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Abstract: In this article we propose and study a method to solve ordinary differential equations
with left-sided fractional Bessel derivatives on semi-axes of Gerasimov—-Caputo type. We derive
explicit solutions to equations with fractional powers of the Bessel operator using the Meijer integral
transform.
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1. Introduction

In this article we study differential equations with the fractional powers of the differential Bessel
operator of the form

Byzﬁ‘f'**/ v > 0. (1)

The first explicit formulas for fractional powers of the Bessel operator on a segment in terms of
the Gauss hypergeometric functions appeared in [1]. For more detailed discussion of the fractional
powers of (1) on a segment and semi-axes we refer to [2—4]. Fractional powers of the hyper-Bessel
differential operator

d d

B = xM0 —xM — xPm-1— xfm
0L -eosem dx”™ dx dx
with real parameters ay, ..., &, was studied in the paper [5] and continued in [6-9]. The Bessel
operator (1) corresponds to By 4;,...,a,, When

m=2,0=—-1,01=2—-70=7-1,

or, equivalently,
m=2,00=—7y 01 =7, a2 =0.

For other integral operators connected with the Bessel operator see [10-12].

Equations with fractional Bessel derivatives have not been studied before due to the lack of
suitable tools for their study. The first aim of this article is to present one such tool, namely, the Meijer
integral transform. This transform plays the same role for the left-sided Bessel fractional derivative on
semi-axes as the Laplace transform plays for the left-sided Gerasimov-Caputo fractional derivative on
semi-axes. Another aim is to show that power functions multiplied by the Fox-Wright functions are
the fundamental system of solutions to the left-sided Bessel fractional derivative of Gerasimov—Caputo
type on semi-axes. Equations with fractional Bessel derivatives are extremely interesting from a
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theoretical point of view, but also arise in applications such as problems of the random walk of a
particle [13,14].

In ([15], p. 312), the Laplace transform method was applied to derive an explicit solution to a
homogeneous equation of the form

(‘D& f)(x) =Af(x), x>0, I-1<a<l I1€eN, A€R, )

where for non-integer « > 0

X

(D8N0 = 1 | oty xe ) ®

0

is the left-sided Gerasimov—Caputo fractional derivative on semi-axes ([15,16], p. 97, Formula 2.4.47)
and fora =n=0,1,2,...
(°D§ ) (x) = fF (2).
Gerasimov [16] derived and solved fractional-order partial differential equations with the
derivative (3) for applied mechanical problems in 1948.

The conditions
fo+)=d, k=0,1,...,1-1, deR (4)

were added to Equation (2). The solution to the problem (2)-(4) is (see [15], p. 312)

-1
=Y A" Ein(Ax®), (5)
k=0

where E, g is the Mittag-Leffler function (15).
In this article we apply the Meijer transform to derive explicit solutions f to homogeneous
equations of the form

(BY0:f)(x) = Af(x),
where the positive real power of (1) is defined by (26).

2. Basic Definitions

2.1. Special Functions

First, we give definitions of some special functions which we will use.
The modified Bessel functions (or occasionally the hyperbolic Bessel functions) of the first and
second kind I, (x) and K,(x) are defined as (see [17-20]; for the generalization, see [21])

In(x) = i *Ju(ix) i m——i—a—o—l) (Z)ZHH-&, (6)
Ka(x) = EM, @)

2 sin(am)

where a is a non-integer. For integer «, the limit is used. It is obvious that K, (x) = K_,(x). For small
arguments 0 < |r| < v/v + 1, we have

Kv(r)w{_ln(Z) ¢ ifv=0, ®)

;(Ifgr”/ ifv>0,
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where

1 7/ 1,1
O=1lim [~Inn+) + :/<—+> dx
n—seo =k J x o |x]
is the Euler-Mascheroni constant [22].

The kernel of the Meijer transform is the normalized modified Bessel function of the second
kind k, defined by the formula

2T(v+1
ky(x) = (x" )

where K, is modified Bessel function of the second kind (7).

