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1. Introduction

Let (X, d) be a metric space. A geodesic path joining p; € X to p, € X (or, a geodesic from p; to
p2) is a mapping ¢ from a closed interval [0,!] C R to X such that g(0) = p1, g(l) = p2, and

d(g(t),g(t)) =t—Ft|, VvVt t' €][o,1].

In particular, g is an isometry and d(p1, p2) = I. The image « of g is said to be a geodesic segment
(or metric segment) joining p; and p,. When it is unique, this geodesic segment is denoted by [p1, pa].
The space (X, d) is called a geodesic space if every two points of X are joined by a geodesic segment,
and X is called a uniquely geodesic segment if there is exactly one geodesic segment joining p; and p»
for each py, p» € X. A subset Y C X is called convex if Y includes every geodesic segment joining any
two of its points.

A geodesic triangle A (p1, p2, p3) is a geodesic metric space (X, d) that consists of three vertices of
A (the points p1, p2, p3 € X) and the edges of A (a geodesic segment between each pair of vertices).
A comparison triangle for the geodesic triangle A(py, p2, p3) in (X, d) is a triangle A(py, p2, p3) =
A(py, pa, p3) in R? such that

dRz(ﬁi/ ﬁ]) = d(Pi, pj)/ i/j € {1/2,3}~

A comparison triangle for the geodesic triangle always exists (see, [1,2]).

A geodesic metric space is called a CAT(0) space (this term is due to M. Gromov [3] and it
is an acronym for E. Cartan, A.D. Aleksandrov and V.A. Toponogov) if all geodesic triangles of
appropriate size satisfy the following CAT(0) comparison axiom.

Let A be a geodesic triangle in (X, d) and let A C R? be a comparison triangle for AA. Then A is
said to satisfy the CAT(0) inequality if for all vertices p1, p» € A and all comparison points p1, p» € A,

d(p1,p2) < dpa(p1, p2)-
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Let p, p1, p2 be points of a CAT(0) space, if py is the midpoint of the segment [p1, p2], which we
will denote by @, then the CAT(0) inequality implies

@ 1 1 1
@2 <p,p12pz> =d*(p, po) < 58 (p,p1) + 58 (p, p2) — ;& (P, p2)-

This inequality is called the (CN) inequality ([4]).

Remark 1. A geodesic metric space (X,d) is a CAT(0) space if and only if it satisfies the (CN) inequality
(cf. [1], p. 163).

The above (CN) inequality has been extended as

d*(p,apr @ (1 —a)p2) (N")
<ad*(p,p1) + (1 —a)d*(p, p2) — a(1 —a)d*(p1,p2), Vp,p1,p2 € X,

forall0 < a <1[5,6].

In recent years, CAT(0) spaces have attracted many researchers as they treated a very important
role in different directions of geometry and mathematics (see [1,7-10]). Complete CAT(0) spaces are
often called Hadamard spaces (see [10]).

It is well known that a normed linear space satisfies the (CN) inequality if and only if it satisfies
the parallelogram identity, i.e., it is a pre-Hilbert space [1]. Hence it is not so unusual to have an inner
product-like notion in Hadamard spaces. In [11], they introduced the concept of quasilinearization
as follows

Let us usually denote a pair (p,q) € X* = X x Xby ﬁ and call it a vector. Then quasilinearization
is defined as a mapping (-, -) : X*> x X?> — Rby

<x_y>,ﬁ> = %(dz(x,v) +d?(y,u) — d*(x,u) —d*(y,v)), Yx,y,u0vcX
It is easily seen that
(3§, ub) = (id, xy), (x§,ub) = —(y%, ud)
and
(XY, wb) = (¥ab, wd) + (), b)
forall x,y,u,v,w € X. We say that X satisfies the Cauchy-Schwarz inequality if
(xy, wd) < d(x,y)d(u,0), Vx,y,u0€eX. 1)

Remark 2. A geodesically connected metric space is a CAT(0) space if and only if it satisfies the
Cauchy-Schwarz inequality ([11], Corollary 3).

