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Abstract: In this paper, we consider and study a system of multi-valued mixed variational inclusions
with XOR-operation @ in real ordered uniformly smooth Banach spaces. This system consists of
bimappings, multi-valued mappings and Cayley operators. An iterative algorithm is suggested to
find the solution to a system of multi-valued mixed variational inclusions with XOR-operation &
and consequently an existence and convergence result is proved. In support of our main result, an
example is constructed.
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1. Introduction

In 1964, Stampacchia [1] investigated the theory of variational inequality which provides us a
lenient way for solving perplexities occurring in industry, finance, economics, operation research,
optimization, decision sciences and several other branches of pure and applied sciences, and so forth,
see, for example, [2-17]. Hassouni and Moudafi [18] studied a mixed type variational inequality which
involves a nonlinear term called variational inclusion. They used the resolvent operator technique
in order to find the solution to their problem as the projection method does not work due to the
nonlinear term.

A natural generalization of variational inequalities called the system of variational inequalities
(inclusions) were considered and studied by several authors. Cohen and Chaplais [19], Ansari and
Yao [20] and many more researchers considered various system of variational inequalities (inclusions),
see also [21-29]. It has been shown by Pang [30] that not only the Nash equilibrium problem but
also various equilibrium type problems, like the traffic equilibrium problem, spatial equilibrium
problem and the general equilibrium programming problems from operation research, game theory,
mathematical physics, and so forth, can be formulated as a variational inequality problem defined
over a product of sets, which is equivalent to a system of variational inequalities.

Agarwal et al. [31] studied a system of generalized nonlinear mixed quasi-variational inclusions
and demonstrated sensitivity analysis of their problem. Some ordered variational inclusions involving
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XOR-operation @ are studied by Li et al. [32-35], Ahmad et al. [36-39] and Ali et al. [40] and so forth.
For some related work, see also [41].

In this paper, we consider and study a system of multi-valued mixed variational inclusions with
XOR-operation @ in real ordered uniformly smooth Banach spaces. We prove the existence of solutions
to a system of multi-valued mixed variational inclusions with XOR-operation ¢ and we discuss the
convergence of the iterative sequences generated by the proposed algorithm. An example is provided.

2. Preliminaries

Let E be a real ordered uniformly smooth Banach space with norm || - || and E* be its topological
dual. We denote by d the metric induced by the norm || - || on E, by CB(E) (respectively, 2F) the family
of all nonempty closed and bounded subsets (respectively, the set of all nonempty subsets) of E and
by D(-, -) the Hausdorff metric on CB(E). Let C C E be a cone. For arbitrary elements x,y € E, x <y
holds if and only if ¥ — x € C, then the relation ” < ” in E is called partial order relation induced by
the cone C.

Let (-, -) be the duality pairing between E and E*, and ] : E — 2F be the normalized duality
mapping defined by

J(x) = {f € E": {x, f) = x|l fII}, forall x € E.

We recall some well known concepts and results for the presentation of this paper.

The modulus of smoothness of a Banach space E is a function ¢ : [0,00) — [0, 00) defined by

x+yl| —|lx—
ws(0) = sup { A2V g <0,y < o

A Banach space E is called uniformly smooth if

t=0 t
Definition 1 ([29]). A mapping g : E — E is said to be
(i) accretive, if for any x,y € E, there exists j(x —y) € J(x —y) such that
(8(x) —8(y).j(x —y)) 20,
(if) strongly accretive, if for any x,y € E, there exists j(x — y) € J(x —y) and a constant ¢ > 0 such that
(§(x) =W, i(x = y) = &llx —y[I?,

(iii) Lipschitz continuous, if for any x,y € E, there exists a constant Ay > 0 such that
lg(x) =Wl < Agllx = yll-

Proposition 1 ([42]). Let E be a uniformly smooth Banach space and | : E — 2E be a normalized duality
mapping. Then, for any x,y € E,

(@) llx+yll* < llxl* +2(y,j(x +y)), forall j(x + y) € J(x +y),

(ii) (x—y,j(x) = j(y)) < 2C?7E (4]|x — y||/C) where C = /([[x[1* + [ly][*) /2.

