vvs}+{uv1,uv2,⋯,uvs}, (see Figure 2).





Lemma 3 

([23]). Let G′,G″ be the graphs transformed from the graph G, d(u)≥1 described in Figure 2. Then, RH(G)<RH(G′), or RH(G)<RH(G″).





Corollary 1 

([23]). Let G be a connected graph with u,v∈V(G). Denote by G(s;t) the graph obtained by attaching s>1 pendent vertices to vertex u and t>1 pendent vertices to vertex v. Then, we have RH(G(1,s+t−1))>RH(G) or RH(G(s+t−1,1))>RH(G).





Lemma 4.

The function f(x)=2(k−1)(x+1)(k−1)−x2−1x+1−1k−x−2k−2 for k≥3 and 1≤x≤k−12 is strictly decreasing.





Proof. 

By simple calculation,


f′(x)=2(1−k)(k−2x−1)(k(x+1)−x2−x−1)2−1(k−x)2+1(x+1)2=(k−2x−1)2(1−k)(k(x+1)−x2−x−1)2+(k+1)(x+1)2(k−x)2,











Let g(x)=2(1−k)(k(x+1)−x2−x−1)2+(k+1)(x+1)2(k−x)2, then we have g′(x)=2(k+1)(x+1)2(k−x)3−2(k+1)(x+1)3(k−2)2−4(k−1)(k−2x−1)(−kx+(1−k)+x2+x)3<0 since 1≤x≤k−12 and g(1)=2(1−k)4k2−12k+9−k+14k2−8k+4<0 since k≥3. Thus, g(x)<0, since 1≤x≤k−12. It follows that f′(x)<0, since 1≤x≤k−12 and k≥3, thus implying the conclusion of the theorem. □






3. Main Results


By Lemmas 2 and 3, we claim that RH(G)≤RH(Sng) if G∈U(n;g). Next, we will determine the graphs in U(n) with the largest Resistance-Harary index and the second-largest Resistance-Harary index.



3.1. The Largest Resistance-Harary Index


Theorem 1.

If G∈U(n), then


maxG∈U(n){RH(G)}=RH(Cn)ifn≤7,RH(S85)ifn=8,RH(Sn4)if9≤n≤15,RH(Sn3)ifn≥16.













Proof. 

Let H=G−Cg, by the definition of Resistance-Harary index, one has,


RH(Sng)=∑{u,v}⊆V(G)1r(u,v)=∑{u,v}⊆V(Cg)1r(u,v)+∑{u,v}⊆V(H)1r(u,v)+∑u∈V(Cg),v∈V(H)1r(u,v)=g1+12+13+⋯+1g−1+14(n−g)(n+3−g)+g(n−g)12g−1+13g−4+⋯+1g2−(g−1)2.











Similarly,


RH(Sng−1)=(g−1)1+12+13+⋯+1g−2+14(n+1−g)(n+4−g)+(g−1)(n+1−g)12g−3+13g−7+⋯+1(g−1)2−(g−2)2.











Further, by the symmetry of Cg, one has,


▵=RH(Sng−1)−RH(Sng)=(g−1)(n+1−g)12g−3+13g−7+⋯+1(g−1)2−(g−2)2+12(n−g)−g(n−g)12g−1+13g−4+⋯+1g2−(g−1)2−1+12+13+…+1g−1=(n−g){g−12g−3+g−13g−7+…+g−12g−3⏟g−2+12−g2g−1+g3g−4+…+g2g−1⏟g−1}+(g−1)(12g−3+13g−7+…+1(g−1)2−(g−2)2)−1+12+13+…+1g−1.



(1)







To explore the relationship between Δ and parameters g, we first discuss the part of the first brace of Equation (1). Let


Θ1=g−12g−3+g−13g−7+…+g−12g−3+12−g2g−1+g3g−4+…+g2g−1,








then


Θ1=g−12g−3−g2g−1+g−13g−7−g3g−4+…+g−12g−3−g2g−1+12−4g+4>0,ifg≥4andgiseven,g−12g−3−g2g−1+g−13g−7−g3g−4+…+g−12g−3−g2g−1+12−4g(g+2)2−5>0,ifg≥5andgisodd.











