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1. Introduction

Multivalued mappings have many applications in pure and applied mathematics. Topology,
theory of functions of a real variable, nonlinear functional analysis, the theory of games, and
mathematical economics are some examples for those mentioned areas.

We picture the basics of the theory of multivalued mappings. We describe two topologies and
linked open balls in the generalized modular metric spaces (GMMS). After that we compare some
other topologies in modular spaces, modular metric spaces, and ]JS(Jleli-Samet)-metric spaces defined
by Jleli and Samet in [1]. For this purpose, we give some useful definitions and clarify why we need
them. Then, we add the definition of generalized Hausdorff modular distance.

We investigate a new type of definitions in GMMS, such as multivalued Lipschitzian mapping
and D-multivalued contraction. In addition, we focus connection between those definitions. We give a
generalization of the Banach principle of contraction mappings and we explain how we find a fixed
point if we have a multivalued contraction mapping of a GMMS Xp, into the nonempty D-closed and
bounded subsets of Xp.

Nadler initiated the fixed point theory of set-valued contractions. After that it is developed by
many authors in different directions. Some fixed point theorems for multivalued contraction mapping
are proved, as well as a theorem on the behaviour of fixed points as the mappings vary. We choose
two of them: Caristi and Feng-Liu type approaches for the existence of a fixed point in GMMS.

Finally, we give an application for a non-homogeneous linear parabolic partial differential
equation and an initial value problem in GMMS to make our results clear.

Definition 1. Let X be an abstract set. A function D : (0,00) x X x X — [0, c0] is said to be a generalized
modular metric(GMM) on X, if it satisfies the following three axioms:

(GMM,) if Dy(x,y) =0, forall A > 0, then x =y, forall x,y € X;
(GMMy) D) (x,y) = Da(y,x), forall A > Oand x,y € X;
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(GMM3) there exists C > 0 such that, if (x,y) € X x X, {xn} C X with lim Dy (xn, x) = 0, for some
n—oo
A > 0, then
D) (x,y) < C limsup Dy (x4, v).

n—oo

The pair (X, D) is said to be a generalized modular metric space(GMMS).

Example 1. Let X = {1,2,3} and define D : (0,00) x X x X — [0,00] as D)(1,1) = D,(2,2) =
DA(3,3) =0, D;(1,2) = Dy(2,1) =2, D,(1,3) = Dy(3,1) = 6, D,(2,3) = D(3,2) = 2 for
A > 0. Then, GMM; and GMM, are obvious. D/\+14(1'3) < D)(1,2) + Dy(2,3) gives us 6 < 4, is not
true, so (X, D) is not a modular metric space. For GMMs3, we have nlgrolo Dy (xy,x) = 0, while we have
lim x, = x. It is clear that if we take x = y then GMMj is satisfied, if we choose x # y it is easy to show that

n—oo

Da(x,y) < C limsup,,_,, Da(xp,y) is true.

It is easy to check that if there exist x,y € X and {x,} C X with l§r1 D, (x5, x) = 0, for some
n (o]

A >0, while D, (x,y) < oo, then we must have C > 1. In fact, throughout this work, we assume C > 1.
Let D be a GMM on X. Fix xy € X. The set

Xp = XD(X()) = {x € X: D;\(x,xo) —0asA — oo}
is called generalized modular set.

Definition 2. Let (Xp, D) be a GMMS.

(1) The sequence {xy },en in Xp is said to be D-convergent to x € Xp if and only if D)(x,,x) — 0,
as n — oo, for some A > 0.

(2)  The sequence {xy, },cn in Xp is said to be D-Cauchy if D) (X, x,) — 0, as m,n — oo, for some A > 0.

(3) A subset A of Xp is said to be D-closed if for any {x,} from A which D-converges to x, where x € A.
The set C(Xp) is defined as all the nonemty D-closed subsets of Xp.

(4) A subset A of Xp is said to be D-complete if for any {x,} D-Cauchy sequence in A such that

lim D) (xpn, xp) = 0 for some A, there exists a point x € A such that lim D, (x,, x) = 0.
1n,Mm—00 n—oo

Now, we give a definition of multivalued mappings and show some results related to fixed points
in GMMS.