Definition 2. A multi-valued mapping G : E — CB(E) is said to be D-Lipschitz continuous, if for any
X,y € E, there exists a constant Ap_ > 0 such that

D(G(x),G(y)) < Apglx = yll-
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Definition 3. A cone C is said to be normal if there exists a constant A > 0 such that for 0 < x <y,
llx|| < An||y||, where Ay is normal constant of C.

Definition 4. For arbitrary element x,y € E, x <y (ory < x) holds, then x and y said to be comparable to
each other (denoted by x « y).

Most of the following definitions can be found in [43].

Definition 5. For arbitrary elements x,y of E, lub{x,y} and glb{x,y} mean the least upper bound and the
greatest lower bound of the set {x,y}. Suppose lub{x,y} and glb{x,y} exist. Then some binary operations are
defined as follows:

(i) xVy=Ilub{x,y},
(i) x Ay = glb{x,y},
(iit) xdy = (x—y) vV (y — x),
(iv) xOy = (x —y) A (y — x).

The operations V, A, @ and © are called OR, AND, XOR and XNOR operations, respectively.

Proposition 2. Let & be an XOR-operation and © be an XNOR -operation. Then the following relations hold:

(i) xOx=0,x0y=yo0x=—(xdy)=—(ydx),
(ii) ifx <O, then —x 0 <x < x PO,

(iii) 0<x®y, ifxoxy,

(iv) ifx <y, then x ®y = 0, if and only if x = y.

Proposition 3 ([43]). Let C C E be a normal cone with normal constant Ay. Then for each x,y of E, the
following relations hold:

(i) 00| = o] =0,
(i) [x vyl < [l v [yl < el + vl
() [rayl < lx -yl <Anlxol

(iv) if x ey, then ||[x D y|| = [lx = y]|.

Definition 6 ([33]). Let A : E — E be a single-valued mapping. Then

(i) A is said to be a comparison mapping, if for all x,y € E, x « y then A(x) « A(y), x < A(x) and
y = Aly),
(ii) A is said to be strongly comparison mapping, if A is a comparison mapping and A(x) o« A(y) if and only
ifx oy, forall x,y € E,
(iii) A is said to be p'-ordered compression mapping, if A is a comparison mapping, and

Ax)DAy) < B (x®y), for0 < p/ < 1.

Definition 7 ([32,39]). Let M : E — 2F be a multi-valued mapping. Then

(i) M is said to be a comparison mapping, if for any vy € M(x),x vy and if x « y, then for any vy € M(x)
and any v, € M(y), vy < vy forall x,y € E,

(ii) M is said to be wp1-non-ordinary difference mapping, if for all x,y € E, M is a comparison mapping and
vy € M(x) and vy, € M(y) such that

(vx D vy) Bam(xdy) =0,

(iii) M is said to A\-XOR-ordered strongly monotone mapping, if x « y then there exists a constant A > 0
such that
AMox @ vy) > x @y, forall x,y € E, vy € M(x),v, € M(y).
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Definition 8. Let A : E — E be a strong comparison and B'-ordered compression mapping. Then, a comparison
multi-valued mapping M : E — 2F is said to be (ap1, A)-XOR-NODSM , if M is apj-non-ordinary difference
mapping and A-XOR-ordered strongly monotone mapping such that [A & AM|(E) = E, for all apg, B/, A > 0.

Definition 9. Let A : E — E be a strongly comparison and B'-ordered compression mapping and let M : E —
2F be a multi-valued, (ap1, A)-XOR-NODSM mapping. The resolvent operator R% ) - E — Eassociated with
A and M is defined by

RY, (x) =[A®AM] (x), forallx € E,A>0. (1)

It is proved in [39] that the resolvent operator defined by (1) is a single-valued comparison as well

0-Lipschitz-t ti , where = ——.
as 0-Lipschitz-type continuous, where Y

Definition 10. The Cayley operator C% ) associated with M is defined as
C%A(x) = [ZR%A(X) - I} (x), forallx € E, )
where R%/\ is defined by (1) and A > 0.