The normalized modified Bessel function of the second kind has the following properties:

Ky (x), )

. I'(—v)
lim x“ko(x) =0 x>0 lim Lko(x) =-1 (11)
x—0 ! ! x—0Inx !
1
: 2v _
alclgtl)x ky(x) = o v >0, (12)
Jim 2241 () _ -1,  v> -1 (13)
x—0 dx

The kernel of the left-sided Bessel fractional derivative on semi-axes is the hypergeometric Gauss
function which is inside the circle |z| <1 determined as the sum of the hypergeometric series (see [22],
p- 373, formula 15.3.1)

Cg) — oy @)
2Fi(a,b;c;z) = F(a,b,c;z) kgﬁ) O; & (14)
and for |z| > 1 it is obtained by analytic continuation of this series. In (14) parameters 4, b, ¢ and
variable z can be complex, and ¢#0, —1, —2,.... Multiplier (a) is the Pohgammer symbol (z), =
zZ(z+1)...(z4+n—-1),n=1,2,...,(z)g = L.
The Mittag-Leffler function E, 4(z) is an entire function of order 1/« defined by the following
series when the real part of « is strictly positive:

[e¢] Zn
E,3(z) = —, z€C, a,€C, Rea >0, Re > 0. (15)
a,ﬁ( ) ,g)r(“n""_ﬁ) ‘B :B

The function (15) was introduced by Gosta Mittag-Leffler in 1903 for « = 1 and A. Wiman in
1905 in the general case. The first applications of these functions by Mittag—Leffler and Wiman were
applications in complex analysis (non-trivial examples of entire functions with non-integer orders
of growth and generalized summation methods). In the USSR, these functions became popularly
known after the publication of the famous monograph by M. M. Dzhrbashyan [23] (see also his
later monograph [24]). The most famous application of the Mittag—Leffler functions in the theory
of integro-differential equations and fractional calculus is the fact that through them the resolvent
of the Riemann-Liouville fractional integral is explicitly expressed in accordance with the famous
Hille-Tamarkin-Dzhrbashyan formula [25]. In view of the numerous applications to the solution of
fractional differential equations, this function was deservedly named in [26] the “Royal function of
fractional calculus”.
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The Fox-Wright function ,%¥,(z) is defined for z € C, a,bi € C o, € R 1 =1,...,p;
j=1,...,q by the series (see [27,28])

= zZ
L5 (16)

k=0 11 F(b]' + ‘B]k) K
j=1

o0 IEI (a1 + ark) k
(bjl;Bj)l,q ‘|

ap, &)1,
p¥e(z) = ¥y [ (@1, 21)1,

If the condition . )
Z ,3] — Z w > -1
=1 I=1

is satisfied, the series in (16) is convergent for any z € C. Let

It

then the series in (16) is absolutely convergent for |z| < & and for |z| = § and Re > . The same role
the Mittag—Leffler function plays for ordinary fractional calculus is played by the Fox-Wright function
for fractional powers of the Bessel operator.

Using the Fox-Wright function (16), we can write

Ep(z) = 1) l oy H . 7

2.2. Integral Transforms and Transmutation Poisson Operator

In this subsection we present Laplace and Meijer integral transforms and their connection by
applying the transmutation Poisson operator.

The Laplace transform of a function f(t), defined for all real numbers t > 0, is the function F(s),
which is a unilateral transform defined by

(e )

[ feta, (18)

0

i}
™
©
[l
v
©
I

where s is a complex number frequency parameter s = ¢ + iw , with real numbers ¢ and w.
Let E,, a € R be the space of functions f : R — C, f € LI°(R) such that [ [f(t)|e~*dt < oo and
0

f(t) vanishes if t < 0.

Let f € E,. Then, the Laplace integral (18) is absolutely and uniformly convergent on H, = {p :
p € C,Rep > a}. The Laplace transform of function f € E, is bounded on H, and it is an analytic
functionon H, = {p : p € C,Re p > a} (see [29], p. 28).

Let f € E, be smooth on every interval (a,b) € R, . Then in points ¢ of continuity the complex

inversion formula
c+ico

L*l[F](t):f(t):% [ Feetds, e a

c—ioo
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holds (see [29], p. 37).
The Laplace transform of the Mittag—Leffler function multiplied by a power function is (see [15],
p- 47, Formula 1.9.13, where p = 1):

st P
st — A’

LPTE, g(Ax")](s) = (19)
For functions f, the integral transforms involving the Bessel function k1, ¥ > 1 as kernel is the
2
Meijer transform defined by

KK, [f](2 / 11 (x€) F(x)x7 d. 20)
0

The transform (20) is the modification of K-transform from ([29] p. 93, formula 1.8.48), and has
the same properties but with the other asymptotic behavior of the functions (see also [30]). In [31],
an integral transform enfolding kernels of a Meijer G type function is considered.

Let f € LP(Ry) and f(t) =0 (tﬁ’%) ast— +0,where p > 7 —2ify > 1,and p > —1ify = 1.
Furthermore, let f(t) = 0(¢e"') as t — +oo. Then, its Meijer transform exists a.e. for Re{ > a (see [29],
p- 94).

