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Abstract: In this paper, we introduce generalized Wardowski type quasi-contractions called
a-(¢, Q))-contractions for a pair of multi-valued mappings and prove the existence of the common fixed
point for such mappings. An illustrative example and an application are given to show the usability of
our results.
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1. Introduction

For a metric space (A, d), let CB(A) be the class of all nonempty closed and bounded subsets of
A and IC(A) be the class of all nonempty compact subsets of A (it is well known that £(A) C CB(A)).
The mapping § : CB(A) x CB(A) — R* U {0} defined by

H(P,Q) = max{supd(p,Q),supd(q, P)}, forany P,Q € CB(A)
peP qeQ

is called the Pompeiu—Hausdorff metric induced by d, where d(p,Q) = inf{d(p,q) : q € Q}
is the distance from p to Q C A. For example, if we consider the set of real numbers with
the usual metric d(17,0) = |7 — 0|, then, for any two closed intervals [4,b] and [c,d], we have
H([a,b], [¢c,d]) = max{|a —c[,|b—d[}.

In 1969, Nadler [1] extended the Banach contraction principle as follows:

Theorem 1 ([1]). Let (A, d) be a complete metric space and Y : A — CB(A) be a multi-valued mapping
such that

H(Yn,Ye) < kd(1, ) &
forally,0 € A, wherek € [0,1). Then, Y has at least one fixed point.

Recently, Wardowski [2] gave a new generalization of Banach contraction to show the existence
of the fixed point for such contraction by a more simple method of proof than the Banach’s one.
After that, several authors studied different variations of Wardowski contraction for single-valued
and multivalued mappings—for example, see [3-8]. On the other hand, Aydi et al. [9] studied a
common fixed point for generalized multi-valued contractions. In this paper, we introduce the concept
of a-(¢, Q)-contraction for a pair of multi-valued mappings and prove the existence of common fixed
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point for such mappings. Our results generalize and improve many existing results in the literature
(for instance, [7,9]). In addition, an illustrative example and an application to the system of
Volterra-type integral inclusions are given.

2. Preliminaries

In the sequel, we recall some definitions and results which will be used in this article. Following [2],
denote by E the collection of all functions () : R* — R satisfying the following conditions :

(Q1) Qis strictly increasing,
(O2) For each sequence {0y} in (0, +c0), nlgn 0y = 0if and only if nlgn Qo) = —oo,
(Q3) There exists k € (0,1) such that lim,_,q+ 0¥Q(c) = 0.

Definition 1 ([2]). Let (A, d) be a metric space. A mappingY : A — A is said to be an Q-contraction if there
exist T € R™ and Q) € E such that for all 17,0 € A,

d(Yy,Ye) > 0= 7+ Q(d(Yy,Ye)) < Qd(n,0))- )

It should be noted that any contraction is an ()-contraction. To see this, suppose that Y is
a contraction on a metric space (A, d) with constant k € [0,1) that is, d(Y#, Yo) < kd(y,0), for all
1,0 € A Ifk =0,d(Yn,Yo) = 0 and we have nothing to prove. In the case where k € (0,1), taking In
on both sides of the contraction, we get

— Ink +In(d(Yn,Yo)) < In(d(1,0)) ®)

forally,0 € A withd(Yn,Yo) > 0. Putting T = —Ink and Q(t) = Int in the above inequality, we have
an ()-contraction.

Example 1 ([2]). The functions Q : RT — R defined by

1) Q) =Inc,

2) Qo) =Inoc+o,
(3 Q)=

4) Qo) =In(c?+0),

belong to &.

Theorem 2 ([2]). Let (A,d) be a complete metric space and Y : A — A be an Q-contraction. Then, Y has
a unique fixed point y in A and for any point § € A the sequence {Y" 1} converges to .

