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Abstract: We study some properties of Sheffer sequences for some special polynomials with
complex Changhee and Daehee polynomials introducing their complex versions of the polynomials
and splitting them into real and imaginary parts using trigonometric polynomial sequences.
Moreover, considering their degenerate types of Sheffer sequences based on umbral composition,
we present some useful expressions, properties, and examples about complex versions of the
degenerate polynomials.

Keywords: Sheffer sequences; umbral calculus; binomial convolution; degeneration;
Changhee polynomials; Daehee polynomials; degenerate Changhee polynomials; degenerate
Daehee polynomials

1. Introduction

The class of Sheffer sequences is one of the most well-known classes of polynomial sequences and
plays a fundamental role in solving many mathematical problems. In fact, Sheffer sequences include
many important sequences: The actuarial polynomials, Frobenius–Euler polynomials, Bernoulli
polynomials of the second kind, Boole polynomials, Laguerre polynomials, Bessel polynomials,
Changhee polynomials, Daehee polynomials, Stirling polynomials and generalized Appell polynomials
(see, for more examples, [1–7]).

For O( f (t)) = 1 and O(g(t)) = 0, all polynomials of the Sheffer sequences can be defined with
the help of the following generating function (see [1,5–7] and the references cited therein)

1
g( f−1(t))

ex f−1(t) =
∞

∑
n=0
Sn(x)

tn

n!
, (1)

where f−1(t) represents the compositional inverse of f (t), that is, f−1( f (t)) = f ( f−1(t)) = t. Here,
O( f (t)) represents the smallest integer k of the non-zero power series of f (t) for which the coefficient of
tk does not vanish. The sequence of polynomials {Sn(x)} is called the Sheffer sequence for (g(t), f (t))
and is denoted by Sn(x) ∼ (g(t), f (t)). It is known [7] (Theorem 3.5.5) that the set of Sheffer sequences
is a group of umbral composition: The identity under umbral composition is xn ∼ (1, t) and the
inverse of the sequence Sn(x) ∼ (g(t), f (t)) is the Sheffer sequence for ( 1

g( f−1(t)) , f−1(t)) .
Sheffer sequences for special polynomials are mainly studied by means of umbral calculus [5,7–9]

and used in diverse problems of applied mathematics, theoretical physics, approximation
theory, and several diverse areas of mathematics, providing significant advantages in the
computational viewpoint.

In particular, after Carlitz [10,11] introduced the study of the degenerate Bernoulli and Euler
polynomials, the degenerate versions of special polynomials and numbers have been extensively
studied by many authors in order to find useful identities and their relations (see [12–26] and references
therein). The idea of the degenerate versions came from the consideration of some degenerate types
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of polynomials which can be asymptotically extended to some special generating functions such as
transcendental functions [19,27].

The main goal of this study is to deduce some properties and identities from the relations among
complex types of Sheffer sequences of Changhee and Daehee polynomials and their degenerate types
introducing their trigonometric versions. The rest of the paper is organized as follows. First, Section 2
considers two Sheffer sequences of complex Changhee and Daehee polynomials and presents some
expressions and properties splitting them into real and imaginary parts with Euler’s identity. Next,
in Section 3, we introduce the degenerate complex Changhee and Daehee polynomials and show some
useful identities by means of their trigonometric versions as done in Section 2. Finally, we summarize
our conclusion in Section 4.

2. Sheffer Sequences: Complex Changhee and Daehee Polynomials

In this section, we first consider complex Sheffer sequences by substituting real variable x with
complex variable z := x + iy ∈ C in Equation (1) and study Sheffer sequences of special complex
polynomials: Changhee and Daehee polynomials.

First, by replacing x with z in Equation (1), we have

1
g( f−1(t))

ez f−1(t) =
∞

∑
n=0
Sn(z)

tn

n!
, z := x + iy ∈ C, (2)

which is complex Sheffer sequences {Sn(z)}∞
n=0. We will split them into real < and imaginary = parts.

Definition 1. For n ∈ N∪ {0} and x, y ∈ R, we define the cosine-Sheffer sequences {S (c)n (x, y)}∞
n=0 and the

sine-Sheffer sequences {S (s)n (x, y)}∞
n=0 by means of the following generating functions:

1
g( f−1(t))

ex f−1(t) cos(y f−1(t)) =
∞

∑
n=0
S (c)n (x, y)

tn

n!
,

1
g( f−1(t))

ex f−1(t) sin(y f−1(t)) =
∞

∑
n=0
S (s)n (x, y)

tn

n!
,

respectively.

It is noted that the Equation (2) and Definition 1 imply that Sn(z) = S (c)n (x, y) + iS (s)n (x, y), that is,
S (c)n (x, y) = <(Sn(z)) and S (s)n (x, y) = =(Sn(z)) for n ≥ 0 and z = x + iy ∈ C. Moreover, it is easily
observed that

∞

∑
n=0
Sn(z)

tn

n!
=

1
g( f−1(t))

ez f−1(t) =
1

g( f−1(t))
ex f−1(t)

(
cos(y f−1(t)) + i sin(y f−1(t))

)
,

∞

∑
n=0
Sn(z̄)

tn

n!
=

1
g( f−1(t))

ez̄ f−1(t) =
1

g( f−1(t))
ex f−1(t)

(
cos(y f−1(t))− i sin(y f−1(t))

)
,

which show
1

g( f−1(t))
ex f−1(t) cos(y f−1(t)) =

∞

∑
n=0

(
Sn(z) + Sn(z̄)

2

)
tn

n!
,

1
g( f−1(t))

ex f−1(t) sin(y f−1(t)) =
∞

∑
n=0

(
Sn(z)− Sn(z̄)

2i

)
tn

n!
,

and

S (c)n (x, y) =
Sn(z) + Sn(z̄)

2
, S (s)n (x, y) =

Sn(z)− Sn(z̄)
2i

, z = x + iy, z̄ = x− iy.
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We further investigate some properties of complex Sheffer sequences for special polynomials:
Changhee polynomials and Daehee polynomials in each following subsection.

