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1. Introduction and Preliminaries

The research on modulars and modular spaces was begun by Nakano [1] as generalizations of
normed spaces. Since the 1950s, many prominent mathematicians like Luxemburg, Mazur, Musielak,
and Orlicz [2-5] developed it extensively. Modulars and modular spaces have broad branches of
applications, e.g., interpolation theory and Orlicz spaces.

We start by considering some basic relevant notions.

Definition 1. ([1]) Let X be a vector space over a field K (R or C). A generalized function p : X — [0, o0] is
called a modular if for any o, B € Kand x,y € X,

(1) p(x) =0ifand onlyif x =0,
(2)  p(ax) = p(x) for every a with |a| =1,
(3) plax+By) <p(x)+p(y) ifa+p=1anda,p > 0.

If the condition (3) is replaced with
4) plax+ By) < a’p(x)+ Fp(y) ifa* + p° =1land o, p > Owithans € (0,1],

then p is called an s-convex modular. We call 1-convex modulars as convex modulars.
A modular p on X generates a linear subspace X, of X naturally defined by
X fd X 1. )\ - 0 .
p={xeX]| sm o (Ax) =0}

X, is called a modular space.
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Definition 2. Let X, be a modular space and {x, } be a sequence in X,.

(1) {xy} is p-convergent to a point x € X, if p(xn — x) — 0as n — oo. The point x is called the p-limit of
the sequence {x, }.

(2)  {xn} is called a p-Cauchy sequence if p(x, — x) — 04as n,m — oco.

(3) X, is called p-complete if every p-Cauchy sequence in X, is p-convergent.

Remark 1. If p is a convex modular and 0 < A < 1, we have p(Ax) < Ap(x) for all x € X,. If p is a convex
modular,and A; > 0,i =1,2,...nand Ay + Ay + ...+ Ay < 1, then p(Axq + Apxp + ...+ Auxn) < Aqp(x71) +
Ap(x2) + ...+ Anp(xn). If {xn} is p-convergent to x, then {ax,} is p-convergent to ax, where 0 < a < 1.
But the p-convergence of a sequence {x,} to x does not imply that {cx,} is p-convergent to cx for scalars c
with |c| > 1.

There are two notions that play important roles when we study modulars. A modular p is said to
have the Fatou property if p(x) < liminf, .. p(x,) for every sequence {x,} that is p-convergent to x. p is
said to satisfy the Ap-condition if there exists a constant T > 0 such that p(2x) < tp(x) forall x € X,.

Example 1. For a measure space (Q, %, ), let L) be the collection of all measurable functions on Q). Let

L) = {f € L0) | [ p(IAF(x))dp(x) = 0as A 0},

where ¢ : [0,00) — R is assumed to be a continuous, positive, convex and nondecreasing function increasing
to infinity with ¢p(0) = 0. We can take, e.g., p(t) = e — 1. L?(u) is called an Orlicz space. Define for
feLli(p), .

eo(F) = [ 9(lfdp

Then py is a complete modular.

The question of stability of a functional equation concerns the existence of an exact solution
near to the function satisfying the equation approximately. In 1940, Ulam [6] raised the first
stability problem. He proposed a question whether there exists an exact homomorphism near an
approximate homomorphism. Hyers [7] gave an answer in Banach spaces. Since then, many authors
have investigated the stability problems. We refer to [8-13] for more information on the stability of
functional equations.

