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Abstract

:

In this work, we consider almost contact metric manifolds. We investigate the generalized D-conformal deformations of nearly K-cosymplectic, quasi-Sasakian and β-Kenmotsu manifolds. The new Levi–Civita covariant derivative of the new metric corresponding to deformed nearly K-cosymplectic, quasi-Sasakian and β-Kenmotsu manifolds are obtained. Under some restrictions, deformed nearly K-cosymplectic, quasi-Sasakian and β-Kenmotsu manifolds are obtained. Then, the scalar curvature of these three classes of deformed manifolds are analyzed.
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1. Introduction


There exist several type of deformations of almost contact metric structures. For example conformal deformations, D-homothetic deformations etc. These deformations were studied by several authors [1,2,3,4]. In [4], generalized D-conformal deformations are applied to trans-Sasakian manifolds where the covariant derivatives of the deformed metric is evaluated under the condition that the functions used in deformation depend only on the direction of the characteristic vector field of the trans-Sasakian structure. In this study, in order to simplify tedious calculations, we obtain the new covariant derivatives of deformed almost contact metric structures seperately for the cases where the characteristic vector field is parallel, Killing and the one form dual to the characteristic vector field is closed. Then, we study generalized D-conformal deformations of nearly K-cosymplectic, quasi-Sasakian and β-Kenmotsu manifolds. We analyse how the class of almost contact metric structures change. Under some restrictions, deformed nearly K-cosymplectic, quasi-Sasakian and β-Kenmotsu manifolds are obtained. In addition, scalar curvature of deformed manifolds are examined for these three classes.




2. Preliminaries


Let M be an odd-dimensional C∞ manifold. An almost contact metric structure on M is defined by a (1,1)-type tensor field φ, a vector field ξ, a 1-form η and a metric g on M such that


φ2(X)=−X+η(X)ξ,η(X)=1,










g(φ(X),φ(Y))=g(X,Y)−η(X)η(Y),g(X,ξ)=η(X),








for any vector fields X, Y on M. A manifold equipped with an almost contact metric structure is called an almost contact metric manifold. The fundamental 2-form Φ of the almost contact metric manifold M is defined by


Φ(X,Y)=gX,φ(Y),








for all vector fields X,Y on M, and the form Φ satisfies η∧Φn≠0, where dimension of M is 2n+1. Hence, an almost contact metric manifold is orientable. In addition, the structure group of an almost contact metric manifold reduces to the group U(n)×1.



According to properties of the Levi–Civita covariant derivative of the fundamental 2-form Φ, there is a classification of almost contact metric manifolds in [5]. A space having the same symmetries as the covariant derivative of the fundamental 2-form was written. This space is


C=α∈⊗30TpM:α(X,Y,Z)=−α(X,Z,Y)=−αX,φ(Y),φ(Z)+η(Y)α(X,ξ,Z)+η(Z)α(X,Y,ξ)








for all p∈M. The space C was decomposed into 12 U(n)×1 irreducible components, denoted by C1,…,C12 as shown in Table 1. There exist 212 invariant subspaces, each corresponding to a class of almost contact metric manifolds. For example, the trivial class corresponds to the class of cosymplectic (called co-Kähler by some authors) manifolds, C1 is the class of nearly K-cosymplectic manifolds, C6⊗C7 is the class of quasi-sasakian manifolds, C5 is the class of β-Kenmotsu manifolds etc [5]. Also, a similar classification was made by [6]. In this work, we will use the definitions of some other classes in the context by using the notation in [5,6]. According to this classification; some special classes of almost contact metric manifolds coincide with a suitable sum of some classes of Ci.



When the dimension of the manifold is 3, then C=C5⊕C6⊕C9⊕C12 [5].



Let (M,φ,ξ,η,g) be an almost contact metric manifold. If we take


φ˜:=φ,ξ˜:=1aξ,η˜:=aη,g˜:=bg+(a2−b)η⊗η,








where a and b are positive functions on M, one can easily check that M,φ˜,ξ˜,η˜,g˜ is an almost contact metric manifold too. This deformation is called a generalized D-conformal deformation [4].



