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1. Introduction

In this paper, we investigate the well-posedness of the classical solution of the following

Cauchy problem:
ot + Bguzaxu - aaiu + qox(uv) = bP, t>0,xeR,
0xP =1, t>0,x€eR,
aaﬁv + Boxv + yv = Ku?, t>0,x€R,
P(t,—o0) =0, t>0,
u(0,x) = up(x), x €R,

where g, a,4, b, a, B, v,k € R.
On the initial datum, we assume that

up € H2(R) N LY(R), /Ruo(x)dx =0.

Following [1-6], on the function

we assume that
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In addition, we assume that

%zo, g#0, a#0, «#0. 5)

Observe that, since a cannot vanish, we can factorize it and deal with only three constants.

In the physical literature (1) is termed the continuum spectrum pulse equation (see [7-14]). It is
used to describe the dynamics of the electrical field u of linearly polarized continuum spectrum pulses
in optical waveguides, including fused-silica telecommunication-type or photonic-crystal fibers, as
well as hollow capillaries filled with transparent gases or liquids.

The constants 4, b, g, q, &, x, B, 7, in (1), take into account the frequency dispersion of the
effective linear refractive index and the nonlinear polarization response, the excitation efficiency
of the vibrations, the frequency and the decay time (see [7,8,14]).

Moreover, (1) generalizes the following system:

o1t + qdx(uv) = bP, t>0 xR,

0P =u, t>0,x€eR,

vca,%v + Boyv 4+ yv = Ku?, t>0xeR, (6)
P(t,—0) = 0, t>0,

u(0,x) = up(x), x € R,

whose the well-posedness is studied in [15]. From a mathematical point of view, the presence of
the term
3gu?dyu — adsu

in the first equation of (1) makes the analysis of such system more subtle than the one of (6).
Observe that, taking b = « = = 0, (1) becomes the modified Korteweg-de Vries equation
(see [16-20])

ot + (g + 7:) Ou® — aaf’cu =0. 7)

In [8,9,21-24], it is proven that (7) is a non-slowly-varying envelope approximation model that
describes the physics of few-cycle-pulse optical solitons. In [6,18], the Cauchy problem for (7) is
studied, while, in [16,19], the convergence of the solution of (7) to the unique entropy solution of the
following scalar conservation law

et + (g—i— ’{;‘) 3t = 0 ®)

is proven.
On the other hand, taking « = 8 = 0in (1), we have the following equations

K
au+(+q)au3:bp, t>0 xR,
M) ©)
axP:u, t>0,x6R,

that were deduced by Kozlov and Sazonov [12] for the description of the nonlinear propagation of
optical pulses of a few oscillations duration in dielectric media and by Schéfer and Wayne [25] for
the description of the propagation of ultra-short light pulses in silica optical fibers. Moreover, (9) is
a non-slowly-varying envelope approximation model that describes the physics of few-cycle-pulse
optical solitons (see [22-24,26-28]), a particular Rabelo equation which describes pseudospherical
surfaces (see [29-32]), and a model for the descriptions of the short pulse propagation in nonlinear
metamaterials characterized by a weak Kerr-type nonlinearity in their dielectric response (see [33]).
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Finally, (9) was deduced in [34] in the context of plasma physic and that similar equations
describe the dynamics of radiating gases [35,36], in [37-40] in the context of ultrafast pulse propagation
in a mode-locked laser cavity in the few-femtosecond pulse regime and in [41] in the context of
Maxwell equations.

The Cauchy problem for (9) was studied in [42—44] in the context of energy spaces, [4,5,45,46]
in the context of entropy solutions. The homogeneous initial boundary value problem was studied
in [47-50]. Nonlocal formulations of (9) were analyzed in [15,51] and the convergence of a finite
difference scheme proved in [52].

Observe that, taking « = p = 0, (1) reads

qx 3 3
ot + + | Oyu’ —adu = bP, t>0, xR,
f (g v) G (10)

0P =u, t>0,xeR.

It was derived by Costanzino, Manukian and Jones [53] in the context of the nonlinear Maxwell
equations with high-frequency dispersion. Kozlov and Sazonov [12] show that (10) is an more general
equation than (9) to describe the nonlinear propagation of optical pulses of a few oscillations duration
in dielectric media.

Mathematical properties of (10) are studied in many different contexts, including the local and
global well-posedness in energy spaces [43,53] and stability of solitary waves [53,54], while, in [6], the
well-posedness of the classical solutions is proven.

Observe that letting 2 — 0 in (10), we obtain (9). Hence, following [19,55,56], in [5,57],
the convergence of the solution of (10) to the unique entropy solution of (9).

The main result of this paper is the following theorem.

Theorem 1. Assume (2), (3), (4) and (5). Fix T > 0, there exists an unique solution (1, v, P) of (1) such that

u e L°(0,T; H*(R)),
v € L*(0,T; H*(R)), (11)
P e L®(0,T; H3(R)).

In particular, we have that
/ u(t,x)dx =0, t>0. (12)
R

Moreover, if (u1, v1, Py) and (up, v, Py) are two solutions of (1), we have that

[ (¢, ) = ua(t, ) |2y << furo — w20l 2

o1 (t,-) = 02(t, M gy <€ un0 = U0l 2 gy (13)

IPL(t,-) = Pa(t, ) |y <e“ T [[Pro = Paoll g )

where,
X

Pio(x) = [ uio(y)dy, Pro(x) =/

— 00 —

X

N u20(y)dy, (14)

for some suitable C(T) > 0, and every 0 < t < T.

The proof of Theorem 1 is based on the Aubin-Lions Lemma (see [58-60]).
The paper is organized as follows. In Section 2, we prove several a priori estimates on a vanishing
viscosity approximation of (1). Those play a key role in the proof of our main result, that is given in



Mathematics 2019, 7, 1006 4 of 39

Section 3. Appendix A is an appendix, where we prove the posedness of the classical solutions of (1),
under the assumption
up € LY(R) N H3(R). (15)

2. Vanishing Viscosity Approximation

Our existence argument is based on passing to the limit in a vanishing viscosity approximation
of (1).

Fix a small number 0 < ¢ < 1and let e = 1(t, x) be the unique classical solution of the following
mixed problem [19,61,62]:

e + Bgugaxug — aaiug + q0x (vette) = bP, — ea‘,tug, t>0 xR,

Ox P = ue, t>0 x€R,

ocaivg + BOxVe + YU = Kug, t>0 xR, (16)
Pe(t, —o0) =0, t>0,

ue(0,x) = ugp(x), x € R,

where 1, is a C* approximation of ug such that

H2(R) < ”uOHHZ(R)/ /Ruglodx =0,

L2(R) < HP0HL2(]R)/ /]RPg,de =0.

||us,0
(17)
[| Pe0

Let us prove some a priori estimates on u,, P; and v,. We denote with Cy the constants which
depend only on the initial data, and with C(T), the constants which depend also on T.

Lemma 1. Foreacht > 0,
P.(t,0) = 0. (18)

In particular, we have that

./R ug(t,x)dx = 0. (19)

Proof. We begin by proving (18). Thanks to the regularity of ue and the first equation of (16),
we have that

xlgn (atug + 3gu2dyite — ad ue + gy (vette) — saf’cug) = bP(t,00) =0,

which gives (18).
Finally, we prove (19). Integrating the second equation of (16) on (—co, x), by (16), we have that
"X
Pe(t,x) = /7 ue(t,y)dy. (20)

Equation (19) follows from (18) and (20). O

Arguing as in ([15], Lemma 2.2), we have the following result.

Lemma 2. Assume (5). We have that

B 2 :
/ M%axvgdx — E ||axU€(t, ')HLZ(R) ’ lf;B 7& 0/ (21)
. 0, if p=0.
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Lemma 3. Assume (5). If B # 0, then for each t > 0, there exists a constant Cy > 0, independent on ¢,

such that
et ) By + %2 [ x0cls, ) ey s
~|—28/ I9xte (£, )22y ds < Co.

If B =0, then for each t > 0,

e, ) By + 2¢ [ 2w, By s < lolfge
In particular, we have

1950e(t, gy - 105268, 2gm) <Cos

[[0e(t, Mo w) » 106t )l 2 () <Co-

Moreover, fixed T > 0, there exists a constant C(T) > 0, independent on €, such that

/me 22z ds < C(T).

Proof. Multiplying by 2u, the first equation of (16), an integration on R gives

d
T et Fagmy =2 [ medrued

:—6g/Ru€axugdx—Zq/Rugax(ugvg)dx+2b/RPgugdx

+2a /]R ugaiugdx—Ze/Rugaiude
:—Zq/ ugax(ugvg)dx—Za/ axugafcugdx
JR R
+2b/RPEu€dx+28/Raxug8§u€dx
= —Zq/ ugax(usvg)dx—Za/ Bxugaiugdx
R R

xue(t/ )

2

+2b /R Peuedx — 2¢ L)

Therefore,

H%(me+%

Arguing as in ([15], Lemma 2.2), we have (22), (23) and (24).
Finally, arguing as in ([6], Lemma 2.3), we have (25). O

Lemma 4. Assume (5). Fix T > 0. There exists a constant Cy > 0, independent on ¢, such that

oy < G0 (1 el ooy

Proof. Let 0 <t < T. Thanks to the third equation of (16), we have that

aaivg = Kuf — BOxVs — YUs.