The equality
2
Z J—

7

1 X+
lz =l +1lz =yI* = 5k —yIP +2 |z = 57

which is called the Apollonius identity, holds in inner product spaces. It motivated the following
quadratic functional equation,

Q= —x)+Qz —1) = Q- +20 (= 7 ¥). <1>

So, Equation (1) is called the quadratic functional equation of Apollonius type. Jun and Kim [14]
initiated the investigation of this functional equation.
Park and Rassias [15] introduced the following functional equation:

fle=n)+ flz =) = —3f ) +2f (- 251, @

called the Apollonius type additive functional equation and investigated homomorphisms in C*-ternary
algebras and JB*-triples associated with (2). In addition, in [16], the authors studied Jordan mappings
in C*-ternary algebras and JB*-triples associated with (2).
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When studying the stability of functional equations, many authors work in normed spaces.
However, there exist a number of topological spaces that are not normable. The concept of modulars
is wider than that of norms, so modulars have less properties than norms have, but they make more
sense in many particular situations. Working in a modular space, many authors often assume that the
modular satisfies the Fatou property or Ay-condition or both (see, e.g., [17,18]).

Recently, many authors investigated the stability of various functional equations on
modular spaces. We refer the readers to [19-26].

This paper consists of six sections. In Section 2, we show the stability of the following functional
equation without any condition on the modular;

2(z— ) +20(z-y) = ~f(x-+y) +4f (- T5Y). ®

In Section 3, we prove the stability of Apollonius type additive functional Equation (2) in modular
spaces under the condition that the modular fulfills the A;-condition but not necessarily Fatou property.

In Section 4, we obtain a similar result for f-homogeneous Banach spaces.

In Section 5, we show the fuzzy stability of the functional Equation (2) in fuzzy Banach spaces by
using a fixed point method.

In Section 6, we show the hyperstability of the functional Equation (2) associated with the Jordan
triple product in fuzzy Banach algebras.

2. Stability of (3) in Modular Spaces Without A,-Conditions

This section is concerned with the stability of the functional Equation (3). Dividing the functional
equation by 2, this equation is reduced to the Apollonius type additive functional equation (2).
Note that in the following theorem, the convex modular p is not assumed to satisfy any other condition.

Lemma 1. [15] Let V and X be linear spaces and f : V — X be a mapping such that

fa=3)+ Sz =)+ 3fxr) -2f (2= 52 ) =0

forall x,y,z € V. Then f is additive.

Theorem 1. Let V be a linear space, p be a convex modular, and X, be a p-complete modular space. Let ¢ :
V3 — [0, 00) be a function with

. o 1 - _ _
P(xy,z) =), E(P(‘lk Ly, a1y, 4517) < o )
=

b

forall x,y,z € V. Assume that f : V — X, is a mapping satisfying f(0) = 0 and

X+
p (2= 20y + fry) -3 (2= 1Y) ) < olwa) ®
forall x,y,z € V. Then there exists a unique additive mapping T : V — X, such that
p(f(x) —T(x)) < ¢(2x,2x,2x), x€V. (6)

The mapping T is defined by T(x) = p — limit f(i:x) , x€eV.

Proof. Replacing (x,y,z) with (2x,2x,2x) in (5) and letting ¥ (x) = ¢(2x,2x,2x), we have

o (f(4x) —4f(x)) < 9(2x,2x,2x) = ¢(x), x€V, @)
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hence,
1 1
p (/60— 50) < o) ®
Then by induction, we write
k k ,
0 (f(ikx) _f(x)) <) %1/;(47*%) 9)
j=1

for all x € V and all positive integer k. Indeed, the case k = 1 follows from (8). Assume that (9) holds
for k € N. Then we have the following inequality:

k+1, k. ax
0 (ﬂjki) —f(x)) ~ (}1 (f(‘zk‘” —f(4x)> (e —4f<x>>>

k. X
<o (f(“) —f<4x>> + 30 (40 — 47 ()

Hence, (9) holds for every k € N.
Let m and n be nonnegative integers with n > m. By (9), we have

p (18 £ _ (L (H 410 )

< Ly 4
— 4m fut 4]

lp4m+] 1 )

- Z qm+j

n 4k1
)

k=m+1

(10)

Then (4) and (10) yield that {f ') } is a p-Cauchy sequence in X,. The p-completeness of X,
guarantees its p-convergence. Hence, there exists a mapping T : V — X, defined by

