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Abstract: The proximal split feasibility problem is investigated in Hilbert spaces. An iterative
procedure is introduced for finding the solution of the proximal split feasibility problem.
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1. Introduction

Recall that the split feasibility problem (SFP) seeks a point u† such that

u† ∈ C and Au† ∈ Q, (1)

where ∅ 6= C and ∅ 6= Q are two closed convex subsets of two real Hilbert spaces H1 and H2,
respectively and A : H1 → H2 is a bounded linear operator.

In 1994, Censor and Elfving [1] refined the above mathematical model from the medical image
reconstruction and phase retrievals. This provides us a useful tool to research inverse problems
arising in science and engineering. One effective method for solving SFP (1) is algorithmic iteration.
In the literature, there are several effective iterative algorithms presented by some authors (see, for
instance [2–28].)

In this paper, our goal is to focus a general case of proximal split feasibility problems and to
investigate the convergence analysis. To begin with, we first give several related concepts.

Let φ : H2 → R∪ {+∞} be a lower semi-continuous, proper and convex function. Let ε > 0 be a
constant. Recall that the Moreau [29]-Yosida [30] regularization is defined by

φε(x) = min
u∈H2

{
φ(u) +

1
2ε
‖u− x‖2

}
.

Consequently, we can define the proximity operator of φ by the form

proxεφ(x) = arg min
u∈H2

{
φ(u) +

1
2ε
‖u− x‖2

}
.
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The subdifferential of φ at x† denoted by ∂φ(x†) is defined as follows

∂φ(x†) = {x∗ ∈ H2 : φ(x†) + 〈x∗, x‡ − x†〉 ≤ φ(x‡), ∀x‡ ∈ H2}.

It is easy to validate that 0 ∈ ∂φ(x†) ⇔ x† = proxεφ(x†). This means that the minimizer of φ is
the fixed point of its proximity operator.

Let ϕ : H1 → R∪ {+∞} be a lower semi-continuous, proper and convex function. Recall that
the proximal split feasibility problem seeks a point x† ∈ H1 such that x† solves the following
minimization problem

min
x†∈H1

{ϕ(x†) + φε(Ax†)}. (2)

In what follows, we use Γ to denote the solution set of the problem (2).
The above problem (2) has been studied extensively in the literature, see for instance [31–35].

In order to solve problem (2), in [36], Moudafi and Thakur presented the following split
proximal algorithm.

• Fixed an initialization u0 ∈ H1.
• Assume that un ∈ H1 has been obtained. Calculate ν(un) =

√
‖∇g(un)‖2 + ‖∇h(un)‖2, where

g(un) =
1
2
‖(I − proxεφ)Aun‖2 and h(un) =

1
2
‖(I − proxµnεϕ)un‖2.

• If ν(un) = 0, then the iterative procedure stops, otherwise continue to compute the next iterate

un+1 = proxµnεϕ(un − µnA∗(I − proxεφ)Aun), n ≥ 0,

where µn = τn
g(un) + h(un)

ν2(un)
.

Remark 1. Note that the stepsize sequence {µn} is implicit because of the terms g(un) and ν(un). This indicates
that the computation of un+1 is complicated.

To overcome this difficulty, Shehu and Iyiola [37] suggested the following explicit algorithm to
solve problem (2).

1. Fixed u ∈ H1 and u1 ∈ H1.
2. Set n = 1 and calculate

yn = ζnu + (1− ζn)un,

ν(yn) = ‖A∗(I − proxεφ)Ayn + (I − proxεϕ)yn‖,

zn = yn − τn
h(yn) + l(yn)

ν2(yn)
(A∗(I − proxεφ)Ayn + (I − proxεϕ)yn),

un+1 = (1− ϑn)yn + ϑnzn.

3. If A∗(I − proxεφ)Ayn = 0 = (I − proxεϕ)yn and un+1 = un, then the iterative process stops,
otherwise continue to the next step.