2 a
(t, )HLZ(R) =2b /]R Pguedx—Zq/Rugax(ugvg)dx.

(22)

(23)

(24)

(25)

(26)

(27)
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Therefore, by (24),

|||03ve| =lru — PAxve — Yve| < |c[uf + | Bl|9xve] + |y][0e]
2
<Ixl el 2 0,1)xr) + 1Bl 190 (t, ) I o () + 17| [[0e(ts ) | o)
2 2
<|x| ”uS”LZ((O,T)xR) +Co < Co (1 + ||”€HL2((O,T)><R)) ’

which gives (26). O

Arguing as in ([6], Lemma 2.2), we have the following result.

Lemma 5. For each t > 0, we have that

/O Pu(t, x)dx = Ac(t),

/O TPt x)dx = Ad(t),

where
1
Ac(t) = =5 aiPe(t,0) — Fud(t,0) = T93ue(t,0) — Tue(t, 000 (t,0) + Bzt (1, 0).

In particular, we have

/RPS(t,x)dx =0.
Lemma 6. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on e, such that
t
IPeCt, ) gy 266" [ €™ [te(s, ) 2 qmy s

<C(T) (1+ el ynmy )

forevery 0 < t < T. In particular, we have that

1P oy < €T (14 IlBmoryea)

6 of 39

(28)

(29)

(30)

(31)

(32)

Proof. Let 0 <t < T. We begin by observing that, by (28), we can consider the following function:

E(tx) = /Xw P.(t,)dy.

Integrating the second equation of (16) on (—o0,x), we have

Pt x) = / we(,y)dy.

—00

Differentiating (34) with respect to ¢, we get

d X X
0P (t, x) = %L ug(t,y)dy:/i Otute (£, x)dx.

Equation (33), (35) and an integration on (—oo, x) of the first equation of (16) give

0;Pe = bF. — ed3u, — qud + ad*ue — quelte.

(33)

(34)

(35)

(36)
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Multiplying (36) by —2P,, an integration on R gives

d
Z Pt 2wy =20 /R F.Pudx — 2 /R P uedx — 2g /R Padx -
—|—2a/RPgajzcugdx—Zq/Rngsusdx.

Observe that, by (18), (30), (33) and the second equation of (16),

2
2b / F.Pudx =2b / FdyFudx = bF2(t,00) = b ( / Pg(t,x)dx> dx =0,
—28/ PSB Uedx —28/ d Pga Uedx —25/ uga ugdx = —2¢||9xue(t, )||L2
2a/ Pgaxugdx = —Za/ Oy Peoyuedx = —Za/ Uyt = 0,
R R R
—Zq/ P.ocuedx = —Zq/ Pev.0yPedx = Zq/ axvgpszdx.
JR R JR

Consequently, by (24) and (37),

d

EHPS( )||L2 +2€||aac”8( )HL2
:2q/RangP€2dx—2g/RPgug’dx
§2\q|/ |axvg\P€2dx+2|g|/R|Pg||u€|3dx (38)
<20g] et Moy 1Pt ey + 20 [ Pl Pt

<ColIPlt, ) ey +213] [, 1Pel el

Due to Lemma 3 and the Young inequality,

2
2\g|/R|P8Hug|3dx:/R|2Pgus||gu§|dx§2/ szugdx—i—%/Ruﬁdx
<2\ Pelt, ) [Ty et )12y

+E > el o 0.1y e (1) 2y

SCOHPE( )||L°° +CO||“6||L°° ((0,T)xR)
< ||P€(tf')||L°°(R) +Co+Co ||u€HL°°((O,T)><R) :

It follows from (38) that

d
7 1Pt T2ry + 2€ 12xme(t )| F2(w) 4 2 39)
<Co ”PS(tr')”LZ(]R) + [[Pe(t, )| Loy + Co (1 + ||u€HL°°((0,T)><R)>

Thanks to Lemma 3 and the Holder inequality,

X
P2(t, %) :2/ Petedy < z/ Py te|dx

<IPe(t, )l 2wy et ) 2y < Co llPelt, )2 (r)
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Hence,
2
I1Pe(t, ) I ooy < Co llPelt, )1 T2(m)

It follows from (39) and (40) that
d
7 1Pt iz + 2¢ et ) [ 72()
<Co|IPe(t, )| P2(e +co(1+||ue||Lw(mR>)

The Gronwall Lemma and (17) give

1P (¢, ) |2 x) +2€€C“t/0 e [lue(s, ) |72 () ds
t
§C0€C0t + CO (1 + Huenioo((O,T)xR)) eCOt/O e_COSdS
<(T) (1+ Juele o) xm) ) -

which gives (31).
Finally, (32) follows from (31) and (40). O

Following ([6], Lemma 2.5), we prove the following result.
Lemma 7. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on e, such that
[ttel| oo 0,7y xr) < C(T).

In particular, we have

2
ds < C(T),

3 .
o5 (s, ) 12(®)

t
sttt ) ey + 2" [ et
for every 0 < t < T. Moreover,

2
03¢

L2((0,T)xR)
[1Pe(t, ) 2y <C(T),

[[Pell oo 0,7 x ) <C(T),
forevery0 <t <T.
Proof. Let0 < t < T. Multiplying the first equation of (1) by —2092u, + Zg u2, we have that
<—28§u€ %u >8tu€+3g (—28)2&15 %Tgu > Zaxus
( —20%u, + 2£u ) DBue +q (—Zaiug + zfug’) Ox (Velle)
p (—zaiug + %fug) P (—28§u5 + zfug) P,
Observe that, by (18) and the second equation of (16),

—2p / P.2uedx = 2b / 9, Podyitedx = 2b / Uedyitedx = 0.
R R R

8 of 39

(40)

(41)

(42)

(43)

(44)

(45)
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Moreover,
2 d
i <—28,26uE fu >8tu€dx =7 <||8xu€( )||L2 + ;/Rugdx> ,

3 /
g ]R(
2 2g 3\ 23 2 2
- /R (—28qu + au£> Oxttcdx :6g/R UZOxedithedX,

282u€ > ugaxugdx =— 6g/]R ufaxugajzcugdx,

2

2
e [ (e 2t ot = 2e et

+%/ ugaxugaiugdx.
a JR

Defined
G(t) = [Bstelt, oy + 5 [ udd,

it follows from (45), (46) and an integration on R of (44) that

dG(t 2 2b 69¢
T()+2 ‘ Sug(t, ) ) ZTg/RPgug’dx%—%/Rugaxugaiusdx
+2q/Rax(vgue)a§u8dx—qua/Rax(vguE)ugdx.
Observe that

Zq/ ax(vgug)a,zcugdx :2q/ usaxvga,%ugdijZq/ Ueaxugaiugdx
R R R
= —Zq/ aivgugaxugdx—Sq/ 8xvg(8xu€)2dx,
R R

—qua/ O (Velte ) uddx = —qua/ E)xvgu?dx—qua/ 00y U U dX
R R R

3
- ziag/Rvagu?dx.
Consequently, by (48),
dG(t) 2 2bg 3 6ge 2 3
7+2 Sue(t,-) ) :7/]RPSude+7/Ru58xugaxugdx

—3q/ 8xvg(8xu€)2dx—Zq/Raivgusaxude

3qg/ 0y Vel 4dx

9 of 39

(46)

(47)

(48)

(49)
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Due to (26), (32), Lemma 3 and the Young inequality,

2 2
2bg /Pgu‘;’dx:/ |2Psu | bgug
a | Jr
< 2 Zd b 82 4d
<2 [ Phutax+ 25 [ uiax
<2||Ps||L°° (0,T)xR) ||“e( )HLZ
b?
L SyPTR P R A

<2Co || Pel|Zeo (0,7 x) + Co llttel o0,y xR
< 1Pellfoo((0,1)xR) + Co llttel| T (0,1 xRy + Co
<C(T) (14 el o)) )

311 [, 10xvel Gxte) 2 <30al 8505t ey [0s14e(t, ) ey
<Co ||0xue(t, )||L2
20g) [ Bocucdunedx =2 [ g0 osieldx

< / 82052 2x + |[9xe(t, )| 2

x Ve

Loo

<G + [|oxue(t, )||L2

2
llLe((0,1)xR)
<C(T) (14 el Foqom) iy ) + 191te(t, ) [F2qey

3

‘zqf /R|8xvg|u§dx ‘ ‘Haxvg Mo (r /Rugdx
< tix <
<Cy [ ubdx < Cofludl| . o uelt Eagey
< 2
SC0 |14 | o 0,1y

685 2 3 38 42 3
/|u Oxle| |05 Ue|dx 28 SOxlUe| |OU
98 € 2 2
<Er /Ru (@xie P+ [ Qe )| -
Consequently, by (49),
dG(t) 9g%

2
et ) ) <Co Bste(t oy + o [ (0ute)dx

dt
+C(T) (1+ el o)y ) -

Lemma 2.6 of [6] says that

2
xus(tr )

[t @unedx < 4 ue(t, )2 ey .

o et W2y + 19xue(t, ) | T2m)

10 of 39

(50)

(51)
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Hence, by Lemma 3, we have that

98% [ 4 2, 36g% 2
[ @ <ZEE fuelt ey [Ruete ),
2
< . .
<Coe (t,) ®)
Therefore, by (50),
4G(t) P <ol c i
e @t )| ) <Colldeelt)ifaqey + Coe [Buelt, )|

+an@+mwwwmm0-

Observe that, by (47) and Lemma 3,

C
Co [|xtte (t, ) |72z —COG(t)—% ubdx

<CoG(1) + |8

<CoG(t) + o ||u€||L°° (0,1)xR) lle(t, )HLZ

<CoG(t) + Co ||”8||L°°((0,T)xR) .