2. Results

2.1. Multivalued Mappings in GMMS

Two fixed point theorems for multivalued contraction mapping are proved in [2] by Nadler.
The first, a generalization of the contraction mapping principle of Banach, states as a multivalued
contraction mapping of a complete metric space into the nonempty closed and bounded subsets of
same metric space has a fixed point. The second, a generalization of a result of Edelstein, is a fixed
point theorem for compact set-valued local contractions. Nadler’s study is applied through other
metric spaces, such as in [3-19].

Feng and Liu [20] gave one of the most important generalization of Nadler’s result without using
Pompei-Hausdorff distance. Then many studies focused on those results and applied them in different
metric spaces; for example in [21]. We consider Feng-Liu theorem in GMMS.

Let (Xp, D) be a GMMS and B C Xp D—sequentially open subset of Xp, while each sequence
of Xp has nlgrgo D) (xn,x) = 0 for some A, and there exists a point x € B such that most part of the

sequence included in B.
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Let Ty, be a family of all sequentially open subsets of Xp. Any convergent sequence in Xp is
convergent in a topological space (Xp, Tx, ). When we take C(Xp) as a family of all nonempty closed
subsets of (Xp, Tx,,) and NV a family of all nonempty subsets A of Xp, we have the following property.
Then we threat these two subsets as they are equal. If D) (x, A) = 0, then x € A for all x € Xp, while
D)(x,A) =inf{D,(x,y) : y € A}. If the property is satisfied for any B C C(Xp) and x € Xp, then
there exists a sequence in B such that }111_1%10 D (xn,x) = 0. In a topological space (Xp, Tx,,), we have
x € B such that most part of the sequence included in B, which means BN A # @, sox € A= A. Asa
result C(Xp) C N.Ifwehave A C NV, x € Xp — A and a sequence in X such that Jlim Dj(xy,x) =0,

then no subsequence in A satisfy D, (x, A) = 0 for any x € A. So Xp — A € 1y, is found. We have
A € C(Xp). The result gives us C(Xp) = N. In addition, the definition of an open subset is given by
using open balls in GMMS as the following. If A is a subset of Xp for any x € Xp, there exists € > 0
such that B(x,e) := {y € Xp : D)(x,y) < e} C A.

In our related paper [22], Tx,, meets properties of usual topology. For example, if we take modular
vector spaces as in [23], the p-ball B,(x,r), where x € X, and r > 0, is defined by B,(x,7) = {y €
Xp;p(x —y) < r}. B, is an open ball and a subset of A in vector space X,. In the example of the
topology (7,) for all p-open subsets of X,, is similar for open subsets of Tx , in'a modular space X).

Chistyakov [24] defined modular open balls and gave their topological structure as: A nonempty
set in X is said to w-open if for every x € A and A > 0 there exists y > 0 such that B(x), , C A by
using w as a modular metric . Denoted by 7(w) for all w-open subsets of X,, we have a w-topology
(modular topology) on X, which is similar to Tx,, in a modular metric space.

When we take a JS-metric space and the topology on JS-metric space, as in [21], we find the usual
topology on JS-metric space is, again, equal to Tx,,.

Now we can begin with the definition of generalized Hausdorff modular. Next, we interpret some
material and produce their relation in the following section.

Let (Xp, D) be a GMMS. For all nonempty A, B C Xp, the generalized Hausdorff modular is
defined by:

Hp(A, A,B) = max{sup D, (a,B),sup D, (b, A)}
acA beB

on C(Xp)—D-strongly complete version of Xp is defined in the next section—where
D/\(LZ,B) = inf D)\(El, b)
beB
If A =1, we have:

Hp(A, B) = max{sup D1(a, B),sup D1(b, A)}
acA beB

on C(Xp), where Dy (a,B) = ;ng D;(a,b).
€

Example 2. If we use the GMMS which is given in the first example, for A = {1,2},B = {3} C X, we have

Hp(A,{1,2},{3}) = max{ sup Dj(a,{3}), sup D(b,{1,2})},
ae{1,2} be{3}

where D) (a,{3}) = , ng D) (a,b) and D,({1,2},b) = eir}fz} D) (a,b). All possible results can be

i
€{3} S

calculated easily.

