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Abstract: In this paper, we introduce a family of bivariate &, g-Bernstein—Kantorovich operators
and a family of GBS (Generalized Boolean Sum) operators of bivariate «, g-Bernstein—Kantorovich
type. For the former, we obtain the estimate of moments and central moments, investigate the
degree of approximation for these bivariate operators in terms of the partial moduli of continuity and
Peetre’s K-functional. For the latter, we estimate the rate of convergence of these GBS operators for
B-continuous and B-differentiable functions by using the mixed modulus of smoothness.

Keywords: «, g-Bernstein—Kantorovich operators; GBS operators; B-continuous functions; moduli of
continuity; B-differentiable functions; mixed modulus of smoothness; g-integers

1. Introduction

Since the famous Bernstein polynomial was proposed in 1912, the study of Bernstein type
operators has not ceased. In 2017, Chen et al. [1] introduced and studied the monotonic, convex
properties and also some other important properties of a new generalized positive linear Bernstein
operators with parameter « which are defined as

Toa(fix) = Y firl (x), (1)
i=0

where f € Cjgq, x €[0,1],n €N, fi=f (%) ,n €N, €[0,1],and p;, ;(x) is defined by

i i—2 ()
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In the same year, Mohiuddine et al. [2] constructed the Kantorovich type of these family of
Bernstein operators (1). These operators they introduced are

%
" f(vyt,

n+1

Knalf3x) = (n+1) Zé P (x)

where a € [0,1], pffi) (x) fori =0,1,...,n are defined in Equation (2).

Very recently, Cai and Xu [3] proposed the «&, g—Bernstein operators as

4 i
HWUW%=ZP$Awah>, 3)
i=0 1]
where a € [0,1],9 € (0,1], x € [0,1], f € C[0,1] and
i) =1—x, i (x) =,
pa (%)
2 —2 , ,
= n (1 . a)x n n (1 o D()qn7172 (1 _ qnflflx) (4)
i i—2
q q
n , 4 ,
+ ax (1—g" " lx) [ ¥ 11 —x)""71, (n>2)
i
q

Note that the first term on the right-hand side of the above equation equals 0 wheni = n — 1,1, and
the second term on the right-hand side of the above equation equals 0 when i = 0,1. As we know,
the application of g-integers in approximation theory has been a hot topic in recent decades. Even
recently, there have also been many papers mentioned about the g-analogue of Bernstein type operators,
such as [4-14].

Motivated by the research above, in the next section, we will introduce bivariate
w, g-Bernstein-Kantorovich ~ operators  Kjl52. o (f) and GBS operators of bivariate
«, g-Bernstein-Kantorovich type UKyl732 . o (f). In Section 3, we compute the moments and
central moments of Kz}%m,qz (f). In Section 4, we investigate the degree of approximation for
Kl 01,9, (f). In Section 5, we estimate the convergence of UKy!2 o o (f) for B-continuous and
B-differentiable functions.

We evoke some definitions based on g-integers; details can be seen in [15,16]. g-integers by [s],

are denoted for any fixed real number 0 < g < 1 and each nonnegative integer s, where

1—g®
T 1%L

s, q=1

In addition, g-factorial and g-binomial coefficients are defined as follows:

[S]q! =
1, s=0,
n ]!
s :ﬁwmiﬂw(nzs>m
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(1+x)j is defined by (1 +x)j := (1 +x)(1 +¢gx)...(1 + 7" 'x) =12} (1 + ¢°x) . The g-Jackson
integral on [a b] is defined as

/abf(x)dqx —1-9) [bof (476) —af (7a)] o

j=0

2. Construction of Operators

For the convenience, we denote g; := {q, }, (i = 1,2).
We introduce the bivariate &, g-Bernstein-Kantorovich operators as follows: for f € C(I?),
I? =[0,1] x [0,1],0 < q1,92 < 1 and a1, a, are any fixed real numbers in [0, 1],

—ky _—k
K (Fixy) = m+ g lm+ 10, Tp g T2 piet) o ()pS2)  (v)ay a5 ™
[klﬂ]]m [k2+1]ﬂz 5)
n +1 11 +1
X UL U2 (L 8)dy, tgys,

[+1lg;  [nptilgy

where p(ov"’)l t.(+), (i = 1,2) are defined in Equation (4), x,y € [0,1].

n;,qi
The GBS operators of the bivariate &, g-Bernstein-Kantorovich type are as in the below:

UK 0 (F(85); 2, )
= K (F(xs) + F(ty) — f(Es)ixy)
= [+ g2+ 1, T T2 Opnl,ql,kl( )p,iz,q)z,kz(y)q Mg, ©)

k1+1]q1 k2+1]q2

nq+1] [n ]
x [ [131+q1q1 I Zﬂqz fx,s) + f(t,y) — f(t,5)] dg tdg,s,

[n1+1]gq [112+1]q2

where aq,a, € [0,1], pfl’?,"‘;]_,k]_(-), (i = 1,2) are defined in Equation (4), x,y € [0,1].