In [12], the authors introduced the concept of duality mapping in CAT(0) spaces, by using the
concept of quasilinearization, and studied its relation with the subdifferential. Moreover, they proved
a characterization of metric projection in CAT(0) spaces as follows.

Theorem 1. ([12], Theorem 2.4) Let C be a nonempty convex subset of a complete CAT(0) space X. Then
p=Pcx & (yp,pk)>0, VyeC,

forallx € Xand p € C.
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In 2015, using the concept of quasilinearization, Wangkeeree et al. [13] proved the strong
convergence theorems of the following Moudafi’s viscosity iterations for an asymptotically
nonexpansive mapping T: For given a contraction mapping f definedon Cand 0 < a, < 1,letx, € C
be the unique fixed point of the contraction x — a, f(x) ® (1 — a,)T"x, i.e.,

Xn = 0nf(xn) ®(1—ay)T'xy, Yn>1 )
and let x; € C be arbitrarily chosen and
Xp+1 = &nf(xXn) B (1 —ay)T"xy, Vn>1. ©)]

They proved the iterative schemes {x, } defined by Equations (2) and (3) strongly converge to the
same point ¥ € F(T) with ¥ = Pp(r) f (%), which is the unique solution of the variational inequality

(Zf(%),x%) > 0, x € E(T),

where F(T) = {x: Tx = x}.

On the other hand, Shi et al. [14] studied the A-convergence of the iteration scheme for
asymptotically nonexpansive mappings in CAT(0) spaces.

Let (X, d) be a metric space and C be a nonempty subset of X. A mapping f defined on C is called
a contraction with coefficient 0 < a < 1 if

d(f(u), f(v)) < ad(u,0)

for all u,v € C. A subset C is called a retract of X if there exists a continuous mapping P from X onto
C such that Pu = u for all u € C. A mapping P : X — C is said to be a retraction if P = P. Moreover,
if a mapping P is a retraction, then Pv = v for all v in the range of P.

Definition 1. Let C be a nonempty subset of a metric space (X, d). Let P : X — C be a nonexpansive retraction
of X onto C.

(1) A nonself mapping T : C — X is said to be nonexpansive (cf. [15]) if
d(Tx, Ty) < d(x,y),

forall x,y € C.
(2) A mnonself mapping T : C — X is said to be asymptotically nonexpansive ([16]) if there exists a sequence
{kn} C [1,00) with limy_se0 ky = 1 such that

d(T(PT)" 'x, T(PT)" 'y) < knd(x,y), Vn €N,
forall x,y € C.

Recently, Kim et al. [17] and Kim [18] presented the existence and A-convergence for asymptotically
nonexpansive nonself mappings in CAT(0) spaces.

Motivated and inspired by Wangkeeree et al. [13], Shi et al. [14], Kim et al. [17] and Kim [18],
the aim of this paper is to obtain the strong convergence theorems of the Moudafi’s viscosity
approximation methods for an asymptotically nonexpansive nonself mapping in CAT(0) spaces.

Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let P : X — C
be a retraction mapping and T : C — X be an asymptotically nonexpansive nonself mapping.
Given a contraction mapping f defined on C and 0 < &, < 1, let x;, € C be the unique fixed point of
the contraction x — &, f(x) ® (1 — &, ) T(PT)" x, i.e.,
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Xn = &y f(xn) ® (1 —ay)T(PT)" 1x,, ¥V >1 4)
and let x; € C be arbitrarily chosen and
Xpi1 = anf(xn) @ (1 — ) T(PT)" Lx,, V> 1. (5)

The author proved that the iterative schemes {x,} defined by Equations (4) and (5) strongly
converge to the same point x* € F(T) such that x* = Pz(r) f(x*) which is the unique solution of the
variational inequality

(x* f(x* ;,xx*> >0, xe F(T),
where F(T) = {x: Tx = x}.

2. Preliminaries

Throughout this paper, N denotes the set of all positive integers. Let C be a nonempty subset of
a metric space (X,d). F(T) = {x : Tx = x} denotes the set of fixed points of T.