2.1.1. Fixed Point Results for Multivalued Mappings

Abdou and Khamsi searched the existence of fixed point for contractive-type multivalued map in
the setting of modular metric spaces in their study, and they investigated the existence of fixed point
of multivalued modular contractive mappings in modular metric spaces in [25]. They claimed that
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their results generalize or improve the fixed point result of Nadler in [2] and Edelstein. Their study
inspired us to work on similar ideas and generalize their results for GMMS.

In a primary sense, we define Lipschitzian mapping, fixed point and D-multivalued contraction
in GMMS for more generalized form of Lipschitzian maps we take A = 1 such as in [25]. Then we
give some essential definitions, such as D-strongly Cauchy sequence in GMMS. Afterwards, we show
relations between these definitions and generalized Hausdorff modular metric. At the end of this
section, we give A linked fixed point theorem for D-multivalued contraction mapping in GMMS.

Definition 3. Let (Xp, D) be a GMMS. A mapping f : Xp — C(Xp) is called a multivalued Lipschitzian
mapping, if there exists a constant k > 0 such that for any x,y € Xp, for every a € f(x) there exists b € f(y),
such that

D1(a,b) <k Di(x,y).

A point x € Xp is called a fixed point of f whenever x € f(x). The set of fixed points of f will be denoted

by Fix(f).
The mapping f is called as D-multivalued contraction, if the constant k < 1.

Example 3. If we take the same example as before, a mapping f : X — C(X) such that f(1) = f(2) =
land f(3) = 2 for every a € f(x) there exists b € f(y) the inequality D1(a,b) < k D1(x,y) is verified in X.

Definition 4. Let Xp be a GMMS and {x, } ,en be a sequence of Xp.

(1) The sequence {x, }nen in Xp is said to be D-strongly Cauchy if Y D) (xn, Xy41) < 00, for some A > 0.
n=1

(2) A subset M of Xp is said to be D-strongly complete if for any {x, } D-strongly Cauchy sequence in M

[e9)
such that Y~ Dy (xp, Xy11) < oo for some A, there exists a point x € M such that lgn D) (xn,x) = 0.
n—oo

n=1
(3) D is said to satisfy 1-Fatou property if for any convergent sequence {x, },en C Xp and x € Xp, such
that lgn D1 (xy, x) = 0, we have
n—oo

D1 (x,y) < liminf Dy (xu,y),

foranyy € Xp.

Let (Xp, D) bea GMMS. Let f : Xp — C(Xp) be a multivalued map and x,y € Xp. Assume that
Hp(f(x), f(y)) <k Di(x,y) with 0 < Dy(x,y) < oo for some constant k > 0 and for every a € f(x)
there exists b € f(y), such that

Di(a,b) Hp(f(x), f(y)) +¢
kDq(x,y)+e
kDi(x,y) + 17" D1 (x,y)
HED1 (%, y),

(IRVAVAN

where ¢ = 15Dy (x,y) > 0. If we say 13* = K’ then Dy (a,b) < k' D1(x,y).
At this point, we explain that D-multivalued contraction mapping f has a fixed point in particular
space Xp.

Theorem 1. Let (Xp, D) be a GMMS. Assume that Xp is D-strongly complete and D satisfy 1-Fatou
property. Let f : Xp — C(Xp) be a D-multivalued contraction mapping. Assume that D1 (xo, x) is finite for
some xg € Xp and x € f(xg). Then f has a fixed point.
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Proof. Fix xp € Xp such that Di(x, f(x)) < oo for some x1 € f(x() then there exists x, € f(x7)
such that
Dy (x1,%2) < k D1(x0,x1),

where Dj(x1,x2) < o0.
Dy (x2,x3) < k* Dy(x0,x1),

where D1 (x2,x3) < oo. By induction, we build a sequence {x,} there is x; € f(x,.1), for every

X0 € f(xy), then there exists x, 11 € f(x,), since f is a D-multivalued contraction:

D1 (xn, xp41) < k" Di(x0,x1),
[ee)
where Dy (xp,x,11) < oo, for every n > 0. Since k < 1, Z D1 (xpn, xy41) is convergent, ie., {x,}
n=1

is D-strongly Cauchy. Since Xp is D-strogly complete, there exists a point x € Xp such that
nh_r)r(}o D1 (xyn, x) = 0. Since there is xg € f(x), for every x1 € f(x,),

Dl(x()/xl) S k Dl(xnlx)/

and Dj has 1-Fatou property,
Dl(xO,X]) <k Dl(x,x) <k liminfDl(xn,x),
n—,oo
we conclude that nlgn D1 (x0,x1) = 0, then x is fixed point of f. [

2.1.2. From Caristi-Type to Feng-Liu-Type Fixed Point Results for Multivalued Mappings

Caristi proved a general fixed point theorem and applied it to derive a generalization of the
Contraction Mapping Principle in a complete metric space, then gave an application together with the
characterization of weakly inward mappings to obtain some fixed point theorems in Banach spaces [26].
Following that, many authors expanded his approach through different metric spaces; for example
in [27]. In addition, there exist an application of Caristi-type mappings in [28]. We examine Caristi-type
mappings and state Feng-Liu-type results in GMMS in this section.

Theorem 2. Let Xp be a D-complete GMMS and f : Xp — CB(Xp) be a nonexpansive mapping such that
foreach x € Xp and y € f(x) we have

Di(x,y) < Op(x,y) —Op(y,2)

forz € f(y), while CB(Xp) is D-closed and bounded subsets of Xp and the function ®p : Xp x Xp — [0, 0]
is lower semicontinuous with its first variable. Then Dy (X, X,41) < 00, so f has a fixed point.

Proof. Let xg € Xp and x1 € f(xp). If x; = xp, then proof is completed. Let x¢ # x;. Using the above
inequality of the theorem, then

D1 (x0, x1) < ©p(x0,x1) — Op(x1, x2),
for x, € f(x1). When we continue the process, we have x,, € f(x,) while x,, # x,;1, then we have

0< Dy (xn—lz xn) <0Op (xn—l/ xn) - ®D(xn/ xn+1>/
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for x,41 € f(xn). We have ©p(x,_1, X»),cn Nonincreasing sequence and converges to w > 0. If we
take limit for the above inequality, we have

nlgr.}o Dy (x,—1, xn) 1112%0{®D(xn71/ xn) - ®D(xn/ xn+1)}/
nlgrolo Op(xn-1, xn) - nlgl;lo ©p (xi’l/ Xnt1),

w—w=20

nlgrc}o Dl (xnflr x}’l)

INIACIA

nlg)rc}o Dl (xnflr x}’l)

for n € N. It is the same way to show {x, },cn is D-Cauchy sequence. Then we assume w is a fixed
point of f:

Di(w, f(w))

INIAIA
g

for the last equality we pass the limit, and then we have

A, Dalw, flw)) < iy, Dy @, %) = Jimg, Dy (@, xn),
liﬁm Di(w, f(w)) < D%(w,w)—D%(w,w):O.
n—oo

Then w is a fixed point of f. O

Next, it is available to generalize even more as below.

Theorem 3. Let Xp be a D-complete GMMS and f : Xp — CB(Xp) be a multivalued mapping

Hp(f(x), f(y)) < v(D1(x,y))

forall x,y € Xp and v : [0,00] — [0, 0] is a lower semicontunious map defined as v(t) < t for t € [0, co] and
satisfied that Ltt) is nondecreasing. Then Dy (X, X,+1) < 09, 50 f has a fixed point.

Feng and Liu [20] gave the following theorem without using Hausdorff distance. To state their
result, we use the following notation for a multivalued mapping f on Xp, let and we define

Ipg(f) = {a € f(x); B Da(x,a) < Dy(x, f(x))}-

The function f is called D-lower semicontinuous, and for any sequence {x, } € Xp is convergent
tox € Xp, if Di(x, f(x)) < ligginfDl(xn,f(xn)).

