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Abstract: In this work by the index of fixed point and matrix theory, we discuss the positive solutions
for the system of Riemann-Liouville type fractional boundary value problems

D u(t) + fult u(t), o(t),w() = 0,t € (0,1),

Do, o(t) + fa(t,u(t),v(t), w(t)) = 0,t € (0,1),
Dy, w(t) + fa(tu(t),o(t), w(t)) =0,t € (0,1),

1
u(0) ='(0) = - =ul"2(0) =0, Df u(t)|i—1 = /0 h(t)Dg u(t)dt,
1
2(0) = 0/(0) = -+ = o"-D(0) = 0, DE, (t) s — /O n(t)DY, o(t)dt,
w(0) = w'(0) = - = w"2(0) = 0, D], w(t)|;=1 = /01 h(t)Dg+w(t)dt,

wherea € (n—1,n] withn € N,n >3, p,q € Rwithp € [1,n—2],q € [0,p], Dg, is the a order
Riemann-Liouville type fractional derivative, and f;(i = 1,2,3) € C([0,1] x R x R+ x R*,R) are
semipositone nonlinearities.

Keywords: Riemann-Liouville type fractional problem; positive solutions; the index of fixed point;
matrix theory

1. Introduction

In this work the positive solutions for the system of fractional boundary value problems involving
Riemann-Liouville type are considered:

Dg, u(t) + fi(t,u(t),v(t),w(t)) =0,t € (0,1),
Dgyo(t) + falt,u(t),o(t), w(t)) = 0,t € (0,1),
Dg, w(t) + fa(t, u(t ,v(t ,w(t)) =0,t € (0 1),

0 (0 == 0 0 D hl—k<t u(t), W
v(0) = 9/(0) = - 2(0) = 0,D}, v(t)|1=1 = [y h(t)D], v(t)dt,
w(0) = w'(0) = - - (” 2(0) = 0, D}, w(t)|i=1 = [ h( w(t)dt,
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where D L is the o order Riemann-Liouville type fractional derivative, the constants «, p, 4, 1, and the
functions h, f;(i = 1,2, 3) satisfy the assumptions
CoOneNn>3ac(n—1nl,pe(l,n—-2],q9€]0,p],
(C1) there exists h with h(t) > 0(# 0) on [0, 1] such that A := l"(rlx(ﬁ)p) - F{a(ﬁ)q) fol h(t)t*=9-1dt > 0,
(C2) fi(i=1,2,3) € C([0,1] x R* x RT x R*,R), and there isa M > 0 such that

fi(t,x1,x2,%3) > —M, for (t,x1,x2,%3) € [0,1] x RT x RT x RT,i =1,2,3.

Fractional calculus theory shows undoubted advantages in aerodynamics, electrodynamics in
complex medium, the theory of control, signal and image processing, rheology, and many other issues,
see the books [1-3]. The study of such kind of problems has received considerable attention in the
previous studies, see for instance [4-79] and the references therein.

In [4] by the fixed point theorem of Guo-Krasnosel’skii, the authors discussed the positive
solutions for the multi-point Riemann-Liouville fractional boundary value problems

Dg, u(t) +Af(t,u(t)) =0,t € (0,1),
u(0) =/ (0) = - = ul""2(0) =0, o)
Dg+”(t)|t:1 =il ”iDg+”(t)|t:§,

where f is a sign-changing nonlinearity. In [5], the authors studied the multiple positive solutions for

the problem (2) (A = 1), where f is a sign-changing nonlinearity, and permits singularities on ¢ and

u. In [6], by means of the index of fixed point, the authors researched the positive solutions for the

boundary value problems of Hadamard fractional equations
—HDru(t) = f(t,u(t)), te(le, 3)
u(1) = éu(1) = du(e) =0,

where f is a sign-changing nonlinearity, and may grow superlinearly and sublinearly at oo.

