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a hoop algebra or a hoop, that is introduced by Bosbach, the notion of co-filter on hoops is introduced
and related properties are investigated. Then by using of co-filter, a congruence relation on hoops
is defined, and the associated quotient structure is studied. Thus Brouwerian semilattices, Heyting
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1. Introduction

Non-classical logics (or called alternative logics) are formal systems that differ in a significant
way from standard logical systems such as propositional and predicate logic. Many-valued logics are
non-classical logics which are similar to classical logic. Bosbach [1,2] proposed the concept of hoop
which is a nice algebraic structure to research the many-valued logical system whose propositional
value is given in a lattice. For various information on hoops, refer to [3-8].

In this paper, we introduce the notion of co-filter in hoops and we get some properties of it. Then
we construct a congruence relation by using co-filters on hoops. Finally, we investigate under which
conditions the quotient structure of this congruence relation will be Brouwerian semilattice, Heyting
algebra, Wajsberg hoop, Hilbert algebra and BL-algebra.

2. Preliminaries

In this section, we recollect some definitions and results which will be used in the following and
we shall not cite them every time they are used.

Definition 1 ([9]). A hoop is an algebraic structure (H, ®, —,1) of type (2,2,0) such that, for all a, B,y € H
it satisfies in the following conditions:

(HPl) (H, ®,1) is a commutative monoid.

(HP2) a »a=1.

(173) (€0 7=e (D

(HP4) a®(a = p)=B0O (B — a).
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On hoop H., a binary relation < is defined on H such that « < Biffa — B = 1and (H, <) is a poset. If
the least element 0 € H exists such that, for all « € H, 0 < w, then H is called a bounded hoop. We let ad =1
and " = o1 © a, for any n € N. If H is bounded, then, for all & € H, the operation negation ” ' ” is defined
onHby, o' =a — 0.If (&) = a, forall x € H, then H is said to have (DNP) property.

Proposition 1 ([1,2]). Let (H, ®, —,1) be a hoop. Then, for all a, B,y € H, it satisfies in the following
conditions:

(i) (H, <) is a meet-semilattice witha A p = a © (& — ).

(i) aOp<yiffa <p—1.

(iii) a©®B < a,Band a™ < w, foranyn € N.

(iv) a<B—ua

(v) 1oa=aanda —1=1.

(vi) a® (x — B) <B.

(vii) &— B < (B—7) = (&= 7).

(viii) a < Bimpliesa @y < POy, ¥ —a<gy—Bandp —v<a— 1.

Proposition 2 ([1,2]). Let H be a bounded hoop. Then, for any «, B € H, the following conditions hold:
(i) a<a’"anda®a’ =0

(ii) &/ <a— B

(iii) « o

(iv) If]HI has (DNP), thena — B = ' — o

(v) IfH has (DNP), then (« — ) — B= (B — a) — a.

Proposition 3 ([10]). Let H be a hoop and for any «, B € H, define the operation V on H as follows,

aVp=((a—=p) = p)NIP—a)—a)

Then, for all w, B,y € H, the following conditions are equivalent:
(i) V is associative,
(ii) a < Bimpliesa NV y < BV 7,
(iii) &V (BAY) < (@VB)A(aV ),
(iv) V is the join operation on H.
A hoop H is said to a \/-hoop, if it satisfies one of the above equivalent conditions.

Proposition 4 ([10]). Let H be a \V-hoop and «, B,y € H. Then V-hoop (H, V, A) is a distributive lattice and
(@Vp) = r=(@=7)APB =)

Definition 2 ([10]). A non-empty subset F of a hoop H is called a filter of H if, for any «, p € H, the following
condition hold:
(F1) a,p € Fimpliesa ® p € F.
(F2) a <Bandw € Fimply B € F.

The set of all filters of H is denoted by F (H). Clearly, for any filter F of H, 1 € F. F is called a proper
filter if F # H. So, if H is a bounded hoop, then a filter is proper iff it does not contain Q. It is easy to see that
F € F(H) iff, forany «,p € H,1 € Fand ifa,a — B € F, then p € F.

3. Co-Filters in Hoops

From here on, if there is no mention, H denotes a bounded hoop.

We introduce the notion of co-filters on hoops, and it is proved that co-filters are not filters and
some properties of them are studied. Moreover, a congruence relation is defined by them and is
investigated the quotient structure of this congruence relation.
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Definition 3. A subset I of H is said to be a co-filter of H if, for any «, p € H,
(CPl) 0el
(CER) (« —» B) €land B € Iimplya € I.