Example 4. If we take the same example as before, a mapping f : X — C(X) such that f(x) = 3,
B = 3 x € X, we can show for any calculation of B D1(x,a) < Di(x, f(x)), where a € f(x), it is
satisfied. Then f is called D-lower semicontinuous for any sequence {x,} € X is convergent to x € X, if
Dy(x, f(x)) < liygglfDl(xn,f(xn)).

Theorem 4. Let (Xp, D) be a complete GMMS and f be D-multivalued mapping on Xp. Suppose there exists

a constant K > 0 such that % < 1forany x € Xp thereisy € Igﬁ(f) satisfying

D1(y, f(y)) < K D1(x,y).

If there exists xo € Xp such that D1 (xo, f(xg)) < oo. Assume there exists a sequence {x, } in Xp such

that B Dy (Xp41, Xp42) < K D1(xn, xy4+1) and B Dy (xp41, f(xp41)) < K Dy(xp, f(xy)) ; while x,11 €
f(xy) and D1(xp, Xy41) < o0 forany n € N.
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The sequence is D-strongly Cauchy, and if we assume D1 (x, f(x)) is D-lower semicontinuous, then f has
a fixed point.

Proof. Since f(x) € Xp forall x € Xp, then I}, (f) is nonempty. Let us start choosing xo € Xp such

that D1 (xo, f(x0)) < co. From Dy (y, f(y)) < K D1(x,y), there exists x1 € 11]50,5 (f) such that,

D1 (x1,f(x1)) S K Dl(xo, xl).

Since x; € I,’;O,ﬁ(f), then x; € f(x¢) and

B D1(x0, x1) < D1(xo, f(x0)) < 0.

Choosing x; € Xp such that D;(x1, f(x1)) < co. From Dy(y, f(y)) < K Dy(x,y), there exists
Xy € Igllﬁ(f) such that,

D1 (x2, f(x2)) < K Dy(x1,x2).

Since x, € Ilgl,ﬁ(f)' then x; € f(x1) and
b Dy(x1,x2) < Di(x1, f(x1)) < oo.

By choosing x,.1 € M such that Dy(x,1, f(x,+1)) < co. From Di(y, f(y)) < K Di(x,y),
there exists x,,,1 € Ig’iﬁ (f) such that,

Dy (xn, f(xn)) < K D1(xn, Xny1)-
Since x,41 € Ig’:ﬁ(f), then x,,11 € f(x,) and
B D1 (xn, xp11) < D1 (xn, f(xn)) < co.
Then, we have,
B D1(xn41,Xn42) < D1(xn, f(xn41)) < K D1(xn, Xp41),
which give us, while x,,11 € f(xy),

B D1(xny1, f(xn11)) < D1(xn, f(xn11)) < K Dy(x, f(xn))-

Then, we have
D1 (xp41, f(xn41)) <

D1 (xn, f(xn))

™| R

for% < 1forany x € Xp,

Dy (o1, £ 11)) < (I;)”D1<xo,x1>,

while Y Dy (xy, xy41) < o0 and {x,,} is D-strongly Cauchy and Xp is D-strongly complete; then

n=1
0= lim Dq(xy,xy4+1) = nh_r}rgo D1 (xn, f(x4)).

n—o0

Dy (x, f(x)) is D-lower semicontinuous,
0<Di(zf(z)) < h)gr_l)%fDl(xn,f(xn));

since f(z) € Xp, thenwehavez € f(z). O
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2.1.3. An Application

When we mention applications of multivalued mappings, one of them is given by Khamsi et al.
in [23] for modular vector spaces. They pointed out a fixed point theorem for uniformly Lipschitzian
mappings in modular vector spaces which has the uniform normal structure property in the modular
sense. They expanded their results in the variable exponent space. Another application of them is
given by Borisut et al. in [29]. They proved some fixed point theorems in generalized metric spaces by
using the generalized contraction and they applied the fixed point theorems to show the existence and
uniqueness of solution to the ordinary difference equation (ODE), partial difference equation (PDEs)
and fractional boundary value problem.