In 2012, Samet et al. [10] introduced the notion of x-admissible mapping as follows:

Let A be a nonempty set. The selfmap Y on A is called a-admissible whenever there exists a map
a: A x A —[0,00) such that a(r,0) > 1 implies a(Y#,Yo) > 1, for all 7, 0 € A. In addition, it is well
known that A is called a-regular, if for any sequence {7, } in A that #, — n and a(#,, 17,11) > 1 for all
n, then a(7,, ) > 1 for all n. In 2013, Mohammadi et al. introduced the notion of x-admissiblity for
multi-valued mappings as follows:

Definition 2 ([11]). Let A be a nonempty set and 2 is the set of all nonempty subsets of A. A multi-valued
mapping Y : A — 2\ is called a-admissible, if there exists a function a : A x A — [0, 00) such that, for each
n € Aand o € Yy with a(y,0) > 1, then a(o,u) > 1 forall p € Yo.
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3. Main Results

Let ®@ denote the set of all the functions ¢ : R — R satisfying:

(1) limy—eo 2" < Oforallt > 0;

n

(¢2) @(t) < tforallt>0.
(¢3) ¢ is nondecreasing and upper semi-continuous.

Example 2. The functions ¢ : R — R defined by

(1) ¢1(t) =t — T where T >0,
£—-1, t<1,

@ "’Z(t):{ Vi-1, t>1.
belong to ®.

It is easy to see that any function ¢ satisfying (¢1) has the property that nlgn @"(t) = —oo for all
t>0.

Definition 3. Let A be a nonempty set. We say that a pair (Y,T) of multi-valued mappings Y,T : A — 2
is a-admissible, if there exists a function a : A x A — [0,00) such that

(aq) foreachn € Aand o € Yy with a(n,0)
(xp) foreachn € Aand ¢ € Ty with a(n, 0)

>1,then a(o,u) > 1forall u € To,
> 1, thena(o,u) > 1forall y € Yo.

It is well known that a function a : A X A — [0,0) is called symmetric if a(1,0) > 1 implies
a(o,7) > 1forall 7,0 € A. We say that a pair (Y,T) of multi-valued mappings Y,T : A — 24
is symmetric a-admissible if there exists a symmetric function a : A x A — [0,00) such that (Y,T)
is a-admissible.

Definition 4. We say that a pair of mappings Y,T : A — CB(A) is a-(¢, Q)-contraction whenever there
exista : A X A — [0,00), ¢ € ®and Q) € E such that

QH(Yn,Te)) < 9(QAM(1,0))), 4)

forally, 0 € Awitha(ny,0) > 1and $H(Yy,To) > 0 where

MUy, 0) = max{d(y, 0),d(, Yn), (o, Tg), "1 T0) erd(@, Yn),

Theorem 3. Let (A, d) be a complete metric space and Y, T : A — IC(A) be two mappings such that (Y,T')
is an a-(¢p, Q)-contraction. Assume that the following assertions hold:

(i) There exists g € A and 1y € Yy such that a(1o,11) > 1,
(i) (Y, T) is a symmetric a-admissible pair.

Then, Y and T’ have a common fixed point provided that one of the following holds:

(C1) Y and T are continuous,
(C2) Cis continuous and N\ is a-regular.

Proof. It is easy to check that, if M(y,0) = 0, then 7 = ¢ and it is a common fixed point of Y
and I'. Let 79, 1 be as in the assumption (i) that is, 79 € A and 177 € Y1y be such that a(1o,71) > 1.
We consider the following steps:
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Step 1: If M(19,71) = 0, then 179 = #; is a common fixed point of Y and I'. Thus, we may assume
that M(#o,71) > 0. Now, we have

d(no,Tn) +d(m,Y
M(UO/’?l) :max{d(ﬂ(h U]),d(?]O,YﬂQ),d(ﬂl,rT]]), (’70 171) P (’71 ’70)}

= max{d (o, 111), d(1n, T1m) }-
Consider the following two cases:

(Case a): d(n1,Tn;) =0, thatis, 17; € I'j;. In this case, since (Y,T) is symmetric a-admissible pair,
1 € Yno and a(no,171) > 1, by («1), we have a(n1,171) > 1. If d(1,Yn;) > 0, then by
a-(p, QY)-contractivity of the pair (Y,I'), we have

Q(d(m,Yn)) QH(Ty1, Yn))
P(Q(M(y1,1m1)))

= Q(d(n1,Yn)),

<
<

which is a contradiction. Hence, 771 € Y71 and so #; is a common fixed point of Y and I'.
(Case b): d(n1,Ty1) > 0. In this case, we have $(Y#o,Tn1) > d(11,T11) > 0. Since a(rp,71) > 1 and
the pair (Y, T') is a-(¢, Q))-contraction, we have