After this deformation, the derivation of the new fundamental 2-form Φ˜ is


dΦ˜(X,Y,Z)=dΦ(X,Y,Z)+X[b]Φ(Y,Z)−Y[b]Φ(X,Z)+Z[b]Φ(X,Y).












3. Generalized D-Conformal Deformations of Nearly K-Cosymplectic Manifolds


Let (M,φ,ξ,η,g) be a nearly K-cosymplectic manifold (that is, belongs to class C1). Defining relations of this class are


∇Xξ=0and∇Xφ(Y)+∇Yφ(X)=0








or equivalently


∇XΦ(X,Y)=0and∇η=0.











To calculate the new Levi–Civita covariant derivative ∇˜ of a nearly K-cosymplectic manifold after applying a generalized D-conformal deformation, we need only to consider the property that ξ is parallel. Hence, we state the following lemma.



Lemma 1.

Let (M,φ,ξ,η,g) be an almost contact metric manifold such that characteristic vector field ξ is parallel. If a generalized D-conformal deformation is applied, then the new covariant derivative of the new metric g˜ is obtained as


∇˜XY=∇XY+12bgφ(X),φ(Y)φ2(gradb)+abη(X)η(Y)φ2(grada)+1aX[a]η(Y)+Y[a]η(X)ξ−12bX[b]η(Y)+Y[b]η(X)ξ−12a2ξ[b]gφ(X),φ(Y)ξ−1aξ[a]η(X)η(Y)ξ+12bX[b]Y+Y[b]X.



(1)









Proof. 

Using Kozsul’s formula and that ξ is parallel, one can get


2bg∇˜XY,Z+2(a2−b)η∇˜XYη(Z)=2bg∇XY,Z+X[b]g(Y,Z)−X[b]η(Y)η(Z)+Y[b]g(X,Z)−Y[b]η(X)η(Z)−Z[b]g(X,Y)+Z[b]η(X)η(Y)+2aX[a]η(Y)η(Z)+2aY[a]η(X)η(Z)−2aZ[a]η(X)η(Y)+2(a2−b)η(∇XY)η(Z).



(2)







Take Z=ξ in the Equation (2), to obtain


η∇˜XY=η∇XY−12a2ξ[b]gφ(X),φ(Y)+1aX[a]η(Y)+Y[a]η(X)−1aξ[a]η(X)η(Y).



(3)







Hence, we write the new Levi–Civita covariant derivative of the new metric g˜ as in (1). □





Now we show that under some restrictions, it is possible to obtain a nearly K-cosymplectic structure from an old one by a generalized D-conformal deformation.



Theorem 1.

Let (M,φ,ξ,η,g) be a nearly K-cosymplectic manifold and consider a generalized D-conformal deformation on M with positive functions a and b. M,φ˜,ξ˜,η˜,g˜ is a nearly K-cosymplectic manifold if and only if grada=ξ[a]ξ and b is a constant.





Proof. 

If we take Y=ξ˜ in (1), since ξ is parallel,


∇˜Xξ˜=1bη(X)φ2(grada)−12aξ[b]φ2(X)



(4)




is obtained. Also, we have ∇˜Xξ˜=0 if and only if grada=ξ[a]ξ and ξ[b]=0. On the other hand, since ∇XΦ(X,Y)=−g∇Xφ(X),Y, the relation 0=∇XΦ(X,Y) is equivalent to ∇Xφ(X)=0, or by polarization


∇Xφ(Y)+∇Yφ(X)=0.











Then


∇˜Xφ(Y)+∇˜Yφ(X)=∇Xφ(Y)+∇Yφ(X)+1aφ(Y)[a]η(X)+φ(X)[a]η(Y)ξ−12bφ(Y)[b]η(X)+φ(X)[b]η(Y)ξ−12bX[b]φ(Y)+Y[b]φ(X)−φ(X)[b]Y−φ(Y)[b]X+1bgφ(X),φ(Y)φgradb+2abη(X)η(Y)φgrada.