It follows from (52) and (53) that

2
() L2(R)

+C(T) (1 + HMS”%“((O,T)XR)) :
The Gronwall Lemma, (17), (47) and Lemma 3 that
N A Ay e
2a Jr 0
< Coo0 4+ C(T) (1t el o171 ) e [ €

t 2
—|—C056C0t/ ¢~ Cos
0

46(1)

2
At xuf(t/.)

CoG(t) + Cpe
(R)_o() 0

2
031t (s, -)

L2(R)

02ue(s,-) ds

L2(R)

2

ds
L2(R)

xue(sf )

ot
< C(T) (14 uellis oy cmy) +C(Te |

< C(T) (1 + luelF o1y ) -

Consequently, by Lemma 3,

2

ds

Cot —Cps
e, Vo) + 266 [ .

031t (s, -)

<C(T) (14 ltell oo rymy ) = s et ) oy
(14 Nl cmy) + | S| [ e

T) (14 el ) )
<C(T) (1+ uel 2o o1 m))
™) ( )-

Co llutel[ o 0,1) xR)

1+ ||”€HL°°((OT )xR)

+

8
+ |2 | el ory e et ) ey
+

11 of 39

(52)

(53)

(54)
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We prove (41). Thanks to (54), Lemma 3 and the Holder inequality,

x .
u(t, x) :2/ Uy Uedx < / e ||Ox1te|dx
—o0 JR

SWM#Hhmewﬁﬁm@Sqﬂ¢@+ww§mmmﬁ-

Hence,
el 0,1y = C(T) e 0,77 ) = C(T) <0,
which gives (41).
Finally, (42) follows from (41) and (54), while (26), (31), (32) and (41) give (43). O

Arguing as in ([15], Lemmas 2.8 and 2.9), we have the following result.

Lemma 8. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on ¢, such that

R0e(t, )| g [P0t )

< C(T), (55)

7

L2(R) L2(R)

forevery0 <t <T.
Lemma 9. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on ¢, such that

10xtte|| Lo 0,y xr) < C(T), (56)

In particular, we have that

2

2 .
Oy ute(t, ) 12(R)

2 't
+ 2¢eC0! / e~ Cos
R) 0

12( aiuﬁ(s/ )

ds < C(T), (57)

forevery0 <t <T.

Proof. Let 0 <t < T. Consider two real constants D, E which will be specified later Multiplying the
first equation of (16) by

ZaZE)jtug + Dagug(axug)2 + Eagugajzcug,
we have that
(Zazagﬁu€ + Dague (9x1te)? + Eagugajzcug) Orlle
+ 3¢ (26128;1(% + Da(cgug(axug)2 + Eugufaiug) ugaxug
—a (Zazaﬁug + Dague (e )? + Eagugaiug) TR
+q (Zazaiug + Dague (dx1te)? + Eagugaiug) U0y Ve (58)
+q (Zaza‘;us + Dagus(axug)2 + Eagu§a§u8> VeOylle
=b (2¢z2a§fus + Dagug(axug)z + Eagugaiug) P;

—¢ (2{128@18 + Dague (9x1e)? + Eagugafcug) O te.
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Observe that

/R (201283%14€ + Dague (9x1te)? + Eagugajzcug) Outedx

d
_ 2%
T

3g/]R (Zazaiug + Daguie (9y1te)? + Eagugaius) u2dyuedx

aﬁug(t, .)HiZ(R)

+Dag/Rug(axug)zatuedx—l—Eag/Ru%aiueatude,

= —124a%g /R Ue (D the )3 uedx — 6a2g/R U202 ucdx
+ (3D — 6E) ag? /Rug’(axug)‘%dx
= 30a°g /]R Uuedyute (92ue )2 dx + (3D — 6E) ag” /R u2 (yue)3dx,
—a /R (2{128@18 + Dagu (9x1e)? + Eagugaiug) O3 uedx
=—(2D+E) azg/R ugaxug(aiug)zdx,
q /R (2a2a§u£ + Daguie (dyue)? + Eagugaiug) UeOxVedX
= —Zazq /Raxugaxvgaf’cugdx — Zazq /R ugaivgaiugdx
+ (D —3E)agq /R ug(axug)zaxvgdx —agqE /R ugaxueaivgdx
= 2a2q /R axvg(a,zcug)zdx + 4a2q /R axusaivga,zcugdx
+ 2a2q /R ugaivgaiugdx +aq (D —3E) /]R ug(axug)zaxvgdx,
q /R (Zazajtug + Dagug(axug)2 + Eagugaiug) VeOyledX

= —Zazq/Raxvgaxugag’cugdx—Zazq/Rvgaiugaiu;_dx

E n
+(D—-E) agq/Rugve(axug)g’dx - L;gq /R u? (9x1te ) 302 vdx

:Zazq/Rayzcvgaxusaiugdx+3a2q/Raxv£(a§u£)2dx

E
+(D—E) agq/Rugvg(axug)3dx— ;gq@ug(axug)%ivgdx,

- s/ (Zazaiug + Daguie (dx1te)? + Eagugaf(w) 0% uedx
R

atuc(t, )|

xue( ’ ) 12(R)

—O—Eage/Rugayzcugaiugdx.

= —24%¢

+ Dage /Rug(axug)zaiugdx
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Consequently, an integration on R of (58) gives

2d |2 2 2 242
a 7 o5ue(t, ) ®) —i—Dag/Rug(axus) atugdx+Eag/Ru€8xu€8tude
2
2|54
+ 2a%e || u(t,+) )

= —a*¢(30+2D +E) /R Uuedytte (92ue ) >dx — (3D — 6E) ag? /R ul (9ute)3dx
— 5a2q /]R axvs(aiug)zdx — 6112q /]R aivgaxugaiusdx
—2a%q /]R Ued30:02udx — aq (D — 3E) /R U2 (91t )20y vedx
—(D—E)agq /R Ueve (Ox1te ) 3dx + @ /R u2 (91 )22 0edx
+2a%b /R Pgaiugdx + Dagb /]R Pgug(axug)zdx + Eagb /R Pgugaiugdx
— Dage /R Ue (xite ) *dtuedx + Eage /R U2 ucoucdx.
Thanks to the second equation of (16) and (18), we have that
2a2b/ Pgaiugdx =— 2a2b/ angaiug = —2a2b/ usaiugdx
R R R
:2a2b/Raxu88§u£dx =0,
Eagb /R Pgugaiugdx = — Eagb '/R BxPeugaxugdx — 2Eagb ./]R Pgue(axug)zdx

=— 2Eagb/ Pgus(axug)zdx — Eagb/ ugaxugdx
R R

= —2Eagb/ Peug(axug)zdx.
R
Therefore, by (59),
24 |2 2 2 242
a 7 o5ue(t, ") ®) —i—Dag/Rue(axug) atugdx+Eag/Ru€E)xugatu£dx
2
2|54
+ 2a%e || u(t,+) ()

= —a’¢ (30 +2D +E) /R Uedythe (021 )2dx — (3D — 6E) ag? /]R u2 (9yue)3dx
— 5a2q /]R axvg(ajzcug)zdx — 6a2q /R a,zcvgaxuﬁaiugdx
— 2a%q /]R Ued30:2udx — aq (D — 3E) /R U2 (Dt )20 vedx
— (D —E)agq /]R UV (O 1te ) 3dx + @ A u2 (9t )22 0edx
+ (D —2E) agb/RPsug(axug)zdx + Dags/R ug(axug)zaiugdx

+ Eage /]R U2 u 0t uedx.