One can easily prove that the Cayley operator defined by (2) is single-valued, a comparison as
well as (20 + 1)-Lipschitz-type continuous, where 6 is same as in Definition 9, for more details see [40].

3. A System of Multi-Valued Mixed Variational Inclusions with XOR-Operation & and an
Iterative Algorithm

Let E be a real ordered uniformly smooth Banach space. Let G, F : E — CB(E) be multi-valued
mappings and A, P,q : E — E; S,T : E x E — E be single-valued mappings. Let M,N : E — 2F
be multi-valued mappings and C% 'y C[I\{’ o+ E — E be Cayley operators. We deal with the following
problem.

Find x,y € E,u € G(x),v € F(y) such that

0€ S(x—P(x),v)+ C%A(x) ® M(x),

3
0€T(uy—q(y)+Ch,(y) ®N(y), ©

where A > 0 and p > 0 are constants. Problem (3) is called system of multi-valued mixed variational
inclusions with XOR-operation ®.

If P(x) = 0 = gq(y), then we encounter with the following problem, that is, find x,y € E,u €
G(x),v € F(y) such that

~—

0€ S(x,v)+ C%/\(x) ® M(x),

(4)
0€eT(uy)+ Cxp(y) ® N(y).

Problem (4) appears to be the new one.
If C% W(x)=0= CX »(y), and @ is replaced by +, then problem (4) reduces to the problem of
finding x,y € E,u € G(x),v € F(y) such that

0 € S(x,v) + M(x),

(&)
0€T(uy)+ N(y).

Problem (5) is considered in [26] in the setting of Hilbert spaces.
It is easy to check that problem (3) includes many previously studied problems related to
variational inclusions.
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The following Lemma is a fixed point formulation of problem (3).

Lemmal. x,y € E,u € G(x),v € F(y) is a solution to a system of multi-valued mixed variational inclusions
with XOR-operation @ (3), if and only if the following equations are satisfied:

x = RYL[A®) +AS(x = P(x),0) +ACH, (%), (©)
v = RN, [AW) +0T(wy—qw) +pCh, 1), )
where, A > 0 and p > 0 are constants.
Proof. The proof is easy and hence omitted. [

Iterative Algorithm 1. For any given xg,yo € E, we choose uy € G(xg),vo € F(yo). From (6) and (7), for
0<apB<landA,p>0,let

x1 = (1 —a)xo +aRY, [A(xo) + A(S(xg — P(x0),v0)) + Ac%A(xo)} ,

and
v = (1= B)yo+ BRY,, | A(o) +p(T(wo,y0 = 4(v0))) +#CX (o) | -

Since uy € G(xo) and vy € F(yp), by Nadler’s theorem [44], there exist u; € G(x1) and v1 € F(y1)
such that

[l — uq|

log — o1

where D is the Hausdorff metric on CB(E). Let
— M M
¥ = (1—a)x; +aRY, [A(xl) +A(S(x1 — P(x1),01)) + ACA,A(xl)} )

and
v2 = (1= B)yr + BRY, [ A1) +p(T(ur, 31— 4(y1)) +pCX (1) |
Aguain by Nadler’s theorem [44], there exist uy € G(xp) and vy € F(yz) such that
(1+27)D(G(x1), G(x2)),
(1+27)D(F(y1), F(2))-

Jug —up|| <
<

o1 — 02|
In a similar way, we can compute the sequences {x, }, {yn},{un} and {v,} by the following scheme:
xug1 = (1= a)xp +aRYy [A(xn) + A(S(xw = P(xn), 00)) + ACK (x2) ], ®)

and
Vi1 = (L= B)yn + BRY ) [ An) +p(T(ttn,y = a(yn)) + pCX, ()] ©
forn=20,1,2,---.
Choose u,+1 € G(Xp41),Unt1 € F(Yn+1) such that

Jun = wsall < (14 (14 1)7") D(Glxnan), Gxa)), (10)

lon=ouial < (14 4+1)7") D(F(yus1), Glyn))- (1)
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4. Existence of Solutions and Convergence of Iterative Sequences

We prove the following existence and convergence result for problem (3).

