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Abstract: We construct several new families of directed strongly regular Cayley graphs (DSRCGs)
over the metacyclic group My, = (a,b | a" = b* = 1,b~1ab = a~!), some of which generalize those
earlier constructions. For a prime p and a positive integer a > 1, for some cases, we characterize the
DSRCGs over Myp«.
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1. Introduction

The directed strongly regular graph [1] is one generalization of the undirected strongly regular
graphs (SRG), which is an interesting topic in algebraic graph theory.

A directed strongly regular graph (DSRG) with parameters (1, k, jt, A, t) is a k-regular directed graph
on n vertices such that every vertex is on ¢ 2-cycles (which may be considered as undirected edges), and
the number of paths of length two from a vertex u to a vertex v is A if there is an arc from u to v, and it
is p if there is no arc from u to v. There is also another definition of a DSRG regarding the adjacency
matrix. For a directed graph X of order #, its adjacency matrix is A = A(X) = (uij)nxn, where ajj = 1
if v; and v;j are adjacent, and ajj = 0 otherwise. We use I = I, to denote the n x n identity matrix;
J = Ju the all-ones matrix. Then X is a DSRG with parameters (1, k, jt, A, t) if and only if JA = A] = kJ
and A? = tI + AA + u(J] — I — A). When t = k, the DSRG is just the undirected SRG. When t = 0,
the DSRG is the doubly regular tournaments [1]. Therefore we assumed that 0 < ¢ < k in the rest of
the paper.

For the SRGs and DSRGs, they share many analog properties. In particular, their eigenvalues are
extremely similar. However, for a DSRG, its adjacency matrix is non-symmetric, this leads to more
difficulties and makes it an interesting subject. Observe that the DSRGs have several parameters, there
has been many constructions oriented to obtain several infinite families of DSRGs, also, some sporadic
examples are known in the literature. Although many scholars have studied the existence and
constructions of DSRGs for different parameters (one may refer to [2-5]), there are also plenty of
DSRGs whose existence cannot be determined. As such, the complete characterization of DSRGs is far
from being solved.

By using character theory of finite groups, He and Zhang [6] generalized the semidirect product
method in [2] and obtained a large family of directed strongly regular Cayley graph (DSRCG).
Technically, they constructed some DSRCGs over dihedral groups, which partially generalize the
earlier results in [5]. These results reveals that representation theory is a powerful tool in this subject.
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For more results regarding the interplay between algebraic graph theory and representation theory,
one may refer to [7-9] and the references therein.

The purpose of this paper is to construct several new infinite families of DSRGs by making use
of the representation theory. Borrowing ideas from [6], we consider the DSRCGs over the metacyclic
group My, = (a,b | a" = b* = 1,b=tab = a~!) of order 4n [10]. Let C, = (a) be a cyclic multiplicative
group of order n. The metacyclic group My, can be viewed as the semidirect product of C, = (a) of
order n and Cy; = (b) of order 4. As mentioned in [7], if n is odd, the metacyclic group My, is the
dicyclic group Tyy,. Therefore it would be interesting to consider this group for various applications.

This paper is organized as follows. At first, we give some sufficient and necessary conditions
for the Cayley graph C(Ty,, X U Yb U Xb?> U Yb3) with X = Y and X C Y to be directed strongly
regular, and we construct several new classes of DSRCGs over metacyclic groups. Then, for prime p,
we characterize the DSRCGs C(T4pa, aXUa¥bUaXp?u aYb3) when X =Yor X CY.

2. Preliminaries

In this section, we present the fundamental concepts, we also present several lemmas which will
be used later. In the sequel, F = Q[w] is the n-th cyclotomic field over the rationals, where w is the
primitive n-th root of unity.

For a multiset M, we define the multiplicity function Ap; : M — N, where Aj(x) is the number
of times the element x appears in M. For two multisets M and N, the sum of M and N is denoted
by MW N, then Aypjyny = Ap + An. For a positive integer 7, the scalar multiplication of M by n
is defined as n W M, then we have Ayyp = nAp. The difference of M and N is defined as M\N,
then we have Ayp n(x) = max{Apm(x) — An(x),0} for any x € M. For instance, if M = {2,3,3,4,4}
and N = {1,1,2,2,3}, thenwe have MW N = {1,1,2,2,2,3,3,4,4}, 2w M = {2,2,3,3,3,3,4,4,4,4},
and M\N = {3,4,4}.