4. Set n← n + 1 and repeat steps 2-3.

Remark 2. In Step 3, we note that A∗(I − proxεφ)Ayn = 0 = (I − proxεϕ)yn implies ν(yn) = 0. In this
case, the iterates zn and un+1 have no meanings.

In the present paper, our goal is to mend the above gap and to suggest a modified proximal split
feasibility algorithm for solving the proximal split feasibility problem (2). We prove that the presented
sequence converges strongly to a solution of the proximal split feasibility problem (2).
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2. Preliminaries

LetH be a real Hilbert space. Use 〈·, ·〉 and ‖ · ‖ to denote its inner product and norm, respectively.
Let C be a nonempty closed convex subset ofH. Recall that a mapping S : C → C is said to be firmly
nonexpansive [38] if

‖Su− Sv‖2 ≤ 〈Su− Sv, u− v〉

for all u, v ∈ C.
Note that the proximal operators I − proxεϕ and I − proxεφ are firmly nonexpansive, namely,

‖(I − proxεϕ)u− (I − proxεϕ)v‖2 ≤ 〈(I − proxεϕ)u− (I − proxεϕ)v, u− v〉 (3)

for all u, v ∈ H1 and

‖(I − proxεφ)u− (I − proxεφ)v‖2 ≤ 〈(I − proxεφ)u− (I − proxεφ)v, u− v〉 (4)

for all u, v ∈ H2.
For ∀u ∈ H, there exists a unique point in C, denoted by projC(u), such that

‖u− projC(u)‖ ≤ ‖u− u†‖

for all u† ∈ C.
It is known that projC is firmly-nonexpansive and has the following characteristic [39]

〈u− projC(u), u† − projC(u)〉 ≤ 0

for all u ∈ H and u† ∈ C.
An operator F is called strongly positive if there exists a constant δ > 0 such that 〈Fu, u〉 ≥ δ‖u‖2

for all u ∈ H.
The following expressions will be used in the sequel.

• un ⇀ u denotes the weak convergence of {un} to u;
• un → u denotes the strong convergence of {un} to u;
• Fix(S) means the set of fixed points of S.

Lemma 1. [40] In a real Hilbert spaceH, the following identity holds

‖λx† + (1− λ)x̃‖2 = λ‖x†‖2 + (1− λ)‖x̃‖2 − λ(1− λ)‖x† − x̃‖2,

for all λ ∈ [0, 1], ∀x†, x̃ ∈ H.

Lemma 2. [41] Suppose that three sequences {un}, {vn} and {θn} satisfy the following conditions

(i) un ≥ 0 for all n ≥ 0;
(ii) there exists a constant M such that vn ≤ M for all n ≥ 0;
(iii) θn ∈ [0, 1] and ∑∞

n=0 θn = ∞;
(iv) un+1 ≤ (1− θn)un + θnvn for all n ≥ 0.

Then, we have lim supn→∞ un ≤ lim supn→∞ vn.

Lemma 3. [42] Suppose that H is a real Hilbert space and C ⊂ H is a nonempty closed convex set. If T is a
nonexpansive self-mapping of C, then the operator I− T is demi-closed at 0, i.e., xn ⇀ x ∈ C and xn− Txn → 0
imply x = Tx.
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Lemma 4. [43] Assume that three sequences {ρn}, {ηn} and {ζn} satisfy the following assumptions

(i) ρn ≥ 0 for all n ≥ 0;
(ii) {ζn}n∈N ⊂ [0, 1] and ∑∞

n=1 ζn = ∞;
(iii) lim supn→∞ ηn ≤ 0;
(iv) ρn+1 ≤ (1− ζn)ρn + ζnηn for all n ≥ 0.

Then limn→∞ ρn = 0.