The fractional-order equations in systems have also been widely investigated in the literature, see
for example [52-79]. In [52], the authors studied the system of Hadamard fractional integral boundary
value problems

HDBu(t) + fi(t,u(t),v(t)) =0, 1<t<e,
HDPo(t) + fa(t,u(t),o(t)) =0, 1<t<e,
u(l)=0v(1) =4'(1) =v'(1) =0, 4)

where the nonlinearities f;(i = 1,2) € C([1,¢] x RT x RT,R™).
In [53], by means of the alternative of Leray-Schauder, the authors obtained the uniqueness and
existence of solutions for the system of fractional integral boundary value problems

{Dﬂx(t) = f(t,x(t),y(t), DTy(t)) t € [0,T], -

DFy(t) = g(t,x(t),D°x(t)y(t)),t € [0,T],

with the integral boundary conditions

{x<0>
y(0)

where D*, DF, D?, D7 are the fractional derivatives of Caputo type.

h(y), i y(s)ds = prx(n),
¢(x), i x(s)ds = poy(&),



Mathematics 2019, 7, 970 30f 19

In [54], the authors studied the positive solutions of the abstract fractional semipositone
differential system with integral boundary conditions, which arises from HIV infection models

(6)

where f, g are the semipositone nonlinearities (so-called semipositone problems), which originally
modeled nonlinear phenomena of chemical reactions by Dutch chemist Aris [80]. For some relevant
work, we refer the reader to [4-7,71-75].

Motivated by the works aforementioned, in this work we use the index of fixed point and
nonnegative matrix theory to study the positive solutions for the system of Riemann-Liouville type
fractional boundary value problems (1). We first transform our problem into the equivalent system of
Hammerstein type integral equations, and establish some nonnegative operator equations. Then, using
some superlinear and sublinear conditions for our nonlinearities, we obtain two existence theorems.
Finally, we offer two examples to explain our main theorems.

2. Preliminaries

Now, we offer the definition of the (> 0) order Riemann-Liouville type fractional derivative,
which is given by

DA = iy () [ 510,

n—a)

where f : (0,+00) — (—o00,4+00) is a continuous function, and n = [a] + 1. For more materials, we
refer to the books [1-3].

Lemma 1. [Suppose that (CO)—(C1) hold. Let f € C[0,1], then the problem

D§. u(t)+ f(t) =0,t € (0,1), @)
w(0) = w'(0) = -+ = ul"2(0) = 0, D, u(t)|s—1 = J; h(t)DY, u(t)dt,
has a solution, which can take the form
1
u(t) = / G(t,s)f(s)ds,
0
where
a—1 1
Glts) = gi(t,s) + /O h(t)ga(t,s)dt,
and
! (1 =) Pl (t -5, 0<s<t<1,
gl(trs) - F(zx) { ta—l(l _ 5)0‘_}7_1, 0<t<s<1, (8)
B 1 taqul(l _ S)lepfl _ (t — 5>‘J‘7q71, 0<s<t<],
§2(t,s) = T(a—q) { =11 — g)rP, 0<t<s<1l ®

Proof. Using similar arguments in ([4], [Lemma 1 and 2]), we have

t t— a—1
u(t) = it Voot 24t —/ (=)™
0
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where ¢; € R,i = 1,2,...,n. Note that #(0) = u/(0) = - - - = u("2)(0) = 0, and thus c; = - -- = ¢, = 0.
Consequently, we get
E(t—s)* !

_ a—1
u(t) = cqt /0 T f(s)ds.
Therefore, we find
I'(a)

D&_u(t) = clm

Pl Ig;pf(t), Dg+u(t) =arg )t""q’1 — Ig;qf(t).

Using the condition Dg (t) =1 = fo u(t)dt, we have

Cll"(lz;(i)p) - r(uap) /01(1fs)”""”lf(s)ds:clr(l;(i)q) /Olh(t)t“*fifldtf r(alf q) /Olh(t) /Ot(tfs)“*ﬂflf(s)dsdt.

Solving this equation, we obtain

1 1 e 1 1 t N
¢ = m/o (1—5)%F 1f(s)ds—m/0 n(e) [ (£=5)"07 f(s)dsd.

As a result, we get

a—1 t t _e\a—1
u(t) = Al"(ocl— p) /01 ) () ds - Art(zx —-q) ./o1 b /0 (=) f(s)dsdt - /0 ‘ 1“(52) flo)as

" ot —s a—1 .
= i feam e g [T s [t - ] e am e s

tuc—l

T AT —a) 1h(t) t(t—s)“*‘fflf(s)dsdt
AT (a—q) Jo Jo
- s dHAFtZI— [/ [ ey fgasar— e /(:(tfs)“*q”f(s)dsdt}

0

1 pa—1
:/Ogl s)ds + —— // £)g2(t,s)dtf(s)

-1

= [ G(t5s)f(s)ds.