Theorem 1. Let E be a real ordered uniformly smooth Banach space with modulus of smoothness T (t) < Ct?
for some C > 0 and C C E be a normal cone with normal constant Ay. Let A: E —- E;S,T:EXE — E
be single-valued mappings such that A is strongly comparison and B'-ordered compression mapping; S is
Lipschitz continuous in both the arguments with constant Ag, and As,, respectively; T is Lipschitz continuous
in both the arguments with constant At, and At,, respectively. Let F,G : E — CB(E) be multi-valued
mappings such that F is Ap.-D-Lipschitz continuous and G is Ag,-D-Lipschitz continuous. Suppose that
P,q : E — E be single-valued mappings such that P is dp-strongly accretive and Ap-Lipschitz continuous; q is
0g-strongly accretive and Ag-Lipschitz continuous. Let M : E — 2 be (ap1, A)-XOR-NODSM mapping and

N : E — 2E be (ay, p)-XOR-NODSM mapping. Suppose that the resolvent operators R, RX o, E— Eare

0-Lipschitz-type continuous and GI—LipschitZ-type continuous, respectively, and the Cayley operators C3L, | C% o’
E — Eare (20 4+ 1) and (20’ + 1)-Lipschitz-type continuous, respectively. Let X1 & Xp, Yyi1 X Yy and for
some A, p > 0 the following conditions are satisfied:

0 < An[1—a(l—p0)+abAds B(P)+afA(20+1) + B0/pArAg,] <1, (12)
0 < An[1—pB(1—B0)+BOpAr,B(q) + pO'p(20' +1) + abAAg,Ap,] <1, (13)
where

B(P) = \/ 1 —26p + 64CAp2, (14)
B(g) = /120, +64CA72, (15)

1
= anep’ "

) 1
- 17
anp @ p! a7

Then, the system of multi-valued mixed variational inclusions with XOR-operation & (3) have a
solution(x,y,u,v), where x,y € E,u € G(x),v € F(y) such that x, — X,Yn — Y,y — uand v, — v
strongly, where {x, },{yn}, {ttn} and {v,} are the sequences generated by Algorithm 1.

Proof. As x,41 & x,, using (iii) of Proposition 2 and (8) of Algorithm 1, we have

0< X1 DXy = [(1 —&)xy + aRY) [A(xn) + AS(xn — P(xn), 0n) + AC%/\(xn)H

&) [(1 —a)x, 1+ ocRIX{)l [A(xn,1) +AS(xy_1 — P(xy_1),05-1) + )\C%A(xn,l)ﬂ

(1= &) (% ® x,_1) + aRY, [A(xn) +AS(xn — P(xn), 0n) + AC%A(xn)}

@aRY ) {A(xn—l) +AS(xp—1 — P(xy-1),0p-1) + /\C%)\(xn—l)} . (18)
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Since the resolvent operator R} , is Lipschitz-type-continuous with constant 6 and A is
B’-compression mapping, we evaluate

(1— &) (0 @ xy_1) + aRYL, [A(xn) + AS(xn — P(xn), 0n) + Acgg(xn)}

©aRY ) [A(xy 1) +AS(xu 1 = P(xa-1),00-1) + ACK (x4 1))

IN

(1 - “)(xn S2) xn—l)