2.1. The Complex Changhee Polynomials

In this subsection, we study Sheffer sequences for complex Changhee polynomials Chn(z),
originated from [6], which are given by

Chn(z) ∼ (
1 + et

2
, et − 1) for z = x + iy ∈ C. (3)

Alternatively, the sequence {Chn(z)}∞
n=0 is defined by means of the generating functions

(see [6,28,29]):
2

2 + t
(1 + t)z =

∞

∑
n=0

Chn(z)
tn

n!
, (4)

in which, when z = 0, chn = Chn(0) are called Changhee numbers.
Note that

2
2 + t

(1 + t)x(1 + t)iy =
2

2 + t
(1 + t)x( cos(y log(1 + t)) + i sin(y log(1 + t))

)
, (5)

and, as shown in Definition 1, the cosine-Changhee Ch(c)n (x, y) and sine-Changhee Ch(s)n (x, y)
polynomials can be respectively considered by the following generating functions:

2
2 + t

(1 + t)x cos(y log(1 + t)) =
∞

∑
n=0

Ch(c)n (x, y)
tn

n!
,

2
2 + t

(1 + t)x sin(y log(1 + t)) =
∞

∑
n=0

Ch(s)n (x, y)
tn

n!
.

(6)

It is noted that <(Chn(z)) = Ch(c)n (x, y) and =(Chn(z)) = Ch(s)n (x, y) Moreover, one can see that
the cosine-Changhee and sine-Changhee polynomials can be explicitly determined. For example, the
first five consecutive polynomials can be listed:

Ch(c)0 (x, y) = 1, Ch(c)1 (x, y) = x− 1
2

, Ch(c)2 (x, y) = x2 − 2x− y2 +
1
2

,

Ch(c)3 (x, y) = x3 − 9
2

x2 − 3xy2 + 5x +
9
2

y2 − 3
4

,

Ch(c)4 (x, y) = x4 − 8x3 − 6x2y2 + 20x2 + 24xy2 − 16x + y4 − 20y2 +
3
2

,

(7)

and

Ch(s)0 (x, y) = 0, Ch(s)1 (x, y) = y, Ch(s)2 (x, y) = 2xy− 2y, Ch(s)3 (x, y) = 3x2y− 9xy− y3 + 5y,

Ch(s)4 (x, y) = 4x3y− 24x2y− 4xy3 + 40xy + 8y3 − 16y.
(8)

Now, we study their properties in detail.
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Theorem 1. Let n be a nonnegative integer and z = x + iy. Then the real and imaginary parts of complex
Changhee polynomials are expressed by

Ch(c)n (x, y) =
[ n

2 ]

∑
k=0

(
n
2k

)
(−1)ky2k(log(1 + t))2kChn−2k(x), n ≥ 0, (9)

Ch(s)n (x, y) =
[ n−1

2 ]

∑
k=0

(
n

2k + 1

)
(−1)ky2k+1(log(1 + t))2k+1Chn−2k−1(x), n ≥ 1, (10)

where [n] denotes the greatest integer less than or equal to n.

Proof. Considering that cos(y log(1 + t)) = 1
2 (e

iy log(1+t) + e−iy log(1+t)), we have

2
2 + t

(1 + t)x cos(y log(1 + t)) =
2

2 + t
(1 + t)x (e

iy log(1+t) + e−iy log(1+t))

2
.

Thus, using identity for the binomials convolution of sequences {Chn(x)}∞
n=0 and

{ 1+(−1)n

2 tn logn(1 + t)}∞
n=0 we get identity (9) by equation (6). Similarly, one can show Equation

(10) by considering sin(y log(1 + t)) = 1
2i (e

iy log(1+t) − e−iy log(1+t)).

Next, let us consider sequences of polynomials Cn(x, y) and Sn(x, y) given by the following
generating functions:

(1 + t)x cos(y log(1 + t)) =
∞

∑
n=0

Cn(x, y)
tn

n!
and (1 + t)x sin(y log(1 + t)) =

∞

∑
n=0

Sn(x, y)
tn

n!
, (11)

then the sequences of polynomials Cn(x, y) and Sn(x, y) are explicitly determined and first few
sequences can be listed as follows:

C0(x, y) = 1, C1(x, y) = x, C2(x, y) = x2 − x− y2, C3(x, y) = x3 − 3x2 − 3xy2 + 2x + 3y2,

C4(x, y) = x4 − 6x3 − 6x2y2 + 11x2 + 18xy2 − 6x + y4 − 11y2,

and

S0(x, y) = 0, S1(x, y) = y, S2(x, y) = 2xy− y, S3(x, y) = 3x2y− 6xy− y3 + 2y,

S4(x, y) = 4x3y− 18x2y− 4xy3 + 22xy + 6y3 − 6y.

Moreover, the following expressions for Cn(x, y) and Sn(x, y) are established.

Theorem 2. For n ∈ N, the polynomials Cn(x, y) and Sn(x, y) can be expressed by

Cn(x, y) =
n

∑
k=0

[ k
2 ]

∑
l=0

n−k

∑
m=0

(
n
k

)
(−1)ly2lS1(k, 2l)S1(n− k, m)xm, n ≥ 0,

Sn(x, y) =
n

∑
k=1

[ k−1
2 ]

∑
l=0

n−k

∑
m=0

(
n
k

)
(−1)ly2l+1S1(k, 2l + 1)S1(n− k, m)xm, n > 0,

where S1(n, m) are the Stirling numbers of the first kind.
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Proof. From [6,16,30,31], we first recall that the Stirling numbers S1(n, m) of the first kind satisfy

(x)n := x(x− 1) · · · (x− n + 1) =
n

∑
m=0

S1(n, m)xm,

1
m!

logm(1 + t) =
∞

∑
n=m

S1(n, m)
tn

n!
,

(12)

where (x)n is called the falling factorial. Using Equation (12) , one can show that the following
equivalent expressions for the term (1 + t)iy satisfy

(1 + t)iy =eiy log(1+t)

=
∞

∑
m=0

imym

m!
logm(1 + t)

=
∞

∑
m=0

(−1)my2m 1
(2m)!

log2m(1 + t) + i
∞

∑
m=0

(−1)my2m+1 1
(2m + 1)!

log2m+1(1 + t)

=
∞

∑
m=0

(−1)my2m
∞

∑
n=2m

S1(n, 2m)
tn

n!
+ i

∞

∑
m=0

(−1)my2m+1
∞

∑
n=2m+1

S1(n, 2m + 1)
tn

n!