0

O

Lemma 2. (see ([4], [Lemma 3])). Suppose that (C0) holds. The functions g;(i = 1,2) have the properties
(i) g; € C([0,1] x [0,1],RT), and g;(t,s) > 0 fort,s € (0,1),i=1,2,
(ii) t*1g(s) < g1(t,8) < @(s) forall t,s € [0,1], where

—g)a— -1 _ —3
o= (=000 gy

(i) g1 (1,5) < O ;s € [0,1],

Lemma 3. Suppose that (C0)—(C1) hold. The Green’s function G has the properties
(i) G € C([0,1] x [0,1],R"), and G(t,s) > 0 fort,s € (0,1),
(ii) t*Lo(s) < G(t,5) < @(s),Vt,s € [0,1], where

@(s) A/ t)ga(t,s)dt,s € [0,1],

(iii) G(t,s) < t+=1 [(1 ;(Z)p 1 [ n(t)ga(ts dt} vt,s € [0,1].

This is a direct result of Lemma 2, so we omit its proof.
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Lemmad4. Let k1 = f = Lo(t)dt, xp = fo t)dt. Then we have the following inequalities

K19(s) < /01 G(t,8)(t)dt < kag(s), Vs € [0,1]. (10)

From Lemma 3(ii), we easily obtain (10).
Next we will consider the problem

Dg, u(t) + f(tu(t)) =0,t € (0,1), an
u(0) = u'(0) = - = ul"2(0) = 0, D}, u(t)|s1 = f) h()D], u(t)dt,
where fsaiisfies the condition
(C2) f € C([0,1] x R*,R), and there isa M > 0 such that
f(t,x1) > =M, for (t,x1) € [0,1] x RF.
Lemma 5. Suppose that (C0)—(C1) and (C2). Then the problem (11) is equivalent to
1 ~
u(t) = [ G(t,3)f(s,u(s))ds, (12)
0
where G is defined in Lemma 1.
Now, we take care of the following auxiliary problem associated with (11):
D&, u(t) + F(t,u(t) —z(t)) = 0,t € (0,1), (13)
u(0) = u'(0) = --- = ul"2(0) = 0,D}, u(t) |1 = [, h(t)D], u(t)dt,

~ f(t,x1)+M, te(0,1],x >0,
where F(t,x1) = ]:( ks 0,1}, 2

f(t,0)+M, te[0,1],x <0,

nonnegative continuous on [0,1] x R™, and from Lemma 5 we have (13) is equivalent to

and z(t) Mfo (t,s)ds, for t € [0,1]. Then F is

u(t) = /01 G(t,5)E(s, u(s) — z(s))ds, (14)
where G is as in Lemma 1.

Lemma 6. (i) If (11) has a positive solution u*, then (13) has a solution u* + z.
(i) If u* is a solution for (13), and u*(t) > z(t) for t € [0, 1], then u* — z is a positive solution for (11).

Proof. Note that z satisfies the fractional boundary value problem

{Dg+z(t) +M=0,t€(0,1), (15)

z(0) = 2/(0) = --- = z("=2)(0) = 0, D, z(t) ;=1 = fol h(t)D{, z(t)dt.
Substituting u* + z into (13), we have
DB, (1" +2)(8) + F(tu™ (1) + 2(t) — 2(1)) = 0 = D, () + D, (2)(1) + F(t,u* (1)) + M = 0,
Using Dg, (z)(t) = —M, we have D, u*(t) + f(t,u*(t)) = 0, and note that u*, z satisfy the boundary

conditions in (11), (15), we obtain Lemma 6(i) holds.
Next, substituting u* — z into (11), and using D§, (z)(t) = —M we have

Dg, (u* —z)(t) +f(t,u*(t) —z(t)) = 0= Dy, u*(t) — Dy, z(t) +f(t,u*(t) —z(t)) =0,
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and
Dy u*(t) + f(t,u*(t) —z(t)) = 0.

Note that u*, z satisfy the boundary conditions in (13), (15), we obtain Lemma 6(ii) holds.

Lemma 6 implies that we only need to seek the solution u* for (13), which is greater than z, we
can obtain the positive solution u* — z for (11).