3. Main Results

Suppose that

(i) H1 and H2 are two real Hilbert spaces and ∅ 6= C ⊂ H1 and ∅ 6= Q ⊂ H2 are two closed
convex sets;

(ii) A : H1 → H2 is a bounded linear operator, ϕ : H1 → R∪ {+∞} and φ : H2 → R∪ {+∞} are
two proper, convex and lower semi-continuous functions.

In what follows, assume Γ 6= ∅. The following lemma plays a key role for constructing our
algorithm and proving our main result.

Lemma 5. [34] z† ∈ Γ iff A∗(I − proxεφ)Az† + (I − proxεϕ)z† = 0.

Next, we suggest the following algorithm by applying Lemma 5.

Let f : H1 → H1 be a µ-contraction. Let F : H1 → H1 be a strongly positive linear bounded
operator with coefficient δ > 0. Let {ζn} ⊂ (0, 1), {ϑn} ⊂ (0, 1) and {τn} ⊂ (0,+∞) be three real
number sequences. Let γ be a constant such that δ/µ > γ > 0.

1. Given fixed point x0 ∈ H1. Set n = 0.
2. Calculate yn and ν(yn) via the iterative procedures

yn = ζnγ f (xn) + (I − ζnF)xn, (5)

and

ν(yn) = A∗(I − proxεφ)Ayn + (I − proxεϕ)yn. (6)

3. If ν(yn) = 0, then the iterative process stops (in this case, yn is a solution of (2) by Lemma 5),
otherwise continuous to the next step.

4. Compute

xn+1 = (1− ϑn)yn + ϑnzn, (7)

where

zn = yn − τn
g(yn) + h(yn)

‖ν(yn)‖2 ν(yn), (8)

in which g(yn) =
1
2‖(I − proxεφ)Ayn‖2 and h(yn) =

1
2‖(I − proxεϕ)yn‖2.

5. Set n← n + 1 and repeat steps 2–4.

Assume that the above iterates (5)–(8) do not terminate, that is, the sequence {xn} generated by
(7) is very large. In this case, we demonstrate the convergence analysis of the sequence {xn}.

Theorem 1. Suppose that the control parameters {ζn}, {ϑn} and {τn} satisfy the following restrictions
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(C1): lim
n→∞

ζn = 0 and ∑∞
n=0 ζn = ∞;

(C2): 0 < lim infn→∞ ϑn ≤ lim supn→∞ ϑn < 1;
(C3): lim infn→∞ τn(4− τn) > 0.

Then sequence {xn} generated by (7) strongly converges to z, where z = projΓ(I − F + γ f )z.

Proof. Firstly, it is easy to check that operator projΓ(I − F + γ f ) is a contraction under the restriction
δ/µ > γ > 0. Denote its unique fixed point by z, that is, z = projΓ(I − F + γ f )z. Next, we show the
boundedness of the sequence {xn}. In terms of the nonexpansivity of the operators I − proxεφ and
I − proxεϕ, from (3) and (4), we have

2h(yn) = ‖(I − proxεϕ)yn‖2 ≤ 〈(I − proxεϕ)yn, yn − z〉, (9)

and
2g(yn) = ‖(I − proxεφ)Ayn‖2 ≤ 〈(I − proxεφ)Ayn,Ayn −Az〉. (10)

By (6), (9) and (10), we obtain

〈ν(yn), yn − z〉 = 〈A∗(I − proxεφ)Ayn + (I − proxεϕ)yn, yn − z〉
= 〈(I − proxεφ)Ayn,Ayn −Az〉+ 〈(I − proxεϕ)yn, yn − z〉
≥ 2g(yn) + 2h(yn).

(11)

This together with (8) implies that

‖zn − z‖2 = ‖yn − τn
g(yn) + h(yn)

‖ν(yn)‖2 ν(yn)− z‖

= ‖yn − z‖2 − 2τn
g(yn) + h(yn)

‖ν(yn)‖2 〈ν(yn), yn − z〉+ τ2
n
(g(yn) + h(yn))2

‖ν(yn)‖2

≤ ‖yn − z‖2 − τn(4− τn)
(g(yn) + h(yn))2

‖ν(yn)‖2 .