For a finite group G with the identity element ¢ (we sometimes use 1 if there is no confusion),
and a non-empty subset S of G, we denote by S(-) the set {s~! | s € S}. Assume now thate ¢ S,
then the graph I' = C(G, S) is called the directed Cayley graph over G with respect to S, if V(I') = G and
x — y (means there is an arc from x to y) if and only if yx ! € S forany x,y € G.

Let G be a group and C be the complex field. We denote the group algebra of G over C by CG,
and we denote the element of CG by X for any multisubset X of G. Thus we can write X as

X =) Ax(x)x.
By using the group algebra, we have

Lemma 1 ([1]). A Cayley graph C(G, S) of group G with the multiset S C G is a DSRG with parameters
(n,k,u, A, t) ifand only if |G| = n, |S| = k and

S =te+AS+u(G—e—5).

The following relations will be frequently used in the context.

Lemma 2. For the metacyclic group My, = {(a,b | a" = b* = 1,b=ab = a~1), we have

(i) a*b = ba~*; db? = b2ak; dF D3 = B3a K,
(i) (a*b)~1 = db3; (akb?) 1 = a kb2

Proof. By relations a” = b* =1and b~ lab = a1, the results follow immediately. O
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2.1. Fourier Transformation on Zy

The following statement and notations are coincided with [6,11]. Let M, N be the multisubsets of
Zyn and k € Zy. We denote kM = {km |m € M}, k+ M ={k+m|me M}, andk—M = {k—m |
m € M}. The sum of multisubsets Mand Nis M+ N = {m+n | m € M,n € N}, and the multiplicity
function of M + N is

Amin(e) = ) Aw(m)Ay (n),

m-+n=c

for any ¢ € Zy. And let
M= Ap(m)® {x"}.
meM

Then C,, = x%n and ¥ is a multisubset of Cj,.

Let Z;, be the multiplicative group of the units in the ring Z,. Then Z;, has an action on Z, by
multiplication, and hence Z, is the union of some Z;;-orbits. Each Z;;-orbit consists of all elements of a
given order in the additive group Z,. We denote the Zj;-orbit containing all elements of order r by O,,
where r is a positive divisor of n. Thus

Or:{z|z€Zn,(nnz):r}:{crrl|1<c<r,c€Z,’;},

and |O,| = ¢(r).

We denote all functions f : Z, — F mapping from Z, to the field F by FZ». By defining the
multiplication point-wise, the F-algebra obtained from FZ will be denoted by (FZ%n,-). And the
F-algebra obtained from F”" by defining the multiplication as the convolution will be denoted by
(IFZ", x), where the convolution is defined by:

(f*8)(z) = ) fli)g(z—1i), f,g€F™ @

i€Zy

The Fourier transformation, as an isomorphsim between the [F-algebra (]FZ", ) and (IE‘Z", *),
is defined as

Fi(Fo0) » (F2,), (FHE) = ¥ fli)w™
i€7n
For any multisubsets M and N of Z;, we have
FACMmy =FAm, FAmen = F (Ap+An) = (FAm) (FAN). @
Then, for rZ, = {0,r,2r,...,n —r}, where r is a positive divisor of 1, we have
FAz, = Buln, Fig, =ndo, Fho=Agz, =1.

The following lemmas will be used in the sequel.

Lemma 3 ([11]). Let f : Z, — F be a function and Im(f) C Q. Then we have Im(F f) C Q if and only if
f = YynarBo, for some oy € Q.

From the Ramanujan’s sums, we have

<onr><z>=y(( d )q}"’” ez 3
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Let v be a positive divisor of n. Then we can define a homomorphism
Yo : Ly — Ly, i — i (modv) + vZy, 4)
with Kerip, = vZ,. Then it follows that

Lemma 4 ([6]). If F(z) is a complex variables function, then we have

F ((mf;’)(H)) (z)) = 0,Vz € Zy < F((FAp) (z)) = 0,Vz € gzn.

v

2.2. Some Lemmas

Throughout this section, we always assume that p is a prime and & > 1 is an integer.
Let v, (z) be the maximum power of the prime p that divides z. Note that the set of divisors of p*
is {1,p,p? -, p* "1, p*}, soall the Zyw-orbits are O1 = 00, 0p, 02, -+, Opr, where