(5)







Now it is easy to see that ∇˜Xφ(Y)+∇˜Yφ(X)=0 if and only if grada=ξ[a]ξ and b is a constant. □





We give the following example on nearly K-cosymplectic structures.



Example 1.

Let (M,J,h) be an almost Hermitian manifold, dimM=2n. Consider the almost contact metric structure (φ,ξ,η,g) on M×R where


φ(X,fddt)=(JX,0),ξ=(0,ddt),η(X,fddt)=f,










g((X,fddt),(Y,gddt))=h(X,Y)+fg,








where f and g are C∞ functions on M×R, X, Y are any vector fields on M. Then, M×R is nearly K-cosymplectic if and only if M is nearly Kaehlerian [5].



Consider a generalized D-conformal deformation with a C∞ function a:M×R⟶R, a(x,t)=F(t)>0 and a positive constant b. Since the function a depends only on t, grada=ξ[a]. Then, by Theorem 1, the new almost contact metric structure on M×R is also nearly K-cosymplectic.





Let (M,φ,ξ,η,g) be an almost contact metic manifold and e1,e2,⋯,e2n,ξ be a local orthonormal frame for the metric g on M. Then, after a generalized D-conformal deformation, e˜1,e˜2,⋯,e˜2n,ξ˜ is a local orthonormal frame for the metric g˜, where e˜i=1bei and ξ˜=1aξ, for i=1,2,⋯,2n. If (M,φ,ξ,η,g) is a nearly K-cosymplectic manifold, b is a positive constant and grada=ξ[a]ξ, then the new almost contact metric structure is nearly K-cosymplectic and the new Levi–Civita covariant derivative is written as


∇˜XY=∇XY+1aξ[a]η(X)η(Y)ξ.











By direct calculation, one can get the new curvature tensor R˜, Ric operator Q˜ and scalar curvature S˜ as


R˜(X,Y)Z=R(X,Y)Z+1aX[ξ[a]]η(Y)η(Z)ξ+1aY[ξ[a]]η(X)η(Z)ξ,










Q˜(X)=1bQ(X),










S˜=1bS.











Thus, one can obtain the following theorem.



Theorem 2.

Let (M,φ,ξ,η,g) be a nearly K-cosymplectic manifold whose scalar curvature S is constant. If b=S and grada=ξ[a]ξ, then new nearly K-cosymplectic manifold (M,φ˜,ξ˜,η˜,g˜) is locally isometric to the sphere. In addition, if b=1 and a is a function such that grada=ξ[a]ξ, the manifolds (M,φ,ξ,η,g) and (M,φ˜,ξ˜,η˜,g˜) are locally isometric.





In addition, since δη=0 and δΦ=0, one can express the new coderivation of the new fundamental 1-form η˜ and 2-form Φ˜ as


δ˜η˜=−∑i=12n∇˜e˜iη˜(e˜i)=abδη−na2ξ[b]=−nabξ[b]



(6)






δ˜Φ˜(X)=−∑i=12n∇˜e˜iΦ˜(e˜i,X)−∇˜ξ˜Φ˜(ξ˜,X)=δΦ+12bggradb,φ(X)−1aggrada,φ(X)=n−1bgφ(gradb),X+1agφ(grada),X=gφgradlnbn−1a,X.



(7)







Hence, one can conclude that, if (M,φ,ξ,η,g) is nearly K-cosymplectic, then M,φ˜,ξ˜,η˜,g˜ is a semi-cosymplectic manifold if and only if ξ[b]=0 and grad(ln(bn−1a))=gξ,grad(ln(bn−1a)ξ.




4. Generalized D-Conformal Deformations of Quasi-Sasakian Manifolds


In this case, we consider generalized D-conformal deformations of quasi-Sasakian manifolds. An almost contact metric manifold is called quasi-Sasakian if it is normal and its fundamental 2-form Φ is closed, that is,


[φ,φ](X,Y)+dη(X,Y)ξ=0anddΦ=0,








for all vector field X and Y. Quasi-Sasakian manifolds are the class C6⊕C7. The most important feature of a quasi-Sasakian manifold is that the fundamental vector field ξ is a Killing vector field [7].