If 0 < v < 2 and F(¢) is analytic on the half-plane H, = {p € C : Rep > a}, a < 0 and
s11F (&) — 0, |¢| = oo, uniformly with respect to args then for any number c, ¢ > a the inverse
transform Ko Lis (see [29], p- 94)

c+ico
A = F0) = = [ F@isa (D) @

The inversion formula (21) is not convenient for calculations and has the condition 0 < ¢ < 2.
Here we present another inversion formula using a transmutation Poisson operator.

Let v > 0. The one-dimensional Poisson operator is defined for the integrable function f by the
equality

7 3-1 r()
Py =20 [(2-2) ' pa, cim = 2 22)
- 10 VAT (3)
The constant C(y) is chosen so that Py [1] = 1 (see [2]).
The left inverse operator for (22) for v > 0 for any summable function H(x) is defined by
n X
PO ) = N () [ oA e, @
F(L'H)l"(n—l) 2xdx
2 0

wheren = [1] + 1.
In order to find f(x) from the equality

Kylf1() = (LF(2))(8) = (&),

apply to the kernel of (20) the formula

1
sz(x§) = i
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g (B Jererr

from ([17], p. 190, formula (4)). Then,

Therefore

Ky [f1(8) = f(&) = /kwT—l(xé)f(x)dex
0

1—vy «
:i/f xdx/egzz—x)2ldz
F(Lﬂ) ot
2 7)
_ 21 7\/> 7§’z /f 21dx
(2 '
v

Using the Poisson operator (22) and Laplace transform (18) we get

&) = [ Rz = (LFE)E),
0

where
T

F(z) = Ayz27 'P)2f(z2), Ay = ——F—.
Y z Y= T2 (,yT)

So, in order to find f(x) from the equality

Kylf1(©) = (LA P2 (2))(2) = 8(2),

we should first do an inverse Laplace transform and then we should apply the inverse Poisson operator.
So, the inverse formula for functions g such that (£~1¢)(x) exists and x!~7(£~1¢)(x) is summable is

£ =K sl = (P L ), g =Kl 4)

3. Left-Sided Fractional Bessel Integral and Derivative on Semi-Axes

3.1. Definitions of Left-Sided Fractional Bessel Integral and Derivative on Semi-Axes

In this subsection we introduce the so-called left-sided fractional Bessel integral and derivative on
semi-axes.
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Leta > 0,7 > 0. The left-sided fractional Bessel integral on semi-axes B, 5 for f€L[0, ) is
defined by the formula

(B 04.f)(x) = (IB} o4 f)(x)
x 212
- r(;a) 0/ (Zy( 2xy

For a < 0, formula (25) can be continued analytically and (BE)Y,0 x) = f(x).

In [5], spaces adapted to work with operators of the form B ; , « € R were introduced:

20—1 1 2
) »F (oc—ﬁ—ryz,oc;Za;l—y >f(y)dy. (25)

2

k
F, = {(p € C¥(0,00) : x"%‘j € LP(0,00) fork =0,1,2,... } 1<p<oo,

k
Fo = {(p € C%(0,0) :xk% —0asx — 0+ andasx %oofork:O,l,z,_,,}
X
and
Fp,y:{¢x’V¢(x)€Fp}, 1§p§ool ye(c

We present here theorems that are special cases of theorems from [5].

Theorem 1. Let « € R. For all p,y and v > 0 such that y#%—Zm, 77&%—y—2m+1, m=1,2...,
the operator BY  is a continuous linear mapping from Fp,p into Fp, oy If also 20 # p — % +2m
and vy —2u # % —pu—2m+1,m=1,2., then By . is a homeomorphism from Fy, p onto Fp,,_», with
inverse B G .

Let us compare the fractional Bessel integral B/ 04+ with the well-known Riemann-Liouville
fractional integral Igj‘ﬁ. For this purpose, let us put v = 0:

010y | (57) o (2o ) s

o [ (55E) ] o

X

r(;vc) /(x — ) fy)dy = (155 f) (%).
0

Now, we would like to have the explicit formula for BY, when a > 0. For applications, it is better
to use the generalization of the Gerasimov—-Caputo fractional derivative (3).

Let n = [a] +1, feL[0,00), IB" f, IBf‘Y,_hffngg (0,00). The left-sided fractional Bessel
derivatives on semi-axes of Gerasimov-Caputo type are defined by the equality

(B0+f)(x) = (IBJ 4} By f) (x). (26)

It is easy to see that
(BSof)(x)=(“DFLf) (),
where ( CD(Z)E‘T_ f)(x) is defined by (3).
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Following [1,5] we present the following results. Let Re (25 + ) +2 > 1/p, and ¢ € F .