Example 1. Let H = {0,a,b,c,d, 1}. Define the operations ® and — on H as below,

— 0 a b ¢ d 1 ® 0 a b ¢ d 1
0 1 1 1 1 1 1 0 0 0 0 0 0 O
a d 1 d 1 d 1 a 0 a 0 a 0 a
b c ¢ 1 1 1 1 b 0 0 0 0 b b
c b ¢ d 1 d 1 c 0 a 0 a b c
d a a b ¢ 1 1 d 0 0 b b d d
1 0 a b ¢ d 1 1 0 a b ¢ d 1

Then (H, ®, —,0,1) is a hoop and I = {0,b,d} is a co-filter of H, which is not a filter of H because 1 ¢ 1.
Note. For S C H|, define S’ = {a € H | &’ € S}.
Proposition 5. If H has (DNP) and @ # I C H, then I is a filter of HL iff I' is a co-filter of H.

Proof. (=) Suppose I € F(H). Then1 € [,andso0=1" € I'. Leta, f € Hsuch that («a — B) €T
and B € I'. Since H has (DNP), by Proposition 2(iv), f’ — &’ =a — p € I, p/ € I and since [ € F(H),
by Definition 2, «’ € I, and so &’ = a € I'. Hence, I’ is a co-filter of H.

(<) Let I' be a co-filter of H. Then 0 € I’, and so 1 € I. Now, suppose «, § € A such thata,a — € I.
Thus (« — B)’ € I’and &’ € I'. Since H has (DNP), by Proposition 2(iv), (' — «’) € I', &’ € I and
since I’ is a co-filter of H, by definition, ' € I'. Hemce, by (DNP), § € I. Therefore, I € F(H). O

If H does not have (DNP), then Proposition 5 is not true, in general. We show this in the following
example.

Example 2. Let H = {0,4,b,1} be a chain such that 0 < a < b < 1 and two binary operations © and —
which are given below,

— 0 a b 1 ® 0 a b 1
0 1 1 1 1 0 0 0 0 0
a a 1 1 1 a 0 0 a a
b 0 a 1 1 b 0 a b b
1 0 a b 1 1 0 a b 1

By routine calculations, (H, ®,—,0,1) is a hoop that does not have (DNP). 1t is clear that H is a co-filter
of Hbut H' = {0,a,1} is not a filter of H.

Note. If F is a proper filter of H, then by Definition 2, 0 ¢ F. Thus, F is not a co-filter of H. On the
other hand, for any proper co-filter I of H, if 1 ¢ I, then I ¢ F(H).

Proposition 6. Let I be a co-filter of H. Then the following statements hold:
(i) Ifa < Band B € I, then a € I, for any a, p € H.

(ii) Ifa € I, thena © B € I, forany p € H.

(iii) IfHis a V-hoop with (DNP), then a vV B € I, forany a, B € 1.
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Proof. (i) Leta,p € Hsuchthata < Bandp € I. Thena — =1,and so (« — B) =0 € I. Since I
isa cofilter of H, (¢« — B)’ € [and B € I, we have w € I.

(ii) Letw, p € Hand « € I. By Proposition 1(iii), « ©® B < «. Sincew € [, by (i), a © f € L.

(iii) Suppose a, € 1. By Proposition 4,

(aVp) > p=(a—=B)A(B—=pB)=a—p,

then ((« V) — B)’ = (« — B)’. By Proposition 2(ii), «’ < a« — f, and so, by Proposition 1(viii) and
(DNP), (&« — B)’ < a” = a. Hence, ((«V B) — B)’ < a. From I is a co-filter of H and a € I, by (i)
((a vV B) = B)' € I. Moreover, by assumption, p € I and I is a co-filter of H. Therefore, a Vp € I. [

Corollary 1. If I is a co-filter of Hand 1 € I, then I = H.

Proof. By Proposition 6(i), the proof is straightforward. [J

We provide conditions for a nonempty subset to be a co-filter.

Proposition 7. Let o, € Hand @ # I C H such that I has the following properties,
(i) ifa,pel thena’ — pel,

(ii) ifa <Pand p e, thena € I.

Then I is a co-filter of Hl.