+ a0 { [A () +AS(x — (), o) + ACHE (x|

@ [A(xn,l) FAS(Xnt — P(xp1),0n_1) + Ac%A(xn,l)} }
= (1—a)(xpDxy_1) +ab[A(xy) D A(xy—1)] +aOA [S(xp — P(xn),vn) & S(x-1 — P(x-1), V—1)]
+afA {C%\(xn) o C%)L(xn—l)}

IN

+aA Y () ® CBL (x0)] -

Combining (18) and (19), we have

0<x, 1®xy < (1—a)(xyp®x,_1)+abp [x, & x, 1]

+abA [S(xy — P(xn),vn) B S(xy—1 — P(xp_1),0n-1)]

+afA [C%)\(xn) @ C%A(xn,l)} .

Using (iii) of Proposition 3 and (20), we have

%041 @ x|

< ANH [1—a(1—pB'0)](xn ®xy1)
+aBA[S(xn — P(xn),0n) ® S(xy—1 — P(x4_1), 0_1)]
+abA[CY (xn) © CHL) (30 1))]

< AN[1—a(1—=B'0)]||xn @ xp_1]

FANXOAS(xn — P(xn), 0n) © S(xn—1 — P(xn—1), vn—1)|l

+ANGOA||CHE (5) @ CHL (501)|

(1—a)(xn ®xy_1) +abB [x B xy_1] +aOA [S(xn — P(x4),0n) B S(x—1 — P(xy-1),0n_1)]

(19)

(20)

(21)

Using the Lipschitz continuity of S in both the arguments with constants As; and As,, respectively,

and using (iii) of Proposition 3, we obtain

IN

IN

IN

IN

1S (xn — P(xn),vn) & S(xn—1— P(xn-1), 0n—1)||

1S (xn = P(xn),0n) ® S(xn — P(xn), 0n-1)

©S(xn — P(xn),05-1) ® S(xu—1 — P(x4—1), 0n—1) |l
[[S(xn — P(xn),vn) & S(xn — P(xn), vn-1)]

[t — Poxn), 001) @ S(xn-1 — P(ar) 001

1S (xn = P(xn),0n) ® S(xn — P(xn), vn-1)|

+[[S(xn = P(xn),04-1) ® S(xn-1 = P(x¥n-1),0n—1)|l
[S(xn — P(xn),0n) — S(xn — P(xn), 0p—1) ||

+[[S(xn = P(xn),0n-1) — S(Xn-1 — P(xn-1),0n-1)|l
Asyllon — vp—1ll + A, [[¥n — xn—1 — (P(xn) — P(x-1))|-

(22)
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Using D-Lipschitz continuity of F, we have
Jo = ouall < (1+17") D), Fyn1)) < (14 17) Angllym = vl (23)

Since P is strongly accretive with constant 6, and Lipschitz continuous with constant A, using
the techniques of Alber and Yao [45] and Proposition 1, for j(x, — x,-1) € J(xn — x,,—1), we have

2 = xp—1 = (P(xu) = P(xu-1))|?

120 = xn-111> = 2(P(xn) = P(xu-1),j(xn — xu_1 — (P(xn) — P(x,_1))),
120 = X111 = 2(P(xn) = P(xu-1),j(xn = %u-1))

—2(P(xn) = P(xy1), j(xn = Xp1 = (P(xn) = P(x4-1)) = j(¥n = Xn1)),
4)|P(xn) = P(xu_1) |

Xn

< lxn = xual? = 26p[lxn — x|+ 4C?TE ; ,
< lxn = xpal® = 26p |20 — X117 + 64C|| P(xn) — P(xy 1l
< (1—20p + 64CAp%) [ xn — x|

B2(P)||xn — xp—1|, (24)

where B(p) = /1 —20p + 64CAp2.