Let (M,φ,ξ,η,g) be an almost contact metric manifold such that ξ is Killing. The Levi–Civita covariant derivative of g˜ is calculated using Kozsul’s formula, only by considering that ξ is Killing.



Lemma 2.

Let (M,φ,ξ,η,g) be an almost contact metric manifold such that characteristic vector field ξ is Killing. If a generalized D-conformal deformation is applied, then the new covariant derivative of the new metric g˜ is obtained as


∇˜XY=(a2−b)2a2bξ[b]g(φ(X),φ(Y))ξ−12bX[b]φ2(Y)+Y[b]φ2(X)−12bg(φ(X),φ(Y))gradb+1aX[a]η(Y)+Y[a]η(X)ξ+∇XY+(a2−b)abξ[a]η(X)η(Y)ξ−abη(X)η(Y)grada+(a2−b)bη(Y)∇Xξ+η(X)∇Yξ.



(8)









Now our aim is to obtain a quasi-Sasakian manifold after applying a generalized D-conformal deformation to a quasi-Sasakian manifold. First we give the condition for ξ˜ to be Killing with respect to g˜.



Lemma 3.

ξ˜ is Killing vector field if and only if ξ[b]=0 and grada=ξ[a]ξ.





Proof. 

Let ξ˜ be a Killing vector field. Then


Lξ˜g˜(X,Y)=0,








for all vector fields X, Y. Since


Lξ˜g˜(X,Y)=1aξ[b]g(φ(X),φ(Y))+2ξ[a]η(X)η(Y)−X[a]η(Y)−Y[a]η(X),



(9)




if we take X=ξ in (9), we obtain


ξ[a]η(Y)=Y[a],








hence


grada=ξ[a]ξ.











In addition, if we take grada=ξ[a]ξ in (9), we get ξ[b]=0. Converse of the lemma is trivial. □





We can obtain quasi-Sasakian manifolds by deforming the old ones as follows.



Theorem 3.

Let (M,φ,ξ,η,g) be a quasi-Sasakian manifold and consider a generalized D-conformal deformation with positive functions a and b. Then, the new almost contact metric manifold obtained by generalized D-conformal deformation is quasi-Sasakian if and only if b is a constant and a depends only on the direction of ξ.





Proof. 

Consider a generalized D-conformal deformation on M with positive functions a and b. Let M,φ˜,ξ˜,η˜,g˜ be a quasi-Sasakian manifold. Then, ξ˜ is a Killing vector field. Thus from Lemma 3, we get


ξ[b]=0andgrada=ξ[a]ξ.



(10)







Conversely, let b be a constant and grada=ξ[a]ξ. By Lemma 3, ξ˜ is Killig. In addition, since a quasi-Sasakian manifold is normal, we have


[φ,φ](X,Y)+dη(X,Y)ξ=0.



(11)







Then


[φ˜,φ˜](X,Y)+dη˜(X,Y)ξ˜=[φ,φ](X,Y)+1adη˜(X,Y)ξ=[φ,φ](X,Y)+dη(X,Y)ξ+1aX[a]η(Y)−Y[a]η(X)ξ.



(12)







Since grada=ξ[a]ξ, the equation


[φ˜,φ˜](X,Y)+dη˜(X,Y)ξ˜=0.








is satisfied. Also, for a quasi-Sasakian manifold dΦ=0, thus we get


dΦ˜(X,Y,Z)=X[b]Φ(Y,Z)−Y[b]Φ(X,Z)+Z[b]Φ(X,Y).



(13)







Since the function b is a constant, we obtain dΦ˜(X,Y,Z)=0. As a result M,φ˜,ξ˜,η˜,g˜ is a quasi-Sasakian manifold. □





In addition, one can obtain the following corollary:



Corollary 1.

Let (M,φ,ξ,η,g) be a quasi-Sasakian manifold. If a is a positive function such that grada=ξ[a]ξ and b is a positive constant, then the new almost contact metric manifold M,φ˜,ξ˜,η˜,g˜ is normal.