14 of 39

(59)

(60)
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Observe that
Dag/ Us axus)zatugdx—i-Eag/ U221 dx
Dag/ 0r(uz) (Ixue 2dx—Eag/ Oy U0 (u Orite )dx

Dag/ 0r(uz) (dxute) 2dx—ZEag/ e (Oxlle) atugdx—Ea/ ZBXuSfougdx
ag (—E) / o (uz) (9xue) 2dx— ag/ Zat xug)z)dx.

Consequently, by (60),
2 D
a? 2ue(t, - ) T8 <2—E) /Rat(uf)(axus)2dx
Eag 2 2 2 2
- Rusat((axus) Ydx + 2a%¢ ||05ue (L, ) 12(®)

= —a’¢ (30 +2D +E) /R Uedythe (021 )2dx — (3D — 6E) ag? /]R u2 (9yue)3dx
— 5a2q/ axvg(aiug)zdx — 6a2q/ aivgaxuﬁaiugdx
R R
—2a%q /]R Ued30:2udx — aq (D — 3E) /R U2 (D1t ) 205 vedx
Ea
—(D—E)agq /R ugvs(axu€)3dx + % /R ug(axug)%%vgdx
+ (D —2E) agb/ Psug(axug)zdx + Dags/R ug(axug)%j%ugdx
+ Eage / 282u564u5dx
We search D, E such that
1%
2

E
—E=—

5 30+2D+E =0,

that is
D =E, 30+2D+ E =0.

Since D = E — 10 is the unique solution of (62), it follows from (61) that

azg xus(t,‘) —|—5ag/ or(u axus)zdx—i—Sag/ u E)t Bxug) )dx
) 2
+ 2a%¢ || ue(t, ) )

= —30ag2/ ug(axu8)3dx—5a2q/ vag(aiuS)de—&zzq/ 0200y 10 Uedx
R R R
—Zazq/Rugaivga,%ugdx—20aq/Ru§(axu8)28xvgdx—Sugq/Rug(axug)‘o’aivgdx
+ 10agb /R Pgug(axus)zdx - 1Oags/Rug(axu£)28§ude

— 1Oage/Rufa,26u£a§ugdx,

15 of 39

(61)

(62)
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that is
2

L2(R)

qu(tl )

2
xuﬁ(tr )

L2(R)

% (az +5ag/ u%(axug)zdx> + 2a%¢
= —30ug / Oxlig) 3dx—511 q/ 0x0¢(0 ug)zdx
—6a q/RBchvsaxugaxude —2a q/Rugaxvgaxugdx
—Zan/Ruf(axug)zaxvgdx—5agq/Rug(8xu8)38§vgdx
+ 10agb/RPgug(axu£)2dx — 10age /R ug(axug)zaiugdx

— 10age/]}£u§a§ugaiugdx.

(63)

Due to (41), (42), (43), (55), Lemma 3 and the Young inequality,

300g?] [ fue * Bse Pt (308 el B .1y iy [, [Pse

T)/R|axus|3dx
<C(T) [3stelt, ) [Fagmy + C(T) [ (B e
<C(T) + C(T) aste oo 1)y 3514t ey
<C(T) (1 + ”aquHL"O((O,T)X]R)) ’

2
(£-)

L2(R)

50| [ 19x0el (3R ?dx <|5a%q] 0s05(t,)

2
xus(t/ )

[2(R)

|6a%q] /R 10200511 || 9211 |dx <3a’q? /R (920¢)2 (0t

<G

7

2
xue(t’ )

[2(R)

2
(£-)

L2(R)

l|oxuie(t, )

L=((0,T)xR)

2
x Ve

2(R)’
2
xus(tr‘)

2(R)
2
(t/ )

L2(R) -

2
xuf(t/ )

<C(T)

20| [ |uedioe] @3ucldx <af? [ u2(%o)

2
xuﬁ(t/ )

L2(R)

420 12
<a*q” [uellze(0,1)

2
xus(t/ )

<C(T)+ L®)’

|20ﬂ11|./Ru?(axus)zlaxvddx<|20ﬂ07| 18:x0e (£, )l oy 1te oo 0,7y ) 1914e (8 ) 2wy
<C(T) [|xue(t, ) lI2(gy < C(T),
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2
0% 0¢

5aga) [ 1210wt ocldx <[5agal elFoqo1) ) [9206] o,y o il e

<C(T) /R 19t [2dx
<C(T) [@stelt, ) Fagmy + C(T) [ (@sne)dx
<C(T) + C(T) |xttel| o 0.7y 1916t ) |12 m)
<C(T) (1 + ”axuSH%w((O,T)xR)) ,
|10agb| /R | Pette | (dxtte)2dx <[10agb| || Pell oo (0, 7)) 1ttel| oo (0,7) ) 105 (t ) |72y
<C(T) [[Bxue(t, ) T2y < C(T),
(10gle [ [ue(@ute)[0buclex =e [ [10gue(@sue )bl

2

a’e
§50g28/Ru§(8xu€)4dx + > 2®)

aius(t, )

2

4 .
dyue(t, ") 12(R)

a2£
<50¢% ||u€||%°°((O,T)><R) /R(ax”s)éldx 5

<C(T)e [|9xtel|Fo (0,1 ) 19wt (£, ) |72 g
2 2

ace
+7 aiug(t,-)

2(R)’
]10ag|s/R|u§832€u€||8iu€|dx :S/R|1Ogu§8§u€||aa§u5|dx

2
Biug(t, )

a’e
§50g28/Ru§(8326u5)2dx + > R

5 2
Oxtte(t, ) re 2

2 4
<50g°¢ [|ue|| L((0,T)xR) 12(R)

92 Nk
wue(t, ) +

<C(T)e 2R) 2

Therefore, defining

Gi(t) = a? aiug(tf)

+5 g z(ax )2d (64
2( ) a lzlg Ue X, )
by (63) and (64), we have

dG(t)
dt

2 2 2
Ruelt, )|y, +CT) (1 00l o))
+C(T)e Hax”£||%°°((0,T)><R) [[9xuee (2, ')H%Z(R) (65)

Ruct, "
T m)

ai”‘g(t")HiZ(R) =C0

+é

+C(T)e
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Observe that by (41), (42) and (64),

Coa

o) 02 u(t
() oy = [0t
C 5C
—OGl() TOg/Rug(axug)zdx
5C
<COG1(t)+‘aog /R”g(axue)zdx (66)
5C
<CoG1 (1) + | 7= lel[Fo 0,1y 19518, ey

SCOGl(f) + C(T)

It follows from (65) and (66) that

dGy(t) 2 2
. et )] gy <G+ C(T) (1 st 01703
+ C(T)e [|xte foo (0,7 <) 19xtte (8, ) 172
2
+C(T)e ()| oy

The Gronwall Lemma, (17) and Lemma 3 give

O%ue(s,-) :
T m

t
+5ag/Ru§(axug)2dx+ZeeC0t/0 e~ Cos ds

2
it

t
SCO@COt + C(T) <1 + ||axu€||%oo((o T)XR)) eCOt/O Eicosds

+ O [t By e [ o5, g
+e(me [ Cos
<C(T) (1 + astteEe 01y )
C(7)e Haxuenmm [ s, ) ey s
ds

2
wite(s: ) L2(R)

<C(T) (14 9sttelF (o ryx) ) -

0211 (s, -) ? s
T lem)

+C(T))e

2
ds
L2(R)

Sag/ Oxlie) zdx

5ag|/ u? (Oxite ) 2dx (67)

Therefore, thanks to (41) and (42),
2 4
xué(t/')H axue(sr')

t
+2£€C°t/ e Cos
L2(R) 0

=C(T) (1+ 19t [F(0,m) ¢

1+ HaquHL"" (0,T) x

®) -

( m)+
T) (14 3xtel oo,y xRy ) + 15081 el (07 Nxte(t )2y

( )

1+ HaquHL“’ ((0,T) xR)
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We prove (56). Due to (42), (67) and the Holder inequality,

x .
—00 R

a,%us(t, )

< Haxusu/')HLZ(R) 12(R) < C(T)\/(l + ||aX”SH%°°((0,T)xR))-

Therefore,
4 2
10xtte [ Lo (0,7 x ) — C(T) [10xtte [ Lo (0, 7y k) — C(T) <0,
which gives (56).
Finally, (57) follows from (56) and (67). O
Lemma 10. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on e, such that

2
aive(t/')

c(T),

<
L2(R) —

for every 0 < t < T. In particular, we have that

< C(T),

aivg <
L®((0,T)xR)

19 of 39

(68)

(69)

Proof. Let 0 <t < T. Differentiating the third equation of (16) twice with respect to x, we have

aaivg = 21((8,51,%)2 + 21cu€8§u8 — [Saivs — ya,%vg.
Since
Ue(t, +00) = dyite(t, +00) = d2ue(t, £00) = 0,

it follows from (24) and (55) that
040, (t, £00) = 0.