=
∞

∑
n=0

( [ n
2 ]

∑
m=0

(−1)my2mS1(n, 2m)
) tn

n!
+ i

∞

∑
n=1

( [ n−1
2 ]

∑
m=0

(−1)my2m+1S1(n, 2m + 1)
) tn

n!
.

(13)

Similarly, one can see that

(1 + t)x =
∞

∑
l=0

xl

l!

(
log(1 + t)

)l
=

∞

∑
l=0

xl
∞

∑
k=l

S1(k, l)
tk

k!
=

∞

∑
k=0

( k

∑
l=0

xlS1(k, l)
) tk

k!
. (14)

Then, by combining Equations (13) and (14), we have

(1 + t)x(1 + t)iy =
∞

∑
n=0

( n

∑
k=0

[ k
2 ]

∑
m=0

n−k

∑
l=0

(
n
k

)
(−1)my2mS1(k, 2m)S1(n− k, l)xl

) tn

n!

+ i
∞

∑
n=1

( n

∑
k=1

[ k−1
2 ]

∑
m=0

n−k

∑
l=0

(
n
k

)
(−1)my2m+1S1(k, 2m + 1)S1(n− k, l)xl

) tn

n!
.

(15)

Noting the alternative expression, Equation (5), of (1 + t)x(1 + t)iy, it can be easily seen that the
identities are satisfied from Equation (11).

Theorem 3. Let Ch(c)n (x, y) and Ch(s)n (x, y) be the cosine-Changhee polynomials and the sine-Changhee
polynomials, respectively, given in Equation (6). Then, one can express these polynomials in terms of Cn(x, y)
and Sn(x, y) in Equation (11),

Ch(c)n (x, y) =
n

∑
l=0

(
n
l

)
chlCn−l(x, y) and Ch(s)n (x, y) =

n

∑
l=0

(
n
l

)
chlSn−l(x, y), n ∈ N, (16)

respectively.

Proof. As 2
2+t (1 + t)x cos(y log(1 + t)) generating function for Ch(c)n (x, y), we get the first identity

in the formulas by the binomial convolution of sequences {chn}∞
n=0 and {Cn(x, y)}∞

n=0. Similarly,
the second identity can be proved.
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Theorem 4. For n ∈ N, the following relations among Ch(c)n (x, y), Ch(s)n (x, y), Cn(x, y), and Sn(x, y) hold:

2Cn(x, y) = Ch(c)n (x + 1, y) + Ch(c)n (x, y), Cn(x, y) = Ch(c)n (x, y) +
n
2

Ch(c)n−1(x, y) ∀n ≥ 0, (17)

and

2Sn(x, y) = Ch(s)n (x + 1, y) + Ch(s)n (x, y), Sn(x, y) = Ch(s)n (x, y) +
n
2

Ch(s)n−1(x, y) ∀n > 0. (18)

Proof. If we consider that

∞

∑
n=0

Ch(c)n (x + 1, y)
tn

n!
=

2
2 + t

(1 + t)x+1 cos(y log(1 + t))

=
2

2 + t
(1 + t)x(2 + t− 1) cos(y log(1 + t))

=2(1 + t)x cos(y log(1 + t))− 2
2 + t

(1 + t)x cos(y log(1 + t))

=
∞

∑
n=0

(
2Cn(x, y)− Ch(c)n (x, y)

) tn

n!
,

then the first identity in Equation (17) is obtained. Next, one can also easily check the following
expression:

2(1 + t)x sin(y log(1 + t)) =(2 + t)
∞

∑
n=0

Ch(s)n (x, y)
tn

n!

=
∞

∑
n=0

2Ch(s)n (x, y)
tn

n!
+

∞

∑
n=1

nCh(s)n−1(x, y)
tn

n!

=
∞

∑
n=0

(
2Ch(s)n (x, y) + nCh(s)n−1(x, y)

) tn

n!
.

(19)

Alternatively, 2(1 + t)x sin(y log(1 + t)) =
∞
∑

n=0
2Sn(x, y) tn

n! , which implies the second identity

in Equation (18) by comparing the coefficients in Equation (19). The remainders are similarly
obtained.

2.2. The Complex Daehee Polynomials

In this subsection, we consider Sheffer sequences for complex Daehee polynomials Dn(z) , which
are defined by

Dn(z) ∼ (
et − 1

t
, et − 1) for z ∈ C. (20)

Or, equivalently, the polynomials Dn(z) are given by the generating function (see [28,30,32]):

log(1 + t)
t

(1 + t)z =
∞

∑
n=0

Dn(z)
tn

n!
. (21)

In particular, for z = 0, dn := Dn(0) are called Daehee numbers.
As done in the previous subsection, we also study cosine-Daehee D(c)

n (x, y) and sine-Daehee
D(s)

n (x, y) polynomials defined by means of the following generating functions:

log(1 + t)
t

(1 + t)x cos(y log(1 + t)) =
∞

∑
n=0

D(c)
n (x, y)

tn

n!
,

log(1 + t)
t

(1 + t)x sin(y log(1 + t)) =
∞

∑
n=0

D(s)
n (x, y)

tn

n!
,

(22)
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respectively. It is also seen that the sequences {D(c)
n (x, y)}∞

n=0 and {D(s)
n (x, y)}∞

n=0 satisfy D(c)
n (x, y) =

<(Dn(z)) and D(s)
n (x, y) = =(Dn(z)) for z = x + iy. They are clearly expressed and some of the first

several consecutive polynomials can be listed as follows:

D(c)
0 (x, y) = 1, D(c)

1 (x, y) = x− 1
2

, D(c)
2 (x, y) =

1
3
(3x2 − 6x− 3y2 + 2),

D(c)
3 (x, y) = (2x− 3)(x2 − 3x− 3y2 + 1),

D(c)
4 (x, y) =

1
5
(5x4 − 40x3 − 15x2(2y2 − 7) + 20x(6y2 − 5) + 5y4 − 105y2 + 24),

(23)

and

D(s)
0 (x, y) = 0, D(s)

1 (x, y) = y, D(s)
2 (x, y) = 2xy− 2y, D(s)

3 (x, y) = 3x2y− 9xy− y3 +
11
2

y

D(s)
4 (x, y) = 4x3y− 24x2y− 4xy3 + 42xy + 8y3 − 20y.