Qd (11, Tm)) < QH(Yno,T11))
< @(Q(M(10,11)))
= ¢(Q(max{d(1o,11),d(n1,T11)}))- 5)

In the case max{d(no,#1),d(m,Tm)} = d(y1,Tn), we have Q(d(y1,Tn1)) <
@(Q(d (171, Tn1)), which contradicts with (¢,). Hence, max{d(#o,%1),d(n,Tn1)} = d(no,m)
and then we have

Qd(m,Tm)) < e(Qd(170,1m)))- (6)

On the other hand, since I'y; is compact, there exists 7, € I'y; such that d(11,72) =
d(n1,Tny). Substituting in (6), we get

Q(d(11,12)) < 9(Q(d(770,771)))- @)
Note that, since (Y, I') is symmetric a-admissible pair, we have a(11,72) > 1.

Step 2: If M(#2,171) = 0, then 71 = 1 is a common fixed point of Y and I'. Thus, we may assume
that M(72,71) > 0. Now, we have

d(n1, Yn) +d(y2, T
MOz, 1) = max{d (1, 12), dGp2, ), 4o, ), 20 ’72)2 e ),

= max{d(n1,72),d(112, Y2) }-
Consider two cases:

(Case 0): d(12,Y12) = 0 thatis, 7, € Y#,. In this case, since (Y, T) is symmetric a-admissible pair,
12 € Ty and a(y1,12) > 1, by (x2), we have a(12,172) > 1. If d(#2,T12) > 0, then, by
a-(¢, ())-contractivity of the pair (Y,I'), we have

QH (Y12, Tr2))
P(QUM(112,12)))
= Q(d(n2,Tn2)),

Qd(2,T2)) <
<
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which is a contradiction. Hence, 77, € '3 and so #; is a common fixed point of Y and T'.
(Case d): d(12,Yn2) > 0. In this case, we have (Y12, T11) > d(n2, Y12) > 0. Since a(#1,12) > 1 and
the pair (Y, T') is a-(¢, ()-contraction, we have

Qd (112, Yn2)) < Q(H(Yn2,T111))
< ¢(Q(M(2,1m1)))

= ¢(Q(max{d(n1,12),d(n2, Yn2)})). ®8)

In the case max{d(n1,12),d(n2,Y12)} = d(n2,Yn), we have Q(d(2,Yn2)) <

@(Q(d(12,Y1n2)), which contradicts with (¢p). Hence, max{d(n1,12),d(12, Y12)} =
d(m,1m2), and so

Qd(n2, Yn2)) < 9(Qd(171,112)))- )

On the other hand, since Y7, is compact, there exists 73 € Y, such that d(1,13) =
d(n2,Yny). Substituting in (9), we get

Qd(12,13)) < @(Qd(111,712)))- (10)

Substituting (7) in (10), we get
Qd(n2,13)) < ¢*(Qd(170,71)))- (11)

Continuing this process, either we find a common fixed point of Y and I' or we can construct

a sequence {1, } in A such that 72,11 € YH2u, Mon+2 € Ton1, A, ns1) > 0, a(fu, n41) > 1 for all
n € NU{0} and

Qd(n, nr1)) < @"(Qd(10,1m1))) (12)

foralln € N.
Put v, = d(ijn, 1y+1)- Then, from (12), we have

Q(rn) < ¢"(Q(70)) — —oo,

as n — oo. Thus, lim, e Q(y,) = —o0. From (02), limy, 0 v = 0. Then, for any n € N, we have

'Ynk(Q('Yn)) < 'Ynkfpn(Q(’YO))-

Taking the limit on both sides of the above inequality, we obtain lim, e 759" (Q(70)) = 0. In
addition, from (¢1), there exists A > 0 such that \M| > A. Now, we have

Q)
win < b E T ko)),

Taking the limit on both sides of the above inequality, we obtain lim;, e n’y’,ﬁ/\ = 0, and so
limy, 0o n'y’,g = 0. Therefore, there exists N € N such that v, < il for all n > N. Now, for any
nk

m,n € Nwith m > n, we have

’711/ 77m Z

From the above and from the convergence of the series } ;- 1/ ik, we receive that {#n} is a Cauchy
sequence. From the completeness of A, there exists € A such that limy, e 17, = p.
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Suppose that the condition (C1) is satisfied. Then,
d(u, Yu) = lim d(i2n11, Yi) < HmH(Yrz, Yp) = 0

and
d(u,Tu) = nh_{lgo d(an42,T) < nlg{}oﬁ(rﬂznﬂrrﬂ) =0.