Multiplying (70) by 2a931v,, an integration on R gives

2
202 ||0%0e(t, )H

2(R)

=2k ./R(axugfaivgdx+2K1x/Ru88§uga§vgdx
—Zﬁtx/Raivgaivsdx—2’)/0(/Rayzcvgaivedx.
Observe that, thanks to (24), (55) and (72),
—Zﬁa/Raivgaivgdx =0,

Boc(t )|
T )

—Zya/Ra,%vgaivgdx =2y«

Therefore, by (55) and (73),

202

d%oe(t )H2 <2|1<ac|/(axu8)2|a4vg|dx+2|m|/ |ued?ue||0%ve|dx
x ’ 2(R) = R x R X x

830 t ?
X E( /') LZ(]R)

g2|m|/R(axus)2|a§vg|dx+z|m|/R|uga§ug||a§vg|dx+C(T).

+ 2| ya]

(70)

(71)

(72)

(73)

(74)
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Due to (41), (42), (56), (57) and the Young inequality,

2
2lna] [ (@uue)?obocldx < [ (@) + 0 [obc(t, ) e
<K Hax”£||L°° ((0,T)xR) ||8xug( )HLZ +a? 030 (t, )
) 2
SC(T)+DC xUE(t") LZ(R),
2|Ka\/ |ued?ue||9%ve | :/ \ZKugaiugHaaizﬂdx
R R
2
< 2/ 2
<2 [ @) 06t 2
2 az
<26 [l o o,y [ LZ(R)+*\ Yot )
o? 2
<c(n)+ 5 [ptoc )|, o
Consequently, by (74),
? 2
— ||0%ve(t, -) . C(T),
which gives (68).

Finally, we prove (69). Due to (55), (68) and the Holder inequality,

X
(030¢(t, x))? :2[ 03v:0tv.dx < Z/R |03ve| |03 ve|dx

2e(t, ") 93ve(t, -) C(T).

<
L2(R) [2(R) —

Hence,
3
ax e

<C(T),
L*((0,T)xR)
which gives (69). O

3. Proof of Theorem 1

This section is devoted to the proof of Theorem 1.
We begin by proving the following lemma.

Lemma 11. Fix T > 0. Then,

the sequence {u¢ }¢~q is compact in L2, ((0,00) x R).

2
L2(R)

2
L2(R)

20 of 39

(75)

Consequently, there exists a subsequence {u¢, }ren of {tte}eso and u € L2 ((0,00) x R) such that, for

each compact subset K of (0,00) x R),

e, — win L*(K) and a.e.,
(0,T) xR),
(0,T) xR).

Moreover, (u, v, P) is a solution of (1) satisfying (11) and (12).

g, — vin HY(
P, — Pin L*(

(76)
(77)
(78)
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Proof. We begin by proving (75). To prove (75), we rely on the Aubin-Lions Lemma (see [58-60]). We
recall that
H}, (R) =< L} (R) = H, }(R),

loc loc

where the first inclusion is compact and the second is continuous. Owing to the Aubin-Lions
Lemma [60], to prove (75), it suffices to show that

{1¢ }¢=0 is uniformly bounded in L2(0, T; H;,.(R)), (79)
{94t1¢ }e~0 is uniformly bounded in L*(0, T; H; ! (R)). (80)

We prove (79). Thanks to (42), (57) and Lemma 3,

02ue(t, ) : <
)

C(T).

et M my = lue(t, )| T2 + 19xtte (8, ) |72 +

Therefore,
{1t }e=0 is uniformly bounded in L® (0, T; H*(R)),

which gives (79).
We prove (80). By the first equation of (16),

Oty = Oy (—guf + ad2ue — qUelle — saiug) + bP,. (81)
We have that
[utel| s (0,7) xm) < C(T). (82)
Indeed, thanks to (41) and Lemma 3,
g /T/ uldtdx < |[ue|| e ((01)xR) /T/ uzdtdx
Jo Jr ’ 0JR

<C(T) /OT/R u2dtdx < C(T).

We prove that
7 [oette T2 o,m) ) < C(T): (83)

Due to Lemma 3,
2 [T 59 2 2 Tr 5
q /O/Rvsusdtdx <q HUSHL‘”((O,T)XR)/O/Rusdtdx

<C(T) /OT/R W2dtdx < C(T).

Observe that, since 0 < € < 1, thanks to (42) and (57),

2
3
O U

< C(T). (84)

2 2
B ||9xue L2((0,T)xR) —

€

L2((0,T)xR)

Therefore, by (82), (83) and (84),

{ax (—gug’ + ad%ue — quente — eaiug) } is bounded in H!((0, T) x R). (85)

e>0

Moreover, by (43), we have that

b? HPSH%Z((O,T)XR) < C(T). (86)
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Equation (80) follows from (85) and (86).

Thanks to the Aubin-Lions Lemma, (75) and (76) hold.

Observe that, (77) follows from Lemma 3, while, by (43), we have (78). Consequently, (u, v, P)
solves (1).

Observe again that, thanks to Lemmas 3, 7, 8, 9, (10) and the second equation of (16), we
obtain (11).

Finally, we prove (12). Thanks to Lemmas 3 and 7, we have

e, — uin H'((0,T) x R). (87)
Therefore, (12) follows from (19) and (87). O

We are ready for the proof of Theorem 1.

Proof of Theorem 1. Lemma 11 gives the existence of a solution of (1) satisfying (11) and (12).
Let (11, P1) and (uy, P,) be two solutions of (1) satisfying (11) and (12), namely

o + 3gu%axu1 —adduy + qox(u1v1) = bPy, t>0x€eR,

0xP; = uyq, t>0,x€eR,
aaivl + Boxv1 + Y1 = Ku%, t>0,x€R,
Py(t,—c0) =0, t>0,
u1(0,x) = uq,0(x), x € R,

diup + 3gu%8xu2 — aaiuz + g0 (upvy) = bP;, t>0,xeR,

0xP> = uy, t>0 xR,
aa,zcvz + Boyvy + YUy = Ku%, t>0,x€eR,
Py(t, —0) =0, t>0,
u(0,x) = up,0(x), xeR

Then, the triad (w, V, Q)) defined by
w(t,x) =ur(t,x) —ux(t,x), V(tx)=01(tx) —0va(t, x),
Ot x) = [ y)dy = / 1t y)dy — A xoo ua(t,y)dy, (88)
0(0,x) = [ y)dy = /oo (0, y)dy — /; u2(0,y)dy.
is solution of the following Cauchy problem:

orw + 3¢ (u%axul — u%axuz)
—a03w + oy (U101 — Upvy) = bQ), t>0,x€eR,

Q) = w, t>0,x€eR, (89)
a2V + BV + 9V = x(u —u3), t>0xeR,
Qt,—o0) =0, t>0,

w(0,x) = uy,0 — uz,0(x), x € R.
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Arguing as in ([15], Theorem 1.1), we have that

IVt @y <C(T) wlt I - (90)
IVt ey SCT) [lw(t, 172wy (91)
19xV (£, ) | Ty <C(T) w(t, ) T2y - (92)
Moreover, by (12) and (88),
Q(t, o0) :/Rw(t,x)dx:/Rul(t,y)dy—/RuZ(t,x)dxzo. (93)

Observe that, by (88)
39 (u%axul - u%BXLQ) =3g (u%axul — U39y Uq + USDly — M%Bﬂlz)
=3g <8xu1 (u% — u%) + uéaxw> (94)
=3¢ (axu1 (m1 +up) w+ uﬁaxw) .
Moreover, arguing as in ([15], Theorem 1.1),
g0y (U101 — Upvy) = g0y (U101 — UV + UpD] — UVy) = §Ix(V1W) + GOy (U V). (95)
Therefore, thanks to (94) and (95), the first equation of (89) is equivalent to the following one:
0w = bQ — 3901y (ug + Up) w — 38130y + 03w — gy (v1w) — GOy (uxV). (96)

Multiplying (96) by 2w, an integration on R gives

d 2 "
7 lew(t, ) T2(m) =2b /R Qo wdx — 6g/Raxu1 (1 + up) w?dx — 2a /Rwaf’cwdx

97)
—6g/ u%waxwdx—Zq/ ax(vlw)wdx—2q/ Ox (U V)wdx.
R R R
Observe that, by (88) and (93),
2 / 00, wdx =2b / 00,Qdx = bO2(t,00) = 0,
R R
—6g/Ru%w8xwdx :6g/Ru28xu2w2dx,
—2a /[R wddwdx :2a/Raxwa§w =0, (98)
—Zq/Rax(vlw)wdx zzq/meaxwdx = —q/Raxmaﬁdx,
—Zq/ dx(upV)wdx = —Zq/ 8xu2dex—2q/ U0, Vwdx.
R R R
It follows from (97) and (98) that
d
— ||w(t, -)||%2(R) =— 6g/ Oty (ug + up) w?dx + 6g/ Updytipw?dx
dt R R (99)