Op = {ep* = 1< <P (p0) =1} = {i] i € Zyeuy(i) = a2},

We denote O, by O; for simplicity hereafter. In particular, O; = {i|i€Zp,vp(i) =a} ={0}.
Note that p"‘_ﬁZpa is a subgroup of Zy« and

B p

p" Py =10, =JO,
i=0 i=0

foreach0 < B < a.
In this section, we assume that X is a subset of Z,« such that 0 ¢ X and

(Faxs-x)) (2) = (FAx) (2) + (Fbx) (2) € {0, —m}, (5)
for any 0 # z € Zy«, where m is a positive integer. We also assume X # —X. Then we have
Lemma 5 ([6]). Let X be a subset of Zy« such that

(Faxsx)) (2) = (Fox) () + (FAX) (2) € {0,—m},

where m is a positive integer. Then there exists some integers 1 <r; <ty < -+ <rs <aand 1l <14 <
Tsyp < -+ <1y < o satisfy

XW(-X)=280,)H2B0,) W W (280,)W (O, UO,U---UOy,).

LetZy = {r1,rp,--- ,rsyand Zp = {rs41, 7542, - ,1¢}. Then I, # @ as X # —X. Thus |Z1| = s
and || =t—-s>1.

Lemma 6 ([6]). Let Z; and I, be the sets defined above. Then Iy and I, form a partition of {+ 1,8 +
2, - ,oc}for some integer 0 < B < a — 1. Hence

XW(=X) = (0, U0, U-+-UOy,) ¥ (Zpa\p“—ﬁzpa) .

Lemma 7 ([6]). Let X be a subset of Zy« \ {0} satisfying the condition (5), and I, T be the sets defined above.
If p is an odd prime, then 71 = @ and

XW (—X) = Zp\p* PZLp.



Mathematics 2019, 7, 1011 50f12
Lemma 8 ([6]). Let X be a subset of Zo« \ {0} satisfies the condition (5), and Iy, I, be the sets defined above.
IfTh #Q,then Ty = {p+1}, Iy ={p+1,6+2,--- ,a} and

X (—X) = O/g_H W (Zza\za_ﬁzpa).

Lemma 9 ([6]). Let X be a subset of Zp« and 0 < -y < « be a positive integer. If X satisfies (FAx) (z) = 0 for
all z & pVZpn, then X = T' + p*~VZy« for some subset T' of {0,1,- -, p*~7 —1}.

3. The DSRCGs over My,

In this section, we will provide several constructions of DSRCGs over Myj,.

Let A; = aX +a(-X) = gXW(=X) and A, = a¥ a(-Y) — aX g(=X),
We now give a criterion for the Cayley graph C(My,,a*X Ua¥b U a*b? Ua¥b?) to be directed
strongly regular.

Lemma 10. The Cayley graph C(My,,a*X Ua¥b U a*Xb?> Ua¥b?) is a DSRCG with parameters (4n,2(|X| +
|Y]), 1, A, t) if and only if

@ t=uw o
(i) 2aYA; = (A — p)a¥ + uCyp;
(i) 2(aXA;+ Ay) =X +a¥ a0 = (A — p)aX + uCy.

Proof. By Lemma 2, we have

(lTXJrﬁJrWJrW)z

= X X a4+ aX B+ aX Vb + a¥ Kb+ a¥ a2
42 aCOP 4+ a7 ) 42X 4 X VB 4 2% +aX a¥b +
a¥ a=X)p3 4 aY a(=Y) 4 Y g(=X)p 4 gY 4(-Y)p?
= 2(aX +a7al ) +2 (X a¥ 47 al D) b
42 (fxz +W(—Y>) 42 (fxﬁmr—m) b

= 2(aXAy + Ag) +2aY Ab +2(aX Ay + Ap)b? +2aY AL D3,

Thus, from Lemma 1, the Cayley graph C(My,, aX Ua¥b U a*Xb? Ua¥b3) is a DSRCG with
parameters (4n,2(|X| + |Y]), 4, A, t) if and only if

(ﬁ+%+@+ﬁ)z

= te+ A (X +ab+ %07 +a0%) + pu (Co+ Cub + Cul? + G )
—ye—y(ﬁ+%+m+ﬁ)