We write (1 — t)p1 @ tp for the unique point p in the geodesic segment joining from p; to p
such that

d(p,p1) = td(p1,p2) and d(p,p2) = (1 —t)d(p1, p2).

We also denote by [p1, p2] the geodesic segment joining from p; to py, ie., [p1, p2]) = {(1—t)p1 &
tpp : T € [0,1]}. A subset C of a CAT(0) space is convex if [p1, p2] C C for all py,p, € C.
In the sequel we need the following useful lemmas.

Lemma 1. ([1], Proposition 2.2, p. 176) Let X be a CAT(0) space, then the distance functiond : X x X — R
is convex, i.e., given any pair of geodesics ¢ : [0,1] — X and ¢’ : [0,1] — X, parameterized proportional to arc
length, the following inequality holds for all t € [0,1] :

d(g(t),8'(t)) < (1 - 1)d(8(0),8"(0)) + td(g(1), &'(1)).
Lemma 2. ([6]) Let X be a CAT(0) space, p1, p2,z € X and t € [0,1]. Then

(i) d(tpr® (1 —t)pa,z) <td(p1,z)+ (1 —t)d(p2, z),
(ii) d*(tpr ® (1 —t)pa,z) < td*(p1,2) + (1 — 1)d*(p2,z) — t(1 — t)d*(p1, p2).

Lemma 3. ([19]) Let X be a CAT(0) space, p1, p2,z € X and t € [0,1]. Then

(i) d(tpr @ (1 —t)p2, yp1 © (1 —7)p2) = |t —v|d(p1, p2),
(i) d(tp1 ® (1 —t)pa,tp1 @ (1 —1)z) < (1 —1t)d(p2, z).

Now, we give the concept of A-convergence and its some basic properties.

Kirk and Panyanak [20] insisted the concept of A-convergence in CAT(0) spaces that was
introduced by Lim [21] in 1976 is very similar to the weak convergence in a Banach space setting.

Let {x, } be a bounded sequence in CAT(0) space X. For p € X, we set

r(p, {xn}) = limsupd(p, x,).
n—o0
The asymptotic radius A,({x,}) of {x,} is given by

Ar({xn}) = inf{r(p, {xa}) : p € X},



Mathematics 2019, 7, 1234 50f17

and the asymptotic center Ac({x,}) of {x,} is the set

Ac({xn}) = {p € Xor(p {xn}) = Ar({xn})} .

It is well known that asymptotic center A.({x,}) consists of exactly one point (see, e.g., [22],
Proposition 7, p. 767) in a complete CAT(0) space.

Definition 2. ([20]) A sequence {xy} in a complete CAT(0) space X is said to /\-converge to x € X if x is
the unique asymptotic center of {uy } for every subsequence {u,} of {x,}, i.e., Ac({un}) = {x}. In this case
one can write

A .
Xy —x or A —limx, =x
n—oo

and call x the A-limit of {xy }.
Remark 3. Ina CAT(0) space, strong convergence in the metric implies /\-convergence (see, [23,24]).
For any bounded sequence {z,} in a CAT(0) space X, there exists x* € X such that
p(x") =inf{p(x) : x € X},
where

¢(x) =limsupd(z,, x), x € X.

n—o0

Lemma 4. ([20]) Every bounded sequence in a complete CAT(0) space always has a /\-convergent subsequence.

Now, we shall give the existence of a fixed point for asymptotically nonexpansive nonself mapping
T :C — X in a complete CAT(0) space.

Lemma 5. ([18]) Let C be a nonempty closed convex subset of a complete CAT(0) space X and let T : C — X
be an asymptotically nonexpansive nonself mapping with a sequence {k,} C [1,00) with lim, ek, = 1.
Then T has a unique fixed point in C. Moreover, the set F (T) is a closed and convex subset of X.

Before we state the next lemma, we need the following notation
{zs} = x* <<= ") =inf{p(x):x € C},

where C is a nonempty closed convex subset that contains the bounded sequence {z,} and ¢(x) =
limsup, . d(zn, x).