If (M,φ,ξ,η,g) is a quasi-Sasakian manifold and a and b are positive functions such that ξ[b]=0 (b need not be constant) and grada=ξ[a]ξ, then in new almost contact metric manifold M,φ˜,ξ˜,η˜,g˜, one can compute directly coderivation of δ˜η˜ and δ˜Φ˜ as follows:


δ˜η˜=abδη−na2ξ[b]=−nabξ[b]








and


δ˜Φ˜=δΦ(X)+1−nbggradb,φ(X)+a2−bbη(X)δΦ(ξ)−1aggrada,φ(X).











Let (M,φ,ξ,η,g) be a quasi-Sasakian manifold, b be a positive constant and a be a function such that grada=ξ[a]ξ. After a generalized D-conformal deformation, the new covariant derivative is


∇˜XY=∇XY+1aξ[a]η(X)η(Y)ξ+a2−bbη(Y)∇Xξ+η(X)∇Yξ.



(14)







Moreover, by direct calculation, one can get


R˜X,ξ˜ξ˜=1bR(X,ξ)ξ−1abξ[a]∇Xξ−a2−bb2∇∇Xξξ



(15)




and


R˜X,e˜ie˜i=1bR(X,ei)ei+a2−bb2η(X)∇∇eieiξ−∇ei∇eiξ



(16)






+3a2−bb2gei,∇Xξ∇eiξ.



(17)







Hence, we obtain new Ricci operator Q˜ and scalar curvature S˜ as


Q˜(X)=1bQ(X)−1abξ[a]∇Xξ+a2−bb2η(X)∑i=12n∇∇eieiξ−∇ei∇eiξ+2a2−bb2∇∇Xξξ,










S˜=1bS−a2−bb2∑i=12ng∇eiξ,∇eiξ.



(18)







Example 2.

Let M be a seven dimensional 3-Sasakian manifold. Since this manifold is Sasakian (C6), it is in particular quasi-Sasakian (C6⊕C7). It is known that its scalar curvature is 42 and also ∇Xξ=−φ(X) for all vector fields X. For definition and properties of 3-Sasakian manifolds, see [8].



Let (M,φ,ξ,η,g) be one of the three Sasakian structures on a seven dimensional 3-Sasakian manifold and assume that a generalized D-conformal deformation is applied to this structure. Note that by Theorem [3], the deformed structure is also quasi-Sasakian. Now we calculate the new scalar curvature S˜ of the deformed manifold. Since


g(∇eiξ,∇eiξ)=g(φ(ei),φ(ei))=g(ei,ei)−η(ei)η(ei),








from the Equation (18),


S˜=6b(8−a2b).



(19)







Let a and b be positive constants satisfying 1b(8−a2b)=16 or 1b(8−a2b)=−16. Then, the Equation (19) implies S˜=1 or S˜=−1. Thus the new quasi-Sasakian manifold is locally isometric to the sphere or the hyperbolic space, respectively.



On the other hand, if positive constants a and b are chosen as a2=8b, then S˜=0 and the new quasi-Sasakian manifold has zero scalar curvature.






5. Generalized D-Conformal Deformations of β-Kenmotsu Manifolds


An almost contact metric manifold (M,φ,ξ,η,g) is called β-Kenmotsu manifold, if the relation


∇XφY=βg(φ(X),Y)ξ−η(Y)φ(X),








is satisfied, where β is a smooth function on M. It is known that if (M,φ,ξ,η,g) is a β-Kenmotsu manifold, then the equation


g(∇Xξ,Y)=g(∇Yξ,X)



(20)




is satisfied.



Lemma 4.

Consider a generalized D-conformal deformation of an almost contact metric structure such that g(∇Xξ,Y)=g(∇Yξ,X), where a and b positive functions. After a generalized D-conformal deformation, the new Levi–Civita covariant derivative is


∇˜XY=∇XY+(a2−b)bg∇Xξ,Yξ+12bX[b]Y+Y[b]X+1aX[a]η(Y)+Y[a]η(X)ξ−12bX[b]η(Y)+Y[b]η(X)ξ+abη(X)η(Y)φ2(grada)−1aξ[a]η(X)η(Y)ξ−12a2ξ[b]gφ(X),φ(Y)ξ+12bgφ(X),φ(Y)φ2(gradb).