Thus, i is a common fixed point of Y and I'.
Now, suppose that (C2) holds. Since A is a-regular, we have a(#,, ) > 1. Then, we consider
two cases:

(i) There exists N € N such that for all # > N one has Yy, = I'u. Then, 1,11 € Y12, = T'p.

Since #5441 — p and I'p is closed we get u € I'p.
(i) There exists a subsequence {12, } of {#2,} such that Y75, # Tu. In this case, suppose, on
the contrary, that d(p, Ti) > 0. Then,

Qd(n2n,41,Tp)) < QHX1720, Tp))
< 9(QAM(n2n,, 1))
— QA (max{d (1), A, Yo, ), A, Tp), 2 L H AU )y

Taking the limit on both sides of the above inequality, we obtain Q(d(p, Ti)) < ¢(Qd(u,Tn)),
a contradiction. Thus, d(u,Tu) = 0and so p € Tp.
A similar technique can be used to show that y € Yu. O

Taking ¢(t) = t — T in Theorem 3, we obtain the following result.
Corollary 1. Let (A,d) be a complete metric space and Y, T : A — K(A) be two mappings satisfying
T+ Q®(Yn,Te)) < Q(M(y,¢))
forally, 0 € Awitha(ny,0) > 1and $H(Yy,To) > 0, where T > 0, ) € E and

M(,0) = max{d(, ), (1, Y1), (¢, Tg), 11T ;d(glyn) }.

Assume that the following assertions hold:

(i) There exists g € A and 1y € Yy such that a(1o,11) > 1,
(i) (Y, T) is a symmetric a-admissible pair.

Then, Y and I have a common fixed point provided that one of (C1) and (C2) holds.
Taking Q)(t) = Int + t in Corollary 1, we obtain the following result.
Corollary 2. Let (A, d) be a complete metric space and Y, T : A — K(A) be two mappings satisfying

H(Y1,TQ) &(vyro)-Mme) « -1
H,1e) a(vy, Q) <1
M(n,0) a

forally,0 € Awitha(ny,0) > 1and $H(Yy,Yo) > 0, where

M(#n,0) = max{d(n,0),d(n,Yn),d(v,Yo), d(n,Yo) erd(Q, Y7) .

Assume that the following assertions hold:
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(i)  There exists 1y € A and 1 € Yo such that a(1o,11) > 1,
(i) (Y, T) is a symmetric a-admissible pair.

Then, Y and I’ have a common fixed point provided that one of (C1) and (C2) holds.

Example 3. Let A = {k, = "("ZH) :n =1,2,...} U{0} and d(n,0) = |y — o|. Define Y,T : A —
K(A) by
{0}, n=0,
Y =4 {m}, n = K1,%2,
{Kl/KZ/"‘IK}’l—l}I N =Ky N 2 3r
and
{0}, n=0,
1—';7 = {Kl}/ N = K1,K2,
{K2/K3/' . '/K}’l—l}/ 77 =Kp, 1 Z 3
Define a function a : A x A — [0,00) by a(y7,0) =1ify,0 € {xp :n=1,2,...} and a(y,0) = 0, otherwise.
Then, for any (n,0) € A with a(xy,0) > 1and $H(Yn,To) # 0, we have the following cases:

Case1: 1 =xyand ¢ = x,, n > 3. Then,
H(Yn,To) = H({r1}, {K2, ... kn-1}) = [kn—1 — 1|
and M(y,0) = |k, — 1|. Hence, we have

fJ(YKD rK?l) 9 (Yr,,Tkn ) —M(x1,kn) Kp—1—1 Kn—1—Kn

M(xq, %) ¢ ok, —1 ¢
-1
_ n(n2 )_167’1
1
n(n2 )_1
<e L

Case?2: § =x,, n > 3and ¢ = xq. Then,
H(Yn,To) = H({x1, k2, ., ky—1},{F1}) = [K0-1 — 1
and M(n,0) = |x, — 1|. Hence, we have

ﬁ(YK"/ rKl) ef)(YKn,rK])fM(Kn,K]) _ Kn—1— lexn,]fxn

M(xy,%1) Kn— 1
n(n—1
ey
n(n+1
CESTR
<e L.