For a non-homogeneous linear parabolic partial differential equation, initial value problem is
given in [6], such as

fi(x,t) = fux(x,t) +S(x,t, f(x, 1), fx(x, 1), —00 < x <00,0<t<T,
f(x,0) = ¢(x)=0

for same valued x € Xp, where S is continuous and ¢ assumed to be continuously differentiable
such that ¢ and ¢ are bounded. By a solution of this problem, a function f = f(x,t) defined on
R x I = [0, T], where I satisfying the following conditions:

(A)  f, ft. fx, fxx € C(R x I) while it denotes the space of all continuous real valued functions,
(i) f, fx arebounded € R x I,

(i) fi(x,t) = fax(x, £) +S(x, t, f(x, 1), fx(x, 1)), (x,t) e R x I,

(iv) f(x,0) =¢(x) >0forallx € R,

The differential equation problem below, is equivalent to the following integral equation problem:

fan= [

—00

[e0]

t oo

K(x — 6,6)p(6)d6 + / / K(x —8,t — u)S(6,u, F(6,u), fr(6,u))dédu
JO J—o0

forallx e Rand 0 < t < T where

1 -2
K(x,t) = I teT.
T

This problem admits a solution if and only if the corresponding problem just below has a solution. Let

B:={f(x,t): f, fxr € C(R X I),|[f|| < o0}
where

fIl:=sup |f(x,t)[+ sup |fa(x, ).

xeR,tel xeR,tel

Now, we take a function D; as

1 1
Di(x,y) := Xm(w) = ﬁ\x -yl

is a GMM on B. Obviously, the GMMS By, is a D—complete and independent of generators.
While D; is a GMMS, lower semicontinous it is easy to proof for Feng-Liu-type.

Theorem 5. Let the problem

fi(x,t) = fux(x,t) +S(x,t, f(x, 1), fx(x, 1)), —00 < x <00,0<t <T,
f(x,0) = ¢(x)>0.

and assume the following:
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(i) Forc > Qwith |s| < cand |p| < c the function S(x,t,s, p) is uniformly Holder continuous in x and t for
each compact subset of R x I,

(ii) There exists a constant cg < T + 277*% T2 < g, where q € (0,1) such that

0
Cs

S %S[(xl t/SZI PZ) - S(x/ t/ 51, pl)]
< [SZ*SH/F\PZ*FH]

forall (s1,p1), (52, p2) € R x Rwith sy < spand p1 < pa,
(iii) S is bounded for bounded s and p;

Then the problem has a solution.

Proof. Let choose x € B, is a solution of the problem below, if and only if x € B, is a solution
integral equivalent.

When we take the graph G with V(G) = B, and E(G) = {(z,v) € By X By : z(x,t) <
v(x,t) and zx(x,t) < vy(x,t) for each (x,t) € R x I}.E(G) is partially ordered and (B, E(G)) satisfy
property (A).

The mapping () : B, — B, defined as

o)

Flu(x, b)) = / K(x —8,1)¢(8)ds + /Ot /jo K(x —8,t — u)S(8, u, f(6, 1), fe(6,u))dédu

—00

for all x € R and when we solve the problem, the solution gives us the existence of fixed point of f.
Since (z,v), (zx,vx), (f(2), f(v)), (f(zx), f(vx)) € E(G) and from the definition of f and (if)

11f(v(x, 1) = f(2(x,1))| < csD1(z,0).
Then, we have
1 fx(0(x, 1) = fx(z(x, )| < csDi(z,0) [S, K(x — 6,£)¢(8)ds
< ZH’%T%05D1 (z,0).
When we take the solutions together:
(T +2m2T?) cg D1(z,0)

<
< CD](Z,U), ce (0/1)
<A?|z—v|, A €(0,1).

Di(f(2), f(v))
Di(f(2), f(2))
1f(2) = f(0)]

From Feng-Liu’s perspective, we have

Mlo—f(v)] < A?Hy(f(2),f(v)) <A*|z—0|

d(v,f(v)) < Ha(f(2),f(v))  <d(z0)

Di(vo, f(v)) < Hp(f(2),f(v)) < Di(z0)
(

)
since we have b D1(z,v) < Di(z, f(z)), while b € (0,1). Then, there exists a z* € B, such that
z* = f(z*), which is the solution of the problem. [
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