Next, we consider the rest of Equation (1). Let


Θ2=(g−1)12g−3+13g−7+…+1(g−1)2−(g−2)2−1+12+13+…+1g−1.











(i) If g is even, then


Θ2=(g−1)∑i=1g−21(i+1)(g−1)−i2−∑i=1g−11i=∑i=1g−222(g−1)(i+1)(g−1)−i2−∑i=1g−21i+1+1=∑i=1g−222(g−1)(i+1)(g−1)−i2−∑i=1g−221i+1+1g−i+2g−2+2g−2+…+2g−2⏟g−22=∑i=1g−222(g−1)(i+1)(g−1)−i2−1i+1−1g−i−2g−2.











By Lemma 4, the function


F(x)=2(g−1)(x+1)(g−1)−x2−1x+1−1g−x−2g−2








is a monotonically decreasing function on [1,g−12]. Thus, when x=g−22, F(x) get the minimum value


F(g−22)=8(g−1)g2+2g−4−2g−2−2g−2g+2,








since


g→∞,F(g−22)→2g>0.











Actually, by simple calculation, we have F(x)>0 when g≥8, it follows that Θ2>0 when g≥8.



(ii) Using the same argument as Equation (1), we can check that if g is an odd integer, Θ2>0 for all g≥8.



Comparing Θ1 and Θ2, it is easy to see that


RH(Sng)<RH(Sng−1),








since g≥8. For g=3,4,…,7, we calculate RH(Sn3),RH(Sn4),RH(Sn5),RH(Sn6),RH(Sn7) and compare the values. We have


RH(Sn3)=RH(C3)+∑x,y∈V(G∖C3)1r(x,y)+∑x∈V(G),y∈V(C3)1r(x,y)=120(5n2+9n+18),RH(Sn4)=RH(C4)+∑x,y∈V(G∖C4)1r(x,y)+∑x∈V(G),y∈V(C4)1r(x,y)=184(21n2+33n+148).











Then,


RH(Sn3)−RH(Sn4)=2n35−181210.











Thus, we can get


RH(Sn3)<RH(Sn4)ifn≤15,RH(Sn3)>RH(Sn4)ifn≥16.











In a similar way, by calculating RH(Sn5), RH(Sn6), and RH(Sn7) and comparing the values, we can get the following set of inequalities,


RH(Sn3)<RH(Sn4)<⋯<RH(Snn−1)<RH(Snn)ifn≤7,RH(Sn3)<RH(Sn7)<RH(Sn6)<RH(Sn4)<RH(Sn5)ifn=8,RH(Sn7)<RH(Sn3)<RH(Sn6)<RH(Sn5)<RH(Sn4)ifn=9,RH(Sn7)<RH(Sn6)<RH(Sn3)<RH(Sn5)<RH(Sn4)ifn=10,RH(Sn7)<RH(Sn6)<RH(Sn5)<RH(Sn3)<RH(Sn4)if11≤n≤15,RH(Sn7)<RH(Sn6)<RH(Sn5)<RH(Sn4)<RH(Sn3)ifn≥16.



(2)







To sum up, we can get RH(Cn) has the largest value 34320 if n≤7, RH(Sn5) has the largest value 92344 if n=8, RH(Sn4) has the largest value 184(21n2+33n+148) if 9≤n≤15 and RH(Sn3) has the largest value 120(5n2+9n+18) if n≥16. The proof is completed. □





In [23], the unique element of U(n) with the largest Resistance-Harary index is determined. Herewith, we point out some minor errors in [23]. These do not affect the validity of the final result of [23] but deserve to be corrected. We list the error as follows and we give a counterexample.



Theorem 2.

[23] Let G∈U(n), then we have RH(G)≤120(n2+9n+18) with equality holding if and only if G≅Sn3 for n≥9 and G≅Cn for n≤8.