For Rea > 0, we define I ¢ by the formula

X

x721172(x /(xz _ uZ)a71u277+1q)(u)du'

5900 = £

The definition of Ig * is extended to Rea < 0 by means of the formula

1 d
B9 = (+a+ 1) 4+ S0 2 2E

Theorem 2. The following factorization of (25) is valid:

where

—1
LT () = poy X1 [ (62— ) g
@ J
Proof. We have
(B, 049)(x)

—1
— 2,2 I%’“IO""

Y

121x20c 71

_2F( Iza’z“/y—u uep(u)du
0

2-2¢ 1 Y . . .
byt [ Hedu [ (2 )T Py
0 u
Find
X 1 x? .
/(]/2 _ uZ)afl(XZ _ yZ)txfly'nyady — {]/2 _ t} — 5 /(t _ MZ)afl (xZ _ t)aflt%fadt
u u2

T 20—1 1_ 2
= L(“)l (xz - uz) w2t p <0¢ + T’y,a;Za;l — iz) .
22“1-‘ (06 =+ i)

Using formula (see [22])

zFl(ﬂ,b;C,'Z) = (1 —Z)_azFl (a,c—b,’C,‘ZZ_1>

(27)

(28)

(29)
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we obtain ) )
19 oo X 1=y, X
o F <¢x+ T,oc,th,l — uz) F (zx,zx+ T’le'l — uz)
x2\ " -1 u?
= (uz) »F <0{,D(+r)/2}20é}1—x2)
2N\ & -1 2
= (;) F (ac+72,0c;20c;1:{2>,
and N
_ 1 il (a
/(]/2 _ uZ)rx 1<x2 _ yZ)a ly'y chdy — \/> ( )l
J 227 (a+§)
201 x2\ " v—1 u?
2 2 —2a+y—1 Yy
><<x —u ) u T (uz> »F (a,oc—f—z,Za,l—xz)
T 20—1 -1 2
= 2\/%( (“)1) <x2 - uz) RGP 2F (IX,DH- r—- 5 ;2051 — Z2> )
22T (& + 5
Finally

22(1—204) \/E xl —r—2«

(B 9)() = r(@r («+1)

X

20—1 -1 u?

2_ .2 T D

X / (x —u ) u’»F (lX + o 20;1 — x2> o(u)du.
0

Applying the duplication formula

T'(«)T <zx + ;) = 2172 /7T (2a)

we obtain
21 —2u

(B;,SH")(X) = T2w) xlor

X

201 -1
></ (xz—u2> ’ u’ ,Fy (tx—i— 72 J0;201 — 22> ¢(u)du
0

- F(;a) O/x (xz2_xu2>

This gives (29). The proof is complete. [

200—1

U\ y-1 U
(;) oF (uc—l— T,a,sz,l — xz> ¢(u)du.

3.2. Meijer Transform of Left-Sided Fractional Bessel Integral and Derivative on Semi-Axes

In this subsection we apply the Meijer transform to the left-sided fractional Bessel integral and
derivative on semi-axes and then in Section 4 we use these results to construct explicit solutions
of linear differential equations involving the left-sided fractional Bessel derivatives on semi-axes of

Gerasimov-Caputo type with constant coefficients.
Theorem 3. Let « > 0. The Meijer transform of B;,g . for proper functions is

Kq[(BL54 @) (0)](E) = &Ky 0(S). (30)
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Proof. We start with (30). Let ¢(x) = Ig'“qo(x). Then, using the factorization (29), we obtain

1

= 2T () L”g(u)dbl/(xz - uz)"“lk%l(xg’)xdx.

u

Consider the inner integral. Using formula 2.16.3.7 from [32] of the form

/xlip(xz — a2)ﬁ—1Kp (cx)dx = 25—1a5ipc_ﬂr(‘5)1<pi/3(ac), a,c,B>0, (31)
a
we get
i 27%11” (%H) i -1
/(xz . u2)06—1k,Y771 (xg) xdx = — /(Xz _ le)“_lKL,l (x;‘) =5 gy
: ¢z 2
U u
1 1
2 (2t B
= 7(] 2 ) 2“—1u“—WTC—aF(D()K7_1 a(ug)
¢z
and

Using again (31) we can write

/ W= ) K () = 27T T ()R (1)
t

2

and

Ko l(B o1 #)(x)1(E) = éﬂl) 2471 (w )/4)() o ()T
0
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2

— / (D1 (FE)EVdE = £ K.
O

Lemma 1. Let n € Nand the Meijer transform of Bl f exist; then, for 0 <y <1

Ky [Byf1(2) = 85 [f1(S)

o)

- 2k—1—ypn—k F(PTW) 2k—2 'y
— TUUYBETRf(0+) — 1
k:Zlé‘ Y f(0+) o (151) xg&kzlé‘

fory=1

Ky[B3f1(2) = KA [f1(E) — ZCZ" TBLTRF(0+) + hm+2é‘2k 21nx<§ By ()

k=1 k=1
forl<vy
KA [BYf1(E)
1 d
= 2 [110) — L B (04) - g i kzlézk e Bk ()
where

n—k T n—k
By f(0+) = lim Byt f(x).