—q/ axvlwzdx—Zq/ axquwdx—2q/ 120 Vwdx.
R R R
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Since (11) holds, we have that
Hu1||L°°((0,T)><]R) , ||u2||L°°((O,T)><]R) <C(T),
10xu1 | Lo (0,7) xRy » 195142l oo (0,7 x ) <C(T), (100)

10x01 [ oo 0,7y ) » [142(t, ) 2wy # |9xti2(t, )]l 2y <C(T),

for evert 0 <t < T. Consequently, by (91), (100) and the Holder inequality,

|6 /R |0t |[uy + ua|w?dx <|6g] (|01 | 1o (0,7 xR) /R |u1 + up|w?dx

<C(T) (Nl o ryxmy + 2l o myy ) 1ot ey
<C(T) w(t, ) F2m

\@%ywmmwwg@wmmmmmémmww
<C(T) ||3xtal| oo 0,1 sy 0t ) 172y
<C(T) w(t, ) 72

|m@wwm&usmwwwm0Tmnwww@®

<C(T) w(t, )2z

24] [, szl |Vl wlex <2l [Vt )y [, Pstal ol
<C(T) 192 (t, )l 2wy llo(t, ) 72
<C(T) w(t, )2z

201 [, Izl loxVllwldx <P2q] 19V (& Yoy | lual ol
<C(T) [|ua(t, )| 2y Nl (8, ) 2y
<C(T) [lw(t, ) 2wy

It follows from (99) that

d
77 ot ) L) < C(T) e (t, )2 - (101)

The Gronwall Lemma and (89) give
lw(t, Vi) < €D Jlw(©,0)[L2q) - (102)

Since (11) holds, by (88), arguing as in Lemma 5, Q)(t, -) is integrable at £co. Moreover, thanks
to (93) and Lemma 5, we have that
/R Q(t, x)dx = 0. (103)
Consider the following function:
X
() = [0y, (104)

—00

since, by the second equation of (89),

%0 = %/x w(t,y)dy = /x dw(t,y)dy, (105)
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integrating the first equation of (89) on (—oo, x), by (104) and (105), we have that
01 =by — g (u“;’ — ug) + ad’w — q (U101 — upvy) . (106)

Observe that, by (88),

u? — ug = (u% =+ u% + uluz) w,
U101 — Uy =0 1w + UsV.
Consequently, by (106),
— _ 2, 2 2 _
01 =0b0 —g (u1 +ujy + uwz) w + adyw — quiw — quaV. (107)

It follows from (88), (93), (103) and (104) that

2
Zb/ 0,0dx :Zb/ (18,0 dx = bO2(t,00) = b (/ Q(t,x)dx) —0,
R R R
2{1/ Qaiwdx =— 2{1/ 0,00 ywdx = —Za/ woywdx = 0.
R R R

Therefore, multiplying (107) by 2(), an integration on R gives

d 2 2, 2
— 10 ) 2Ry = — Zg/ ui + uy + ujup | wQdx
dt (R) R( ) (108)
—Zq/ U1dex—2q/ up VQdx.

R R

Due to (91), (100) and the Young inequality,
28] [ [15 + 13 + a1z el [l
2 2 2 2 2 2
<g /]R (”1 +u5 +u1u2) w dx + |t ) 12w
< C(T) [|w(t, ) [F2@y + 1O ) T2y -
29] [ lerwl[ldx
< [ tdx+ Q0 ) e

< P lorlio o m) l0(t )2 + 1O ) 128
< C(T) lleo(t, ) 172y + 1Ot )1 T2my -

2] [ luav |0
< [ Va4 () [y

< PNV oy 12t ) T2y + 1O ) 2w
< C(T) V() oo my + QUL ) 128
< C(T) [lew(t, )20y + 1O ) 12wy

Therefore, by (108),

d
72 190t )I2g) < CT) llw(t, ) E2m) +3 190 ) L) - (109)
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Adding (101) and (109), by (88) and the second equation of (89), we have that

d
2 100wy < CT) llw(t, )2 + 310 )l < CT) IO ) @)

and
1O, ) Fn ) < PO, ) 10 @) - (110)

Therefore, (13) follows (14), (88), (89), (90), (102) and (110). O

4. Conclusions

In this paper we studied the Cauchy problem for the Spectrum Pulse equation. It is a third order
nonlocal nonlinear evolutive equation related to the dynamics of the electrical field of linearly polarized
continuum spectrum pulses in optical waveguides. Our existence analysis is based on on passing to
the limit in a fourth order perturbation of the equation. If the initial datum belongs to H>(R) N L!(R)
and has zero mean we use the Aubin-Lions Lemma while if it belongs to H3(R) N L' (R) and has zero
mean we use the Sobolev Immersion Theorem. Finally, we directly prove a stability estimate that
implies the uniqueness of the solution.
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Appendix A. ug € H*(R) N LY(R)

In this appendix, we consider the Cauchy problem (1), where, on the initial datum, we assume
uo(x) € H3(R) N LY(R), /R uo(x)dx = 0, (A1)

while on the function P(x), defined in (3), we assume (4). Moreover, we assume (5). The main result of
this appendix is the following theorem.

Theorem Al. Assume (3), (4), (5) and (A1). Fix T > 0, there exists an unique solution (1, v, P) of (1)
such that

u € HY((0,T) x R) N L¥(0, T; H3(R)),
v e HY((0,T) x R)NL®(0, T; H>(R)) N WV*((0,T) x R),
020 € L*((0,T) x R) N L®(0, T; L2(R)),

P € L*(0, T; H*(R)).

R
R
(A2)

Moreover, (12) and (13) hold.

To prove Theorem A1, we consider the approximation (16), where u, o is a C* approximation of
ug such that

lneallipzy < lollioy [, neodx =0,

||P€,O

) < 1Pl - /Rps,odx =0, (A3)

2
aiug(t, )

€ ‘ L2(R)

< CO/



Mathematics 2019, 7, 1006 27 of 39

where Cj is a positive constant, independent on .
Let us prove some a priori estimates on u,, ve and P,.
Since H?(R) C H3(R), then Lemmas 1,2, 3,4, 5, 6,7, 8,9 and 10 are still valid.
We prove the following result.

Lemma A1l. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on €, such that,

e < C(T). (Ad)

L>((0,T)xR)

In particular, we have that

forevery0 <t < T.

2
aiuf(sl )

ds < C(T), (A5)

2 t
3 ) C(T)t —C(T)s
dvie(t, )H w2 / e ®)

0

Proof. Let 0 <t < T. Multiplying the first equation of (16) by 7282%, we have that

—20%u:0s1te = — 2bP:05u, + 2edSucdiue + 6gurd uedSu,

A6
— ZaSiugagug + 2qugé)xv€8fc1/t8 + 2q088xu882u£. (A6)
Observe that by (18) and the second equation of (16),
—Zb/ Pgagugdx :2b/ Bngaiugdx :2b/ ugaiugdx
R R R (A7)
— 2 /R dyutedtuedx = 2b /R P uedx = 0.
Moreover,
d 2
6 _ 3
—Z/RBXuSBtuE T ’ dyue(t, ") L)
28/86u otu dxz—Zs‘E)Su (t,) ? (A8)
Rxf,xs xAe\ts LZ(R)’
—Za/Raiugaguedx :Za/]Raiugagugdx =0.
It follows from (A7), (A8) and an integration of (A6) on R that
d 3 2 5 2
= ’ Bue(t, .)HLZ(R) 12 ‘ et )
=6g/ ugéxugagusdx—b—Zq/ uSBXDSBgugdx (A9)
R R

—|—2q/}Rv€8xusagugdx.
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Observe that
6g/Ru§8xu88gu€dx = —12g/]Rug(E)xug)ZE);r’Cugdx—6g/]R U292 u o uedx
:12g/R(8xu£)38§u8dx+36g/Rugaxu88§u88§u£dx

+6g/Ru§8;°’cu£8§ugdx

=-—72¢ /R(axue)za,zcugaiuedx - 36g/Rug(8§u£)28,3€u£dx

—42g/Ru£8xug(a,3cu£)2dx,
2q'/RugE)xvgaJ6cu€dx :—Zq/]lgaxugaxvgaiugdx—Zq/ﬂkugaivgaiugdx
:Zq/ﬂxaiusaxvgaiugdx+4q/Raxu8832(088§u8dx
+2q./Ru€B§’Cvsa§u8dx
-2 /R 9:0¢ (3311e)2dx — 6q /R 211,02 0:3 edx
—6q/Raxuga,3cv€8§u€dx—Zq/Ruﬁaivgaqudx
:—Zq/Raxvg(aiug)zdx—l—Bq/RE);o’Cvg(a,zcug)zdx
—6q/Raxuga;°’cvsag’cude—Zq/Rugaivgaiugdx,
2q /R vgaxugagugdx :—Zq/Raxvgaxugaiugdx—Zq ./]R vgaiugaiugdx

:2q/ aivgaxugaiugdx—i—élq/ axvgaiugaiugdx
R R

—O—Zq/Rvgaiugaiude
:—Zq/]l{aivgaxugaiusdx—6q48§v€8§ugaiugdx
—Sq/Raxvg(aiug)zdx
:—ZqéaivgaxugBqudx+3q /R 030, (021 ) 2dx
—Sq/Raxve(a‘zue)zdx.