T(x) = p — limit f(;LZx), xev. (11)
We see that
() (- 22) (530 )
<1 (T(4x) - f(4+1")> + 1, (f(wl") - T(x))

4n 4n+1
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for all x € V. Then by (11), the right hand side of (12) tends to 0 as n — oo. Therefore, it follows that
T(4x) =4T(x), x€V. (13)
Next, we calculate p(T(x) — f(x)). Note that for every n € N, by (13) we write

p(T(x) = f(x))

[y fd) —4f (4 ) f(4"x)

=0 <k_21 7 + (T(x) T >> (14)
(- fW) —4f(d ) 1 far!-4x)

=p (k_l 4k + 1 (T(4x) — 4711)) .

Since Y} _; gr + 1 < 1, it follows from (7) and (14) that

p(T(x) = f(x))

noq 3 1 4n—1'4
sg;4¢%jmﬁo—4fuk1m)+4p<Twa—f(@F1“ﬁ>

n n—1, 15
skxljlp(él" ' )+}Lp (T(M)—W) "
—kfliq)(z;k .oy, 461 0y, 4k-1 2x)+ p( (4 )—W), xeV.

Letting n — oo in (15), we obtain
p(T(x) — f(x)) < ¢(2x,2x,2x), x€ V.

Therefore, we arrive at (6).
Now, we prove that T is additive. We note that

+

2z —x) | 2@iz—y) . fExiy) Y (@E—5)
P 47 + 4j 4 N 4

(2f(4f(z—x)) F2f(W(z—y) + f@(x+y)) —4Af (4]- (Z_ x:y))) (16)

<L
4
lgo(éﬂx 4y, 4z) - 0asj—

forall x,y,z € V.
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Now, by (16) we have the following inequality

9(214 (ZT(Z—x)HT(z—yHT(”y)_4T (‘7‘_ xl—y)))

sz{p(T(Zx)W>+P(T(Zy)W)
) j(n _ XFY
+;p<T(x+y)—f(4](L+y)))+2P(T<Z—x1y>_f(4](z4j 4y))>]

‘ ‘ ‘ 4f (4(z — S
1 (Zf(47(z—x))+2f(4f(z—y)> FiGry) Y (VE-5 >))

4 4 T 4
—0asj— oo.

Hence, we get

T(z—x)+T(z—y)+;T(x—i—y)—ZT(z—x> =0

forall x,y,z € V. Then by Lemma 1, it follows that T is an additive mapping.
Finally, to show the uniqueness of T, assume that T; and T, are additive mappings satisfying (6).
Then we write

Ty(x) — T, 1 [ Ty(4%x 4kx 1(fdkx) To(4x
p< 1)~ 2(x)>_p<2< [CLICe )>+<f(4k) 24 >>)

1 (Ti(#x)  f(4x) 1 #x) T 4’< )
= 5f < 4k & | Taf

11 Ky k 4k
<3 7 (o (N ) + (Tz4 ~ )}
< %@(4" 2x, 4% - 2x, 4% . 2x)

[e)

-1 -1 -1
=) —qo 471 2x, 42,4 2
P )
— 0ask — oco.
This implies that Ty = T,. O
Now, we have the classical Ulam stability of (3) by putting ¢ =& > 0.

Corollary 1. Let V be a linear space, p be a convex modular and X, be a p-complete modular space. Assume f :
V — X, is a mapping such that f(0) = 0 and

p (2= 042G ) + S v —47 (- T2 ) ) <
forall x,y,z € V. Then there exists a unique additive mapping T : V — X, such that

xeV.

p(f(x) = T(x)) <

Wl ®
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Corollary 2. Let V be a normed linear space, p be a convex modular and X, be a p-complete modular space.
Let 0 > 0and 0 < p < 1 be real numbers. Assume that f : V — X, is a mapping satisfying

p (27 =042 =) + £+ =47 (2= 7)) <0017 + IylP + 21P)

forall x,y,z € V. Then there exists a unique additive mapping T : V — X, such that

p(f(0) - T() < 20, xev.