(24)

Theorem 5. Let n be a nonnegative integer. Then the cosine- and sine-Daehee polynomials satisfy that

D(c)
n (x, y) =

[ n
2 ]

∑
k=0

(
n
2k

)
(−1)ky2k log2k(1 + t)Dn−2k(x), n ≥ 0,

D(s)
n (x, y) =

[ n−1
2 ]

∑
k=0

(
n

2k + 1

)
(−1)ky2k+1 log2k+1(1 + t)Dn−2k−1(x), n ≥ 1.

Proof. Recalling that sin(y log(1 + t)) = 1
2i (e

iy log(1+t) − e−iy log(1+t)), we have

log(1 + t)
t

(1 + t)x sin(y log(1 + t)) =
log(1 + t)

t
(1 + t)x (e

iy log(1+t) − e−iy log(1+t))

2i
.

Thus, using identity for the binomials convolution of sequences {Dn(x)}∞
n=0 and

{ 1−(−1)n

2i tn logn(1 + t)}∞
n=0 we get the second identity by Equation (22). Similarly, one can show

the first one by considering cos(y log(1 + t)) = 1
2 (e

iy log(1+t) + e−iy log(1+t)).

Theorem 6. For n ∈ N ∪ {0}, the cosine-Daehee polynomials D(c)
n (x, y) and the sine-Daehee polynomials

D(s)
n (x, y) can be expressed in terms of Cn(x, y) and Sn(x, y) defined in Equation (11),

D(c)
n (x, y) =

n

∑
l=0

(
n
l

)
dlCn−l(x, y), (n ≥ 0) and D(s)

n (x, y) =
n

∑
l=0

(
n
l

)
dlSn−l(x, y), (n > 0),

where dn are Daehee numbers defined in Equation (21).

Proof. It is similarly proved as done in the proof of Theorem 3.

Theorem 7. For n ∈ N∪ {0}, the following recursion relations of D(c)
n (x, y) and D(s)

n (x, y) hold:

D(c)
n (x + 1, y) = D(c)

n (x, y) + nD(c)
n−1(x, y) and D(s)

n (x + 1, y) = D(s)
n (x, y) + nD(s)

n−1(x, y). (25)
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Proof. We only show the first identity, since the second one can be shown in a similar way. If we
consider that

∞

∑
n=0

D(c)
n (x + 1, y)

tn

n!
=

log(1 + t)
t

(1 + t)x+1 cos(y log(1 + t))

=
log(1 + t)

t
(1 + t)x(1 + t) cos(y log(1 + t))

=
log(1 + t)

t
(1 + t)x cos(y log(1 + t)) + t

log(1 + t)
t

(1 + t)x cos(y log(1 + t))

=
∞

∑
n=0

D(c)
n (x, y)

tn

n!
+

∞

∑
n=1

nD(c)
n−1(x, y)

tn

n!

=
∞

∑
n=0

(
D(c)

n (x, y) + nD(c)
n−1(x, y)

) tn

n!
,

then the first identity is obtained by the comparison of coefficients.

Corollary 1. For n ∈ N∪ {0}, the complex Daehee polynomials Dn(z) satisfy the recursion relation:

Dn(z + 1) = Dn(z) + nDn−1(z).

3. Degenerate Formulas for Sheffer Sequences of the Complex Changhee and
Daehee Polynomials

In this section, we introduce the degenerate formulas for Sheffer sequences of complex Changhee
and Daehee polynomials and study their properties.

For the derivation of the degenerate formulas, for O( f (t)) = 1 and O(g(t)) = 0, we note [5]
that if Sn(z) ∼ (g(t), f (t)) andRn(z) ∼ (1, l(t)), thenRn(z) ◦ Sn(z) ∼ (g(t), l( f (t))), or equivalently,
we have

1
g( f−1(l−1(t)))

ez f−1(l−1(t)) =
∞

∑
n=0
Rn ◦ Sn(z)

tn

n!
. (26)

In particular, throughout this section, we will consider l(t) = 1
λ log(1 + λt), so that l−1(t) =

1
λ (e

λt − 1) for λ ∈ R\{0}. Replacing (g(t), f (t)) by ( 1+et

2 , 1
λ log(1 + λ(et − 1))) and ( et−1

t , 1
λ log(1 +

λ(et − 1))) for the derivation of degenerate types of complex Changee and Daehee polynomials,
we have their degenerate formulas of Sheffer sequences {Rn ◦ Sn(z)}∞

n=0, which will be denoted by
{Sn(z; λ)}∞

n=0 throughout this section for the sake of convenience.