Proof. Leta € I. Since, for all a € H, 0 < g, by (ii), 0 € I. Suppose «, B € H such that (« — )’ € I
and B € I. Then by (i),
= (a—=pB)=p—(a—B)—=0) €L

By (HP3), (« — B) — B € I. Moreover, by Propositions 2(i) and 1(viii), < " and so (« — B) —
B < (a— B)— B". Since (« — B) — p"” € I, by (ii), (« — B) — B € I. Also, by Proposition 1(vi),
a < (« = B) = B,and by (ii), « € I. Hence I is a co-filter of H. [

By below example, we show that the converse of Proposition 7, is not true.

Example 3. Let H = {0,a,b,c, 1} be a set with the following Cayley tabels:

— 0 a b ¢ 1 ® 0 a b ¢ 1
0 1 1 1 1 1 0 0 0 0 0 0
a b 1 0 0 1 a 0 a 0 0 a
b c 0 1 0 1 b 0 0 b 0 b
c c 0 0 1 1 c 0 0 0 ¢ ¢
1 0 a b ¢ 1 1 0 a b ¢ 1

Then (H, ®, —,0,1) is a hoop and I = {0, a} is a co-filter of Hbuta’ - 0=b —-0=c ¢ L.

Proposition 8. Let H has (DNP). Then I is a co-filter of HL iff for any o, B € H, I has the following properties,
(i) ifa,pel thena’ — p e I
(ii) ifa <Pand B e, thenw € I.

Proof. (=) Let I be a co-filter of H. Then by Proposition 6(i), item (ii) is clear. Suppose «, B € I. By
Proposition 1(vi) and (viii), ((«" — B) — B)’ < a’. Since H has (DNP), ((«’ — B) — B)’ < a. By
assumption, « € I, and so by Proposition 6(i), ((«' — B) — B)" € I. Moreover, since f € [ and I is a
co-filter of H, o’ — B € I.

(<) The proof is similar to the proof of Proposition 7. [
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Theorem 1. Let I be a co-filter of H. Then, for all «, B, v € H, the following statements hold:
(i) ((a = B) »a) €landa € Limply B € 1.

(ii) Ifa - (« - B) € I, thena — B € L

(iii) (B— (B—a)) =) €landy € Iimply B — a € L.

(iv) If (0 — B) € I, then ((« — B) — B)' € L

Proof. (i) Letwa, B € Hsuch that ((« — B) — a)’ € I and « € I. Since [ is a co-filter of H, & — S € I.
By Proposition 1(iv), 8 < « — B € I. From Proposition 6(i), 8 € I.

(ii) By Proposition 1(iii) and (viii), > < xanda — f < a? - f=a — (a« — B). Since a — (& —
B) € I, by Proposition 6(i), « — € I.

(iii) Suppose «, B,y € H such that ((f — (B — «)) — )’ € I and y € I. Since [ is a co-filter of H,
B— (B—wa) €l andsoby (ii), p — a € L.

(iv) Let a, B € H such that (¢ — B)" € I. Then by (HP3), we have

(a—=pB) =B =(a—p) = (a—p)— ((a—B) —B)" by Propositions 1(viii) and 2(i)
> (x—p) = ((«—p) = p) by (HP3)
(@ = B)®(x—B)] - B by Proposition 2(i)
0—p
=1

Thus, ((« = B) = B) — (¢ = B)’ =1,and so ((« — B) = B)’ < (a — B)’. Since (« — B)’ € I and
I is a co-filter of H, by Proposition 6(i), ((« — )’ — p) € I. O

If X C H, then the least co-filter of H contains X is called the co-filter generated by X of H and we
show it by [X).

Theorem 2. If H has (DNP), then, for any a € H,
[a) = {a € A | 3n € Nsuch that (a')" < a'}.