((t=me+ (A = waX +4Ca) + (A = w)a¥ +uCy) b

+ (A= waX +uCy) 0 + (A = w)a¥ + Gy ) b,

Comparing the above two equations, we complete the proof. [J

Setting X = Y in Lemma 10, we have



Mathematics 2019, 7, 1011 6 of 12

Lemma 11. The Cayley graph C(Myy,,a* U a*b U a*b? U aXb3) is a DSRCG with parameters
(47’1,4|X|, H, A, t) ifand only lft =u and

26171\1 = ()\ — “Ll)ﬂix + ﬂa
We now define

r(z) = (FAx) ( Zw and t(z) = (FAy) ( Zw .
ieX i€y

Then r(z) + ¥(z) = (]—' Ax(— X)) (z). The following lemma gives a characterization of the Cayley
graph C(My,, aX Ua¥b U a*Xb? Ua¥b?) to be directed strongly regular by using r(z) and t(z).

Lemma 12. The Cayley graph C(My,,a* Ua¥bU aXb? Ua¥b?) is a DSRCG with parameters (4n,2(|X| +
|Y]), 1, A, t) if and only if

(i) t=yu
(i) tr+7) = %A+ 5Lt
(i) P+ [t =1

Proof. By Equation (1), we have

20YA; = 2aYaX¥(-X)
= 2) A)) ZAXU(X)()k
JELy k€Zn
= 2 Y Av(j)x - Axy_x) (k) tE
jkEZy
= 2 Z Ay x] AXU( )(i—j)xi
JELy

= 2(Ay * Axiy(—x)) (D).
and

(A —w)a¥ +uCy

Y. (A= w)dy(i)x' + Y pbg, (i)'

i€Zy 1€7Zn
_ ‘ZZ:((/\ WY (i) + g, ()2,

From the two equations above and (ii) of Lemma 10, we have

. A— . .
(AY *AXLﬂ(—X)) (i) =— Eav(i) + %Azn(l)r

for i € Zy. By Equation (2), we have

F (By # Axux)) () = F(dy) Fdxo(—x)) (i) = tr+ ) (i),

and

)+ F(Eag, )6 = 2T Fav) + B Fag, () = A5 er B )



Mathematics 2019, 7, 1011 7 of 12

Then by the two equations above, we have

A—p
Ao+ —Lt.
o+ 5

t(r+71) = %

Using the same method, by (iii) of Lemma 10, we have

(Ax* Ax () + (Ay = Ay) (1) = “ L ax(i) + Bag, (),

fori € Z,. Moveover, by applying the Fourier transformation, we have

B gy + 2 E

2 2
t|c =
"+ |t 5 7

.

O

When X =Y, we have the following lemma.

Lemma 13. The Cayley graph C(My,,aX U a®b U aXb? U a*b®) is a DSRCG with parameters

(47’1,4|X|, H, /\/ t) lfﬂnd Only lft =u and

A—p
2

r(r+71) = %Ao + r. )

Let q def r+r= fAXLﬂ(—X)- Then we have

Lemma 14. The Cayley graph C(Myp,a* U a*b U a*b? U a*b®) is a DSRCG with parameters
(4p*,4|X|, u, A, t) then

(1) The function q satisfies
= A—
a(z) = (r+9)(2) = (Faxwx) (@) € (0,555,

forany 0 # z € Zpe.
(2) There are some integers r1,vp, - -+ ,ts with p+1 <1y <1y < -+ <1 < a satisfy

XW(=X) = (0, U0, U---UOy,) ¥ <Zpa\pa_ﬁzpa> ,
where 0 < <o — 1.

(3) If p is an odd prime, then
X (—X) = Zpa\PaiﬁZpa.

ADIfp=2and XN (—X) # O, then
X W (=X) = Opy1 ¥ (Zoe\2¥ PZpe).
Proof. Taking conjugate on Equation (6), we have

it A—
f(r+71) = ”g Ao+ T”f. )

Then the sum of Equations (6) and (7) leads to

(r+7)2 = ppao + S E (x4 1),
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Thus we have
2|X|, z=0;

(r+5)(z) = { 0 or AZ;”, z # 0.

By Lemmas 6, 7 and 8, we can prove Equations (2), (3) and (4) respectively. [

Next we will present several classes of DSRCGs when X = Y or X C Y from the above results.
In the remainder of this section, v is always assumed to be a positive divisor of n and [ = .
Theorem 1. Let T be a subset of {1,--- ,v — 1} C Zj,, where v is an odd positive divisor of n, and X be a
subset of Zy, satisfy the following conditions:

(i) X=T+vZy
(i) XU(=X) =Z,\vZy.