3. Stability of (2) in Modular Spaces with A,-Conditions

We show the generalized Hyers-Ulam stability of Apollonius type additive functional equation
from linear spaces to modular spaces.

Theorem 2. Let V be a linear space, p be a convex modular satisfying the Ay-condition with T and X, be
a p-complete modular space. Let ¢ : V3 — [0, 00) be a function with

Floy2) = Y o x4y, 402 < oo
k=1

orall x,y,z € V. Assume that f : V — X, is a mapping satisfyin 0) = 0and
y 4 pping g

p(f -0+ s+ 3fxrn —2f (- 25Y) ) < plxya a7

forall x,y,z € V. Then there exists a unique additive mapping T : V — X, such that
p(f(x) = T(x)) < t9(2x,2x,2x), x€V.
Proof. Since p satisfies the Ay-condition with 7, (17) implies

xX+vy

p (Zf(z—x) +2f(z—y) + flx+y) —4f (z— >> < T-9(x,y,2)

forall x,y,z € V. Then the conclusion is a direct consequence of Theorem 1. [

Putting ¢ = € > 0 in Theorem 2, we have the following result on classical Ulam stability of the
Apollonius type additive functional equation.

Corollary 3. Let V be a linear space, p be a convex modular satisfying the Ay-condition with T and X, be
a p-complete modular space. Assume f : V — X, is a mapping satisfying f(0) = 0 and

p(f-0+ s+ i -2 (- 25Y) ) <

forall x,y,z € V. Then there exists a unique additive mapping T : V — X, such that

p(f(x) —T(x)) < %, xeV.

4. Stability of (2) in f-homogeneous Spaces

Definition 3. Let X be a linear space over C. An F-norm is a function || - || : X — [0, o] such that

(1) ||x|| = 0ifand only if x =0,
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(2) ||Ax]|| = ||x]|| for every x € X and every A with |A| =1,
() |lx+yl < I3l + Iyl forall x,y € X,

(4)  ||Aux|| — O provided A, — 0,

(5)  ||Axy|| — O provided x, — 0.

(X, d) is a metric space by letting d(x,y) = ||x — y||. It is called an F-space if d is complete.

If, in addition, | tx|| = |¢/P||x|| for all x € X and t € C, then || - || is called B-homogeneous (B > 0).
A B-homogeneous F-space is called a B-homogeneous complex Banach space.

Remark 2. For an s-convex modular p, if we define
o = inf {a >0 ] o (g) <1}, xex,

then || - ||p is an F-norm on X, such that ||Ax|, = |A|°||x||o. Hence, || - ||, is s-homogeneous. Fors = 1,
this norm is called the Luxemburg norm.

Considering Remark 2, we prove the generalized Hyers-Ulam stability of (2) from linear spaces to
B-homogeneous Banach spaces.

Theorem 3. Let V be a linear space, X be a B-homogeneous complex Banach space (0 < B < 1), and ¢ : V3 —
[0, 00) be a function with

1 i i
P(x,y,2): 2/524(] 1ﬁqo(él-’ Yy, 71y, 4717) < (18)

forall x,y,z € V. Assume that f : V — X is a mapping satisfying f(0) = 0 and

1 X+
70+ s+ e -2f (s 52 < otwa 19
forall x,y,z € V. Then there exists a unique additive mapping T : V. — X such that
IIf(x) = T(x)| < @(2x,2x,2x), x€V. (20)

Proof. Replacing (x,y,z) with (2x,2x,2x) in (19), we get

H;f(élx) =2f(x)|| < ¢(2x,2x,2x), x€ V. (21)

By induction on k € N, using (21) and putting ¢(x) = ¢(2x,2x,2x), it is easy to see that

1 k
732 ]1)/51P ), xev (22)

kx
Hf(;lk ) )
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for all k € N. Let m and n be nonnegative integers with n > m. Then, by (22), we have

222 (2 )

477’!
1 1 n=m 1
S B 2P 2 2 0p?