Proof. Let B = {a € A | 3n € Nsuch that (a’)" < a’}. Since (a')" <1 =0, forall n € N, we have
0 € B, and so B # @. Now, suppose «, B € H such that (¢ — B)’ € Band B € B. Then there exist
n,m € N, such that (a')" < (x — B)” and (a’)" < B'. By Proposition 1(viii),

@)"o@)" <(e=p)o@) <@—=p)"op

By (HP3), we get
(a=p)op)—a = = (a=p'—d)
B’ — (« — (« = B)"") by Proposition 2(iii)
Br— (w— (a = B))
= a—=(f' = (a—=p))
= a— ((a = B)—=p")
= (« — B) = (« — B") by Propositions 2(i) and 1(viii)
=1

Then (« — B)” ® B’ < &', and so (a')" ® (a’)™ < a’. Hence, n + m € N exists such that (a’)"" < /.
Therefore, a € B, and so B is a co-filter of H. Also, by Proposition 1(iii), (a’)" < a’. Thus, 4 € B and B
is a co-filter of Hl which containing a. Now, it is enough to prove that B is the least co-filter of Il which
containing a. Suppose C is a co-filter of H that contains 2. We show that B C C. Let « € B. Then there
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exists n € N such that (a’)" < &’. Thus (a')" — &’ = 1. Since H has (DNP), by (HP3) and Proposition
2(iv), we get

By continuing this method, we have
1=(((a »a) =a) =-a) =-..—>a) —a

Hence,
[((x = a) = a) —a)) =).) —»a) —a =1"=0€C.

Since C is a co-filter of H and a € C, we obtain,
(((((a = a) —a) —a))—)..) —a) eC.

By continuing this method, we can see that (¢ — a)’ € C. Since (x — a)’ € C,a € C and C is a co-filter
of H, we have « € C. Hence, B C C. Therefore, B = [a). O

Corollary 2. Let H has (DNP), X C Hand a € H. Then the following statements hold:
(i) [X)={a€A|IneNanday,..,a, € Xs.t,ay ®a) ©..0a, <a'}.
(if) [Tu{a})={peAlInmeNanday,..,an €Ist, (&]O..0a,) @) <p}

Proof. The proof is similar to the proof of Theorem 2. [

Example 4. Let A be the hoop as in Example 3. It is clear that A has (DNP). Since a’ = dandd < d = a’ and
d<1=0,weget[a) ={0,a}. Also, sinced" = aanda <1,a,c, we have [d) = {0,b,d}.

Theorem 3. Let I be a co-filter of H. We define the relation =1 on H as follows,
a=;Biff(a —B) €land (B —a) €1, foralla,p € H.
Then = is a congruence relation on H.

Proof. At first, we prove that =; is an equivalence relation on H. Since, foralla € H, « — « = 1 and
I is a co-filter of H, (« — a)’ = 0 € I. Thus, « =] &, and so = is reflexive. It is obvious that = is
symmetric. For proving transitivity of =}, suppose &, B,y € H such that « =; f and =] . Hence,
(a = B),(B—a),(B— ) and (v — B)’ € I and by Proposition 1(vii) and (viii),

!

(=) <(«=>p)oB—7)
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By (HP3) and Propositions 1(vii),(viii) and 2(iii), we have,

(= B) = (B—=17)) = (« = p) = 0)
(= B) O ((a— )= (B—7))]—=0)
)///
7)€

((@a=p) = (B—=7)) = (@=p))

IN

(
(
(B —
(B —

Thus, by Proposition 6(i),

((a—=B)—=(B—=7))—=(@—=p)) el

Since (« — B)’ € I and I is a co-filter of H, (« — B) — (B — 7)" € I. Moreover, (&« — 7)" < (a —
B) = (B— ) and (&« — B) — (B — )" € I, by Proposition 6(i), (x — )’ € I. By the similar way,
(v — a)" € I. Hence, « =; 1. Therefore, =/ is an equivalence relation on H. Now, let &« =] B, for some
a,B € H. Then (« — B)’, (B — a)" € I. Thus, by Proposition 1(vi), « < (&« — 7) — 7, forall y € H.
So, by Proposition 1(viii), 8 — a« < B — ((« — 7) — 7). Then by Proposition 1(viii) and (HP3),

(a=7m)=>(B=7) <(B—0a)

Since (B — «)" € I and I is a co-filter of H, by Proposition 6(i), ((« — ) — (B — 7))’ € I. By the
similar way, (( — ) — (¢ = 7))’ € I. Hence, &« — ¢ = p — 7. Suppose a =; B, for some a, f € H.
Then (« — B)’, (B — «)" € I and by Proposition 1(vii) and (HP3), « — B < (y — a) — (v — B), for
all v € H. Also, by Proposition 1(viii),

(y=a)=(r=p) <(a—=p).