Proof. Find /Cy B f]($):

/ 7T )] xTdx = /va(x{;’) iJC“’%[B *lf(x)]dx
0 0

= ey () 7 (B ()]

o0 7 d d n—1
o ] 0 B

s (<) 47 (B ()]

2

d
(kg 60) By )

x=0
b 1Bk ()] (B (T dx = ks (x8) X7 2[B! £ (0]
0 x=0
d (e}
+ (2" ——kya (x§) ) [BSTf 2o () [BY 1 F () ]x 7 dx =
< dx 2 ) =0 ,./ 2

=@ [k (x) F(x)27 dx
Tt

+:=z;52’<((x“f bt () (37140 ks ) 47 1450 )

2 2

11 of 21

(32)

(33)

(34)
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Let 0 < ¢ < 1. Then, using (10), we get

Y
d n—1—k <T> 'y n—1—k
xll>r51+k721(x§) d [B,Y f(x 271" (’Y 1) xlil(l)l-&-x x B f(x)]
For v =1, using (11) we get
. dn1-
Jim ko(x) - L Bn-1-kf(x)] = = lim Inxg o (BT (x)).
When 1 < v, using (12) we obtain
lim K, () ¥V LBk f(x)] = —— Tim xS (B 1k f(x),
x50+ T2 dx "7 v —1 x50+ dx '

Next, we have

d 272 ¢7x
%kv%l(xg) == r (Lﬂ wa (x5)
2
and using (8) for small x
d Zl_Ty 1.3
v @ _ o+l 3—7y
x dkaTil( g)_ F(Lﬂ)x 2 (;’ 2 KWTH(X(:)
2
1y F(Lﬂ)
272 i O 2 Gt 1—
~ — 7 &2 7 = ¢ 0
r (’YTH) x g 217774-1 (gx) é 7 X — +/
therefore p
: “ n—1-k 1-ypn—1-k
Jim (ki (300 ) (B 0] = —¢1 7By ()
for0 <y <1

n—1
Ky[ByA1(2) = "KH[f1(6) = Yo & By K f(04)

k=0

v d

n r(Lx
= &I, [f1(8) — Zé‘zk‘l‘”Bﬁ‘kf(%)(? lim 262" 2 " (B Ff(x)];

2
k=1 21T (%) =0+ 5

fory=1

KAABLAI(E) = I [A)(@) — Y- 2B A F(04) + lim kzl P B ()

k=1
forl < v
K BLA)(E) = 2K, [£) @ k_zl 1k (04) - L lim 3 e B )
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Remark 1. Letn € N, %[B’ffkf( )] be bounded, the Meijer transform of B!} f exist, and y # 1; then,

Ky [BLA() = &K, [f1(@) — 3. & 1B K (0.

k=1
If%[Bg’kf(x)] ~ xP, B > 0 when x — 0+, then (35) holds for ¢ = 1.

Remark 2. Sincek_ i (x) =e™*, then
2

where L[ f] is a Laplace transform of f. It is well known that

LIf"1(E) = E2LIAI(E) — E£(0) = £(0).

From the other side

and
Ko[Bof1(§) = Lf"(g) = &Kolf1(§) — &f(0) — £'(0) = L[f"](E).

The same situation is true for Ko [Bf f1(¢).