( ]—l—m—lx)

IN

1% +m1
2?2 ]+m1ﬁl’b x)

1 ¢ -1
_ Loyl uwiy), xevw
2f l:§+l 4(-Dp

9o0f17

(23)

Since the last expression of (23) goes to 0 by (18), it follows that, for every x € V, the sequence

{%} is a Cauchy sequence in X. Since X is complete, we know that the sequence is convergent.

Hence, there exists a mapping T : V — X defined by

T(x) = lim L&)

n—soco 41 7

xeV.

Letting m = 0 and passing the limit # — co in (23), we obtain the estimate (20).
In order to show that T is additive, we write

HT(z—x) FT(z—y) + 5 T(x+y) -2 (z— )H
-3 -

4

s -1 o

(Z_xiy)_f(élf(z—%) H

— 0asj— oo.

Hence, we get
T(z—x)—kT(z—y)—i—%T(x—i—y)—ZT (z—?) =0

forall x,y,z € V. Then by Lemma 1, it follows that T is an additive mapping.
Next, assume that S : V — X is another additive mapping satisfying (20). Then we have

[IT(x) = S(x)|l
T(4kx) — f(4Fx) S(4Fx) — f(4kx)
< 7 + 7
7% ( g1y o gkti=1y 5. 4k+j—1x>

L
o0
2 50 (24752471, 2.4 )
%

—0ask — oo
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for all x € V, from which it follows that T = S. O

Letting ¢ = € > 0in Theorem 3, we obtain a result on classical Ulam stability of the Apollonius
type additive functional equation.

Corollary 4. Let V be a linear space, and X be a B-homogeneous complex Banach space with 0 < f < 1.
If f : V — X is a mapping satisfying f(0) = 0 and

1 X+
£+ s+ e —2f (- 52 <
forall x,y,z € V, then there exists a unique additive mapping T : V — X such that

xeV.

1f(x) =T <

46 —1
5. Fuzzy Stability of (2) in Fuzzy Banach Spaces

In this section we consider the stability of the Apollonius type additive functional Equation (2).
The following theorem is a fundamental result in fixed point theory.

Theorem 4. [27,28] Let (X,d) be a complete generalized metric space and let | : X — X be a strictly
contractive mapping with Lipschitz constant L < 1. Then for each given element x € X, either

d(]nx,]nJrlx) PN

for all nonnegative integers n or there exists a positive integer ng such that

1. d(J"x, J"x) < oo, forall n > ny;

2. the sequence {]"x} converges to a fixed point y* of J;

3. y* is the unique fixed point of | in theset Y = {y € X | d(J"x,y) < oo},
4 dlyy") < prdly Jy) forally € Y.

We use the definition of fuzzy normed spaces given in [29-31].

Definition 4. [29-31] Let X be a real vector space. A function N : X x R — [0, 1] is called a fuzzy norm on
Xifforall x,y € Xandall s,t € R,

(1) N(x,t) =0fort<0;

(2) x=0ifand onlyif N(x,t) =1 forall t > 0;

(3) N(cx,t) :N(x,l%‘)ifc#o;

(4) N(x+y,s+t)>min{N(x,s),N(y,t)};

(5) N(x,-) is a non-decreasing function of R and lim;_,eo N(x,t) = 1;
(6) forx # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

Example 2. Let (X, || - ||) be a normed linear space. Then

t .
N(x,t) = {t+x|' YEX A0

0, xeX, t<0
is a fuzzy norm on X.

Definition 5. [29-31] Let (X, N) be a fuzzy normed vector space. A sequence {x, } in X is said to be convergent
tox € X iflimy,se0 N(xy, — x,t) = 1 for all t > 0 and we denote it by N-lim, o X, = X.
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Definition 6. [29-31] Let (X, N) be a fuzzy normed vector space. A sequence {xy} in X is called a Cauchy
sequence if imy ;0o N (X4 — Xy, t) = 1 forall t > 0.