Consequently, by (A9),
d

5 2
dt axuﬁ(t/ )

Buc(t, | 42
eV R L2(R)

L2(R)

=—-72g /R(axug)zaiugaiugdx - 36g/ﬂ{u€(8§u€)zaiusdx

—42g/RugE)xug(8;°’cug)2dx—7q/Raxv€(a,3cug)2dx
+6‘1/Ra?c08(a§”€)2dx—SQ/Ra;O’Cvgaxugaiugdx

—Zq/Rusaivga;o’cugdx.

28 of 39

(A10)



Mathematics 2019, 7, 1006 29 of 39

Due to (24), (41), (42), (56), (57), (68), (69) and the Young inequality,
7281 [ 1(0eue P2Buc|9%cl

2
< 36¢2 /R (Batue) (@) dx +36 e, )

2(R)
2 4 2 2 2
< 367 st (0.1 my || Foee(t ) g 36 [[Buelt )
< 3 .
< C(T) +36 e, )HLZ(R)'
36g] [ e (3%e |93 dx
2
2 2/92, \4 3 )
< 18¢ /R 2 (DRue)dx + 18 [0uc(t, ) e
< 1882 |luc|? 2uc|’ Ruc(t, )| wet, )|
4 ellLoo(( 0T)><]R) xHe L°((0,T)xR) xHelt, L2(R) xHell, L2(R)
2
<C(T Ha2 +18H83u£ L) )
L=((0,T)xR) [2(R)
2
7g] [, el @Re Pty < [7g] [os0t )y [P26(6, )
< Cpllo3 ?
< Co [t )|,
60| [, 1930c] (32me ax
< l6g| |33 2ut, )| <cm)
= Lo o,y xr) 7Y l2®r) =
18] /]R 10300 ite| |93 ute|dx
2
2 3 2
<4 [ (300 (0ume) CD1 .
< a2 ||o3vc | st ) ey + 4 PRt )
= X Lo ((0,1) xR L( [2(R)
2
<
< C(T) 2060t 2y
29] [ luedoe] |93 dx
2
< 2 244 2 3
<gq /Rue(axvg) dx—l—Haqu(t ) L)
2 2 2 2
< 7 [[tellze 0,y <) xvs(t")HB(R) wte(t) 2(R)’
It follows from (A10) that
d ) ; 2
wue(t, ") Z(R)+ € ||0xue(t, -) 12(R)
<C(T) Haf*u eI e 1+Ha2 H
T (R) L ((0,T) xR)
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The Gronwall Lemma and (A3) give

2 2
aagc”e(t/ )

5 .
[2(R) axuﬁ(sl )

4 26eC(T)E /t o—C(T)s
0

S
L2(R)
2 )EC(T)t /te*C(T)sds
L>((0,T)xR) 0
2
02,

L°°<<0,T>xR)) ’
We prove (A4). Thanks to (57), (A11) and the Holder inequality,

<Coe®M* 4+ C(T) (1 + |2u

<C(T) (1 +

X
(0211¢(t, x))? :2/ 021 ucdx < Z/R |02 11¢| |03 11e | dx

2 3 2 o2
< axus(t/ ) I2(R) axus(t/ ) I2(R) < C(T) (1 + HaxuSHL‘X’((O,T)xR))'
Hence, . )
2 _ 2 — <
Oithe L*((0,T) xR) C(T) ||Oue Le((0,T) xR) c(T) <0,
which gives (A4).

Finally, (A5) follows from (A4) and (A11). O

Lemma A2. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on €, such that

2
aivg(t,-)

c(T),

<
L2(R)

forevery 0 < t < T. In particular, we have that

4
057

< C(T).
L>((0,T) xR)
Proof. Let 0 <t < T. Differentiating (70) with respect to x, we have
oca?cz}g = 61(8,@16832(14E + 2Ku58§cug — ﬁajﬁve - 'yaivg.
Since d3u.(t, +o0) = 0, by (55), (71) and (72), we have that
030 (t, £00) = 0.
Observe that

—2Bu / aivgaivgdx =0,
JR

2
B;tvg(t, )

—Zayéaivgaivgdx =27y @)

Consequently, multiplying (A14) by 24930, an integration on R gives

2
20 ||930(t, -)

L2(R)

:12aK/Raxu88§u£8§vgdx+4ac1c/Rugaf’cugaivgdx

2
ai”ﬂ(t/ )

+ 20y (®)

30 of 39
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(A12)

(A13)

(A14)

(A15)

(Al6)
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Due to (41), (56), (57), (A4) and the Young inequality,

12|1x1<|/R|8xuga§u£||aivg|dx

:/R|12K8xuga§ug||zxaivg|dx

2 2
2 292, \2 & |55
< 72x /R (0xt1e)? (93 2 + - 0o, ) e
2 o2 2
S72"2||ax“5||%°°((0,T)X1R) Orte(t, ) LZ(R)JF? Aot ) L2(R)
2 2
& |55
< adl :
< C(T) + > 93ve(t, -) P®
|4ocK|/R|u88;°’(ug||8;r’cvg|dx
_ / 1103 1te ||| 405 0 | dx
R
< 8x* | u*(d3u )zdx+“—2 020 (t, ) ?
IR, S 2 (77 i)
200 112 3 2 o s
< 8 lellio (o) smy [[9ete(tr )| o g 7 [|%0 ]| o
2 2
& |5
< : .
<C(T)+ > 920 (t,+) P®)
It follows from (68) and (A16) that
2350t < (1) + 2] [3%0et, )| < ()
xve\tr LZ(R) = ’)/ xve\tr LZ(R) = 7

which gives (A12).

Finally, we prove (A13). Thanks to (68), (A12) and the Holder inequality,

Hence,

which gives (A13).

Lemma A3. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on €, such that,

forevery0 <t < T.

Proof. Let 0 < t < T. Multiplying the first equation of (16) by 2ed%u,, we have

X
(0%0e(t, x))? :2/7 030:020.dx < Z/R |02 e | |03 |dx

< aivg(t, )

L2(R) (R)

2

< C(T),

L ((0,T) xR)

O

2

€ aiug(t, ')

agug(s, )

2 t
+ & / ‘ ds <
L2(R) 0 L2(R)

2sa§u€atu£ :ZbePgaﬁuE — 2528@885146 — 6g£u§axu€8§u€

E)ivg(t,~)HL2 < (7).

c(T),

+ Zaeaiugaiug - quugéxvgaiug — quvgaxugaiug.

31 of 39

(A17)

(A18)
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Observe that by the second equation of (16) and (18),

2be/ Peaiugdx = —st/ angaZugdx = —Zbe/ ugaiugdx = 2b8/ axuga?cugdx
JR R R R

(A19)
— _2be /R 21 updx = 2be /]R e uedx = 0.

Moreover,
2

7
L2(R)

Oue(t,-) ?
T (R)

d
Ze/Raiugatugdx :eE

—282/ Otuedlucdx = — 26
R

aius(tr )

, (A20)
2ae /R 38 u.dx =0.
Therefore, (A19), (A20) and an integration of (A18) on R give

2
Bgug(t,-)

2
4 ) 2
i (t, )HL o 2 )

2(R)

Si
dt
= —6ge/Ru§axu£8§u8dx—qu/Rugaxvgaiugdx (A21)
—2qs/ vgaxugaiugdx.
R
Observe that
—6ge/ ufaxugaiugdx :12g£/ug(axu£)282u5dx+6g€/ ugaiugaiuedx
R R
=— 12g£/ (axu5)3agusdx—36gs/ ugaxuga,%ugagugdx
R R
—6gs/Ru§8§u882u5dx,
—2q£/Rugaxv£8§usdx :qu/Raxugaxvgazugdx+2q£/IRu88§USSZude
= —qu/Ra%ugaxvgagugdx—4qe/Raxu£8§vgagu£dx (A22)
—qu/]lgueaivgagugdx,
—2q£/ vgaxugaiugdx :2q£/ axvgaxugagugdx—o—qu/ vgaiueaiusdx
R R R
= —qu/ ajzcvgaxugagugdx—élqs/ 00021100 ucdx
R R

—ZqE/RUEE)iugagugdx.
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Consequently, by (A21),

2
xue(tl )

+ 262
L2(R)

2
wle(t, )

L2(R)

= —12g¢ /R( i) 398 ugdx—36ge/ U121 e dx

—6ge/IRu§a,3(u£8,6cu8dx—6q£/Raxvgaxu£82u8dx (A23)
—6qs/ aiveaxugagugdx—Zqzz/ ugaivgagugdx

R R
—2q£/RUga,3Cu58gugdx.