From (¢ — B)’ € I and I is a co-filter of H, by Proposition 6(i), ((y — «) — (v — B))’ € I. By the
similar way, ((y — B) — (y — «))’ € I. Hence, v — « =; v — B. Finally, if « =; B, for some
a,p € H, then (« — B)/, (B — «) € I. Froma ® ¢ < a ® vy, by Proposition 1(ii),(viii) and (HP3),
a<vy—= (e@®7), and so

B=a<B—(y—=(207)=(B0y) = (a0).

Then by Proposition 1(viii),
(BOY) = (a07) <(B—a).

Since (B — a)’ € I and I is a co-filter of H, by Proposition 6(i), (B ® ) — (¢ ®+y))" € I. Similarly,
((a®vy) = (B®7)) €I Hence, a ®y =1 B© vy. Therefore, = is a congruence relation on H. [

For any « € Hi, I, will denote the equivalence class of & with respect to =j. It is clear that
hb={peH|a=B}={BcH|(a—B) eland (B—a) €I}.
Easily we canseethat [y = Tand ; = {f € H| ' € I}.
Theorem 4. Let H/I = {I, | « € H}. Define the operations @ and ~» on H/I as follows:
Io ® Ig = Iyop and Iy ~ Ig = Iy p.
Then (H/1,®,~, Iy, I1) is a bounded hoop.

Proof. The proof is straightforward.
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Note. Let «, B € H. Then the binary relation ” <; ” is defined on H/ I as follows,
I, <; Igiff (x — B)' € L.

Then < is a partially order relation on H/I. Since (« — a)’ =0 € I, for any « € H, I, <; I,. Suppose
Iy <1 Igand Ig <j I, for any &, € H. Then (¢ — B)’ € I'and (B — «)" € I. Thus, « = B, and so
Iy = Ig. Now, let I, <j Ig and Ig <j I,. Then (a — B) € Iand (B — vy)’ € I. By Proposition 1(vii),
for a, B,y € H, we have (« = B) ® (B = ) < & — 7. Thus, by Proposition 1(viii) and (HP3),

(=7 <((@a=>poB-—=7)

and so
[((a = B)©(B— 7)) — 0]

(w—7) <
Thus, (x — 7) < (a = B) — ((B — v) — 0). Moreover, by Proposition 1(ii),

a—B<(x—7) = (B>
Hence, by Proposition 1(viii), we obtain,
(=7 =B—=7")<(@a=p)cl

Since (« — B)" € I and [ is a co-filter of H, by Proposition 6(i), ((« — 7)" — (B — 7)’)" € I. Also,
(B — ) €1, then (x — )" € I. Hence, I, < I,. Therefore, <; is a partially order relation on H/I.

For proving (H/I, ®,~, Iy, I1) is a bounded hoop, we have I, = Ig and I, = I;iffa =; pand y =1 6.
Since = is a congruence relation on H, so all operations are well-defined. Thus, by routine calculations,
we can see that (H/I, ®, I;) is a commutative monoid and (HP2) holds. Let I, Ig, I, € H/I, for any

«, B,y € H. Since H is a hoop, by (HP3) and (HP4) we have,

(e @ 1) ~ Iy = lwop) ~ Iy = lwop)sy = lams(pog) = a2 (Ipsy) = la ~ (Ig ~ Iy)-

Also, for any I, Ig € H/I, we get

In @ (In ~ Ig) = In @ (Iasp) = Lo (asp) = Lpo(psa) = I8 @ (Ipsa) = Ip @ (Ig ~ L)
Therefore, (H/I, ®, ~>, Iy, I;) is a bounded hoop. O

Example 5. Let A be the hoop as in Example 3. Then I = {0,b,d} is a co-filter of A. Thus, by routine
calculations, we can see that [b] = [d] = [0] = {0,b,d} and [a] = [c] = [1] = {a,c,1}. Hence, EAI =
{[0], [1]}. Therefore, EA, is a bounded hoop.

Example 6. Let A be the hoop as in Example 2. We can see that A does not have (DNP) property, in general.
So by Proposition 5 and Example 2, filter and co-filter are different notions. Then A is a co-filter of A and the
quotient is 4 = {[1]} that is a hoop algebra. But F = {b, 1} is a filter of A and the quotient é = {[0], [a], [1]}
that is a hoop with (DNP).