If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete, and the fuzzy
normed vector space is called a fuzzy Banach space.

Definition 7. [32] Let X be an algebra and (X, N) a fuzzy Banach space. Then the space (X, N) is said to be
a fuzzy Banach algebra if

N(xy,ab) > N(x,a)oN(y,b), x,y € X, a,b € R, (24)
where o is a continuous t-norm.

Example 3. Let X be an algebra and (X, N) be a fuzzy Banach space, where N(x, t) is given as in Example 2.
Then
N(xy,ab) > N(x,a)-N(y,b), x,y € X, a,b € R.

Hence, (X, N) is a fuzzy Banach algebra with o = -, the product, (see [32]).

Let (X, N) be a fuzzy Banach algebra and x, — x and y, — y be convergent sequences in (X, N).
It is easy to show that N-lim x,y, = xy (see [32]).

Now, we show the generalized Hyers-Ulam stability of (2) in fuzzy normed vector spaces via
a fixed point method.

Theorem 5. Let X be a real vector space, (Y, N) a fuzzy Banach space. Let ¢ : X> — [0, 00) be a function such
that ¢(0,0,0) = 0 and there exists an 0 < L < 1 satisfying

¢(4x,4y,4z) < 4Lo(x,y,z) (25)

forall x,y,z € X. Let f : X — Y be a mapping that satisfies

N(fe=0+ s gfern =2 (=50 0) 2 s e

forall x,y,z € X, t > 0. Then there exists a unique additive mapping F : X — Y such that

41— L)t
t+2¢(2x,2x,2x)’

N(f(x)—F(x),t) > [T xeX, t>0. 27)

The mapping F is defined by F(x) = N — limy, 00 27 f(4"x), x € X.

Proof. Replacing (x,y,z) with (0,0,0) in (26), we get

1 t
N(zf(o)’t) i+ o000 v 17 0,

so that f(0) = 0.
Replacing (x,y,z) with (2x,2x,2x), we see

t

1
N(Ef(4x) B 2f(x),t> = t+ ¢(2x,2x,2x)

Then, putting
t

M(x, ) = X, t>0
D)= ey ) Y0
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we have /

N(f(4x) - 4f(x),2t) - N(%f(élx) - 2f(x),t> e CERTRTL
hence,
NU@@—M@Lﬂ2t+M@;MJ@:AﬂLm XEX, t>0. (28)

By the definition of M(x, t) and (25), we note that for every n € N,
M (4"x,4"L"t)) > M(x,t), xe€ X, t>0.

Consider the set
S={plp: X—>Y}

and introduce the generalized metric on S by
d(p,q) =inf{u € RT | N (p(x) —q(x),ut) > M(x,t), x€X,t>0}.
Then (S, d) is a complete generalized metric space (see [33], Lemma 2.1). Now, we consider the
map | : S — S given by
1
Jp(x) = 1p(4x), x e X.
Then by a standard argument, we know that | is a contractive mapping.

Since N(f(4x) —4f(x), t) > M(x,t) by (28), we have

N(bﬂ@—f@)b>>kﬂmm xEX, t>0.

Hence, it follows that

1
a(Jf.f) = -

Then by the fixed point alternative, i.e., Theorem 4, there exists a mapping F : X — Y such that

1. Fisafixed pointof J,i.e.,
F(4x) =4F(x), xeX.

2. d(J*f,F) > 0,ie.,

3. d(f,F) < t1pd(f,]f), ie, :
ﬂﬂﬂs4u )
This implies
N(f(x) - F(x),t) >M(x, 41— L)t), x€X, t>0. (29)

Note that (29) shows the inequality (27).
Now, we show that F is an additive mapping.
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Replacing (x,y,z) with (4"x,4"y,4"z) in (26), we get