Definition 2. For x, y ∈ R, we define the degenerate cosine-Sheffer sequences {S (c)n (x, y; λ)}∞
n=0 and the

degenerate sine-Sheffer sequences {S (s)n (x, y; λ)}∞
n=0 by means of the following generating functions:

∞

∑
n=0
S (c)n (x, y; λ)

tn

n!
=

1
g( f−1(l−1(t)))

ex f−1(l−1(t)) cos(y f−1(l−1(t))),

∞

∑
n=0
S (s)n (x, y; λ)

tn

n!
=

1
g( f−1(l−1(t)))

ex f−1(l−1(t)) sin(y f−1(l−1(t))),

respectively.
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It is noted that Equation (26) and Definition 2 imply that Sn(z; λ) = S (c)n (x, y; λ) + iS (s)n (x, y; λ),
that is, S (c)n (x, y; λ) = <(Sn(z; λ)) and S (s)n (x, y; λ) = =(Sn(z; λ)) for n ≥ 0 and z = x + iy ∈ C.
Moreover, it is easily observed that

∞

∑
n=0
Sn(z; λ)

tn

n!
=

1
g( f−1(l−1(t)))

ex f−1(l−1(t))
(

cos(y f−1(t)) + i sin(y f−1(t))
)

, z = x + iy,

∞

∑
n=0
Sn(z̄; λ)

tn

n!
=

1
g( f−1(l−1(t)))

ex f−1(l−1(t))
(

cos(y f−1(t))− i sin(y f−1(t))
)

, z̄ = x− iy,

which show

1
g( f−1(l−1(t)))

ex f−1(l−1(t)) cos(y f−1(l−1(t))) =
∞

∑
n=0

(
Sn(z; λ) + Sn(z̄; λ)

2

)
tn

n!
,

1
g( f−1(l−1(t)))

ex f−1(l−1(t)) sin(y f−1(l−1(t))) =
∞

∑
n=0

(
Sn(z; λ)− Sn(z̄; λ)

2i

)
tn

n!
,

and
S (c)n (x, y; λ) =

Sn(z; λ) + Sn(z̄; λ)

2
, S (s)n (x, y; λ) =

Sn(z; λ)− Sn(z̄; λ)

2i
.

In the following subsections, we will consider the degenerate Sheffer sequences of the complex
Changhee and Daehee polynomials Chn(z; λ) and Dn(z; λ) given by

Sn(z; λ) = Chn(z; λ) ∼
(1 + et

2
,

1
λ

log(1 + λ(et − 1))
)

(27)

and

Sn(z; λ) = Dn(z; λ) ∼
( et − 1

t
,

1
λ

log(1 + λ(et − 1))
)

, (28)

respectively. We now investigate some properties of the degenerate Sheffer sequences {Chn(z; λ)}∞
n=0

and {Dn(z; λ)}∞
n=0.

3.1. Degenerate Changhee Polynomials

In this subsection, we consider the degenerate complex Changhee polynomials Chn(z; λ) and
study some properties of them. From Equation (27), we can alternatively define Chn(z; λ) using a
generating function as follows:

Definition 3. Let us assume that 2
2+ 1

λ log(1+λt)
:=

∞
∑

n=0
chn,λ

tn

n! for some sequence {chn,λ}∞
n=0. Then, for

z = x + iy ∈ C, we define the degenerate complex Changhee polynomials by the generating function:

2
2 + 1

λ log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)z

=
∞

∑
n=0

Chn(z; λ)
tn

n!
, λ ∈ R\{0}. (29)

In particular, when z = 0, chn,λ = Chn(0; λ) are called the degenerate Changhee numbers.

For λ ∈ R\{0}, we consider the degenerate Euler-type formula given by

(
1 +

1
λ

log(1 + λt)
)iy := cos(y)λ (t) + i sin(y)

λ (t), (30)

where the degenerate cosine- and sine- functions are given by

cos(y)λ (t) := cos
(

y log
(

1 +
1
λ

log(1 + λt)
))

, sin(y)
λ (t) := sin

(
y log

(
1 +

1
λ

log(1 + λt)
))

. (31)
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It is noted that lim
λ→0

sin(y)
λ (t) = sin(y(log(1 + t)) and lim

λ→0
cos(y)λ (t) = cos(y log(1 + t)).

Now, using the degenerate trigonometric Equations (31), we define the degenerate
cosine-Changhee and sine-Changhee polynomials.

Definition 4. let us define the degenerate cosine-Changhee polynomials Ch(c)n (x, y; λ) and the degenerate
sine-Changhee polynomials Ch(s)n (x, y; λ) by the generating functions, respectively, as follows:

2
2 + 1

λ log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x

cos(y)λ (t) =
∞

∑
n=0

Ch(c)n (x, y; λ)
tn

n!
,

2
2 + 1

λ log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x

sin(y)
λ (t) =

∞

∑
n=0

Ch(s)n (x, y; λ)
tn

n!
.

(32)

It is noted that the degenerate cosine-Changhee and sine-Changhee polynomials can be explicitly
determined. For example,

Ch(c)0 (x, y; λ) =1, Ch(c)1 (x, y; λ) = x− 1
2

, Ch(c)2 (x, y; λ) = −λx +
1
2

λ + x2 − 2x− y2 +
1
2

,

Ch(c)3 (x, y; λ) =λ2(2x− 1)− λ(3x2 − 6x− 3y2 +
3
2
) +

1
4
(2x− 3)(2x2 − 6x− 6y2 + 1),

Ch(c)4 (x, y; λ) =λ3(1− 2x) +
11
2

λ2(2x2 − 4x− 2y2 + 1)− 3
2

λ(2x− 3)(2x2 − 6x− 6y2 + 1)

+ x4 − 8x3 + x2(20− 6y2) + 8x(3y2 − 2) + y4 − 20y2 +
3
2

,

and

Ch(s)0 (x, y; λ) = 0, Ch(s)1 (x, y; λ) = y, Ch(s)2 (x, y; λ) = −y(λ− 2x + 2),

Ch(s)3 (x, y; λ) = y(−2λ2 + 6λ(x− 1)− 3x2 + 9x + y2 − 5),

Ch(s)4 (x, y; λ) = 2y(−3λ3 + 11λ2(x− 1)− 6λy(3x2 − 9x− y2 + 5) + 4(x− 2)y(x2 − 4x− y2 + 2).

It is also seen that lim
λ→0

Ch(c)n (x, y; λ) = Ch(c)n (x, y) and lim
λ→0

Ch(s)n (x, y; λ) = Ch(s)n (x, y) shown in

Equations (7) and (8), respectively.
Before further study of degenerate trigonometric Changhee polynomials, we recall some

properties. From Equations (29)–(31) with the property (see [6,30]) that

1
m!