Then the Cayley graph C(Tyy,, aX UaXb U aXb? U aXb?) is a DSRCG with parameters (4n,2(n —1),n —
I,n—3Ln-1).

Proof. From (i), note that |X| = | — X| = “7L. Thus, we have 2aXA; = 2aXaX¥(~X) = 24X Zn\0Zn =
2aX(aln — avZn) = 2aX(C, — avZn) = —2laX + (n — 1)C,,. Therefore, by Lemma 11, we get the desired
result. O

Example 1. For n = 6, we have Toy = {a,b | a® = b* =1,b-lab=a"'}. Let T = {1} and v = 3. Then we
have X = T+ 3Z¢ = {1,4} and X U (—X) = {1,4,2,5} = Z¢ \ 3Z¢, where 3Z¢ = {0,3}. Thus X satisfies
the conditions (i) and (ii) of the Theorem 1. So we have the Cayley graph C(Tag, aX U aXb U aXb? Ua*b3) isa
DSRCG with parameters (24,8,4,0,4), where X = {1,4}.

Theorem 2. Let T be a subset of {1,--- ,v — 1} C Z,, where v > 2 is an even positive divisor of n. The subset
X C Zy satisfies the following conditions:
(i) X=T+0Zy
(i) XU(=X) = (Zu\vZn)W (5 +0Zy);
(iii) XU (54 X) = Zy.
Then the Cayley graph T = C(Myy,, aX U a*Xb U a*b? U aXb?) is a DSRCG with parameters (4n,2n,n +
2l,n—21,n+2l).

Proof. By (ii) and (iii), we have |X| = 4 and A; = C,, — x%%n + x2t9Zn_Therefore, 2aXA; = —2laX +
nCy + 2a%Xa2 %% = _21aX 4 nC, 4 2la2*X = —21aX + nC, + 2IC, — 21aX = (n+21)C, — 4laX.
The result follows from Lemma 11 directly. O

Example 2. For n = 12, we have Tyg = {a,b | a'> = b* = 1,b~lab = a='}. Let T = {1,2} and v = 4.
Then we have X = T + 471, = {1,2,5,6,9,10}. Thus X U (—X) = {1,2,5,6,9,10,2,3,6,7,10,11} =
(le \4212) ] (2 + 3212), where le \4Z]2 = {1, 2, 3, 5, 6, 7, 9, 10, 11}, 4212 = {2, 6, 10}, and X U (2 +
X) = Zqy. The set X satisfies the conditions (i) (ii) and (iii) of Theorem 2. So we have the Cayley graph
C(Tyg, a® UaXb U aXb? UaXb?®) is a DSRCG with parameters (48,24,18,6,18), where X = {1,2,5,6,9,10}.

Theorem 3. Let T be a subset of {0,1,--- ,v — 1} C Z,, where v is an odd positive divisor of n, with 0 € T.
The two subsets X, Y C Zj, satisfy the following conditions:

(i) Y=T+vZ, = XUvZy,;
(i) YU(=Y)=2Zy, YLy
Then the Cayley graph T = C(Tyy,,a® Ua¥b U aXb? Ua¥b?) is a DSRCG with parameters (4n,2n,n +
ILn—1In+1).
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Proof. Notice that |X| = |Y| —1 = 5!, A; = C, — a?Zn and A, = a?ZnA; + 1a%%n = IC,. Therefore,
2a¥A; = —2la¥ + (n+1)Cy and 2(aX A1 + Ay) = —2laX + (n +1)C,,. Thus the result follows from
Lemma 10 directly. O

Example 3. For n = 6, we have Toy = {a,b | a® =b* =1,b"lab=0a"1}. Let T = {0,1} and v = 3. Then
we have Y = T +3%Z¢ = {0,1,3,4} and X = {1,4}. Thus we have Y U (=Y) = {0,1,3,4,0,5,3,2} =
Z¢ W 3¢, where 3Z¢ = {0,3}. Thus the set X satisfies the conditions (i) and (ii) of Theorem 3. So we have the
Cayley graph C(Tay, aX Ua¥bUa*b?> Ua¥b3)) is a DSRCG with parameters (24,12,8,4,8), where X = {1,4}
and Y = {0,1,3,4}.