Due to (24), (41), (42), (43), (56), (57), (A5) and the Young inequality,

12|g£|/ |0yt |2 |0Sue | dx = 12/ ‘ 8(0xtc)” e\/D10%u;| d
68 6 2
< .
<D, (8 ue)®dx + 6D; €2 (t,-) @)
6> 2
< D*Hax”eHLoo 0,1)xR) l|9xtte (2, )||L2 +6D1€% ||0%u(t, -) @)
C(T) 2 2
< =\ .
=, + 6D+ € xug(t, ) LZ(R)/
|36g£|/ | 1Dy 1ed> e [01e | dx :36/ gueOxtcite V/D1ed8ue| dx
eYVxeYxtte xHe R \/Dil x“e
< 188 [ (02 (PP + 18Dy |0, )|
= Dl R xte xhe 1 ’ I2(R)
18 2 2 2
< o el 1)y 19tel o (1) 2 gy 1800 [ clt )]
c(1m) 2
< .
< 0 +18Dae 2 ouc(t,) w
uzd3ue

/D1ed%u, | dx

6gel [ [u2oduc]|o8ucldx =6 |

< K ut(33ue)?dx +3D1€? ||0Cuc(t, ) ?
= D1 R e xHe xHe\ts LZ(R)
3¢* 4 2 2 2
=D, luellz= (o) (t")HL2<R>+3D1€ et ) L2(R)
C(T) 2
< .
= Dl xue (t/ ) LZ (R) 7
0,0:021
|64e] /Rlaxveaiuellaiugldx =6 /R L\/D{e /Dreddue| dx
3¢> 2092, 12 2 2
<1 / (2x00)?(@2uedx + 3D [0t ),
3q 2 2 2
< T ore(t iy et )| +3D16% 0800,
C(T) 2
< =\ .
=D + 3D ||00ue(t, -) P®)’
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v/D1edu,

dx

0200 U
|6qs|/}1§|8§veaxue||agu£|dx—6/1[{‘“\/;71"8

347 2.\2 2 2 |[56 2
< Dy R(axvs) (Oxe)dx + 3Dqe” || ORute(t, -) 2(R)
3¢% |2 2 2 |46 2
< 2 . .
=Dy 1%l =0 1) <) 19ste(t:-)llzaq) + 3Die”||me(t, ) L2(R)
c(T) 2 |46 2
< =\ .
> Dl + 3D1€ axue(t/ ) LZ(R) s
105
|2qs|/R|uga§vg||82ug|dx:2/R q\;Dils /D1ed8u, | dx
2 2
q 2093, \2 2 |56
< E/}Ruﬁ(aﬂg) dx+D1€ axus<t/') I2(R)
< 7 2 pe 2 D12 |[a6 2
—DT”uS”U’"((OIT)XR) xVe(t, ) pw O et ) L2(R)
c(T) 2 {46 2
<\ .
> [)1 + DlS axuS(t/ ) LZ(R) ’
VAU
|2qs|/R|v£8;°’(ug|\8,6cug|dx: /R L\/Dils \/D1ed%u.| dx
2 2
q 2093 32 2 (|56
< D—l/RUS(E)xug) dx + Dye” ||05ue(t, -) P®)
< T ou(t ) P 820t P Dy |08 (8, |
=D, [[0¢ (£, ) | oo () || O tte (£, -) 12(R) + D1e” || dyuc(t, -) 12(R)
C(1) 2|46 2
<\ .
=D, + Dqe axug(t, ) LZ(R)I

where D; is a positive constant, which will be specified later. Consequently, by (A23),

d |l 2 2 |56 2 C(T)
= . — . < 7,
e atuet, )HL2(R) + (2= 3500 & et )| ) < T
Taking D1 = %, we have that
d || 2 2 |56 2
ga axug(t,') LZ(R) +£ axug(t, ) LZ(]R) -~ C(T)

Equation (A3) and an integration on (0, t) give

2 t
+ & /
L2(R) 0

I3 aiug(t, 3

2
6 . < <
(s, )HLZ(R) ds < Cy + C(T)t < C(T),

thatis (A17). O

Lemma A4. Assume (5). Fix T > 0. There exists a constant C(T) > 0, independent on ¢, such that,

[0rue(t, )| 2wy < C(T),

forevery0 <t < T.

34 of 39

(A24)
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Proof. Let 0 <t < T. Multiplying the first equation of (16) by 291, an integration on R gives
2 ||9¢ue (¢, )”LZ(R) —Zb/ Pgatugdx—Zs/ 0 ugatugdx—6g/ u E)xugatugdx
—i—211/]Ré)xugatugdx—Zq/]RuE xUeOtledx (A25)
—Zq/Rvgaxugatugdx.

Since 0 < & < 1, thanks to (24), (41), (42), (43), (A5), (A17) and the Young inequality,

|2b|/ |Pe\|atue|dx—2/ ’ bP ‘\/Dzatue dx

b2
SN [ Pe(t, )HLZ(R + Dy [|9suc(t, )HL2
2
C(T
< S04 Dy ot ) g
4 €dtu,
2£/R|8xu€||atus|dx :2/ /Doy | dx
< 5 [P g, + D2 et e
S 4 2
sz dyue(t, ) ()"‘DZHaWS( )HLZ(R
C(T
< S04y ot ey
u20,u
|6g|/RquaxuelIatueldx26/]R 82| |\ /Dodyuie| dx
3
< 38 [ b @ dx+ 302 et ) e

_Dz

3
< 3 im0y [19xtte (b ) Eoqey +3D2 [yt oy

C(T
s#tznatue( IWeey
pﬂé@@mawux:g@”¢w V/Dadyite| dx
a? 2
< p, [Pt L )+D2H3t”e( Wiy

C,g 4Dy et ) e

| /\

qus xvs

|2q|/R|u€ xv£||atus|dx*2/ v/ Doosue| d
2

é%f @m%+mmm)h
2

e
*Ilusllpo 01)x®) 12x0e(t, ) [2(m) + D2 [Bse(t, ) [ 2wy

qn
D

| A

| /\

+ D ||9rue(t, )HL2
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quaxue

v/ D20t | dx

|251\/ |v€axu€||atug|dx:2/
R R

2
S%Z/R 02 (Bxte)2dx + Dy [[9yue (1, ) |22y

2
S%Hve( )HL"O R) l|9xue(t, )IILz )+ D2 [|9sue(t, )||L2 [®)
C(T)

| /\

5+ D2 rme(t, ) 2o

where D; is a positive constant, which will be specified later. Therefore, by (A25),

C(T)
D,

2(1 —4D) Bsue(t, ) | 2y <

Choosing D; = %, we have that
I9¢1te (t, ) ||72 () < C(T),

which gives (A24). O

Arguing as in ([15], Lemma 2.12), we have the following result.

Lemma A5. Assume (5). Let T > 0. There exists a constant C(T) > 0, independent on ¢, such that

7

Hatxve )HL“’(R) atxve( )LZ(R) C (A26)
[|0rve(t, )||L°° , [|orve(t, )||L2 <C(T),

forevery0 <t < T.
Using the Sobolev Immersion Theorem, we begin by proving the following result.

Lemma A6. Fix T > 0. There exist a subsequence {(u¢,, ve,, Pe,) }ren of { (e, Ve, Pe) }es0 and an a limit
triplet (u, v, P) which satisfies (11) such that

e, — uaeandin L} ((0,T) xR), 1< p < oo,
g, — uin H'((0,T) x R),
, —oae. andleoc((O,T)XR),1§p<oo, (A27)
ve, — vin H'((0,T) x R),
P, — PinL*((0,T) x R).

Moreover, (u, v, P) is solution of (1) satisfying (12).
Proof. Let 0 <t < T. We begin by observing that, thanks to Lemmas 3,7, 9, Al and A4,
{ut¢ }e~g is uniformly bounded in H!((0, T) x R). (A28)
Lemmas 3 and A5 say that

{0 }¢=0 is uniformly bounded in H*((0, T) x R). (A29)
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Instead, by Lemma 7, we have that

{P:}¢~0 is uniformly bounded in L2((0, T) x R). (A30)

Equation (A28), (A29) and (A30) give (A27).
Observe that, thanks to Lemmas 3, 7, 9, Al and the second equation of (16), we have that

P < L®(0,T; H*(R)).

Lemmas 3,7, 9, Al say that
u € L®(0,T; H3(R)).

Instead, thanks to Lemmas 3, 8, 10, A2 and (A26), we get
v € L®(0,T; H>(R)) N WV((0, T) x R).
Moreover, Lemmas A5 says also that

020 € L2(R) N L®(R),

for every 0 < t < T. Therefore, (11) holds and (u, v, P) is solution of (1).

Finally, (12) follows from (19) and (A27). O

Now, we prove Theorem Al.

Proof of Theorem Al. Lemma A6 gives the existence of a solution of (1) such that (12) and (A27) hold.
Arguing as in Theorem 1, we have (13). 0O
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