Since the Cayley operator CX!, is Lipschitz-type-continuous with constant (26 + 1) and using (iii)
of Proposition 3, we obtain

|ty Gen) @ CYa (a1 | < (204 D)lln @ 31l < 20+ 1)l — x4l (25)

_
anA DB
As x,1 x x,, and combining (22) to (25) with (21), we obtain

where 60 =

Jtuss =xall < An[L—a(l = B0)]|lxn — xua | + AnadA{As, (1+n7") Ap, llyn = yu s |
+As,B(P)||xn — Xp_1 ||} + ANaOA(20 + 1) xn — X
= An[1—a(l—B'8) +abAds, B(P) + adA (20 +1)]||xy — x,_1]|
+Ana0AAs, (1+17) Apgllyn = yua - (26)
As y,11 < yp, using (iii) of Proposition 2 and (9) of Algorithm 1, we have

0<yu1 @y = [(1=B)a+BRY, [Alya) +pT(uta, v — 9(ya)) +0CK ()|
& (1= B)yu-1 +BRY,, [AWn-1) +0T (01,901 = 4(n-1)) +0Cp (1)
= (1= B)(Yn @ Yn1) +BRYy [A(ya) + T (s v — 4(yn) + pCX o ()|

OBRYy [ A1)+ 0T (1, Y01 = A1) +pC (v 1)] - 27)
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Since the resolvent operator R 0 is Lipschitz-type-continuous with constant 6’ and A is

B'-compression mapping, we evaluate

(1= B)(n Y1) + BRY,, [Ayn) + T (1t Y = () + pCHp ()|
SBRY, [ A1) + 0T (a1,Yn1 = A1) +0CNy (s 1)]

IN

(1= B) (W ® Y1) + B0 { [A(ya) + T (1t Y — () + pCHp ()|

EBA(yn—l) + PT(un—lr]/n—l - q(yn—l)) +pCAp Yn—1 }
= (1=B)n @ Yu-1)+BO'[A(yn) © A(Yn-1)]

+p0'p

IN

Up,Yn —

7)) © T 1,y 1 = 4(yu1))] + B0 [Chp () & Yy (v 1))

[T(
(1= B)(Yn ®Yn-1) + BO'B'[yn ® yn—1]
+po P[T(un/yn -

9(yn)) ® T(tty—1,Yn—1 — 9(yn—1))] + p&'p [Cf,p(yn) @ Cﬁ,p(yn-ﬂ} . (28)

Combining (27) and (28), we have

0<Ynr1DYn < (1=B)Yn DYn-1)+ BB [yn ® yn_1]

+B6"0[T (1, Y — 4(Yn)) & T(tp—1,Yn—-1 — 4(Yn—1))]
+0'0 |CX () & CN(yn-1)] - (29)

Using (iii) of Proposition 3 and (29), we have

|Yns1 @ yall

IN

AN =B = B'O)](yn ©Yn-1)

+B0 [T (un, yn — q(yn)) & T(un—1,Yn-1 — 7(yn-1))]

+80'0 (Chp(yn) & CXp(yn1)) |

AN =B = BO)](yn & yu—1)]l

+ANBO O T (i, Yy — q(yn)) & T(ttn—1,Yn-1 — 4(Yn-1))||
+ANBO'p||CH () & Cl (v |- (30)

IN

Using Lipschitz continuity of T in both the arguments with constant A7, and Ar,, respectively
using (iii) of Proposition 3, we obtain

IN

IN

IN

IN

T (un,yn — q(yn)) & T(tn-1,Yn-1—q(WYn-1))|l

T Cun,yn — q(yn)) & T(un—1,yn — q(yn))

ST (un—1,Yn — q(Yn)) ® T(Un-1,Yn-1 —9(Yn-1))|

T (tn, yn — q(yn)) & T(un—1,¥n — q(yn))]
—[T(un—1,yn —q(yn)) & T(tn-1,Yn-1—9(yn-1))]|

T (tn, yn = q(yn)) © T(un—1,yn — q(yn)) |l

HIT (un—1,yn — 4(yn)) © T(tn-1,Yn-1 — 4(Yn-1))l,

T (s yn — q(yn)) — T(tn—1,yn — q(yu)) |l
HNT(n—1,yn — q(yn)) — T(n-1,Yyn—1 — q(¥n-1))|l