4. Characterization of DSRG C(Ty, aX UaXbuUaXb? UaXp3)
Firstly, we characterize the DSRCGs C(Typ, a* U a*b U a*b? U a*b®) with p > 2.
Theorem 4. Let p be an odd prime and a be a positive integer. Then the Cayley graph C(Tyy,, a® UaXbUaXb? U

aXb3) is a DSRCG if and only if there is one B with0 < B < a — L and a subset T C {1,--- ,p* P —1}
satisfying the following conditions:

(i) X=T+p" PLy;
(ll) XU (—X) = Zpa\ptx_ﬁzpzx.

Proof. By Theorem 1, we have that C(Tye, aX U a*b U a*Xb? U a*Xb3) satisfies conditions (i) and (ii) is
a DSRCG.

Conversely, suppose that the Cayley graph C(Ty,,aX U aXb U aXb? Ua*b?) is a DSRCG with
parameters (4n,k, u, A, t), where k = 4| X|. From (3) of Lemma 14, we have

XW (—X) = Zp\p* PZp,

for some 0 < § < a — 1, proving (ii).
Therefore,
1(z) +7(z) = p*Ao(2) — pPAz , (2).

Thus Equation (6) becomes

PB0(2)x(z) = pPA ey, (2)2(2) = Endo(z) +

This implies that
1(z) = 0,Vz ¢ pPZy.

By Lemma 9, wehave X = T + p"‘*ﬁZpu, where T is asubsetof {1,-- -, p* P -1 }, proving (i). O

We now focus on the directed strongly regular Cayley graphs C(Ty+2,a% UaXbUaXb? U aXb?).

Lemma 15. A DSRCG cannot be a Cayley graphs of the form C(Tyus2,a* UaXb U a*b? Ua*Xb3) with X N
(—X) =0Q.

Proof. Suppose X N (—X) = @. By Lemma 14 (2), we have
X (—X) = Zpe\2% PZpa.
Similar to the proof of Theorem 4, thereis B with0 < f < a—landasubsetT C {1,---, 20=p _ 1}

such that X = T + 2% AZp« and X U (—X) = Zoa\2% PZy«. Thus we have that 2| X| = 2|H|2f = 2% — 26,
Then 2|H| = 2¢~F — 1, this is impossible. [J
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Theorem 5. The Cayley graphs C(Tyu+2,aX UaXbUaXb? Ua*Xb3) is a DSRCG if and only if there exist one

Bwith0 < B <a—1landasubset T C {1,---,2% P — 1} satisfying the following conditions:

(i) X =T+2%PZyy;
(i) XU (=X) = (Zoa\2% PZpa) & (24 P14 20 P70);
(iii) XU (2P 1+ X) = Zpa.
Proof. It follows from Theorem 2 that the Cayley graph C(Tus2,a* U a*Xb U aXb? U aXb3) satisfying
the conditions (i), (ii) and (iii) is a DSRCG.
Conversely, suppose that the Cayley graph C(Tyu+2, 4% UaXb U a*b? Ua*b?) is a DSRCG with

parameters (4n,k = 4|X|, i, A, t), then we have X N (—X) # @ by Lemma 15. By Lemma 14 (4) and
Equation (3), we have

= 0010 (70, 05, 3 (7o) 9025
i=p+

for some 0 < B < a — 1. Hence k = q(0) = 2* and q(2f) = —2f+1 = A%” Since k(k+ (1 — A)) =

t+ (n—1)uand t = u by Lemma 11, we have u = 2*~2 + 2. Since < k, we have < a — 1. Thus,
by Lemma 11 and Equation (6), we have

r (.FAOM %A — zﬁAz%m) = u2*Ag — 2P+ 1y, ®)

Since (]—"Aoﬁﬂ)(z) =0, we have r(z) = (FAx)(z) = 0 for z ¢ 2PZ.. Thus, by Lemma 9, we have
X =T+ 2% FZ, where T C {1, 2B 1}, proving (i). Thus we have

r(z) = (FAx) (2) = 2PAy; , (FiT).
So by Equation (8), we have, for z € 270,

(FAw) (2) (For) @)+ (FAN () =24F (142 P ) do2) —2(FAD) (). (9)

a—p ~
Let T' = ¢, 4(T) and Ag ) _ Ar. Then T C Zyu—p. Thus, by Lemmas 4, 8 and Equation (9),
we have