3. Auxiliary Results

In order to prove the main conclusion of this paper, the following lemmas are given:
Lemma 1. (See [3]) The following equalities hold:

Tnge(Lx) =1, Tyga(t;x) = x,
x(1—x)

(1—a)g" '[2]gx(1 - x)
g ‘

[n]3

Toga (%) =%+ +

Lemma 2. Lete;; = tisl, i,j = 0,1,2, and we give the following equalities:

Kfﬁlni 31 plenxy) = 1 @)
a0 1-[2]g,49
K’gllanIq)quz (elorx y) = x+ [2} [nlqi’_ 11] (8)
1—[2,,q"
K pleonny) = v+ [[n]jfi v o
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(a1,02) _ o2 2 2 x(1-x) (142q1)x
Kiry gy 02 (€201 %,y) - = r+1lg, +2 [n1+1]g ) [Blgy [m1+1]g
i 1—q;ll(1—«—20]1)x_{_qlnleJqu1 x(lfx)(lfrxl[Z],h)_
Blgy [m+113, [m+1]3, '
(a,2) _ o2 20 2 y(-y) (1+24p)y
anz,qwz(eoz/x y) =y [n2+1]q23/ +2 (12 +1)g, + Bl [+l
S L Ee Y el Y-y (1-wlly)
3lg, [m2+1]7, [n2+1]3,
Proof. From Equation (5), we have
K("‘l o)
n1,M2,91, qz(eOOI X, ]/)
kit1lg [+l

ki —k [nq+1] 1y +1]
= [m1+1]g[n2 + 1y, Z Z Pnl ,;1 k1( )P,(qz ;zkz(y)q ', 2/[k:]q1 n /[ki]ﬂz 2 dg tdg,s

k1=0k,=0 [n1+1]gq [n+1]g,

k] k2
kq 1 ko 92

1y
_ - (a2) -
— [nl + 1 q1 Z pnl q1, kl( )ql [nl _|_ 1]q1 [nZ + 1]172 kzzzo an/qZIkZ (y)qz [nz + 1]q2

= T”Wl/“l(Lx)Tnz/fh/Nz(lfy) =1

Next, with the help of g-Jackson integrals, we obtain

[k+1] 2 2
[n[«kﬂi’],, q = n+12  [n+1]3 2]¢[n +1]3
Using the above Equation (5), and Lemma 1, we obtain
K(“l )
1n1,12,41,92 (e10;%,y)
ki —k
= [”1+1}Q1[n2+1 q2 Z Z p”l q1 kl( )pnzqzkz(y)q qu ?
k1=0kp=0
[k1+1]111 [k2+1]l]2
[nq+1] [ny+1]
gy / gyt by,
[nlJrl]q1 [n2+1]q2

k 2k
ki 2q7 kil 977!
_ ki 2d1 Klg T4 i
- [7’11 + 1 ql Z pnl q1, kl( )qnl [2]q1 [nl + 1]%1 Tn2,‘12,062(11y)

_ w (a1) [k1]g, 1
— [2]‘71 [Tll + 1]‘71 le::O pm/’h,kl (x) [2]‘71 [”1 i 1] Z p”lr’h kl

[nl]fh

_ 2[n1]g, Ty 1,0 (£ %) 1 <! (1)
S Rty iy e O 1 0wl
o 2[711]!717( Tnqulro‘l(l;x) [ ] ( )
= Wty Bam i 2, [n1+11q1T”“““1“ )
C 2mlys 1 (-

Dl + 1y Dt 1y 2 [n1+11q1

[nl]qlx 1 1*[ thilqlx .

= + =x+
[ +1g  [2lg 1+ gy

2]g, [m1 +1]g

40f18

(10)

(11)
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Similarly, we get Equation (9) easily. Finally, by via g-Jackson integrals and [k + 1]; = 1+ q[k],,

we have
L © (k+13 K3 ,
[ ],, j=0 q q

(k+1)g = [kly) (k+1)2 + [kl [k + 1], + [K2)
[Blgln + 113
7* (Bla k3 + (1+29) (kg +1)
8]gln +1]3 ‘

From the above Equation (5), and Lemma 1, we get

K10
K§111n22¢;1 92 (e20; x, ]/)
= [m+ 1y +1] 22 ()P )y gy
= m nlt2 2 P”l gk Py g0 YT 2
k1=0k,=0
kitilg,  [kptilgy
[n1+1] [n2+1]q2 2
My | gy dgitdgs
[n1+l]q1 [n2+1]q2

(1 +1] Z pl) (x)gk 7 ([ Jga [k1lg, + (1+2q1) [ka g, +1>
- 1+ 1y, m fh ky 1

= Bl I + 11,
["1]'11 2 (142g1)[m]g 1
= —i t%; e LT t; —
e ( ) + [Blg, 1 + 112, g1 (£ %) + Bg,[m1 + 113,
o mBE [, x0-x)  A—a)gd  2lpx (- x)] (14 2g0) [mg,x
TR 1 R Ty ]2 Blgy I + 112
m q Mg nilg, q1lMm q
1
+7
[3]g, 1 + 113,
_ x2 B zq’fl x . (ﬁnl 2 + (1 — Oél)ql [Z]qIX(l — .X) n 1
(1 +1]4, [n1 +1]3, [3]g, [1 + 112,