13 of 21

(35)

Theorem 4. Let n = [a] + 1 for fractional « and n = « for « € N and the Meijer transform of B o f exists,

then for 0 <y <1
Ko1B5,04£1(Z)

_620‘](:'}/{]( 25204 2k—1— 'yka(OJr) (22

k=0 27T y+1 )x—>o+k

/\

fory=1
Ko 185,04 £1(5)

n—1
= I, [f1(8) - 262“ FEITVBLF(0+) + lim ) g Zlnxé‘ By f(2));

k=0 ~0+ >0
forl <«
Ky [B50+ f1(2)

n—1

n—1
= K f1(8) — ) e U VBEF(0+) - hmZW%1W B (),

=0 ’y—lx—>0+k 0

where
BYGL f(0+) = Jim BWOJ( x).

tim Y g2 2 2r gt ()

(36)

(37)

(38)
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Proof. Using (30) and (35) for 0 < v < 1 we obtain
Kq[B5 0, f1(8) = Ko [(IBI 03 BL ) (0)](§) = 627" K4 [BY £1(8) = &4 [f(8)

" —r
_ 2a72n+2k717'an7k ( 2 li 20—2n+2k—2. .y d ank
k;«: v fO0+) - po—e 1)xgg+k g X1 [By ()]

/_\

x—0+ =

n—1 T =y
= EIC,[f(6) — Y e 1BEF(0+) — M lim 252“ =2y [Bf‘yf(x)],
0 2T (231)

where we put

xlinio B70+f( x) =B} 0+f(0+)

Similarly, for ¥ = 1 we have

Ky[B 04 f1(€) = Ky [(IBY 57 BLF) (x)](2) = ¢ 2" K4 [BLA1(E) = &K [f1(E)

n n
d
_ 20-2n+2k—1—y gn—k li 20—2n+2k=2 Bk
k:Zla 5 f(0+)+x;m0+k;€ nxg By f(x)]

n—1 n—1
= PG IA(E) — T eI A0+ Jim 3 6 R B (0]

k=0
and for y > 1
Ky[B5,04 f1(€) = ICy [(IBy o7 B £) ()] (8) = &2 2"K4 [BA £ (8)
i (= a—2k—1— 1 (= o—
= PG A(@) — e BB A04) — gl Y8 e B o)
O

Remark 3. Letk € N, L [B ﬁ f(x)] be bounded, the Meijer transform of BY , f exist, and v # 1, then

7,0+
n—1

Ky (B30 f1(E) = Ky [11(8) - Y 52“72](717735,]((0—#). (39)
k=0

I]‘%[B’;f(x)] ~ xP, B > 0 when x — 0+, then (39) holds for v = 1.

4. Meijer Transform Method for Solution to Homogeneous Fractional Equation with the
Left-Sided Fractional Bessel Derivatives on Semi-Axes of Gerasimov-Caputo Type

4.1. General Case

Using the Meijer transform method (for general scheme see [33,34]) we will solve the equation

(B o+ f)(x) = Af(x), x>0, AeR (40)

with the left-sided fractional Bessel derivatives on semi-axes of Gerasimov—Caputo type with constant
coefficient when 7y # 1.

Let T”T_l <a< %, m € N. To Equation (40) we should add m conditions which are for 0 <y < 1
of the form

d
(B 0 f)(0+) = ax, 15& xV%BW o f(X) = agq1, Ao a4 €R. (41)
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For the case when v > 1 we should consider the conditions

d
(BS,0+)(0+) = bay, Jim x-—B K orf(x) =by1,  baboys1 €R, (42)

where k € NU {0}, such that the following inequalities are true:
0<2k<m-—1, 1<2k+1<m-2 if m is odd,

and
1<2k+1<m-—1, 0<2k<m-—2 if m is even.

This means that for odd m the last condition is the (Bk 0+ f)(0+) =ay,_q1o0r (B O+f)( +) =bpy1
and for even m the last condition is the xlir(r)hr x"YﬁB%0 f(x)=ay_1or xlg(r)‘hr x ddx vof(x (x) = bm,l.

Theorem 5. When 0 < v < 1 the solution to (40) and (41) is for the case when m is odd

27T (“YT“) zzl 7
ok (k+1+3%,a),(1,1) 2
S A ¥ A
f(x) N Igmkx 212 (k+1,a),(2k+v+1,24a) g
r(l_T’Y z 2k+1-7 (k+30),0,1) Ax* 43
+7k§]a2k+1x 212 (k+3'777,a),(2k+2,20é) : ’ ( )

here the second sum vanishes if 3> < 0, that is, when m = 1, for the case when m is even

2 (131 =2 7
2k (k+1+ *,Dé),(l,l) 2n
=— 7 Y
fla) = Nz kgom" 2020 (k+1,a), (2k+7+1,20) Ax
r(l 1) g (k+3,4),(1,1)
21—y 277\ 20
I Z #2k+1 2%2 (k+ 3‘771;() 2k +2,24) | ] ' (44)
When «y > 1 the solution to (40)—(42) is for the case when m is odd
2T (31 " ' 7
+1+%,4),(1,1)
= —_— 7 b 2k v ( A 20
fx) S k;O HXT2E20 i), (2k by +1,20) |
Z'Yr (’YT) 7 (k Y
2k +1+*,06),(1,1) 2
NS ;bZk“ 2N ), k1,200 M| )