4. Some Applications of Co-Filters

In this section, we try to investigate under which conditions the quotient structure of this
congruence relation will be Brouwerian semilattice, Heyting algebra, Wajsberg hoop, Hilbert algebra
and BL-algebra.
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Definition 4 ([11]). A Brouwerian lattice is an algebra (H, A, V, —, ) with the lattice infimum (/) and the
lattice supremum (V) in which two operations ' " and “—" are defined by o' = a — 0 and

AAB < yiffa <Py
respectively.
Theorem 5. Let I be a cofilter of H and for all « € H, a?> = «. Then H/I is a Brouwerian semilattice.

Proof. Let I be a co-filter of H. By Theorem 4, H/I is a hoop. Thus, by Proposition 1(i), (H/I, <j)
is a meet-semilattice with I, A; Iﬁ =1L ® Iy ~ Iﬂ), for all I, 15 € H/I. Now, we prove that, for all
Iy, Ig € H/I,

Iy A1 1/5 < 17 iff I, < 1’3 ~ Ly.

Since H/I is a hoop, by Proposition 1(iii), Iy ® Iﬁ < Iy N\p Iﬁ < I,. Thus, I ® Iﬂ < I, and so by
Proposition 1(ii), I, < Ig ~~ L. Conversely, suppose I, < Ig ~ L, for all I, Ig, Iy € H/I. According
to definition of <, (« — (B — 7))’ € I. By Proposition 1(vii), p — v < (« = B) — (¢ — 7) and by
(HP3), p — v < (¢ ® (o« — B)) — 7. Also, by Proposition 1(viii) and (HP3), we get

a—=B=y)<a—((@0(@—=p) =),

and so
a—= (B—=7) < (a0 (e (a—=p)) = 7).

Thus,
o= (B—=7)<(((a0a)®(@—p)) = 7).

Since for any a € H, a> = a, we obtain, & — (8 — ) < ((« ® (¢« — B)) — ) and so,
«= (=27 <(a=p) = (a=7)
Hence, by Proposition 1(viii), we get ((« — B) — (« — 7))’ < (a — (B — ))’. Since [ is a co-filter
of Hand (« — (B — 7))’ € I, by Proposition 6(i), ((« — B) — (& = 7)) € I,s0 I ~ Ig < Ip ~ 1.
Thus, by Proposition 1(ii),(i) and (viii),
LAl =1e® (I~ Ig) < L ® (I~ 1) = LA L < L.

Hence, I, A1 I B < I,. Therefore, H/I is a Brouwerian semilattice. [

Example 7. Let H = {0,a,b,c,1} be a set with two operations which are given below:

~ O @‘&Q\L
S O R T RO
SR TR
= o SR o
S D D OIS
|V _N O IO
ST OOl
a o S OoOln
_ a SR Ol

_oR =R = ==

V QN QR =D
(ST W SOy SN YN

Thus, (H, ®, —,0,1) is a hoop and &> = &, for all « € H. Then I = {0,a} is a cofilter of H, Iy = I, = I and
I, = 1. = I = {b,c,1}. Hence, by Theorem 5, H/1 = {Iy, [ } is a Brouwerian semilattice.

Theorem 6. Let H has (DNP) and H/ I be a Brouwerian semilattice. Then I is a co-filter of H.
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Proof. Let I, ®; Iﬂ = Ia N1 Ip, for all I, Ig € H/I. Then Iy ®; Iy = Iy A1 Iy = Iy. Thus, 1,2 = I, and so
(&% — &) € I. By Proposition 1(iii), 0 € I. Now, suppose (« — )’ and p € I, for some &, € H. Since
I = Iy, we have B € Iy. It means that (8 — 0)’ € I, and equivalently Iz < Iy. Moreover, (x — )’ € I,
then I, < Ig,and so I, < Ipie., (« — 0)' € I. Hence, a” € I. Since H has (DNP), we get & € I.
Therefore, I is a co-filter of H. O

Definition 5 ([11]). A hoop (H, ®, —,1) is called Wajsberg if, for any a, p € H,
(0 =B) = B=(p—ua) —a.
Theorem 7. Let H has (DNP). Then I is a co-filter of H iff H/ I is a Wajsberg hoop.