Let E := C[0,1], ||u]| := tren[g)f] lu(t)|, P:=={u € E:u(t) >0,Vt€[0,1]}, By ={u e P:u(t) >

t%=1|u||, vt € [0,1]}. Then (E, | - ||) is a real Banach space, and P, Py are cones on E. Note that the
relations between (13) and (14), we let an operator T : P — P as follows:

(Tu)(t) = /01 G(t,s)E(s,u(s) — z(s))ds, foru € P,t € [0,1).

From the continuity of G, F we obtain T : P — P is a completely continuous operator, and if there
exists # € P\{0} such that Tu = %, then this % is a positive solution for (13). O

Lemma?7. T(P) C P,.
By Lemma 3(ii) we can easily obtain this conclusion, so we omit its proof.
Note that if u is a positive fixed point of T, from Lemma 7 we have u € Py. Moreover, when

||| > M = M/ [1_5“ _ A/ gztsdt}ds>0

we have

1
(t) — z(t) > | —M/ G(t,s)ds

> a1 —M/ 1 s) / (t,5)dt| ds
Izl sz A Bsa(ts)
> 0.

Then from Lemma 6 we have U — z is a positive solution for (11). Therefore, we only need to study the positive
fixed point u* for T, which the norm is greater than M, then u* — z is a positive solution for (11).

In the following two lemmas, we let X be a real Banach space and P a cone on X.

Lemma 8. (see [81]). Let QO C X be a bounded open set, and T : QN P — P a continuous compact operator. If
there exists pg € P\{0} such that

u—Tu # Apg, YA > 0,u € 00N P,
then i(T, QYN P, P) = 0, where i is the index of fixed point on P.

Lemma 9. (see [81]). Let QO C X be a bounded open set with 0 € Q, and T : QNP — P a continuous
compact operator. If
u—ATu #0,YA €[0,1],u €0QNP,

theni(T,QNP,P) =1.

In what follows, in order to build our main theorems, we need to introduce some basic knowledge
for nonnegative matrices, for more details see [82,83].

Definition 1. Let M be a real matrix. If all elements of M are nonnegative, then M is called to be nonnegative.
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Definition 2. A real square matrix M = (mjj)nxn is called R’ -monotone, if for every column vector
x € R", Mx € R = x € R}

Lemma 10. A real square matrix M is R" -monotone <= det M # 0, and M~ is nonnegative.

Remark 1. Note that our boundary condition at t = 1 is integral and generalizes multi-point fractional
boundary conditions. However, our problem (7) can be considered as a perturbation of the two-point boundary
value problem

{Dg+u(t) +f(t) =0,t € (0,1), (16)

u(0) = u'(0) = - = u""2)(0) = Dy, u(t)|—1 =0,
which is equivalent to

u(t) = [ w55 ()

where g7 is defined by (8). Therefore, our method, by making good use of the original Green’s function for the
problem (16), will dispense with constructing a new Green’s function, in contrast to some papers dealing with
multi-point boundary value problems. For example, in [50] the author studied the problem

D§, u(t)+ f(t,u(t)) =00<t<1,
{ (()J):O,ﬁu(;y):u@) (17)

where o € (1,2], Bn*~1, 1 € (0,1). The author obtained the Green’s function associated with (17) is

[t(—s)]* = pt (—s)* ' —(t=s)* T (1P ") <<
t<1,s<
TG, OErErslaE
[t(l_s)] _(t;i)l (1_1577 ), 0< ;7 S S S t S 1,
Gaai(tS) = { y_gyed e e 18)
— — — <t<s<
(1_517;71)1_(“) , 0<t<s<y<l,
[t(1=s)]* <t<s< <
(—pr )T (@) 0<t<s<1,y<s
This function is very complicated. However, we note that this function can be expressed by
,B po—1
Gpai(t,s) = gai(t,s) + e —————8Bai(7,5),
(5) = 1 [t(l—s)] Lo (t—s)1, 0<s<t<],
8Baill ) = Ty | [H1 —s)]a 0<t<s<1,
where gp,; is the Green's function for the problem
{ (0 + £, u(0) =00 < <1, )
u(0 ) u(1) =

Compared with Gpy,j, §pgi is much simpler.