-3

here the second sum vanishes if "==> < 0, that is, when m = 1, for the case when m is even

27T (WT) 2 (k 7
2% +1+3,4),(1,1) o
= b4
flx) = kg;‘) 2% X252 (k+1,a),(2k+v+1,2a) Ax
zvr (%) (k+1+%,a),(1,1)
b4 7 7 20

Here ;¥ ;(z) is the Fox—Wright function (16).
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Proof. First we consider the case when 0 < ¢ < 1. Applying the Meijer transform (20) to both parts of
(40) and using (36), we obtain

n—1 T Iy n—
Sy 1) — Y @ H B F(0+) - M lim ZCZ“ H2y [B’éf(X)] = M [£1(C),

=0 T (’Y+1> x—=0+ =

wheren € N, n —1 < a < n. Taking into account conditions (41) we obtain for the case when m is odd

gl r (1‘77 2
szK: _ 20—2k—1—y _ 200—2k—2 —AK
E L [f1(9) kgoazkg T (%H) kgoﬂzﬂ 18 v [f1(2),

where the second sum vanishes if '”T_a' < 0, thatis, when m = 1, for the case when m is even

WIT*Z r 1—y m 2
B [f1(E) = ) a2 — ( ) Za 13 = A [£1(0).
=0 21T (77)

Therefore, when m is odd

m—1

§2a72k7177

2
=Y ay k! [,X
k;) Ol ey

and when m is even

§2a72k7177

Zmi:zazklcl T | () + 1"(177) 'E a1 K S (x).
k=0 Tl A 1T (7“) " I

In order to find the explicit expression for f, we use formula (24). First, find the inverse Laplace
transforms taking into account formula (19):

g |2 2%+1 2
L ey (x) = x* Epg a2 (Ax™),

(x) = T Egg o041 (AX).

20—2k—1—7 ]
1|6
L [ CZoc _

Now, find (PJ)~1xP~7VE,, 5(Ax%*). Using (23) we can write
B g

1 p 2,/TTx d \? | PP
(PE) X Ea p(Ax%) = (3) [ #Ema022 =273 e
F(“Hl) (r—1%) 2xdx /
where p = [}] 4+ 1. We have
o o A 2me
E A, = —_—
26(A27) m; T(2am + B)
and
X - N X )
BE, +(Az2%)(x2 — 22\P= 3147 — / 2ma+B 2 _ 2\p-F-1g
z ) (x* —z z z x*—z z
O/ 2 p (A) (2 = 2%) Lt | 70
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)

A F(mzx—i—@)l"(p—

— x2mrx+2p+‘67771'
o T2am +B) or (a4 p + E3H1

hgk

~—| N2

Therefore,

©  am r@«w%)
2xdx) mgo I'(2am + B) F(m“JFPJFW)

x2mat2p+p—y—1

(PY) 1P~V Epy p(Ax*) = ﬁx) (

Using the formula

7

d ! x2;¢+2n — F(V t+tn+ 1) x2y
2xdx T(p+1)

we get

piL
B—y I (ma—+
(,P;r)ilxﬁi’yEZa,‘B()\xza) = \/Ex 1 ( ) —t1
I (231) 4o T (2am + p)T (mzx + )

sz“] .

(/\x2a)m.

Using the Fox-Wright function (16), we can write

P17 By gl = YOO [ ((ﬁzﬁfﬂc),m)

()| ()

So,
|, [erak2 R 222
K’y (:2047_/\ (x) = Ayx(PX) L 62“7_/\ (x)
1 _ _
= m(ﬂ?) L2kt 7E2a,2k+2()\x2“)
+1

_ 2'T (T) 2=, (k+3,a),(11) Py

NG (k+ 252 0, (2K +2,20) /

20—2k—1— 27T (7—) o4
1 g 2 2k (k+1+ ,0(),(1,1) 2n
Ko [ ) ](x) L N R T I Ce R

Then, for the case when m is odd, we get (43) and for the case when m is even (44).
For v > 1 applying the Meijer transform (20) to both parts of (40) and using (38), we obtain

CZ“’Cv[f](C):iCZ“ e ”ka(0+)*# lim Zéz"‘ e 7x —[BYf(x)] = A, [£1(8),

where n € N, n —1 < a < n. Taking into account conditions (42) we get, for the case when m is odd:

m—1

_621x72k717'y_ _€2m72k7177_

m—=3
2 1 2
_ -1 - -1

For the case when m is even:

m—2 r B m—=2

thX—Zk—l—’y -CZa—Zk—l—v 1

1
= by KV |2 | (x) + —— b j il - a——
kzzo 2k Ny CZoc Y ( ) v — kgo 2k+1 vy (:2“ Y ( )
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Therefore, applying (47) we obtain (45) and (46) respectively.
O

4.2. Particular Cases and Examples

In this subsection first we consider Equation (40) when conditions of Remark 3 are valid. Then, we
give some examples.