[m1]g, [[Blgr (1 —x) + (1 +2g71)x]
[3]g, [1 + 112,
_ 2 29 2o X1-x) (1+2q)x | 1—q7"(1+2q1)x
[Tl] + 1],71 [711 -+ 1],71 [3]111 [111 + 1],11 [3]q1 [7’11 + 1]%1
L g () (1 waf2lg)
[ + 12, '

We can obtain Equation (11) using the same method. Lemma 2 is proved. O
Corollary 1. With the help of Lemma 2, we obtain

1-— [Z]qlq;llx .
[2]g, [m1 + 1],

. _ 1= [z]qzquy .
S yr x/y) - [2]'72 [n2 + 1}112/

Kla) (t—xx,y) =

ny,n2,q1,92

K(“lrﬂéz) (

ni,n2,q1,92
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(0(1,062) (1 x) 2x (1+2q1)x
Kn1,nz,q1,q2 ((t ) a y) [”;""1]'71 [2]'11 [”1"‘1]!]1 + [3]41 [”1“"1}‘41 (12)
1—qy! (14241)x + q1 L (1) (1w 2], ) — (5(“1)(36)‘
3, [n1+1]3,1 [n1+1]%1 : ny ’
(ay,2) y(-y) 2y (1+24)y
Knyizinas (= 9)%5,y) = by, ~ Pty ¥ Byt (13)
10 (14292)y 02403 y(1—y) (1—aal2ly,) 512 ()
Blag 211, [na-+177, = o )
Lemma 3. (See [3])
(i) The (x, g)-Bernstein operators may be expressed as follows:
! n—1 r n r r
Tuga(fix) =) [ (1—a) Apgo+a Npfo | o,
r=0 r r
q q
h n-= AT A r— 1Ar 1 > h A\ q
where =0 A0fj = f]+1— firr = Lwith Agfj = fi = f([—>
n
q
(ii) The higher-order forward difference of g; may be expressed as follows:
qn i— 1[1] n i—1— r[ +r]q
o — rf
At]gl <1 [T‘l— ]t] fl [ _”q Aqfl-‘rlr
where Aogl 8i = (1 )fz [n—1], ] f1+1
Lemma 4. For T, 4..(f; x), the following equalities are hold
T (135 %)
_ q°[n—1]q[n—2]4[n—3]g 72 [n—2]4[n-3]q [2]49" [n—2], 3
= < O A - A T B
[n—1]gn—2)4(29+¢*) | 9"[1—2]4(3+29+4%)
+ { il + 3 (14)
zxq”’l[(q—l)[n—l]q+3+2q+q2]
[l

" [n— l3]q + q" 1(3+Z33q+q2) _txq”‘l(2+33q+q2) X,
[l [n]3 [n]7
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T (14 %)
— { 3°[n— 1]q[” Z]q[” 3]q[”_4]q + "‘[3]4‘7"+2[”—32]q[”_3]q
[n]3 [n]3
ﬂn+5["*2]q[” —3]g[n—4]q _ 1oqn+7[”*2}q[”*3]q["*4}q 4
+ o + 0= 8 } g
n q3(3+2q+q2)[n—l]q[n—Z]q[n—Ii]q
[n]3
ag" (3+57+64>+3¢°+q* ) [n—1]4[n—2]
+q( ! q( [i}gq) )q : (15)
a2 (443g207 407 ) [n—2]4[n 3]
+(1—a) o
[n—1]4[n—2]4(39+34°+4%) | a(34+3q+4%)q" 1 [2)4[n—1],
+ [ ! * O
+(1 _ Dc) q" (6+8q+7q2+3q3+q4)[n72}q 2
[nlg
n [[nl]quq”loc . a)q”1(4+6q+4q2+q3)} ;

[n]3 [n]g

Proof. For f(t) = t3, by using Lemma 3, we have the following statements:

3 3 3
Dgfo =0, Lofi = [nl]; Dgfr = [,21]]% Nofs = [j]% Adfy = [i]]%; (16)
Npfo=fi—fo= 3
Nfi=fh—hH= %, .
Difa = fo— fr = ML,
Alfy = fo—fr = 3¢°+67*+9¢° -‘r[zl]i toq7+3¢" 17
D3y = DYy — gDy = WL,
Afh = D4f2 - qufl = % a8)
B3y = B1fs —qnlfy = Mra St
Adfo=D3fi — L5 fo = % »
Ny = DNlfa— PO = %
AO AOfo =0,
Bago =2 f0+”” 1= 13+%W’ (20)
AZgo Nifo+ n' 1] N2fy = 2‘7+[?:1]g+q n q"*3(3?;iriff:[:éq5+q"),
ol oyt - L5t )