N (@ =0+ @G + S @ ) —2e g f (92 J@ ) ) )
S 4"t
T A+ @(4nx, 4y, 4z)
t
T Lg(xy,z)

Hence, it follows that

F(z—x)—i—F(z—y)—i—;F(JH—]/)—ZF(z—x+y> =0

forall x,y,z € X.
Then by Lemma 1, it follows that F is additive.
Finally, assume that F; and F, are two additive mappings that satisfy (27). Then

N(f(x) - Fi(x),t> > M(x,4(1—L)t), x€X, t>0,i=12

Then, by (29), we have
N(Fz(x) - Fl(x),Zt) =N (4171(5(4%) . (4”x)),2t)

> min {N (g, (£~ R@) ) N (g () - @) o) |

>M (4”x, (1- L)4"+1t) > (1 L)
= = (1—L)a" 1t +2- (4L)"¢(2x, 2x, 2x)
— lasn — oo.

This yields that F; = F,, as desired. [J

Corollary 5. Let X be a real normed linear space, and (Y, N) be a fuzzy Banach space. Let 0 > 0and 0 < r < 1
be real numbers. Let f : X — Y be a mapping satisfying

1 Xty !
N(f<z—x>+f<z—y>+zf<x+y>‘2f (“4)”) = PO+ Iy + T2

forx,y,z € X and t > 0. Then there exists a unique additive mapping F : X — Y such that

(1 _ 41’—1) t
N(f(X) - F(")'t> VR T T

forxe X, t > 0.

Proof. Taking ¢(x,y,z) = 0(||x||” + |ly|” + ||z||") from Theorem 5, we can choose L = 4! to get the
result. O

6. Hyperstability of (2) in Fuzzy Banach Algebras

In this section, we consider the Apollonius type additive functional equation on fuzzy
Banach algebras. Let X be a real algebra. An additive mapping D : X — X is called a derivation if

D(xy) = D(x)y +xD(y), x,y€ X.
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An additive mapping D : X — X is called a Jordan derivation if
D(x?) = D(x)x +xD(x), x€ X.

In addition, an additive mapping D : X — X is called a Jordan triple derivation in the sense
from [34] if
D(xyx) = D(x)yx + xD(y)x + xyD(x), x,y € X.

It is well-known that every derivation is a Jordan derivation and every Jordan derivation is
a Jordan triple derivation. However, the converse implications do not hold in general.

Theorem 6. Let (X, N) be a fuzzy Banach algebra. Let ¢ : X3 — [0, 00) be a function such that ¢(0,0,0) =0
and there exists an 0 < L < 1 satisfying

¢(4x,4y,4z) < 4L¢(x,y,z) (30)

forall x,y,z € X. Assume f : X — X is a mapping that satisfies

(o) N (fe=0+ 1=y + 3f v —2f (= 54) 1) 2 o

- W/ (31)
(b) N (f(xyx) — f(x)yx — xf(y)x — xyf(x),t) > m

forall x,y,z € X, t > 0. Then there exists a unique Jordan triple derivation F : X — X such that

41— L)t

Nu&)_H”J)*4u—Lﬁ+zmygmhy xEX >0

The mapping F is defined by F(x) = N — lim, 0 27 f(4"x), x € X.

Proof. By Theorem 5, the mapping F is additive. Replacing (x,y) with (4"x,4"y) in (31), we have
by (30)

1 1 1 .
N (Wf(43”xyx) _ 4W42”f(471x)yx _ @42nxf(4ny)x B 437[42”3(3/]((4”95),15)
=N (f(43”xyx) - 42nf(4nx)]/x - 42an(4"y)x — 42nx]/f(4nx),43”t)
431
>
T 4t + g(47x,4",0)
43¢
>
— 43t + (4L)"@(x,y,0)
t
t+ (f5)"9(x,y,0)

from which we infer that
F(xyx) = F(x)yx + xF(y)x + xyF(x), x,y € X. (32)

Therefore, F is a Jordan triple derivation. O

An algebra A is called semiprime if whenever aAa = {0} fora € A, then a = 0. B(X) for Banach
spaces X and all C*-algebras are examples of semiprime algebras. A ring R is said to be 2-torsion free
if 2r = 0 implies r = 0 for r € R.
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In the following theorem, we show that the mapping f in Theorem 6 is a derivation if the algebra
is semiprime.