Theorem 6. Letk,m € N, "2 < o < 2, %[B’fyf(x)] be bounded for 0 < v, v # 1 and %[Bﬁf(x)} ~ xP,
B > 0 when x — 0+. Then, the solution to equation

(B o+ f)(x) = Af(x), a >0, AeR (48)

with m conditions for 0 < v < 1 of the form

. d
(BX 04 )(0+) = ay, xg& x’yaBI@,OJFf(x) =0, (49)

with m conditions for -y = 1 of the form

(B f)04) =ay,  lim Inxg o [BEF()] =0, 50)

with m conditions for v > 1 of the form

. d
(B§,0+f)(0+) = ay, xlggh x%Bs,O—i-f(x) =0, (51)

where ay, € R, k € NU {0}, such that the following inequalities are true:
0<2k<m-—1, 1<2k+1<m-2 if mis odd,

and
1<2k+1<m—1, 0<2k<m-—2 if mis even.

When m = 1itis f(x) = 0, for the case of odd m > 3 it is

1T (L;l) ml 7
_ 2k (k+1+3,4),(1,1) 2u
f&) = — 1 ,{;O a2 322y ok 1,20) || (52)
and for the case of even m it is
2T (—731) y? (k gl
_ % +143,4),(1,1) 20
flx) = NG kg) Az X 22 (k+1,a), (2k+ 7+ 1,24) AXT (53)

Here ,'¥;(z) is the Fox-Wright function (16).

Example 1. Consider the general case of the problem (40) and (41) when 0 < a < %, 0 < < 1. In this case
m =1, 2k = 0, and using (43) we obtain that the solution to the problem

(Bf‘Y,OJrf)(x) = Af(x), x>0, A ER,

f(0+) = ay, a1 €R
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T“O 2% (54)

It is easy to see that for oy > 1 the solution has the same form when 0 < & < %. In Figure 1 we present
plots of f for v = %andfor'y =5 when o = %,/\ =1

(La),(vy+1,2«a)

(1+%,4),(1,1) ‘ o

Figure 1. Solutions (54) for y = 1/3 and y = 5.
When v = 0 we obtain
(“DFLf)(x) =Af(x), 0<2a<1,  A€R,
f(0+) = a1, m €R

and using (17) we obtain

(1,a),(1,1)

flx) = a02¥2 l (1), (1,24)

/\xz“] =ag1¥1 l (1'13

which coincides with (5) if | = 1 and 2« is taken instead of w.

Example 2. Consider the case presented in Theorem 6 when o« = 1, by = 1, A = —1. In this case m = 2,
2k = 0, and 2k + 1 = 1, which means k = 0 and using (53) we obtain that the solution to the problem

B’Yf(x) = _f(x)/ AER,

fO0+)=1,  f(04+)=0

is

+1
2T (77) S (=)™ (1+F +m) 2
v 2y T(y+1+2m)  m!
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Using the Legendre duplication formula

222—1 1
r(2z) = NG I'(z)T (z+ 2)
we obtain . .y )
© ~1)"T (14 % "
f(x)zZ”’F(m>Z (=)™ ( +2+m)1 .
2 )iz (14§ +m) T (2 m) ™
-1 1
272 F(%) e (=11 xyamtp
= ) Wiy e po (5) = ja1 (%), (55)
X2 m:oF<T+m) :
where 2T N
. v+
) = 2 (),
For j,-1(x) we have
2
ijqu(Tx) = —Tz]‘nyl(Tx).

Therefore the function

22

(1+l’a)’(1’1) o
(La), (7+1,20) ‘)‘xz ]

can be considered as a generalization of j,1.
2

5. Conclusions

In this paper, a new approach is proposed in order to solve ordinary differential equations with

left-sided fractional Bessel derivatives on semi-axes of Gerasimov—Caputo type based on the Meijer
integral transform method. We also presented some illustrative examples.

Author Contributions: Conceptualization S.S. and E.S.; methodology E.S.; formal analysis E.S.; investigation
E.S.; resources S.S.; writing-original draft preparation E.S.; writing-review and editing S.S.; visualization E.S.;
supervision E.S.; project administration S.S.
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