Lemma 6. Let X be a CAT(0) space and C be a nonempty closed convex subset of X. Let T : C — X be
an asymptotically nonexpansive nonself mapping with a sequence {k,} C [1,00) with limy_yeo ky = 1. If

lim d(zy, Tzy) =0 and {z,} — x¥,

n—oo

then we have

T(x*) = x*.
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Proof. Since lim;_ 00 d(2z,, Tz,) = 0, we have

¢(x) = limsupd(T(PT)" z,,x), Vm > 1.

n—oo

Hence

@(T(PT)" 1x) = limsup d(T(PT)" z,, T(PT)" x)

n—o0

< limsup kyd(zy, x) = ky limsup d(z,, x)
n—o0 n—oo

=kno(x), Yx €C.
In particular, we have

lim @(T(PT)" 1x*) = lim kue(x*) = @(x*).

m—o0 m—o0

From Lemma 2-(ii),

* m—1 %
& (zn,x eI ) < 2z ') + 2 (e, T(PT)" )

- idz(x*,T(PT)m_lx*), Vmn > 1.

Taking m as fixed and limsup,,_, ., on both sides, we have

x* @ T(PT)"™ 1x* 1 o1 e
o (PR < G0t 4 gy i)

— idz(x*,T(PT)’"_lx*), Vm > 1.

From the definition of x*, we obtain
P) < 3g2() + @A (T(PT)" ")
- idz(x*,T(PT)”‘_lx*), Vm > 1,
which implies
d?(x*, T(PT)" 1x*) < 2¢*(T(PT)"™ x*) — 292 (x*).
Taking lim;;—,« on both sides, from Equation (6), we get

lim d(x*, T(PT)" 'x*) =0,

m—o0

that is

lim T(PT)" x* = x*.

m—o0

Since TP is a continuous mapping, we obtain

x* = lim T(PT)" 'x* = lim TP(T(PT)" 2x*)
m—o0 m—r00

= (TP)x™ = Tx".

6 of 17

(6)
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Lemma 7. ([23], Theorem 2.6) Let X be a complete CAT(0) space, {x,} be a sequence in X and x € X.
Then {x,} A-converges to x if and only if

lim sup (xx,, x)) <0, Yy € X.

n—sco
Lemma 8. ([25]) Let {a,}, {bn}, {cn} and {A,} be nonnegative sequences such that
Ay < (1= Ap)ay + Auby +cn, n >0,
with {A,} C [0,1], Yoo An = 00, limy, 00 by = 0and Y57 ¢ < 00. Then limy, 00 a, = 0.
The following two useful lemmas can be found in [13].
Lemma 9. ([13]) Let X be a complete CAT (0) space. Then the following inequality holds
d*(p,r) < d*(q,r) +2(pd, pF), Vp,qr € X.
Lemma 10. ([13]) Let X be a CAT(0) space. Forany 1 € (0,1) and x,y € X, let
xp=1Ix®(1-1y.

Then, forall u,v € X,

(i) (%, %) < 1, %) + (
(i) (%, ¥) < 1(xh, %) + (1 - 1){yih, 0) and
(xqth, yB) < 1{xih, yb) + (1 1) )

3. Main Results

In this section, we study the convergence theorems of Moudafi’s viscosity approximation methods
for asymptotically nonexpansive nonself mapping T : C — X in a complete CAT(0) space.

Theorem 2. Let C be a nonempty closed convex subset of a complete CAT(0) space X and let T : C — X be
an asymptotically nonexpansive nonself mapping with a sequence {k, } C [1,00) with limy, ek, = 1. Let f
be a contraction mapping defined on C with coefficient & € (0,1). Let {a,} be a real valued sequence with
0 < ay < 1. Ifit satisfies the following conditions

(i) k’;—;l<1—¢x<an(kn—o¢), VneN,
(i) ay — 0, %=1 5 0and =1l 5 051 — oo,

then the following statements hold.