Counterexample



If n=9, according to Theorem 2 in [23], the largest Resistance-Harary index is HR(S93)=25.2000. However, HR(S94)=25.5476, HR(S93)<HR(S94), is a contradiction. If n=8, according to the Theorem 2 in [23], the result is RH(C8)=20.7429 has the largest value. However, RH(S85)=20.9773, RH(C8)<RH(S85), is a contradiction. Actually, according to our Theorem 1, we have HR(S94)>HR(S93) if n=9 and RH(S85)>RH(C8) if n=8. Obviously, the result is consistent with our theorem.




3.2. The Second-Maximum Resistance-Harary Index


By Lemmas 2 and 3 and Equation (2) of the proof of Theorem 1, we can conclude that for n≥16G which has the second-largest Resistance-Harary index in U(n) and those must be one of the graphs G1,G2, and G3(Sn4), as shown in Figure 3.



Theorem 3.

If G∈U(n), let max*{RH(G)} denote the second-largest Resistance-Harary index of graph G, then


max*G∈U(n){RH(G)}=RH(Snn−1)ifn≤7,RH(Sn4)ifn=8,RH(Sn5)ifn=9,10,RH(Sn3)if11≤n≤15,RH(Sn4)ifn≥16.













Proof. 

(i) For n≥16.



Case 1. Let H1 be the common subgraph of Sn3 and G1. Thus, we can view graphs Sn3 and G1 as the graphs depicted in Figure 4.



Then, we have


RH(Sn3)=RH(H1)+12+2∑x∈H111+r(x,v1)=RH(H1)+12+21+n−52+65,RH(G3)=RH(H1)+1+∑x∈H211+r(x,v1)+∑x∈H212+r(x,v1)=RH(H1)+1+1+65+n−52+12+n−53+34.











Therefore, we can get the difference


RH(Sn3)−RH(G1)=n6−2360.











Case 2. Let H2 be the common subgraph of Sn3 and G2. Thus, we can view graphs Sn3 and G2 as the graphs depicted in Figure 5.



Then, we have


RH(Sn3)=RH(Sn3)+∑x∈H211+r(x,v1)=RH(H2)+1+n−42+65,RH(G2)=RH(H2)+∑x∈H211+r(x,v2)=RH(H2)+1+3(n−4)8+65.











Therefore, we can get the difference


RH(Sn3)−RH(G2)=n8−12.











Case 3. Let H3 be the common subgraph of Sn3 and G3. Thus, we can view graphs Sn3 and G3 as the graphs depicted in Figure 6.



Then, we have


RH(Sn3)=RH(H3)+RH(S43)+∑x∈H3,y∈S431r(x,y)=RH(H3)+6710+27(n−4)10,RH(G3)=RH(H3)+RH(C4)+∑x∈H3,y∈C41r(x,y)=RH(H3)+223+37(n−4)14.











Therefore, we can get the difference


RH(Sn3)−RH(G3)=2n35−181210.











By the above expressions for the Resistance-Harary index of G1, G2 and G3, we immediately have the desired result.



(ii) For 9≤n≤15.



By the same arguments as used in (i), we conclude that the possible candidates having the second-largest Resistance-Harary index must be one of the graphs G4, G5, G6, G7(Sn5) (as shown in Figure 7) and Sn3.



Let H4,H5,H6 denote the common subgraphs of Sn4 and G4−G7, respectively. Thus, we can view graphs G4−G7 as the graphs depicted in Figure 8.



Then, in a similar way, we have


RH(Sn4)−RH(G4)=n6−193462,RH(Sn4)−RH(G5)=3n22−1522,RH(Sn4)−RH(G6)=n6−56,RH(Sn4)−RH(G7)=85n693−29212772.











Therefore, we have HR(G4)<HR(G6)<HR(G5)<HR(G7). In connection with Equation (2), we have G7(Sn5)<Sn3 if 11≤n≤15, so for 11≤n≤15, Sn3 is the second largest. For n=9,10, in connection with Equation (2), we have Sn5 is the second largest.



(iii) For n≤7 and n=8.



In connection with Equation (2), we have Snn−1, Sn4 is the second largest, respectively.