(log(1 + t))m =
∞

∑
n=m

S1(n, m)
tn

n!
, (33)

we observe that (
1 +

1
λ

log(1 + λt)
)iy

=
∞

∑
k=0

(
iy
k

)
logk(1 + λt)

λk

=
∞

∑
k=0

(iy)kλ−k logk(1 + λt)
k!

=
∞

∑
k=0

(iy)kλn−k
∞

∑
n=k

S1(n, k)
tn

n!

=
∞

∑
n=0

( n

∑
k=0

(iy)kλn−kS1(n, k)
) tn

n!
,

(34)
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or alternatively, (
1 +

1
λ

log(1 + λt)
)iy

=eiy log(1+ 1
λ log(1+λt))

=
∞

∑
l=0

(iy)l logl(1 + 1
λ log(1 + λt))

l!

=
∞

∑
l=0

(iy)l
∞

∑
k=l

S1(k, l)
λ−k logk(1 + λt)

k!

=
∞

∑
l=0

ilylλ−k
∞

∑
k=l

S1(k, l)
∞

∑
n=k

S1(n, k)
λntn

n!

=
∞

∑
n=0

( n

∑
k=0

k

∑
l=0

ilylλn−kS1(k, l)S1(n, k)
) tn

n!
.

(35)

Here, from Equations (31) and (35), we directly have that

cos(y)λ (t) =
1
2

(
(1 +

1
λ

log(1 + λt))iy + (1 +
1
λ

log(1 + λt))−iy
)

=
∞

∑
n=0

( n

∑
k=0

[ k
2 ]

∑
l=0

(−1)ly2lλn−kS1(k, 2l)S1(n, k)
) tn

n!

(36)

and

sin(y)
λ (t) =

1
2i

(
(1 +

1
λ

log(1 + λt))iy − (1 +
1
λ

log(1 + λt))−iy
)

=
∞

∑
n=1

( n

∑
k=1

[ k−1
2 ]

∑
l=0

(−1)ly2l+1λn−kS1(k, 2l + 1)S1(n, k)
) tn

n!
.

(37)

From the properties from Equations (34) to (37), we have the following:

Theorem 8. For n ≥ 0 and z = x + iy, the following identities of the degenerate Changhee polynomials
are satisfied:

Chn(z; λ) =
n

∑
k=0

k

∑
l=0

(
n
k

)
Chn−k(x; λ)(iy)lλ

k−lS1(k, l)

=
n

∑
k=0

k

∑
l=0

(
n
k

)
chn−k,λ(z)lλ

k−lS1(k, l).

Proof. As 2
2+ 1

λ log(1+λt)

(
1 + 1

λ log(1 + λt)
)z

generating functions for Chn(z; λ), we have

directly the first identity by the binomial convolution of sequences {Chn(x; λ)}∞
n=0 and

{∑n
k=0(iy)kλn−kS1(n, k)}∞

n=0 by Equation (34). On the other hand, by replacing iy by z in
Equation (34), we get the second identity by the binomial convolution of sequences {chn}∞

n=0 and
{∑n

k=0(z)kλn−kS1(n, k)}∞
n=0.

Theorem 9. Let us consider the following generating functions given by(
1 +

1
λ

log(1 + λt)
)x

cos(y)λ (t) =
∞

∑
n=0

Cn(x, y; λ)
tn

n!
,(

1 +
1
λ

log(1 + λt)
)x

sin(y)
λ (t) =

∞

∑
n=0

Sn(x, y; λ)
tn

n!

(38)



Mathematics 2019, 7, 1064 12 of 17

for some polynomials Cn(x, y; λ) and Sn(x, y; λ), then the polynomials can be expressed by

Cn(x, y; λ) =
n

∑
m=0

m

∑
k=0

[ k
2 ]

∑
j=0

n−m

∑
l=0

(
n
m

)
(x)lλ

n−k−l(−1)jy2jS1(n−m, l)S1(m, k)S1(k, 2j), n ≥ 0,

Sn(x, y; λ) =
n

∑
m=1

m

∑
k=1

[ k−1
2 ]

∑
j=0

n−m

∑
l=0

(
n
m

)
(x)lλ

n−k−l(−1)jy2j+1S1(n−m, l)S1(m, k)S1(k, 2j + 1), n ≥ 1,

where (x)n and S1(n, m) are the falling factorial and the Stirling numbers of the first kind, respectively.

Proof. Noting that
(

1 + 1
λ log(1 + λt)

)x
=

∞
∑

n=0

( n
∑

l=0
(x)lλ

n−lS1(n, l)
)

tn

n! , one can easily obtain the

results by the binomial product of Equations (36) and (37), respectively.

We next give an expression of Ch(c)n (x, y; λ) and Ch(s)n (x, y; λ) in terms of Stirling numbers of the
first kind.

Theorem 10. For n ∈ N ∪ {0}, the identities of the degenerate cosine- and sine-Changhee polynomials
are established:

Ch(c)n (x, y; λ) =
n

∑
k=0

[ k
2 ]

∑
m=0

(
n
k

)
Chn−k(x; λ)(−1)my2mλn−kS1(k, 2m)S1(n, k) for n ≥ 0,

Ch(s)n (x, y; λ) =


0, when n = 0,

n
∑

k=1

[ k−1
2 ]

∑
m=0

(n
k)Chn−k(x; λ)(−1)my2m+1λn−kS1(k, 2m + 1)S1(n, k), when n > 0.

Proof. As 2
2+ 1

λ log(1+λt)

(
1 + 1

λ log(1 + λt)
)x

cos(y)λ (t) generating functions for Ch(c)n (x, y; λ), from

Equation (36), we have directly the first identity by the binomial convolution of sequences:

{Chn(x; λ)}∞
n=0 and

{ n

∑
k=0

[ k
2 ]

∑
m=0

(−1)my2mλn−kS1(k, 2m)S1(n, k)
}∞

n=0
.

In a similar way, as 2
2+ 1

λ log(1+λt)

(
1 + 1

λ log(1 + λt)
)x

sin(y)
λ (t) generating functions for

Ch(s)n (x, y; λ), by Equation (37), we get the second identity by the binomial convolution of sequences:

{Chn(x; λ)}∞
n=0 and

{ n

∑
k=1

[ k−1
2 ]

∑
m=0

(−1)my2m+1λn−kS1(k, 2m + 1)S1(n, k)
}∞

n=1
.