(1) There exists x, such that
Xp = anf(xy) ® (1 —a,)T(PT)" 'x,, VneN. (7)
(2)  The sequence {x,} converges strongly to x* as n — oo such that
x* = Py f(x°),

which is equivalent to the following variational inequality:

(T (), xx") > 0, Vx € F(T). ®)
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Proof. I. For each integer n > 1, we shall define a mapping F, : C — X by
Fu(x) = anf(x) ® (1 —a,)T(PT)" 'x, Vx € C.
First, we show that F, is a contraction mapping. For any x,y € C, by Lemma 1

d(Fu(x), Fu(y))
—d@mfw)@(l—anﬂXPTV*Hume)@(1—anﬂXPTW*H0
and(f(x), f(y)) + (1 — an)d(T(PT)"~'x, T(PT)"'y)
ad(x,y) + (1 — an)knd(x, y)

<
< ay,
(1 —an)ky +aay)d(x,y).

From the condition (i), we have (1 — a, )k, + aa, < 1. So F, is a contraction mapping. Thus there
exists a unique z; € C such that

Zy = Fn(zn)/
that is
Zn = anf(zn) ® (1 — ay) T(PT)" 'z, )

II. Next, we show that {z, } is bounded. From Lemma 5, there exists v € C which is a fixed point of
T with

v="Tv = (TP)v.
Taking TP mapping on the both sides, we have
= (TP)v = (TP)(TP)v = T(PT)Pv = T(PT)w.
Continuing this process, we obtain
=T(PT)" v, neN. (10)
For any v € F(T), we have

d(zn,v) =d(anf(zn) ® (1 —a,)T(PT)" 120,0)
< anld(f(zn), f(0)) +d(f(0),0)] + (1 = ay)d(T(PT)" "2y, )
< aayd(zy, v) + and(f(v),v) + (1 — ay)knd(zn,v)
= (kn — (kn — a)an)d(zy,v) + and(f(v),v).
Then
ay 1

(kn — a)an — (kn — 1)d(f(v)’v) B Wd(f(v)/v)
1 1

S T (1) ) = (@) o),

d(z,,v) <
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Hence {z, } is bounded. So {Tz,} and {f(z,)} are bounded. For v € F(T) and Equation (10),

d(T(PT)" 'z,,v) = d(T(PT)" 'z, T(PT)" ')
< knd(zy,0)
< L-d(zy,v),

where L = sup,, ky. It follows that the sequence {T(PT)"~!z,} is bounded.
III. We shall claim that

lim d(zy, Tz,) = 0.
n—o0

III-1. From Equation (9) and Lemma 2-(i), we get

d(zn, T(PT)" 'z,) = d(anf(zu) ® (1 — a,) T(PT)" 'z, T(PT)" 'z,,)
< ayd(f(zn), T(PT)" '2y). (11)

On the other hand, since

d(f(zn), T(PT)"™ n)

alf
= d(f(zn) anf(zn) ® (1 - an)T(PT)”_lzn) +d(zn, T(PT)n_lzn)
(1 —an)d(f(zn), T(PT)" 'z,) + d(zy, T(PT)" 'zy),

we obtain

and(f(zn), T(PT)" 1z,) < d(zy, T(PT)" 'z,). (12)

Since a, — 0, from Equations (11) and (12), we have

lim a,d(f(z0), T(PT)""'zy) = lim d(z, T(PT)""'z,) = 0. (13)
III-2. By condition lim,, k’; =0, forany 0 < € < 1 — a, there exists a sufficiently large n > 0, and

we have
kn —1 < aye. (14)
From Equation (9) and Lemma 3, we have

d(zn,Zn-1)

— d(anf(za) & (1 — @) T(PTY 2 a1 f(zn 1) © (1 — ay 1) T(PT)" 12, 1)

< d(anf(zn) ® (1= an)T(PT)" "2y, anf(24) ® (1 — an) T(PT)" 2,1
+d(anf(zn) ® (1 —an)T(PT)" z,_1,anf (z0—1) ® (1 — ay) T(PT)" 'z,_1)
+d(anf(zn_1) ® (1 —ay)T(PT)" 'z, _1,8,_1f(2p—1) ® (1 — a,_1)T(PT)"1z,_1)

< (1= a)d(T(PT)" Y2, T(PT)" 2y 1) + aud (f(za), f(2n 1)
g — a1 (F(z1), T(PT)" 20 1)