Proof. (=) Since H has (DNP), by Proposition 2(v), (x — B) = B = (B — a«) — «, forall ¢, f € H.
Thus,

((a=B)=B) = ((B—a)—a) =0¢c]
and so (Iy ~ Ig) ~ Ig < (Ig ~ Iy) ~ I. By the similar way, (Ig ~ Iy) ~ Iy < (Ix ~ Ig) ~ Ig. Thus,

(I ~ Ig) ~ Ig = (Ig ~ Iy) ~ Iy, for all I, Ig € H/I. Therefore, H/I is a Wajsberg hoop.
(<=) The proof is similar to the proof of Theorem 6. [J

Example 8. In Example 1, H is a hoop with (DNP). Since I = {0,b,d} is a co-filter of H, Iy = I, = I; = I
and I, = I. = I = {a,c,1}. Hence, by Theorem 7, H /I = {Iy, I } is a Wajsberg hoop.

Definition 6 ([11]). A Heyting algebra is an algebra (A,V, A\, —,1), where (A, V, A, 1) is a distributive lattice
with the greatest element and the binary operation — on A verifies, for any x,y,z € A,

x<y—=ziff xANy<z
Theorem 8. Let H has (DNP) and a®> = w, for all & € H. Then I is a co-filter of HLiff H/ I is a Heyting algebra.

Proof. (=) Since I is a co-filter of H and a? = g, for all « € H, by Theorem 5, H/I is a Brouwerian
semilattice. Moreover, since H has (DNP), by Theorem 7, H/ I is a Wajsberg hoop. Define I, V| I =
(Iﬁ ~s Iy) ~» Iy, for all I, Ig € H/I. Then by Propositions 3 and 4, (H/ 1, Ap, V) is a distributive lattice.
Therefore, H/I is a Heyting algebra.

(<) Since H/I is a Heyting algebra, it is a Brouwerian semilattice. On the other side, H has (DNP),
then by Theorem 6, I is a co-filter of H. O

Example 9. Let H = {0,a,b, 1} be a set with the following Cayley tabels,

- | 0 a b 1 © | 0 a b 1
0 1 1 1 1 0 0 0 0 0
a b 1 b 1 a 0 a 0 a
b a a 1 1 b 0 0 b b
1 0 a b 1 1 0 a b 1

Then (H, ®,—,0,1) is a hoop with (DNP) and for any & € H, a®> = a. From I = {0,b} is a co-filter of H,
Ip=1I,=1Iand I = I, = {1,a}. Then by Theorem 8, H/I = {I, I } is a Heyting algebra.

Definition 7 ([11]). A Hilbert algebra is a tripe (A, —,1) of type (2,0) such that, for all x,y,z € A, the
following three axioms are satisfied,
(H1) x - (y » x) =1
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(H2) x > (y —»z)=(x > y) = (x = 2).

(H3) Ifx = y=y—x=1thenx =y.

The Hilbert algebra induces a partial order < on A, defined by, x < y iff x — y = 1 and 1 is the greatest
element of the induced poset (A, <). A Hilbert algebra A is bounded if there is an element 0 € A such that, for
anyx € A, 0 < x.

Lemmal. Let a? = «, for all « € H. Then, forall a, B, v € H,

B =@=p) = (a=7)

Proof. Let « € H such that «> = a. Then by Proposition 1(iv), 8 < a — B, for any a, 8 € H and by
Proposition 1(viii), « — ((« — B) — v) < a — (B — 7). Thenby (HP3), (0 — B) = (« = 7) < a —
(B — 7). Conversely, by (HP3), for all a, 8,y € H,

= B=N=le=p)=@=y)]=[a=poac(@=(B—=7)] =7

By Proposition 1(vii), « ® (¢ = (B — 7)) < B — 7. Then by Proposition 1(viii) and (vii),

(@=>p)oac@—=(B=27)<(@=poB—7)<a—r

Thus, > ® (« — B) © (¢ — (B — 7)) <. Sincea? =a, wegeta® (& = B) ®(a = (B— 7)) < 1.
Hence, by (HP3),a = (B —=7) < (a = B) = (a = ). O

Theorem 9. Let I be a cofilter of H and o> = a, for all & € H. Then H/1 is a Hilbert algebra.