Theorem 11. For n ≥ 0, z = x + iy, and r ∈ R, the polynomials Ch(c)n (x, y; λ) and Ch(s)n (x, y; λ) satisfy that

Ch(c)n (x + r, y; λ) =
n

∑
k=0

k

∑
l=0

(
n
k

)
Ch(c)n−k(x, y; λ)(r)lλ

k−lS1(k, l), n ≥ 0,

Ch(s)n (x + r, y; λ) =
n

∑
k=0

k

∑
l=0

(
n
k

)
Ch(s)n−k(x, y; λ)(r)lλ

k−lS1(k, l), n ≥ 1.
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Proof. We first note that for r ∈ R(
1 +

1
λ

log(1 + λt)
)r

=
∞

∑
n=0

( n

∑
l=0

(r)lλ
n−lS1(n, l)

) tn

n!
.

As 2
2+ 1

λ log(1+λt)

(
1 + 1

λ log(1 + λt)
)x+r

cos(y)λ (t) generating function for Ch(c)n (x + r, y; λ),

we get the first identity by the binomial convolution of sequences {Ch(c)n (x, y; λ)}∞
n=0 and{ n

∑
k=0

(r)kλn−kS1(n, k)
}∞

n=0. Similarly, the second identity can be proved.

Theorem 12. For n ∈ N∪ {0}, the following relations among Ch(c)n (x, y; λ), Ch(s)n (x, y; λ), Cn(x, y; λ), and
Sn(x, y; λ) hold:

2Cn(x, y; λ) = Ch(c)n (x + 1, y; λ) + Ch(c)n (x, y; λ), 2Sn(x, y; λ) = Ch(s)n (x + 1, y; λ) + Ch(s)n (x, y; λ) ∀n ≥ 0,

Cn(x, y; λ) = Ch(c)n (x, y; λ) + n
2 Ch(c)n−1(x, y; λ), Sn(x, y; λ) = Ch(s)n (x, y; λ) + n

2 Ch(s)n−1(x, y; λ) ∀n > 0.

Proof. The proof is similar to the one in Theorem 4.

Corollary 2. For n ∈ N, the following relations are satisfied:

2Cn(z; λ) + i2Sn(z; λ) = Chn(z + 1; λ) + Chn(z; λ) ∀n ≥ 0,

Cn(z; λ) + iSn(z; λ) = Chn(z; λ) +
n
2

Chn−1(z; λ) ∀n > 0.

3.2. Degenerate Daehee Polynomials

In this subsection, we study some properties of Sheffer sequences for the degenerate complex
Daehee polynomials. First, we can explicitly define Dn(z; λ), from Equation (28), as follows:

Definition 5. For z = x + iy and λ ∈ R\{0}, we define the degenerate complex Daehee polynomials Dn(z; λ)

by the generating function:

log(1 + λ log(1 + t))
log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)z

=
∞

∑
n=0

Dn(z; λ)
tn

n!
. (39)

In particular, dn,λ := Dn(0; λ) are called the degenerate Daehee numbers. It is noted that
log(1+λ log(1+t))

log(1+λt) =
∞
∑

n=0
dn,λ

tn

n! and lim
λ→0

log(1+λ log(1+t))
log(1+λt) =

log(1+t)
t .

With the help of the degenerate trigonometric functions defined in Equation (31), we define the
degenerate trigonometric Daehee polynomials.

Definition 6. For z = x + iy, let us define the degenerate cosine-Daehee polynomials D(c)
n (x, y; λ) and the

degenerate sine-Daehee polynomials D(s)
n (x, y; λ) by the generating functions, respectively, as follows:

log(1 + λ log(1 + t))
log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x

cos(y)λ (t) =
∞

∑
n=0

D(c)
n (x, y; λ)

tn

n!
,

log(1 + λ log(1 + t))
log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x

sin(y)
λ (t) =

∞

∑
n=0

D(s)
n (x, y; λ)

tn

n!
,

(40)

respectively.
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We note that <Dn(z; λ) = D(c)
n (x, y; λ) and =Dn(z; λ) = D(s)

n (x, y; λ) and the degenerate
cosine-Daehee and sine-Daehee polynomials can be explicitly determined and some of them are listed:

D(c)
0 (x, y; λ) =1, D(c)

1 (x, y; λ) = x− 1
2

, D(c)
2 (x, y; λ) = λ(

1
2
− x) + x2 − 2x− y2 +

2
3

,

D(c)
3 (x, y; λ) =λ2(4x− 5

2
) + λ(−6x2 + 12x + y2 − 7

2
) + (2x− 3)(x2 − 3x− 3y2 + 1),

D(c)
4 (x, y; λ) =− 3

2
λ3(4x− 3) +

1
6

λ2(66x2 − 138x− 66y2 + 47)− λ(6x3 − 27x2 + x(32− 18y2))

+ λ(27y2 − 7) + x4 − 8x3 − 3x2(2y2 − 7) + 4x(6y2 − 5) + y4 − 21y2 +
24
5

,

and

D(s)
0 (x, y; λ) =0, D(s)

1 (x, y; λ) = y, D(s)
2 (x, y; λ) = y(−λ + 2x− 2),

D(s)
3 (x, y; λ) =y(2λ2 − 6λ(x− 1) + 3x2 − 9x− y2 +

11
2
)

D(s)
4 (x, y; λ) =y(−6λ3 + λ2(22x− 23) + λ(−18x2 + 54x + 6y2 − 32)) + 2(x− 2)y(2x2 − 8x− 2y2 + 5),

where one can see that lim
λ→0

D(s)
n (x, y; λ) = D(s)

n (x, y) and lim
λ→0

D(c)
n (x, y; λ) = D(c)

n (x, y) for n = 0, · · · , 4,

(see Equations (23) and (24)).