(21)









Then, we obtain the following lemma:



Lemma 5.

Let (M,φ,ξ,η,g) be a β-Kenmotsu manifold. Consider a generalized D-conformal deformation on M where a and b are positive functions. Then


g˜∇˜Xξ˜,Y=g˜∇˜Yξ˜,X








if and only if the function a depends only on the direction of ξ, that is grada=ξ[a]ξ.





Proof. 

First by taking Y=ξ in (21), we get


g∇˜Xξ,Y=g(∇Xξ,Y)+12bξ[b]g(φ(X),φ(Y))+1aX[a]η(Y)−abη(X)Y[a]+abξ[a]η(X)η(Y)



(22)




and


η∇˜Xξ=1aX[a].



(23)







Then, by the definition of the generalized D-conformal deformation and the Equations (22) and (23), we have


g˜∇˜Xξ˜,Y=bg∇˜Xξ˜,Y+(a2−b)η∇˜Xξ˜η(Y)=−ba2X[a]η(Y)+bag∇˜Xξ,Y−(a2−b)a2X[a]η(Y)+(a2−b)aη∇˜Xξη(Y)=bag(∇Xξ,Y)+12aξ[b]gφ(X),φ(Y)−Y[a]η(X)+ξ[a]η(X)η(Y).



(24)







Let


g˜∇˜Xξ˜,Y=g˜∇˜Yξ˜,X.











The Equation (24) implies


η(Y)X[a]=η(X)Y[a].



(25)







Take Y=ξ in (25) to obtain


X[a]=η(X)ξ[a],








that is


grada=g(grada,ξ)ξ.











Conversely, let grada=g(grada,ξ)ξ. Then, the term −Y[a]η(X)+ξ[a]η(X)η(Y) of the Equation (24) vanishes and thus g˜∇˜Xξ˜,Y=g˜∇˜Yξ˜,X is obtained. □





For any β-Kenmotsu manifold, we know that dη=0. After deformation, derivation of η˜ is obtained as:


dη˜(X,Y)=adη(X,Y)+X[a]η(Y)−Y[a]η(X).











The new Levi–Civita covariant derivative of Φ˜ is


∇˜XΦ˜(Y,Z)=b∇XΦ(Y,Z)−12Y[b]Φ(X,Z)+12Z[b]Φ(X,Y)aη(X)η(Y)φ(Z)[a]−η(Z)φ(Y)[a]+12gφ(X),φ(Y)φ(Z)[b]−12gφ(X),φ(Z)φ(Y)[b].











Note that the following theorem can be deduced from Lemma 4.1 of [4]. In [4], first the new Levi–Civita covariant derivative is calculated under the restriction that a and b are positive functions depending on the direction of ξ and then Lemma 4.1 in [4] is stated for trans-Sasakian manifolds by using this covariant derivative. In our study, however, we obtain the new Levi–Civita covariant derivative only by assuming that dη=0 (equivalently g(∇Xξ,Y)=g(∇Yξ,X)) in Lemma 5 and then we state the following theorem.



Theorem 4.

Let (M,φ,ξ,η,g) be a β-Kenmotsu manifold, and consider a generalized D-conformal deformation with a and b positive functions. If grada=g(grada,ξ)ξ and gradb=g(gradb,ξ)ξ, then (M,φ˜,ξ˜,η˜,g˜) is a β˜-Kenmotsu manifold, where


β˜=1aβ+12abξ[b].













Proof. 