< (1 —an)knd(zn,zn_1) + anad(zy, zy_1) + lan — ay_1|M*,
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where M* = sup, -, d(f(zu-1), T(PT)"'z,_1). This implies that
(1— (1 —ankn —aan)d(zn, zy-1) < |an — ay,_1|M".
From condition (i), we know
1—(1—anky, —aa, =a,(ky —a)—(k, —1) >0
and from Equation (14), we have

an(ky —a) — (ky — 1) > ay(ky — &) — aye
= (kn —a—¢€)ay
>(1—a—¢ay.

Thus
|an — a1
d(zn,zn—1) < *
(zn,2n-1) < 1—(1—ay)k, — aay
< 1 an —an,l\M*
1—a—c¢ ay
— 0, as n — oo. (15)

III-3. Therefore, from Equations (13) and (15), we get

d(zy, Tzy) < d(zn, T(PT)" 'z,) + d(T(PT)" 'z, T(PT)" 'z,_1)

+d(T(PT)" 'z, 1, Tz,)

< d(zy, T(PT)" '2,)) + knd (20, 2n_1)
+d(T(PT)*"Y(PT)" 2,4, T(PT) " 'z,)

< d(zy, T(PT)”*lzn) + knd(zn, zn-1)
+kid((PT)" 2,1, 20)

< d(zy, T(PT)" '2,)) + knd (20, 24—1)
+ k1 [d(T(PT)" *2y-1,2p—1) + d(2n—1,2n)]

— 0, as n— oo.
IV. Finally, we will show that {z,,} contains a subsequence converge strongly to x* such that
x" = Prp)f(x%),
which is equivalent to the following variational inequality
(x*f(x*),xx*) >0, Vx € F(T).

IV-1. Since {z,} is bounded, there exists a subsequence {z;,} of {z,} which A-converges to x*.
By Lemmas 4 and 6, we may assume that {z,, } /A-converges to a point x* and x* € F(T). It follows
from Lemma 10-(i) and Equations (1) and (10) that
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<t (Fzn) 1t 2nx) + (1 — 3y ) (T(PT)" Lz 2", 22
<t (F 2 ) 2w} + (1 — ay )d(T(PT)" Lz, x*)d (2, 2°)
S a}’li <f(an.)x*,Zn7> + ( )k d (an ) (16)

Since

combining Equation (16), it follows that

s
dz(zni,x*) < aniadz(zni,x*)—i—ani(f( ",z x") + (1 — ay, )knzd (zn;, x¥).

Hence
2 * a"z‘ %\ Ak [4
. < .
T ) S a0 — (g 1) 2
1 k k *
< 71_a(f(x )X*, z X)), (17)

Since {zy, } A-converges to x*, by Lemma 7, we have
lim sup(f(x*)x™, zy;x™) < 0.
i—00

It follows from Equation (17) that {z,, } converges strongly to x*.
IV-2. Next, we will show that x* solves the variational inequality of Equation (8). Applying Lemma
2-(ii), for any z € F(T),

& (20;,2) = d*(an, f (2n,) ® (1 = 2y, ) T(PT)" 2y, 2)
< 0t o) 2)+ (1= TPT )
an (1= an)d(f (z0,), T(PT)" 2y)
< and*(f(zn,),2) + (1= an )3, d* (20, 2)
(

—an, (1 —ay,) 2(f Zn.), T(P”.I:)”i_lzn ).

1 1

Thus, we have

an, (1 — an,)d*(f(zn,), T(PT)"2,,) + anik%idz(zni,z)
< and*(f(zn,),2) + (K5, = D) (zn,, 2),
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SO

2 _
(1 = )Pz ) T(PTY 2 + R (2 2) < (), 2) + P2, 2)

ani

kp —1—
i TM, (18)

ani

< A (f(zn),2) +

where M = (L 4 1)d? (zn;,z), L = SUP;~ kn;. Since zy, i> x* and by Equation (13), we have
n;—1 A«
T(PT)" ™z, — x*. (19)

From the conditions k;, — 1, a, — 0, k’;l—;l — 0, continuity of the metric d and Equation (19),
we have Equation (18) as follows

A (f(x"),x") + B (x*,z) < P (f(x7),2).