(12)

By condition (C3), without loss of generality, we assume 0 < a < τn < b < 4 for all n ≥ 0. In the
light of (7) and (12), we have

‖xn+1 − z‖ ≤ (1− ϑn)‖yn − z‖+ ϑn‖zn − z‖
≤ ‖yn − z‖
= ‖ζnγ( f (xn)− f (z)) + ζn(γ f (z)− F(z)) + (I − ζnF)(xn − z)‖
≤ ζnγµ‖xn − z‖+ ζn‖γ f (z)− F(z)‖+ (1− δζn)‖xn − z‖
= [1− (δ− γµ)ζn]‖xn − z‖+ ζn‖γ f (z)− F(z)‖

≤ max{‖xn − z‖, ‖γ f (z)− F(z)‖
δ− γµ

}

≤ · · ·

≤ max{‖x0 − z‖, ‖γ f (z)− F(z)‖
δ− γµ

}.

(13)

Hence, the sequence {xn} is bounded. Consequently, we can check easily that the sequences {yn}
and {zn} are bounded.
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By virtue of (5), we have

‖yn − z‖2 = ‖ζn(γ f (xn)− F(z)) + (I − ζnF)(xn − z)‖2

≤ ‖I − ζnF‖2‖xn − z‖2 + ζ2
n‖γ f (xn)− F(z)‖2 + 2ζn〈γ f (xn)− F(z), (I − ζnF)(xn − z)〉

≤ (1− δζn)
2‖xn − z‖2 + ζ2

n‖γ f (xn)− F(z)‖2 + 2γζn〈 f (xn)− f (z), (I − ζnF)(xn − z)〉
+ 2ζn〈γ f (z)− F(z), xn − z〉 − 2ζ2

n〈γ f (z)− F(z), F(xn)− F(z)〉
≤ (1− δζn)

2‖xn − z‖2 + ζ2
n‖γ f (xn)− F(z)‖2 + 2γµ(1− δζn)ζn‖xn − z‖2

+ 2δζ2
n‖γ f (z)− F(z)‖‖xn − z‖+ 2ζn〈γ f (z)− F(z), xn − z〉

≤ [1− 2(δ− γµ)ζn]‖xn − z‖2 + 2ζn〈γ f (z)− F(z), xn − z〉+ ζ2
n M1,

(14)
where M1 ≥ supn≥0{‖γ f (xn)− F(z)‖, 2δ‖γ f (xn)− F(z)‖‖xn − z‖, δ2‖xn − z‖2}.

On the basis of (7) and Lemma 1, we get

‖xn+1 − z‖2 = ‖(1− ϑn)(yn − z) + ϑn(zn − z)‖2

= (1− ϑn)‖yn − z‖2 + ϑn‖zn − z‖2 − (1− ϑn)ϑn‖yn − zn‖2.
(15)

From (12) and (15), we deduce

‖xn+1 − z‖2 ≤ ‖yn − z‖2 − (1− ϑn)ϑn‖yn − zn‖2. (16)

By (7), we note that

yn − zn =
1

ϑn
(yn − xn+1). (17)

Thus, combining (14), (16) with (25), we get

‖xn+1 − z‖2 ≤ ‖yn − z‖2 − 1− ϑn

ϑn
‖xn+1 − yn‖2

≤ [1− 2(δ− γµ)ζn]‖xn − z‖2 + 2ζn〈γ f (z)− F(z), xn − z〉

+ ζ2
n M1 −

1− ϑn

ϑn
‖xn+1 − yn‖2

= [1− 2(δ− γµ)ζn]‖xn − z‖2 + ζnσn,

(18)

where

σn = 2〈γ f (z)− F(z), xn − z〉+ M1ζn −
1− ϑn

ζnϑn
‖xn+1 − yn‖2. (19)