Theorem 13. For n ≥ 0 and z = x + iy, the following identities are satisfied:

Dn(z; λ) =
n

∑
k=0

k

∑
l=0

(
n
k

)
Dn−k(x; λ)(iy)lλ

k−lS1(k, l)

=
n

∑
k=0

k

∑
l=0

(
n
k

)
dn−k,λ(x + iy)lλ

k−lS1(k, l),

where dn,λ are the degenerate Daehee numbers given in Definition 5.

Proof. Since log(1+λ log(1+t))
log(1+λt)

(
1 + 1

λ log(1 + λt)
)x (

1 + 1
λ log(1 + λt)

)iy
is the generating function for

Dn(z; λ), using Equation (34) we get the first identity by the binomial convolution of sequences:

{Dn(x; λ)}∞
n=0 and

{ n

∑
k=0

(iy)kλn−kS1(n, k)
}∞

n=0
.

Similarly, the second identity can be proved by the binomial convolution of sequences:

{dn,λ}∞
n=0 and

{ n

∑
k=0

(x + iy)kλn−kS1(n, k)
}∞

n=0
.

Theorem 14. For n ∈ N∪{0} and x = x+ iy, the degenerate cosine- and sine-Daehee polynomials satisfy that

D(c)
n (x, y; λ) =

n

∑
k=2m

[ k
2 ]

∑
m=0

(
n
k

)
Dn−k(x; λ)(−1)my2mλkS1(k, 2m) for n ≥ 0,

D(s)
n (x, y; λ) =


0, when n = 0,

n
∑

k=2m+1

[ k−1
2 ]

∑
m=0

(n
k)Dn−k(x; λ)(−1)my2m+1λkS1(k, 2m + 1), when n > 0.
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Proof. Proof is omitted since it is similarly obtained as shown in the proof of Theorem 10 by replacing
2

2+ 1
λ log(1+λt)

by log(1+λ log(1+t))
log(1+λt) .

Theorem 15. For n ≥ 0 and r ∈ R, we have that

D(c)
n (x + r, y; λ) =

n

∑
k=0

k

∑
l=0

(
n
k

)
D(c)

n−k(x, y; λ)(r)lλ
k−lS1(k, l), n ≥ 0,

D(s)
n (x + r, y; λ) =

n

∑
k=0

k

∑
l=0

(
n
k

)
D(c)

n−k(x, y; λ)(r)lλ
k−lS1(k, l), n ≥ 1.

Proof. One can easily prove by replacing Ch(c)n (x, y; λ) and 2
2+ 1

λ log(1+λt)
by D(c)

n (x, y; λ) and
log(1+λ log(1+t))

log(1+λt) , respectively in the proof of Theorem 11.

Theorem 16. For n ∈ N, D(c)
n (x, y; λ) and D(s)

n (x, y; λ) satisfy the following expressions:

D(c)
n (x + 1, y; λ)− D(c)

n (x, y; λ) =
n

∑
k=1

(
n
k

)(
λk−1D(c)

n−k(x, y; λ)S1(k, 1)
)

,

D(s)
n (x + 1, y; λ)− D(s)

n (x, y; λ) =
n

∑
k=1

(
n
k

)(
λk−1D(s)

n−k(x, y; λ)S1(k, 1)
)

.

Proof. Noting that 1
λ log(1 + λt) =

∞
∑

k=1
λk−1S1(k, 1) tk

k! , we have

∞

∑
n=0

D(c)
n (x + 1, y; λ)

tn

n!
=

log(1 + λ log(1 + t))
log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x+1

cos(y)λ (t)

=
log(1 + λ log(1 + t))

log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x (

1 +
1
λ

log(1 + λt)
)

cos(y)λ (t)

=
∞

∑
n=0

D(c)
n (x, y; λ)

tn

n!

(
1 +

∞

∑
k=1

λk−1S1(k, 1)
tk

k!

)
=

∞

∑
n=0

(
D(c)

n (x, y; λ)
) tn

n!
+

∞

∑
n=1

( n

∑
k=1

(
n
k

)
D(c)

n−k(x, y; λ)λk−1S1(k, 1)
) tn

n!
,

which imply the first identity by comparing coefficients. Similarly, the second one is obtained from that

∞

∑
n=0

D(s)
n (x + 1, y; λ)

tn

n!
=

log(1 + λ log(1 + t))
log(1 + λt)

(
1 +

1
λ

log(1 + λt)
)x+1

sin(y)
λ (t)

=
∞

∑
n=1

(
D(s)

n (x, y; λ) +
n

∑
k=1

(
n
k

)
D(s)

n−k(x, y; λ)λk−1S1(k, 1)
) tn

n!
.

Corollary 3. For n ∈ N, the following are satisfied that

Dn(z + 1; λ)− Dn(z; λ) =
n

∑
k=1

(
n
k

)(
λk−1Dn−k(z; λ)S1(k, 1)

)
.
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4. Conclusions

We study here some properties of Sheffer sequences of complex Changhee and Daehee
polynomials by splitting them into real and imaginary parts using cosine- and sine-Sheffer sequences,
(see Equations (6) and (22)). With the help of simplified trigonometric polynomial sequences,
Cn(z) and Sn(z), which are defined in Equation (11), we give several expressions and properties
(see Theorems 1–7) of the cosine- and sine-Sheffer sequences for complex Changhee and Daehee
polynomials. Further, we have studied degenerate types (Definitions 29 and 39) of Sheffer sequences of
complex Changhee and Daehee polynomials based on umbral composition, which are asymptotically
extended to Sheffer sequences of the complex Changhee and Daehee polynomials as a limit of
degenerate types when parameter λ goes to 0, and present some identities, properties (Theorems 8–12)
and examples of the degenerate complex polynomials. In order to obtain useful identities and relations
of them, we compare coefficients of infinite polynomial series of the generating functions by using
the binomial convolution of sequences. In conclusion, we only study some properties of complex
Changhee and Daehee polynomials as examples of Sheffer sequences, but one can apply this study to
any type of Sheffer sequence. As is well known, the generalized Appell polynomials are one of the
famous examples of Sheffer sequences and hence the most presented results can be applied to the
generalized Appell polynomials.
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