One can easily calculate


∇˜Xφ˜(Y)=∇˜Xφ˜(Y)−φ˜∇˜XY=∇Xφ(Y)+a2−ba2g∇Xξ,φ(Y)ξ+1aφ(Y)[a]η(X)ξ−12bφ(Y)[b]η(X)ξ+12a2ξ[b]g(φ(X),Y)ξ−12bg(φ(X),Y)φ2(gradb)+12bφ(Y)[b]X−Y[b]φ(X)+abη(X)η(Y)φ(grada)+12bg(φ(X),φ(Y))φ(gradb)











Since X[a]η(Y)=Y[a]η(X) for all vector fields X and Y, taking gradb=ξ[b]ξ, then


∇˜Xφ˜(Y)=ba2βgφ(X),Yξ+12a2ξ[b]g(φ(X),Y)ξ−12bξ[b]η(Y)φ(X)−βη(Y)φ(X)=βa+12abξ[b]bag(φ(X),Y)ξ−aη(Y)φ(X)=βa+12abξ[b]g˜(φ(X),Y)ξ˜−η˜(Y)φ(X).



(26)







□





Let (M,φ,ξ,η,g) be a β-Kenmotsu manifold. Then, if (M,φ˜,ξ˜,η˜,g˜) is β˜-Kenmotsu, then from Lemma 5, we obtain grada=ξ[a]ξ. In addition, since M is β˜-Kenmotsu, we have


(∇˜Xφ˜)(Y)=β˜(g˜(φ(X),Y)ξ˜−η˜(Y)φ˜(X)).



(27)







Take Y=ξ in (27), then we obtain β˜=1aβ+12abξ[b]. We have been unable to find any restriction on the function b.



If (M,φ,ξ,η,g) is a 2n+1 dimensional β-Kenmotsu manifold, a and b positive functions such that grada=ξ[a]ξ, gradb=ξ[b]ξ, after a generalized D-conformal deformation, we have


∇˜ξ˜ξ˜=1abφ2(grada),∇˜e˜iη˜(e˜i)=−1aη∇eiei+12abξ[a],



(28)




and coderivations of η and Φ are calculated as


δ˜η˜=−∑i=12n∇˜e˜iη˜(e˜i)=1aδη−nbξ[b],










δ˜Φ˜(X)=δΦ(X)+ggradlnbn−1a,φ(X).











In addition, by long direct calculation, the new scalar curvature S˜ is


S˜=1bS−2a2−ba2bg(Q(ξ),ξ)−n(2n−3)2a2b2ξ[b]2+4na3ξ[a]β−2na2bξ[ξ[b]]+2na3bξ[a]ξ[b]−2n(2n+1)a2bξ[b]β+2n(2n−1)a2−ba2bβ2.
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Table 1. Defining relations for each of the twelve classes [5].






Table 1. Defining relations for each of the twelve classes [5].





	Classes
	Defining Relations





	C1
	∇XΦ(X,Y)=0, ∇η=0



	C2
	dΦ=∇η=0



	C3
	∇XΦY,Z−∇φ(X)Φφ(Y),Z=0, δΦ=0



	C4
	∇XΦY,Z=−12(n−1)gφ(X),φ(Y)δΦ(Z)−gφ(X),φ(Z)δΦ(Y)−Φ(X,Y)δΦφ(Z)+−Φ(X,Z)δΦφ(Y);δΦ(ξ)=0



	C5
	∇XΦY,Z=12nΦ(X,Z)η(Y)−Φ(X,Y)η(Z)δη



	C6
	∇XΦY,Z=12ng(X,Z)η(Y)−g(X,Y)η(Z)δΦ(ξ)



	C7
	∇XΦY,Z=η(Z)∇Yηφ(X)+η(Y)∇φ(X)ηZ, δΦ=0



	C8
	∇XΦY,Z=−η(Z)∇Yηφ(X)+η(Y)∇φ(X)ηZ, δη=0



	C9
	∇XΦY,Z=η(Z)∇Yηφ(X)−η(Y)∇φ(X)ηZ



	C10
	∇XΦY,Z=−η(Z)∇Yηφ(X)−η(Y)∇φ(X)ηZ



	C11
	∇XΦY,Z=−η(X)∇ξΦφ(Y),φ(Z)



	C12
	∇XΦY,Z=η(X)η(Z)∇ξηφ(Y)−η(X)η(Y)∇ξηφ(Z)
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