According to the boundedness of the sequence {xn}, from (27), we obtain σn ≤ M2(∀n ≥ 0) for
some M2. Applying Lemma 2 to (26), we get 0 ≤ 2(δ− γµ) lim supn→∞ ‖xn − z‖2 ≤ lim supn→∞ σn ≤
M2. Therefore, lim supn→∞ σn exists and there exists a subsequence {xni} of {xn} such that xni ⇀ x̃ and

lim sup
n→∞

σn = lim sup
n→∞

(2〈γ f (z)− F(z), xn − z〉+ M1ζn −
1− ϑn

ζnϑn
‖xn+1 − yn‖2)

= lim
i→∞

(2〈γ f (z)− F(z), x̃− z〉 − 1− ϑni

ζni ϑni

‖xni+1 − yni‖
2).

(20)

This indicates that lim
i→∞

1− ϑni

ζni ϑni

‖xni+1 − yni‖
2 exists and by conditions (C1) and (C2), we deduce

lim
i→∞
‖xni+1 − yni‖ = 0. (21)
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This together with (25) implies that

lim
i→∞
‖yni − zni‖ = 0.

Combining (5) with (21), we obtain

lim
i→∞
‖xni+1 − xni‖ = lim

i→∞
‖yni − xni‖ = 0.

By (12), we have

0 ≤ τni (4− τni )
(g(yni ) + h(yni ))

2

‖ν(yni )‖2 ≤ ‖yni − z‖2 − ‖zni − z‖2

≤ ‖yni − zni‖(‖yni − z‖+ ‖zni − z‖)→ 0 (as i→ ∞).
(22)

It follows that

lim
i→∞

g(yni ) + h(yni )

‖ν(yni )‖
= 0. (23)

Noting that ν(yni ) is bounded, from (23), we deduce limi→∞(g(yni ) + h(yni )) = 0. Thus,
limi→∞ g(yni ) = limi→∞ h(yni ) = 0. That is,

lim
i→∞
‖(I − proxεϕ)yni‖ = lim

i→∞
‖(I − proxεφ)Ayni‖ = 0.

This together with Lemma 3 implies that x̃ ∈ Fix(proxεϕ) and Ax̃ ∈ Fix(proxεφ). Hence x̃ ∈ Γ.
Therefore,

lim sup
n→∞

〈γ f (z)− F(z), xn − z〉 = 〈γ f (z)− F(z), x̃− z〉 ≤ 0.

By (26), we have

‖xn+1 − z‖2 ≤ [1− 2(δ− γµ)ζn]‖xn − z‖2 + 2ζn〈γ f (z)− F(z), xn − z〉+ ζ2
n M1. (24)

According to Lemma 4 and (24), we deduce that xn → z. This completes the proof.

1. Given fixed point x0 ∈ H1. Set n = 0.
2. Calculate yn and ν(yn) via the iterative procedures

yn = (1− ζn)xn, (25)

and

ν(yn) = A∗(I − proxεφ)Ayn + (I − proxεϕ)yn. (26)

3. If ν(yn) = 0, then the iterative process stops (in this case, yn ∈ Γ by Lemma 5), otherwise
continuous to the next step.

4. Compute

xn+1 = (1− ϑn)yn + ϑnzn, (27)

where

zn = yn − τn
g(yn) + h(yn)

‖ν(yn)‖2 ν(yn), (28)

in which g(yn) =
1
2‖(I − proxεφ)Ayn‖2 and h(yn) =

1
2‖(I − proxεϕ)yn‖2.
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5. Set n← n + 1 and repeat steps 2–4.

Assume that the above iterates (25)–(28) do not terminate, that is, the sequence {xn} generated
by (27) is very large.

Corollary 1. Suppose that the control parameters {ζn}, {ϑn} and {τn} satisfy the restrictions (C1)–(C3).
Then sequence {xn} generated by (27) strongly converges to z = projΓ(0), the minimum norm element in Γ.
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