Theorem 7. Let (X, N) be a unital 2-torsion free semiprime fuzzy Banach algebra. Let ¢ : X3 — [0,00) be
a function such that ¢(0,0,0) = 0 and there exists an 0 < L < 1 satisfying, for all x,y,z € X,

(a) @(4x,4y,4z) < 4Le¢(x,y,z),

1 (33)
(b) {4714’ (x, 4%,0) ne N} is bounded.
Assume f : X — X is a mapping such that, for all x,y,z € X and t > 0,
1 x+y) ) t
c) N z—x)+fz—y)+=f(x+y)—2 (z— > —
© N (fG=x)+ flz =)+ 3f ) -2f (2= 25 TIEIT o

t
(@) N (flayx) = f(x)yx = xf @)x = xyf (), 1) 2 e

Then f is an additive derivation.

Proof. Recall that the mapping F defined by F(x) = N — limy e 45 f(4"x), x € X from Theorem 6 is
an additive Jordan triple derivation. Replacing (x,y) with (4"x,y) in (34), we have by (33)
1 2n 1 n n 1 2n 1 n n
N @f(él xXyx) — @4 f(4"x)yx — @4 xf(y)x — 4%4 xyf(4"x),t
=N (f(42"xyx) — 4" f(4"x)yx — 42 xf (y)x — 4”xyf(4”x),42"t)
2n
> 47"t
427t 4 p(4"x,y,0)
S 421
T 421+ (4L)"g(x, 47, 0)
t
t+(5)"(x, 47,0)

from which we get
F(xyx) = F(x)yx + xf(y)x + xyF(x) (35)

for all x,y € X. Comparing (35) with (32), it follows that

for all x,y € X. Letting x = 1, we conclude that F = f. Therefore, f is a Jordan triple derivation.
By [34], (Theorem 4.3), every Jordan triple derivation on a 2-torsion free semiprime ring is a derivation.
Hence, we conclude that f is an additive derivation. [

Now, we have an application of Theorem 7 to simple C*-algebras.

Corollary 6. Let X be a unital simple C*-algebra, 8 > 0 and 0 < r < 1 be real numbers. Assume that
f+ X = Xis a mapping such that

7=+ 5=+ e =26 (2= 50| < o+ 1y + 1)

1f (ryx) = f(x)yx = xf(y)x — xyf(x)]] < O([lx[|" +[[y[]")
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forall x,y,z € X. Then there exists an element a € X such that
f(x)=ax—xa, xeX

Proof. Letting L = 4’1, N(x,t) be as in Example 2 and ¢(x,y,z) = 0(||x||" + [|ly|I" + ||z]|"), we have
that f is a derivation by Theorem 7. It is well-known that every derivation on simple C*-algebras
is inner. Hence, we get the result. [

7. Conclusions

Using the direct method, we have proved the Hyers-Ulam stability of Apollonius type additive
functional equation from linear spaces to modular spaces with or without the Aj-conditions.
Since spaces with s-convex modulars are s-homogeneous Banach spaces, we also have investigated
the same problem for f-homogeneous Banach spaces. The obtained results can be applied to normed
spaces as well. We also have shown the fuzzy stability of the functional equation in fuzzy Banach
spaces by using a fixed point method. Finally, we have shown the hyperstability of the functional
Equation (2) associated with the Jordan triple product in fuzzy Banach algebras. Removing the
Ap-condition in Theorem 2 will be a challenging problem.
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