Therefore

(d*(x", x") + d2(f(x"),2) — d*(x", z) — d*(f (x"), x7))

— (¥ f(, 2, ¥z e F(T),

that is, x* solves Equation (8).

IV-3. Finally, we will show the uniqueness of the solution of the variational inequality of Equation (8).
Assume there exists a subsequence {z,,;} of {z,} which A-converges to w by the same argument. We
know that w € F(T) and solves the variational inequality of Equation (8), i.e.,

(X f(x), x°w) <0 (20)
and
(wf(@),wx') <. 1)

From Equations (20) and (21), we can obtain

— (¢ F(@), 7 @) + (F@)f (), ¥ @) — (', ¥} — (¥ fla), ¥')
= (¥'@, @) — (Fl@)fx), wx')
— —

—
=
*
£
=
g
~
I
[
—
-
—
g
-
—
=
*
S—
N—
[
—
£
=
*
SN—

Since 0 < & < 1, we have

SO

Hence {z,} converges strongly to x*, which solves the variational inequality of Equation (8). [J
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Now, we explain a strong convergence theorem for an asymptotically nonexpansive
nonself mapping.

Theorem 3. Let C be a nonempty closed convex subset of a complete CAT(0) space X and let T : C — X be
an asymptotically nonexpansive nonself mapping with a sequence {k, } C [1,00) with limy, ek, = 1. Let f
be a contraction mapping defined on C with coefficient « € (0,1). For the arbitrarily given initial point xo € C,
let {x,,} be a sequence generated by

Xpi1 = anf(xy) ® (1 —ay)T(PT)" 1x,, Y1 >0

where {a,} C (0,1) satisfies the following conditions:

(i) limyea, = 0/
(i) 1imy—eo kﬂ =0.

Then the sequence {x, } converges strongly to x* as n — oo such that

X = Prp) f(x7),
which is equivalent to the variational inequality of Equation (8).

Proof. I. First, we show that the sequence {x,} is bounded. From Lemma 5, there exists 4 € C which
is a fixed point of T with

q=Tq=(TP)q=T(PT)" 4.
Since limy; 00 "—n forany 0 < & < 1 — a, there exists a sufficiently large n > 0, we have
kn—1 < aye. (22)
For any g € F(T), from Equations (13) and (22), we get

d(xn11,9) = d(anf (xn) & (1= a) T(PT)" 'xn, q)
< and(f(xn),q9) + (1 — ay)d(T(PT)" 'x,,9)
< an(d(f(xn), f(q)) +d(f(q),q)) + (1 — an)knd(xn,q)
< apad(xp, q) + and(f(q),9) + (1 — an)knd(xn, q)
= (1+ (kn = 1) — an(kn — a))d(xn,q) + axd(f(q),q)

Xn

— —

Xn),

< (1= an(kn —a —€))d(xn,9) + and(f(q),q)
< (1 —=an(1—a—e))d(xn,q) +and(f(q),9)
1
< max {d(xn,q), HHd(f(‘i)r‘i)} ’
for 0 < a,(1 —a —¢) < 1. Similarly, we can get
1
d(xn,q) < max {d(xnl,q), md(f(‘ﬂr‘i)}
Continuing this process, we obtain that
1
tp,) < max {0, 0), =LA@ 0) |, P20
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Thus, the sequence {x,} is bounded. So {f(x,)} and {Tx,} are also bounded. From the fact
that {x,} is bounded and from Lemmas 4 and 6, there exists a subsequence {x;,} of {x,} which
A-converges to g € F(T).