Proof. Since I is a co-filter of H, by Theorem 5, H/I is a hoop. Thus by Proposition 1(iv), it is clear
that I, ~ (Iﬁ ~ Iy) = I, for all In, Ig € H/I Let Iy, Ig € H/I such that Iy ~ Ig = Ig ~ Iy = I1. Then
(¢ = B) € Iand (B — a)’ € I and so a« =; B. Hence, I, = Ig. Moreover, since a? =a, foralla € H,
by Lemmal, & — (B —79) = (a = B) = (¢« — ), foralla, B,y € H, and so

(&= (B—=7) = (a=p) = (a=7)) =0l

Thus, by definition of I;,

(In ~ (Iﬁ ~ 17)) o (I~ I/S) o (I~ 17)) =1
Therefore, H/I is a Hilbert algebra. [J

Definition 8 ([11]). A BL-algebra is an algebra (A,V, A, ®,—,0,1) of type (2,2,2,2,0,0) that, for any
x,Y,z € A, it is satisfying the following axioms:

(BL1) (A V, A, 0,1) is a bounded lattice.

(BL2) (A, ®,1) is a commutative monoid.

(BL3) x@y<zzﬁfx<y—>z

(BL4) (x »y)V(y—x) =1

(BL5) x ANy =x0 (x = y).

Theorem 10. Let H be a \V-hoop such that, for all « € H, «> = a and I be a cofilter of H. Then H/I is a
BL-algebra.

Proof. Let H be a V-hoop. Then H/I is a VVj-hoop. Thus, by Proposition 4, (H/I, Aj,Vy, Ip, ) is a
bounded distributive lattice. Now, we prove that H/ I is a BL-algebra. For this, it is enough to prove that
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(I ~ Ig) V1 (Ig ~ Ip) = Iy, for all I, Iy € H/I. Equivalently, we show that ((« — B) V (B — a))" € I,
forallw, § € H. Since forall o, 8 € H,

(@—=p) (f—a)<(x—B)V(p—a)

by Proposition 1(viii),

(= p)V(B—=a) <(a—=p)APB—a)
On the other hand, by Proposition 1(iv), < « — B and by Proposition 2(ii), B’ < B — «, then by
Proposition 1(viii), (¢ — B)’ < p’and (B — &)’ < B. Thus, by Propositions 1(i), 2(i) and a* = a, for
all « € H, we have

(= B)' A(B—a)

ﬁ/ /\ﬁ//

p'® (B — B") by Proposition 1(i)
po(p — (B —0) by(HP3)
Fo((pY >0 byai=a

B’ ® (B —0) by Proposition 2(i)
IB/ @ ‘BN

= 0

(= B)V (B—a))

INIA

Then ((« — B) V(B — a))' =0 € I. Therefore, H/ I is a BL-algebra. [
Theorem 11. Let H has (DNP) and a® = w, for all « € H. Then I is a co-filter of H iff H/ I is a BL-algebra.

Proof. (=) Since H has (DNP) and I is a co-filter of H, by Theorem 7, H/I is a Wajsberg hoop. Define
Iy Vil = (I ~ I/g) ~ Ig for all I, Ig € H/I. Then by Proposition 3, H/I is a V -hoop, and so by
Proposition 4, (H/I, A1, Vi, Iy, I1) is a bounded lattice. On the other side, since a? =, foralla € H,
by Theorem 10, H/I is a BL-algebra.

(<) Since H has (DNP) and H /I is a BL-algebra, H/I is a distributive lattice. Thus, by Theorem 6, I is
a co-filter of H. [J

Remark 1. As you see in this section, we investigated the relation among the quotient hoop % that is made by a
co-filter I with other logical algebras such as Brouwerian semi-lattice, Heyting algebra, Hilbert algebra, Wajsberg
hoop and BL-algebra. Clearly these conditions are similar and we know that for example if A has Godel condition
(x? = x) then % is Hilbert algebra and by adding (DNP) property to A we obtain that ? is Heyting algebra.

5. Conclusions and Future Works

We have introduced the notion of co-filter of hoops and a congruence relation on hoop, and
then we have constructed the quotient structures by using co-filters. We have considered the relation
between filters and co-filters in a hoop with (DNP) property. We have provided conditions for a subset
to be a co-filter. We have discussed characterizations of a co-filter. We have studied the relation among
this structure and other algebraic structures. Using the notion of co-filters, we have established the
quotient Brouwerian semilattice, the quotient Hilbert algebra and the quotient BL-algebra. We have
induced a co-filter from a quotient Brouwerian semilattice. In our subsequent research, we will study
some kinds of co-filter such as, implicative, ultra and prime one and investigate the relation between
them. Also, we will discuss fuzzy co-filters and fuzzy congruence relation by them and study the
quotient structure of this fuzzy congruence relation.
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