By (i) of Lemma 3, Equations (16)—(20), and some necessary computations, we have
Thn,q, (t3; x)

n r n r
(1 — 0() Aqgo + Aqfo

I
g

i
[}
<
<
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{(1 - a)Aggo + aAgfo] + {(1 —a)[n— 1]qA$go + a[n}qA},fO} x

[n—1]4[n —2] [n]q[n —1]
+ {(1 — a)#&égo + ocq[z]qqufo} x?
o [n—1]g[n —2]4[n =3]g .5 “[”]q[”_uq[”_z]q 3¢ 43
(0 PR A o S
_ =ty T Bet3 ) w2439 4 4)
[n]3 [n]3 [n]3
N { [n—1]4[n — 2iq (29 + ) N q"n— 2], (33+ 29 +¢?)
[”}q [”]q
+“’1n_1 [(g—1)[n—1]; +3+2q+ 4] } 2
(3
I ‘13[” - 1]q[” - Z}q[” - 3]11 an[” - Z}q[” - 3]q I “[z]qqn [n— Z]q] 3
[n]3 [n]3 [n]2 '

Hence, we obtain Equation (14), using the similar methods, we can get Equation (15). Lemma 3 is
proved. O

Lemma5. Lete;;j = tisl, i,j = 3,4 be the bivariate test functions. Then, we have the following equalities:

Kr(zqc}ﬁ?q)wz (e30;x,Y)
_ (gt b2y 3y a2 -3y,
[7’[1-‘!‘1]31 [1’[1+1]31
a1[2]qy q;ll [n1—2]q; [m1]g 3 [n1—1]g; [n1—2]g (2‘71+q%)
T g, S i,
g [m—2]g, (3+291+43) “1%?171 [(q1—1)[n1—1]g; +34241+43]
+ 3 + 3
[”1+1]q1 [1”1+1]q1 (21)
91 (14291433 [m1]g, (11 —1]gy X (e1=D)qy [2]g; (14+2914343) 2
[4]% [711+1]?]1 [4]111 [n1+1]21
4 [ty @esmdi)imly gt
[m+1]3, [4]g, [m+1]3, [m+1]3,
L)y Ry By (204) | 1
[4]g, [m+1]3, [4]g, [m+1]3,

+.
= q)(qwﬁl /[”li']thr“l}x);

K’gtjlé}'g%q)lfﬂiz(eoy X Y)=¢ (‘72/ quf’ k= ’]QZ/wz)y) ; (22)
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(q,02)
Knmlz,‘h/h <e40, X, y)

11 [”1 1]1/71 [n1— 2]q1 [m1— 3]q1 [n1— 4]471 + [3]171‘7 ”1—2]1/71 [”1—3]q1 ["ﬂql
[n1+1]3, [m1+1]3,
quﬂﬁs[m,z]ql [11—3], [m1 4], - )mq;‘lﬂ[mfz]ql 113y, [n14]q1:| A
[m+1]3, (2q 8lg; [4)g, 11 +113,
q3[n1 —1gy [n1—2]q, [11—3qy [14291+343+403+ (514, (3+291+43 )]
[5]g, [m1+114,
g1 [m1—1]g, [m1—2)g, [14291+303+403+ (5], (4+301+243+43) ]
[5lg, [n1+4]7,
a1y [ —1gy [m1=2]g; (—14+2q1+8q3 41243+ 1541 +1343 +748 + 347 +5)
[5lq, [m1+1]7,
(01 =1)g% 2], [11—2]g [[Blg; (4+301+23+43 ) +142q1+353+443] } 3
(5lqy [m+1]7,
q1[m —1]41 (m —Z]q1 (5+11q1 +16q%+21qi’+17q‘]}+4q?+q({)
(5lg, [m1+1]3,
i1 11y (92291 +35¢3+44q3+36q%+2345 + 1146 +4q7 + )
(5]g, [m+1]4,
w1y = 1]y, (4+601+953+11g3 +704+843+6q5+3q] +45)
[Blgy [m1+1]7,
(e —1)gy? - (10-+26, +4442+50q3+364}+2343+11q5 +447+45)
[5lqy [m+1]3,
q1(2lg, (1+391+643 ) [m1 1], 24 [(2+5q1+11q§+11q§+q§)[n1+1}ql
(Blgy [m +1]31 (5], [m+1]3
g (2430 HARH5E ) | 2470, 162
[5lgy [m+1]7, [Blgy [m+1]7,
(1—a1)qy1 " (6-+20q; +3542+39q3+29q* +15¢5 4546 +77) } .
[5lq, [m1+1]3,

n1+2[

e e

+

(23)

1 o nyk- . ) -
- e = ¢ (a0 )
K;&Tr’gi;l,qz(eOz;rx y=q (072/ qui', [y + -]qz,zxz;y) , (24)
where - € N,