II. Next, we prove that x, — g as n — co. For any n € N, we set

Yn = ang + (1 —a,)T(PT)"!
It follows from Lemmas 9 and 10 that

dz(anrLQ) d (yn/ Q) +2<xn+lyn/ xn+1Q>
(an

4(g,9) + (1 — a)d(T(PT)" x,,9))?
+ 2| O Tt + (1= o) (T(PT)" v )
<(1- ”n)zk%dz(xnﬂ)

+z[a%<f<xn>q,xn+l )+ an(1— an) (F (2) T(PT)" 2, T

<
<

—
+ (1= an)an(T(PT)" ' xuq, X314

(1 ) (T(PT)" "y T(PT)" len}

=(1- ”n)zk%dz(xmw

2| (FCe) i) + an(1 —an) () TP e, o)
+(1— ﬂn)an<m’x”—+lé>}

— (1 0,222 (0, ) +2 [2 (F Gen) Tomad) + an(L = @) (FCon), Tt

= (1= 0222 (xs, ) + 20, (F (x) 0, Fn 10
= (1= 022K (%, q) + 200 (F (%) F (0, T2 + 200 (F(@)9, Tl
< (1= 0222 (0, 0) + 200 (X, ) (11, 0) + 20 (F(q), 7)1, )
< (1= 0222 (0, 0) + ant(@(xn, ) + €2 (X210, ) + 20 (F(q), ) (11, 9)

which implies

(1 = aan)d® (xpi1,q) < (1= an)k;, + wan)d® (xn, q) + 2a0d(f(9), 9)d (xu11,9),

Py ) < CIE TR 2 ) 20 100) )i 10,0)
< Lm0 ) 1 2 (q) )0
(1 BB OB
o d(£(g), ) (%11, 9)

1—aay,
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Now, taking

an(k3 — o)+ (1 — k% —a)
/\n: ’
1—way,

2ay
b = an (k3 — o) _:1(1 Y- a)d(f(Q)IQ)d(an,q),

by Lemma 8, we can conclude that

lim x, = g.
n—oo

II1. Finally, from the proof of IV-2 and IV-3 in Theorem 2, we can easily show that g € F(T) is the
unique solution satisfying the variational inequality of Equation (8). This completes the proof of
Theorem 3. [O

If amapping T : C — C is a self mapping, then P becomes the identity mapping. Thus we have
the following corollaries (cf. [13,26]).

Corollary 1. Let C be a nonempty closed convex subset of a complete CAT(0) space X and let T : C — C
be an asymptotically nonexpansive mapping with a sequence {k,} C [1,00) with lim, e k; = 1. Let f be
a contraction defined on C with coefficient 0 < a < 1. Let {ay, } be a sequence of real numbers with 0 < a, < 1.
If it satisfies the following conditions

(1) k"a—;l<1—tx<an(kn—zx), Vn eN,

(ii) anﬁo,%—:l%Oand%AOasn—)oo,
then the following statements hold.

(1) There exists x, such that

Xp = anf(xy) ® (1 —ay)T"x,, VneN.

(2)  The sequence {xy} converges strongly to x* as n — oo such that

x* = Pr(r)f(x*),

which is equivalent to the following variational inequality:
(T (), xx") > 0, Vx € F(T).

Corollary 2. Let C be a nonempty closed convex subset of a complete CAT(0) space X and let T : C — C
be an asymptotically nonexpansive mapping with a sequence {k,} C [1,00) with limy, e k, = 1. Let f be
a contraction defined on C with coefficient 0 < « < 1. For the arbitrary initial point xo € C, let {x,} be
generated by

Xpi1 = anf(xn) ® (1 —an)T"xy, Vn >0

where {a,} C (0,1) satisfies the following conditions:

(Z) llmng)oo an = O,

.. . k,—1
(i) limy_eo 4= =0.

Then the sequence {xy } converges strongly to x* as n — oo such that

x" = Prp)f(x%),

which is equivalent to the variational inequality of Equation (8).
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4. Conclusions

Theorems 2 and 3 generalize and improve the results which are discussed in Wangkeeree et al. [13],
Shi et al. [14], Kim et al. [17], Kim [18] and others.

The strong convergence theorems of the Moudafi’s viscosity approximation methods apply
various classes of variational inequalities and optimization problems, its results proved in this paper
continue to hold for these problems. It is expected that this class will inspire and motivate further
research in this area.
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