Case 3: n§ =1 and ¢ = x,, n > 3. Then,

H(Yn,To) = H({x1}, {x2, s Ky1}) = K41 — 11
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and M(n,0) = |kn — K2|. Hence, we have

H(YK2, TKn) 5 (Yo, Pr)~ Mo ) _ K1 — 1

_ eKn,lnyer
M(x2,%n) kn —3
n(n—1)
_ 2 1 —n+2
n(n+1)
7 3
<e!

Case4: 1 =y, n > 3and o = k. Then,

ﬁ(Yn/ FQ) - ﬁ({Kll Kz,...,anl}, {Kl}) = ‘anl - 1‘
and M(y,0) = |kn — K2 |. Hence, we have

H(YKn, TK2) 55 (Yo L)~ Mk ea) _ Kn1 =1 ey
M(Kn, Kz) Kn —3
n(n—1)
_ 2 16*”+2
n(n+1)
metl 3
<e L
Case 5: 1y =, and ¢ = K, n > m. Then,

DYy, To) = H({r1,x2, ... ky—1}, {K2, oy Kn—1}) = K1 — Kp—1

_n(n-1) m(m—1)

(n—m)(n+m—1)
2 2

2

and

M1,0) > [0 — 10| = nn+1) mm+1)

(n—m)(n -+ m+1)

2 2

2
Hence, we have

ﬁ(YK”’er)ef)(YKn,er)fM(Kn,Km) < n+m— 1ef(nfm) < 671.
M(Kanm) n+m+1

Case 6: 1 = Ky, and ¢ = k,, n > m. Then,

ﬁ(YW/rQ) = ﬁ({Kll KZ/ ceey KH’I71}/ {KZI ceey anl}) = K}’l*l - Kmfl

(m—m)(n+m-—1)
2 2 2
and

nn—1) m(m—1)

M1, 0) > [in — 16| = MUED) _ m(m £1)

2 2

(m—m)(n+m+1)
2 .

Hence, we have

'6(YK"1' rK”)ef)(YKm,rKn)fM(Km,Kn) < n+m-— 1ef(n7m) < (371.
M (0, Km) n4+m+1

On the other hand, it is easy to see that (Y, T) is a symmetric a-admissible pair. In addition, if we take
o = ko, 11 = k1, then 111 € Yno and a(1o,11) > 1. Thus, by Corollary 2, Y and T have a common

8of 12
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fixed point. Here, 0 is a common fixed point of Y and I'. Note that Y and T are not a generalized
contraction. Since

op B0 TR) g =1
n>3 M(Kn,Kl) n>3 Kn —1 HZI; n(nz-q-l) _1 7

Theorem 2.2 in [9] can not apply to this example.

Defining « : A x A — [0,00) by a(,0) = 1, for all 7,0 € A in Theorem 3, we have
the following result.

Theorem 4. Let (A, d) be a complete metric space and Y, T : A — K(A) be two mappings satisfying

QH(Yn,Te)) < 9(Q2(M(1,0))) (13)

forall y,0 € Awith $H(Yy,To) > 0, where p € ®and Q € E. IfY, T or Q be continuous, then Y and T have
a common fixed point.

Taking ¢(t) = t — T in Theorem 4, we obtain the following corollary.
Corollary 3. Let (A,d) be a complete metric space and Y, T : A — K(A) be two mappings satisfying
T+ QH(Yy,Te)) < QA(M(7,0))

foralln, 0 € A with $H(Yn,To) > 0, where T > 0, ) € E and

My, ) = max{d(y, o), d(y, Yr), d(g,Tg), 21T erd(Q/YW) .