Proof. Using g-Jackson integrals, we get

. . G
[n+1lg 3 q 4j
d,t = Z ( > e
[klg ‘7 4 4
[n+1]q j=0 n + 1]q
143q) [Klg + (1+2q +34%) (K2 + [4], kT3]
[4]q[n +1]3 '
Then, we have
Kig?}ﬁ?ql,qz (e30;%,y)
ki _—k
= [m+1g[n2+1]g, kZO Z pnlﬂlxkl( )P,(qz q)z,kz (W)a; 'ay
1 2—
[klﬂ]]h [ko +1]g5
[n1+1]q np+1lgy ,3
el 1 oy 2 t7dg, tdg,s
g, gty

—k
= [nl +1 ‘71 Z pnl q1/k1( )ql !
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k

9" [1 + (14 3q1)[k1]g, + (1 +2q1 +347) [ka]7, + (4], [kl]i;’l]

X
[4]41 [nl + 1]31

[m]5, 3 (1+2q1 +347) [m]]
— 1T Prx) + LT, 2 x
[7’11 +1]21 n1,q1,41 ( > [4]5]1 [711 + 1}\;)1 n1,q1,41 ( )

(1+43q1) [m1]g, 1

P T g (X)) + ————.

[4]g [ + 133, [4]g, [m + 103,

Then, Equation (21) can be obtained by Lemma 1, Lemma 4, and some computations. In addition,
we can get Equation (22). Similarly, we have

[k+1]q

[n+1lg ,4

w, | Edgt

[n+1]q
g [T () Ky + (1439 +69%) (K2 + (1429 + 3¢ + 49°) (K3 + (5] [K]4]
B 54 [n +1]3 '

Then,
K;(fflﬁizgl g (€20; %, Y)

1], 4, (14291 + 347 +447) [m]5, 3.
= 174 Ty g1, (t ) 5 11 1n1,91,01 (t ,x)
[nl + ]ql [ ]Ih [1’11 + }ql
N (1+3q1 +647) [mlg, (tz'x) (1+4q1) [m]q,
ni,qq,4 7
[5]g, [m1 +1]3, v [5]g, [m1 + 113,
n 1
[5]g, [n1 +1]3,°

1n1,q1,01 (t;x)

using Lemmas 1 and 4, we can obtain Equations (23) and (24). O

Corollary 2. For fixed real aq,ay in [0,1], from Corollary 1, Lemma 5, and, by some computations, we can get

(q,22) 2. < Cl . plean) _ )2, < Cz .
Ko nai,2 ((t x) ,x,y) = [+ 1]y, Koy o a2 ((S y) ,x,y) = [+ 1]y,

(a1,02) s, G (w1,2) 4, Cy
Km}nz%qhq,z ((t - x) /x/]/) S [”l _‘_1]%1/ Knllnzih,qz ((S _]/) /x/]/> S [7’12 _‘_1]52/

where C;, (i =1, ...,4) are some positive constants.

4. Approximation Properties for Ky!;2 o o (f)

LetI =10,1], I 2_Ix1IC (I 2) be the space of all real valued continuous functions on I 2 with the
norm ||f|| = sup(, 2 |f(x,y)]. For f € C (1), 61,6, > 0, the complete modulus of continuous for
the bivariate case is as below:

w(fi01,62) = sup { £ (t;5) = f(xy)] : (43), (x,y) € P Jt=x| < by, [s—y| < 62 )
Furthermore, w(f; 1, 6,) satisfies the following features:
(i) w(f;61,02) = 0, if 61,60 = O;
(@) 1f(t,9) - fol < 0(ia o) (14520 (14 54,
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With respect to x and y, the partial modules of continuity are given by

wW (f;61) = sup {|f(x1,y) — fx2,y)| 1y € L|x1 — x2| < 61},
W (f;62) = sup {|f(x, 1) — f(x,12)| : x € L [y1 — ya| < 62}

For more information about these definitions, see [17]. Let C2 (12) be the space of all functions

f € C (I?) such that g{, gy{ for i = 1,2 belong to C (I2). The norm on the space C? (I?) is as below:

1 lleaqy = A1+ 224 (||32
as

Fredlinn H H) .ForfeC (12), J > 0, the Peetre’s K-functional is defined

K(f;6) = inf {[If—gll+dllgll}-

geC2(12)

We have
K(f:6) < C w2 (f: V&) +min(L,8)[|llcrn)

where C is a constant and independent of J and f, w» ( f \/:5) is the second modulus of continuity of
bivariate function f.

Now, the estimate of the rate of convergence of K,Si‘},;iﬁ;wz (f) is obtained.

Theorem 1. For f € C(I?), the following inequality is given

K (fix,9) — Fw)] < 4 (1ol 0, /6 ),

where 5,(1?1) (x) and (5,(1”2‘2) (y) are as in Equations (12) and (13).