Ay lfun — w1 || + Ay llyn — yn—1 — (@(yn) — q(yu—1)) |-

N —

(31)
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Using D-Lipschitz continuity of G, we have
it =t 2l < (14 171) D(G(x), Glotn1)) < (1+171) Agy 1w = 201 (32)

Since g is strongly accretive and Lipschitz continuous, using the same techniques as for (24), we
have

1yn = Yn1 — (q(yn) — ) I> < (1 =20, 4+ 64CAP) [yn — yu-1 |l
B2 (@) |lyn — yn-1l% (33)

where B(q) = \/1 — 20, + 64CA,”.

Since the Cayley operator CY , is Lipschitz-type-continuous with constant (260’ 4+ 1), we obtain

| ) @ Y (a)|| < 28+ 1) lyn ®yn | < 20+ 1)y — g1, (34)

_
XNpP D ,B, )
As y,41 x y, and combining (31) to (34) with (30), we have

where 0/ =

lywsr =l < An[E= B = BN = yuall+ AnBOp{Ar, (1417 Agy 0 — xua

+ALB@)yn = Y11} + AnBO'P(20' +1)lly =y |
= AN[[1=B(1 =B8]+ p8'0A1,B(9) + B6'0(20" + )] lyn — yull
+AnB8'oAT, (14 171) Agy ]l — xuall (35)

Combining (26) and (35), we have

s = xall + lynss —yall - < {AN[[1— (1 B'0)] +a0AAs, B(P) +a0A(20 +1)
+0'0Ar, (1+n71) Agy] Hlxw — xa 1]
+{An[[1 = B(1 = B0')] + BO'pAr, B(q) + pO'p(20' + 1)
+a6As, (1+17") Apg] Hiyn = yua |
&0, 04) {1 = 01|+ lyn = yu-all}, (36)

IN

where
£(0,6) = max { {An[[1 — (1 — B'0)] +abAAs, B(P) +a0A (26 + 1) + BO'pA, (141 )]},
(A= B(1 = B'O)] + BO'pAr, B(q) + BO'p(26 +1) +u0As, (1+ 1~ )An, ]} }.
Let
(6,0') = max {{AN[[l — a(1— B'0)] + afAAg, B(P) + abA(20 + 1) + B0’ pAr, Ay},

[l — (1= §'0')] + B0'pA1,B(q) + BO'p(26" + 1) + a0AAs,Ap, ]}
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Conditions (12) and (13) imply that 0 < ¢(6,6’) < 1 and so 0 < ¢(6,,0),) < 1, when n is
sufficiently large. It follows from (36) that {x, } and {y, } are both Cauchy sequences. Thus, we can
assume that x, — x and v, — y, strongly.

It follows from (23) and (32), that {u, } and {v, } are also Cauchy sequences, we can assume that
u, — u and v, — v, strongly.

Now we shown that u € G(x) as v € F(y), since u, € G(x,), we have

d(u,G(x)) < [lu—unl| + d(un, G(x))
< llu—uall + (1+n7") D(G(x), G(x)
< Hu—unH—i—(l—o—n*l) Apgllxn — x| =0, as n — oo.

Hence d(u, G(x)) — 0,sou € G(x) as G(x) € CB(E). Similarly, we can show that v € F(y). By
Lemma 1, we conclude that (x,y,u,v) is a solution to a system of multi-valued mixed variational
inclusions with XOR-operation & (3). O

The following example shows that all the assumptions and conditions of Theorem 1 are satisfied.

Example 1. Let E = R? with the usual inner product and C = [0,1] x [0,1] C R? be a normal cone with
normal constant Ay = 1. Suppose that A : R? — R?,S,T,: R? x R? — R?, P,q : R? — R? are single valued
mappings and R),, R} , Cil,, CIY | R? — R? be resolvent operators and Cayley operators, respectively,
for some A, p > 0.