The result follows. □







4. Application


Now, we give a specific application of formation mentioned in the Section 3. Fully loaded graphs as a special class of unicyclic graphs also have some special properties about Resistance-Harary index. In this section, we determine the largest Resistance-Harary index among all fully loaded unicyclic graphs.



By a sequence of α and β transformations to a fully loaded graph G, we can obtain a new graph, denoted by Qnl, which is obtained by attaching a pendent edge to each vertex of the unique cycle Cl and attaching n−2l+1 pendent edges to a vertex of Cl. Then, by Lemma 2 and Corollary 1, we arrive at,



Theorem 4.

G∈U(n;g), then RH(G)≤RH(Qng).





Next, we determine the graph in U(n) with the largest Resistance-Harary index.



Theorem 5.

If G∈U(n), then


maxG∈U(n){RH(G)}=RH(Qn3)ifn≤7,RH(Qn4)ifn=8,9,RH(Qn3)ifn≥10.













Proof. 

Using a similar way as in Section 3.2, we can conclude that the unicyclic graphs with n≥16 in Figure 9 have the second largest or third largest Resistance-Harary index.



Only one graph Qn3 is fully loaded (Graph 9 in Figure 9). Thus, Qn3 has the largest Resistance-Harary index among all fully loaded graphs with n≥16. For n≤15, from Lemmas 2 and 3 we can conclude that the fully loaded graph with largest Resistance-Harary index must be one of the five situations Qn3,Qn4,Qn5,Qn6,Qn7.



For completeness of the proof, we list all possible values as follows. For n≤7, there is only one situation Q73 with n=7 and Q63 with n=6, so we begin at n=8.



Case 1.n=8.


RH(Q83)=19.625,RH(Q84)=20.026.











Then, maxG∈U(n){RH(G)}=RH(Q84).



Case 2.n=9.


RH(Q93)=24.075,RH(Q94)=24.229.











Then, maxG∈U(n){RH(G)}=RH(Q94).



Case 3.n=10.


RH(Q103)=29.025,RH(Q104)=28.933,RH(Q105)=28.866.











Then, maxG∈U(n){RH(G)}=RH(Q103).



Case 4.n=11.


RH(Q113)=34.475,RH(Q114)=34.136,RH(Q115)=33.725.











Then, maxG∈U(n){RH(G)}=RH(Q113).



Case 5.n=12.


RH(Q123)=40.425,RH(Q124)=39.840,RH(Q125)=39.085,RH(Q126)=38.563.











Then, maxG∈U(n){RH(G)}=RH(Q123).



Case 6.n=13.


RH(Q133)=46.875,RH(Q134)=46.043,RH(Q135)=44.944,RH(Q136)=44.003.











Then, maxG∈U(n){RH(G)}=RH(Q133).



Case 7.n=14.


RH(Q143)=53.825,RH(Q144)=52.747,RH(Q145)=51.303,RH(Q146)=49.942,RH(Q147)=49.987.











Then, maxG∈U(n){RH(G)}=RH(Q143).



Case 8.n=15.


RH(Q153)=61.275,RH(Q154)=59.950,RH(Q155)=58.163,RH(Q156)=56.382,RH(Q157)=54.946.











Then, maxG∈U(n){RH(G)}=RH(Q153).



The proof is completed. □






5. Conclusions


This paper focuses on Resistance-Harary index in unicyclic graphs. Let U(n) and U(n) be the set of unicyclic graphs and fully loaded unicyclic graphs, respectively. Here, we first give a more precise proof about the largest Resistance-Harary index among all unicyclic graphs, then determine the graph of U(n) with second-largest Resistance-Harary index and apply this way to fully loaded unicyclic graphs determine the graph of U(n) with largest Resistance-Harary index.
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Figure 1. The σ-transform at v. 
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Figure 2. The β-transform. 
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Figure 3. The graphs G1,G2 and G3. 
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Figure 4. The graphs Sn3 and G1. 
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Figure 5. The graphs Sn3 and G2. 
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Figure 6. The graphs Sn3 and G3. 
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Figure 7. The graphs G4−G7. 
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Figure 8. The graphs G4−G7. 
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Figure 9. The graphs with second maximal or third maximal Resistance-Harary index. 
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