Proof. By the linearity of K%},;ifng (f), using Corollary 1 and the above property (ii), we have

Kiaia (fi9) = F(x,y)]
KA an (1£(85) = F(x, )5 %,y)

(1,02)
o KE 1~ xbx)
w (f/ \/57(11 \/5 ) ”11"22'7)1 92 (Lx,y)+ e e L Qz(a )
51111 (X)

IN

IN

(aq,2) .
K n s ;X
X [Kr(f;lnﬂf‘;l 5 (Lx,y) + 220 q;((lz)( ])/| y)] :
ny Y

Then, from the linear property of K%%%ﬂ;wz (f) and Cauchy-Schwarz inequality, one can obtain

Theorem 1 by the fact that

(a1,82) . \/ (1,2) \/ (e,2)
Knllnzxfh/qz(lt_ﬂ'xfy) < Kﬂl 12,41 liz t_x 7 X, y Kﬂ] M2,q1 qZ 1 x,y)

_ 51(10161) (x),
Kf(lolé}ﬁgglﬂz (|S - y|; x,]/) < \/Kf(lolélnizq)l lh 7% ]/ \/Knﬂlllnuffh '12 1 x,y)
= 5112(“2) (y)

Theorem 1 is proved. O
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Theorem 2. For f € C(I?), the following inequality is obtained
K (fin9) ~ Fn)] <2 | (£iy/a0 @) + o (£ )],

where 57(,01‘1) (x) and (5,(1'22) (y) are as in Equations (12) and (13).

Proof. With the help of partial moduli of continuity above and Cauchy-Schwarz inequality, we get

Kﬁgﬂ;{’;zgl 92 (fixy) — f(x,]/)’

< noflniqu a(f(ts) = f(xy)xy)
< "?1”02621;1 q2(|f( ) f( y)| x/]/) +Knplélnﬂézq1 q2(|f(t S) f(t/]/)‘;x/]/)
< Kl (@0 (1= 2iny) + K (0P (s - vhxy)

(a1,02) .
< w® (f, 5,(1?1)(9()) 1 +\J Knﬂl(}nﬂgfh,qz(i(; - x)%x,Y)

57111 (X)
(oq,2)
Koo (8 =y)%x,y)
”(ﬂ &#NW) 1+J e O
5“2 (]/)

Theorem 2 is proved. O

Theorem 3. For f € C(I?), the following inequality is derived:

Kiie s (Fixy) = f(y)]

1- 20gq0%)° | (1- Rluasy)’
[2]2, [n1 + 112, [2]2,[n2 +1]2,

< C|wp f;;\léf{fl)(x)+5,(£2)(y)+(

a a 1_217112 1_22;122
o {1’ o)+ 700+ e o et } v "C“z)]
+w (f;

).

where C is a positive constant, 5,(,01‘1) (x), and 62 (y) are defined in Equations (12) and (13).

1- [2}172‘7;2]/
’ [2]% [7’12 + 1]{12

1- [z]qﬂﬁlx
[2]q1 [711 + 1]%

Proof. For (x,y) € I?, the auxiliary operators are as follows:

ngﬂflnzzm w(fixy)

(25)
a0 [2]g [m1]g x+1 [2]g, [12]g, y+1
= mlnzqu qz(f xX,y) — f( [Z]q;l[nll?l]ql ’ [2}[]:2[:2121]@ ) + f(x,y).
Then, we get
121(1?};10;%{31/@2“ —xxy) = kvgl?}rlg%ﬂ)lm (s—yxy)=0 (26)

by using Lemma 2. Let ¢ € C?(I?). By Taylor’s expansion,

g(t,s) —g(x,y)



Mathematics 2019, 7, 1161 13 of 18

= g(ty)—glxy) +g(ts)— g(ty>

s 2
agxy +/ )d + g(ay;'y)(s—y)+/y(s—v)aga(;;’v)dv.

Applying K,(ﬁ o q)] 5> on both sides of the above equation and using Equation (25), we get

KW(loflnizq)l q2 (g'x y) g(xry)‘

nq,K t 82
< Kislln;q)l 0" </x (t— u)%du X, y)’
(ag,02) N
+ K”l}f’tzrlh/qz </y (s — U) d X, y) ‘
9% (u,
< ki (| 1wl 52 )
[21g1 [11]g; x+1
| e | Rl gy +1 ’ 2g(u,y )‘ L
x [Z]m [n1 + 1]% ou?
+K”01‘1n0;2’/71 I </ |5 ) dov ;x,y)
[2]a, [19)ao y-+1
+ /[fﬂzz[”zzizlyfiz [2]‘72 [n2]'72y+1 _ U’ azg(xl U) do
y [Z]QZ [”2 + 1]@2 0v?
2
(10 . gyl +1
< | Kinogua ((t —x) ,x,y) + (m —x) | 18l
oc o [Z]q [nz] y+1 2
1/42) _ 2 92 _
+ n1 12,4142 ((S ) ) + ( [2]472 [7’12 ¥ 1]172 y) HgHCZ(Iz)
2 n 2
(1) (“2) (1 — [Z]thgllx) (1 - [2}42‘722”
< .
> (snl ( ) + 0 (}/) + [2]%] [7’11 + 1]%1 [2]%2 [7’12 + 1]52 ||g| ‘CZ(IZ)