Let F,G : R> — CB(R?) and M,N : R?> — 2% be multi-valued mappings. Then, we define all the
mappings mentioned above as:

_ (a* _ 2
Ax) = (5 5 ), forall x = (x1,x2) € R?,
X
(x/y) - (7 +y1, +]/2) fOV all x = (xl/x2)/ Yy = (yllyZ) e RZ,
T(x,y) = (x + % X2+ ]/z) forall x = (x1,x2), y = (y1,42) € R
_ (1 * _
P(x) = 33 ) forall x = (x1,x) €R
_ (1 *2 _
g(x) = 55 ) forall x = (x1,x) €R
M(x) = §(2x1,2x2)|(x1,x2) € Rz}
N(x) = (3x1,3x2)| (x1,%2) € RZ}

R]\A/I,A(x) =

(

(

{

{

(555
Cirlx) = (5'6)

(%

(

{

{

A ) forall x = (x1,x) € R?,
forall x = (x1,%) € R?,

RIX,P(x) = > forall x = (x1,x2) € R?,

Cﬁ”p(x) = == ) , forall x = (x1,x3) € R?,
(x1,3)]x = (x1,x2) € R? such that 0 < x; < 1} ,

(2,x2)|x = (x1,x2) € R? such that 0 < xp < 1}.
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(1) Clearly, A is strongly comparison mapping and

o) - (33)5(49

= z(x®y)

< Z(x@y), forall x = (x1,x) €R%, y = (y1,y2) € R

Q1N Q1| =

That is, A is %—ordered compression mapping.

(2) It is easy to check that S is Lipschitz continuous in both the arguments with constants % and 1, respectively
and T is Lipschitz continuous in both the arguments with constants 1 and %, respectively.

(3) Forj(x—y) € J(x —y), we calculate

(P(x) = P(y),j(x—y)) = (P(x)=P(y),x—y)
= <<x1 7 M) (11 }/1,x2yz)>
1 1
= 3ln -+ *IIXz—ysz Sl =yl
> Syl
and ||P(x) — P(y)| < %||lx —y||. Thus, P is strongly accretive with constant & and Lipschitz continuous with
constant%

Similarly, we can show that q is strongly accretive with constant 1 3 and szschztz continuous with constant 2
(4) One can easily show that the resolvent operators R A 1S ﬁ -Lipschitz-type-continuous, RI){, p 1
%—Lipschitz type continuous, the Cayley operators C% )\ I8 %—Lipschitz—type continuous and CX o 1
%—Lipschitz—type—continuous.

Also, M is a comparison mapping and 2-non-ordinary difference mapping, N is a comparison mapping
and 3-non-ordinary difference mapping.

Let vy = (2x1,2x2) € M(x) and v, = (2y1,2y2) € M(y), then
(0x Doy) Dam(xDy) =2[(xDy) B (xS y)] =

For A = 1, [A@ AM](R?) = R% and for p = 1, [A® pN|(R?) = R2  This shows that M is
(2,1)-XOR-NODSM mapping and N is (3, })-XOR-NODSM mapping.
(5) Clearly, F and G are D-Lipschitz continuous mappings with constants 2 and 3 respectively.

(6) In order to satisfy condition (12) and (13) of Theorem 1, we calculate

= /1 26p+64CA2 = £1.04, forC = %

1
B(q) = /1~ 26, +64CA3 = £1.60, forC = .

We choose B(p) = —1.04 and B(q) = —1.60 and we claim that the conditions (12) and (13) are satisfied.
That is,

and

0< AN [1 —ua(l-— /3’9) + IXG)\)leB(P) +abA(204+1) + ,BQ’p)\T] )‘GD] =082<1

and
0<AN[1—PB(1—p0)+po'pAr,B(q) + B6'p(20' +1) + abAAs,Ap, | = 0.97 < 1.
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Thus, all the assumptions and conditions of Theorem 1 are satisfied.
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