IfY, T or Q) is continuous, then Y and I' have a common fixed point.
Taking Q)(t) = Int + t in the Corollary 3, we obtain the following corollary.
Corollary 4. Let (A, d) be a complete metric space and Y, T : A — KC(A) be two mappings satisfying

H(Y1,TQ) 5(vyro)-Min0) < ,-1
M(1, 0) B

forally,0 € Awith $H(Yn,To) > 0, where

M(n,¢) = max{d(n,¢),d(1,Yn),d(¢,Te), 2. Te) Zd(Q/Y") }.

If Y, T are continuous, then Y and I" have a common fixed point.

4. An Application to Volterra-Type Integral Inclusions

Let A := C(J,R) (J = [a,b]) be the set of all real valued continuous functions with domain
J and let

d(n,0) = su};(lv(t) —ot)|) =1y —qll, forally,oeA.
te
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Consider the system of Volterra-type integral inclusions:

7(t) € p(t) + [ K(t,sn(s)ds, t€ [a,b,

% (14)

n(t) € p(t) + [ G(t,s,1(s))ds, t€ [ab],

a

wherep: J - Rand K,G: J x J x R — CB(R) are continuous.

Theorem 5. Assume that there exist T > 0 and a continuous function q : J — R with fab g(t)ydt <1
such that

_ q(s)[n(s) — als)]
H(K(ts,1(s)) = G(ts,0(5))) < 2l —oll + 20— a1’ (15)

foreachs,t € J and n, 0 € A. Then, the system of integral inclusions (14) has a solution in A.

Proof. Define Y,T: A — K(A) as

Yi(t) = {ueA:uep(t)+ /tK(t,s,n(s))ds}, t € [a,b]

and
In(t) ={ueA:uecpt) +/a G(t,s,1(s))ds}, t€[a,b].

Asin [12], it is easy to show that Y and I'y are nonempty, for all 4 € A. Now, lety,0 € Aand u € Y.
Then, there exists k;, (t,s) € Ky (t,s) for each t,s € J such that u(t) = p(t) + f; ky(t,s)ds, forallt € J.
From (15) and as in [12], it is easily seen that there exists v(t,s) = go(t,s) € G,(t,s) satisfying

q(s)[n(s) = a(s)|
ky(t,s) —o(t,s)] < . (16)
bt ) =N = Sy ol 2oyl + 1
Taking r(t) = p(t) + f; So(t,s)ds, we have r(t) € T'g and

u(t) — r(t)] = |/k,7(t,s)ds . /gg(t,s)ds|

t
< [ kyt3) = golt,s) ds

<i 1()1n(s) — a(s)
— Sl =l + 2/l — ol +1

|7 — ol

b
< d
< (a/‘i(s) S)T2||,7_Q||+2T 7 —ell+1

d(1,0)
: w2d(17,0) +21/d(,0) + 1 i

Taking sup as t € J, we obtain

(1, 0) '
T2d(17,0) +274/d(17,0) +1

[ =[] <
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Interchanging the rule of 7, ¢ in the above argument yields that

5(Yn,Tg) < 4(1,0) - 18)

T2d(1n,0) +214/d(17,0) +1

J/9(Yy, To) < —YIIQ) d(1,¢ (19)
T/d(n,0 +1

forally, 0 € Awith Y # I'o (and subsequently 1 # o). Inverting the above inequality and performing
some algebra actions, we get

Therefore,

-1 -1
+ < (20)
VH(Yn,Te) = +/d(n,0)
forall 7,0 € A with Yy # T'o. Now taking Q)(t) = _71, we obtain
T+0QH(Yn, L)) < Qd(y,0)) < QAM(1,0)), (21)

for all 7,0 € A with Yy # To, where M(#,0) is as in Corollary 3. We see that the conditions of
Corollary 3 are satisfied. Thus, Y and I have a common fixed point. Hence, there is a solution
for (14). O

5. Conclusions

In this paper, we introduced a new generalization of Wardowski type contractions and established
common fixed point theorems for such multi-valued contractions. The new contraction will be
a powerful tool for the existence solution of the systems of integral inclusions and fractional differential
inclusions. We think that different versions of this new contraction can be considered in abstract spaces.
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