On the one hand, by Equations (5) and (25), and Lemma 2, we obtain

K,S”flniqu w(fix, y)‘

(ag,a2) [2]111 ["ﬂ‘hx +1 [2]172 [nZ]qzy +1
< Ky, QZ(f X, y)‘ ’f( mql [ +1]q1 ’ [z]qz[”2+1]q2 )‘+ |f(x, y)] (27)
< BlIflleey-

Now, Equation (25) and Inequality (28) imply

Kiiina (fixy) = f(x,y)]

REA2)  (Foxy)— f(ny) + f (

2] 1[”1]q1x +1 [2]% [”2]012]/ +1 _
[2]171 [nl =+ 1]171 ’ [z]qz [712 + 1]112 ) f( /y)’

< RO — @) |+ (K o (855, ) = 8(x,y) | + 8(x,y) = f(x,y)]
2] [m1]gx + 1 [2]g,[12]g,y + 1) ‘
+ 7 - x/
1 Rl + 1oy Bl + 1y ) Y
< 4llf = gllege) + | Rz g (g5, ) — g(x,y))

g mlgx +1 [2g[no]gy +1Y ;
‘f ( s+ 17 [21q2[nz+11q2) 4 '”‘
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2

(1) (a2) (1 - [2]g,9)"x)

Ony 7 (x) + 0, (y) + m
(1 - [2)p052)° 1= [2g 47" x 2]4,95%Y
+U%m;+aika%}+w<ﬁ[ﬂﬂm:;hq’[]gmli

1 . w 1—12]g m )2 ) 2
< 4K <f;4 l(s,ﬁl () + o (y) + ([2]51[[71]3 le]gz * ([2}%[;1; 121]]/5) D
+w (f;

) |

Finally, by the relationship between Peetre’s K-functional and second modulus of continuity,
we have

A

< {4||f —8llery +

)

1- [Z]fh‘ﬁlx
[2]{11 [711 + 1]%

1- [2}172‘7;2]/
’ [Z}QZ [7’12 + 1]{42

Kiiina (fixy) = f(x,y)]

1| ) (a2) (1-Rlpd')? | (1= 2lpgsy)’
< Clwy f'ZJ(S”l (x) + 0y (y) + [2]5][71;44_11}%1 + [2}%,2[1154—21]52

® %3 1_2]n1x2 1_22%2
*mi“{l'é’gf“ 4o+ (g Tt et }"f ”C“Z)]
+w (f;

(a1

where C is a positive constant, J;, )(x) and &2 (y) are defined in Equations (12) and (13). Theorem 3 is
proved. [

1- [z}qzquy
’ [2]112 [nZ + 1]112

1- [Z]m‘ﬁlx
[2]171 [1’11 + 1]%1

Finally, we derive the rate of convergence of K,(fl‘},’f;ing (f;x,y) via functions of Lipschitz class
Lipm(Z,n) if

£(ts) — Flxp)| < Mlt—xFls —yl", (t,5), (x,) € B L, 1 € (0,1]

Theorem 4. Letting f € Lipp({, 1), the following inequality holds:

4
2

K (9) — Fle )| < M 0] 0]

where M is a positive constant, (5,(1';‘1) (x), and 8,2 (y) are as in (12) and (13).

Proof. Since Kﬁ’f},ff,;lm (f) are positive linear operators and f € Lipa;(g, 1), then we have

Kyt (f%,9) = f(xw)|
K2 (£ (ts) — F(xy)]i%y)
MK’(ﬁlﬂiztgl 7 (|t —xfx, y) K’(’l‘f}’:‘i%‘;nllqnz (Is =yl xy),

IN

IN

with the help of the Holder’s inequality, respectively, we get

Kyt (fi%,9) = f(xw)|

< MK (= 0%0)]

[N

2

N‘
L

(K0 ()|
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2—-1

, 2
(K20 (G|

ok

< K (= )%x)

= M58 (x)] : BRI

where M is a positive constant, (5,%1) (x), and 8,2 (y) are as in Equations (12) and (13). O

5. Approximation Properties for UKy!:2 o o (f)
Let X and Y be compact real intervals, we give the following definitions, which can be referred

to [18-20].

(i)  fis called B-continuous function in (xg,yp)€X x Y if

lim  Af((x,y), (x0,%0)) =0,
(xy)—(x0.y0)

where Af((x,y), (x0,y0)) = f(x,y) = f(x0,y) = f(x,y0) + f(x0, Yo)-
(i)  f is B-differentiable function in (xg, ) € X x Y and denoted by Dg f(xo, yo) if it exists, and the
following limit is finite:

im A (), (x0,0))
(xy)—=(om)  (x —x0)(y —Yo)

(i) f is B-bounded on X x Y if there exists k > 0 such that |[Af((x,y),(t,s))| < K for any (x,y),
(t,s) € X X Y.

(iv) B(X x Y): the space of all bounded functions on X x Y.

(v) C(X xY): the space of all continuous functions on X x Y.

(vi) By(XxY) = {f : XxY — R|f is B-bounded on X x Y} with the norm ||f||z =
SUP (), (ts)exxy | OF (%), (£5))]-

(vil) Cp(X xY)={f:XxY — R|fis B-continuous on X x Y}.