T (~T') = (Zye s W 0D \0) = (Zye s {27P71 ) \(0).
Since ker ¢5,—p = 2""5me, we have
Tw(-T)={i+x:1<i<2P-1}uw{2fliy},

for x1,x2,+++ , Xpup_1,y € 2 PZ. So

XU(=X) = (T + 2“*/32,,0 W (—T + 2“*/32,,“) - (Zp\z"‘*ﬁzza) W (2“*5*1 + 2“*/32%) )
proving (ii). By Lemma 11, we have

a2t = X 4 2P X,

then X U (2 F~1 4 X) = Zy, proving (iii). O

5. Characterization of DSRCG C(Type, aX U a¥b U aXb? U a¥b3) with X C Y

Throughout this section, p is assumed to be an odd prime. Let w = r — t. Then we have
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Lemma 16. Suppose the Cayley graph C(T4pu,ax Ua¥bUaXb? Ua'b3) is a DSRCG with X C Y. Then
Im(w) € Rifand only if Y\ X is the union of some Z.-orbits in Zy. Moreover, if C(Tape, aXUa¥buaXb? U
a¥b3) isa DSRCG with X C Y and Im(w) € R, then Im(w) € {0, )‘Z;V} and Y\X = O, UOy U---UOy,,
forsomeQ=1r; <1y <---<rts <

Proof. Suppose the Cayley graph C (T, aX Ua'bUa*b? Ua¥b®) isa DSRGwith X C Y. If Y \ Xisa
union of some Zj,-orbits in Zpe, then Im(w) € R clearly. If Im(w) € R, by Lemma 12, we have

A—
2 _ Vx’

Thus we have the two eigenvalues 0, H are two roots of the quadratic Equation x
so we can get Im(w) € {0, 2 SErcQ. Therefore, by Lemma 3, we have Ax — Ay = Y ' ya,Ap,, for
some &, € {0,—1} and ap = 71. Thus we have Y\X = O;, UO;, U---UOy,, forsome 0 =r; < 1, <

<rg <. O

In the following theorem, we characterize certain DSRCG C(Typ«, aXUa’buUaXb? Ua'b?) with
XCy.

Theorem 6. Let X, Y be subsets of Zy« with X C Y and Y \ X is a union of some Zy.-orbits with Y \ X #
{0}. Then the Cayley graph C(Typ,aX Ua¥b U a*b? Ua"b%) is a DSRCG if and only if the following
conditions holds:

(i) Y =T+ pPlp = XUpPZp,
(ii) YW (=Y) = Zp ¥ pPlps,

where 0 < ﬁ<zxandTisasubsetof{O,l,u-,pﬁ—l}.

Proof. By Construction 3, we have that the Cayley graph C(Typ,a* Ua'b U a*b? Ua¥b’) with
conditions (i) and (ii) is a DSRCG.

Conversely, suppose that the Cayley graph C(Type,aX Ua¥bUa*Xb? Ua"b%) is a DSRG with X C Y
and Y \ X is a union of some Zye-orbits with Y \ X # {0}. By Lemma 16, we have Im(w) € {0, /\%”}
and Y\X = O, U0, U---UOy,, forsome0 =11 <1y <--- <715 <a. Thusw = —Zle]:Ao]..

We claim that {0 =ry,7p,--- ,#s} = {0,1,--- ,s — 1}. To prove this claim, we first assume s > 1
since this claim holds for s = 1. In fact, if there is an integer u such that r,;1 > r, + 1 for some
1 <u <s—1, by Equation (3), we have

Tu) — q)(prl) _ o 7
w(p™) = — ZV( D P“‘))q)(('ﬂ”))_ Y e(p) <0,

but

a contradiction.
Thusr=t+w=t— (pr;;Zpa) =t— p“‘ﬁApu,ﬁZW.
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By Lemma 12, we have
_ A
2+ [t]2 —2p* ﬁtApa,ﬁZpa = 5p*ho + S5,
. 2 = .
(t — p“ ﬁAp""/Spr) + |t|2 = %p'on + TM (t — p’x 'BAP"‘*ﬁZPa) .
The difference of these two equations gives

_ A—=U .
pz(oc ﬁ)Ap“‘ﬁZpa = szx ﬁAp“—ﬁZ’,a'

Since Y \ X # {0}, then we have 0 < B < a. Thus we have /\%” = p*~P. Similar to the proof
about Case 2 of Theorem 7.2 in [6], we can get the conditions (i) and (ii). O
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