(viii) Dp(X xY) = {f: X xY — R|f is B-dif ferentiable on X x Y}.

(ix) For f € By(X xY), 51,6, > 0,

Wmixed (f701,02) = sup{[Af((x,y), (£:5))] : |x =t} < 01, |y — ] < &}

is called the mixed modulus of smoothness.
(x)  LetL:Cy(X xY) — B(X x Y) be linear positive operator, forany f € C,(X x Y), (x,y) € X x Y,

UL (f(ts);x,y) = L(f(ty) + f(x,8) = f(E,5);x,y),

is called the GBS operator.

(“1/“2)

In order to estimate the rate of convergence of UK, 14, 4.,

known results.

(f;x,y), we give the following

Theorem 5. (See [21]) Let L : Cp(X X Y) — B(X x Y be a linear positive operator and UL : Cp(X X Y) —
B(X x Y) the associated GBS operator. Then, for any f € C,(X x Y), any (x,y) € (X X Y) and any
01,00 > 0, we have

UL (f(t,s);x,y) = f(x,y)|

< (w11 —L(eoo;x,y) | + |L (eoo; x,y) + 6, /L ((t—x)%x,y)
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+‘52_1 \/ L ((S - y)Z; X, y) + (51_152_1 \/L ((t - X)Z(S - 3/)2} X, y) wmixed(f; 51/ 52)‘

Theorem 6. (See [22]) Let L : Cp(X X Y) — B(X X Y) be a linear positive operator and UL : C,(X X
Y) — B(X x Y) the associated GBS operator. Then, for any f € Dy(X x Y) with Dgf € B(X x Y), any
(x,y) € (X X Y) and any 61,5, > 0, we have

UL ((t,5);%,y) — f(x,)]
£ )| 11— L (e00: )| + 311Dl eor/L (= 0)2(s — 1) 3, )

+ L= 226 =)+ L= 06— pn)

oL (= x2(s — y)h ) + 6716 1L (=02 =y x,y)]
X Wiixed (D f;01,02) -

IN

Now, the rate of convergence of LIK,S‘I};’;%W (f) to f € Cp(I?) is given.

Theorem 7. For f € Cy(I?), the following inequality holds:

1 1
UK 0 (%, 9) = £(9)| < Mimieed <f V1 Vit l ) '

where M is a positive constant.

Proof. Using Corollary 2, we have

Kiiaun (=76 —y)y)

= Kuimgia ((f —x)%x, y) Koutm,1.42 ((5 -y)% x,y)
GG
[1’11 + 1]% [1’[2 + 1]112

applying Theorem 5, we get

a1,02)
‘UK”l M2,91,92 f X, y

G Cz _
\/MT \/MT 610o \/ nl + 1 ql 7’12 + 1] wmzxed(fr 51152)'
Therefore, Theorem 7 can be derived by choosing §; = \/ﬁ and 6, = \/ﬁ 0
Finally, the rate of convergence of UKE,?IHD;Z{; L (f) to f € Dy( 12) is given.

Theorem 8. Let f € D, (1), Dgf € B(I?), (x,y) € I and ny, ny > 1, the following inequality holds:

’UKniqniqu 0 (fxy) = flx, y)’

1 1
D © mixe Dgf; ’ ’
[DBflleo + w d( 8f \/[nl-i—l]ql \/[”2+1]Q2)]

M,
\/[”1 + g, [12 + g,

where Mj is a positive constant.
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Proof. For (x,y),(t,s) € [>and i,j € {1,2}, we have

, 2i 2j. _ , 2i, , 2j.
Kzi,;%,ql,qz ((t - X) l(s - y) ]/ x/]/) - Kﬁ%,g,ql,qz ((t - X) l/ x1y> Kﬁ%,ﬁ;,ql,qz ((S _y) ]/ x1y> .

Then, using Theorem 6 and Corollary 2, we have

‘UK”ﬂlézlgih,qz(f X, ]/) f(x,]/)‘

C1Cy G168
< D
3] Bf||w%n A +(\/[m“ql &

CCs C1Cy C1C
n1+1 (12 +1]g, n2+1 [n1 + 1]y, (51(52 (1 4+ 1], [n2 + 1]y,

X Wiixed (DBf 51/ (52

1

1 (52 —
\/[nl +1g, \/[nz+1]q2

Hence, taking 6; = , we obtain the desired result of Theorem 8. [

6. Conclusions

(1,02)

In the present paper, a family of bivariate «, -Bernstein-Kantorovich operators Ky, ',%, 4, (f; X, y)
and a family of GBS operators of bivariate «, g-Bernstein—-Kantorovich type UK%%%‘;MZ (f(t,s);x,y)

are introduced, the degree of approximation for K,(fflnizq]/qz (f;x,y) is investigated by using the

definitions of partial moduli of continuity and K-functional, and the rate of convergence of

UK,ST};,Z%L;WZ (f(t,5); x,y) for B-continuous and B-differentiable functions is also estimated.
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