3. Main Results

From the discission of Section 2, we can define the operators T;(i =1,2,3) : P x P x P — P and
T:PxPxP— PxP xP as follows:

Ti(u,v,w)(t) = /01 G(t,s)Fi(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds,
T(u,v,w)(t) = (T1, To, T3) (1,0, w)(t), for t € [0,1],
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where F;(t, x1,x2,%3) = {fi(t’ x1,%2,%3) + M, t €[01], forx; > 0,i=1,2,3, Consequently, if there
fi(£,0,0,0) + M, t € ]0,1], for else cases.
exists (#,7,7) is a positive fixed pint of T with ||i||, ||3], |@|| > M, then we obtain (7 — 2,7 — z,@ — z)
is a positive solution for (1).
Now, we list our assumptions for F;(i = 1,2, 3):
(C3) There exist aj;, bj; > 0and I; > 0(i,j = 1,2,3) such that

Fi(t,x1,%2,x3) a1 x1 +apxy +azxz — I
Fy(t, x1,x2, x3) > Ap1x1 + apxp +axxz — I | ,V(E x1,x0,x3) € [O, 1] xRT x Rt xRT,
F5(t, x1, X2, X3) a31x1 + asxp + azsx3 — I3

and the matrix M is a Ri -monotone matrix, where

k1a11 —1  K1a12 K1413
My = K1y Kiap —1  Kiao3
K1431 K143 K1a33 — 1

(C4) There exists Q;(#) in [0, 1] such that

1 - ~13
/ e(H)Q;(t)dt < M, and F;(t,x1,x2,x3) < Q;(t),¥Y(t,x1,x2,x3) € [0,1] X [O,M} ,i=1,2,3.
0

(C5) There exist Eji,gji >0 and]; > 0(i,j = 1,2,3) such that

Fi(t,x1,x2,x3) a11X1 + Xz +a3x3 + 1
Fz(f, X1, X2, X3) < p1X1 + AooXy + do3x3 + I» ,V(t, X1, X2, X3) S [0, 1] xRT xRt xRT,
F5(t, x1,%2,x3) az1x1 + azpxy +ax3 + 13

and the matrix M5 is a Ri -monotone matrix, where

1—xoay1 —Kod1p — —Kodi3
My = —kpdpy 1 —koapy  —Kodo3
—Kpdz1  —kKodzy 1 —Kods3

(C6) There exists Q;(t) in [0,1], and ¢y € (0,1) such that
/ o(£)Q;(t)dt > MtL ™%, and Fy(t, x1,x2,x3) > Qi(t),V(t, x1,%2,%3) € [1,¢] x [o, M} i=1,2,3.
0

Let By = {u € P: [Jul]| <p} for p > 0 in the sequel. Then we easily have 9B, = {u € P : ||lul| =
0} Bp={u € P full < p}.

Theorem 1. Suppose that (C0)—(C4) hold. Then (1) has a positive solution.
Proof. We first show that:
(w,v,w) # T(u,v,w) + A1, ¢2,¢3), foru,v,w € dBg, NP, A >0, (20)

where ¢;(i = 1,2,3) are given elements in cone Py, and R; > M. Argument by contrary, there exists
u,v,w € dBg, NP and Ay > 0 such that

(u,v,w) = T(u,v,w) + Ao(¢p1,¢2,¢3), foru,v,w € 0Bg, NP, A > 0. (21)
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This implies that

/1 G(t,8)F (s, u(s) —z(s),v(s) — z(s), w(s) — z(s))ds
u(t) Ty (u,0,w)(t) + Ao (t) o
v(t) = | T(uow)(t)+Aropa(t) | = /0 G(t,s)Fa(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds | -

T3(u, 0, w)(t) + Aogs(t) 1
/o G(t,8)F5(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds

Note that Lemma 7 we have
u,v,w € Py. (22)

From (C3) we have

0 /01 G(t,s)(a11(u(s) —z(s)) + ara(v(s) — z(s)) + ar3(w(s) — z(s)) — 1y)ds
u(t

( v(t) ) > /01 G(t,s)(ar1(u(s) —z(s)) + axn(v(s) — z(s)) + azz(w(s) — z(s)) — Ip)ds
/01 G(t,s)(as1(u(s) —z(s)) + az(v(s) — z(s)) + agz(w(s) — z(s)) — I3)ds

Multiplying by ¢(t) for the above both sides, and integrating on [0, 1], by Lemma 4 we get

[ uwawar\ ([ gt an ) ~20)) + aae)  2(0)) + s eo(t) — =(0))d ~ ek
[ oedr | = | [ mo(t)an(ut) ~20)) + aa(o(t) — 2(0) + a(w) ~=0)))d - 1k
[ oeir) \ [ g @) ~20)) + ane)  =(0)) + () - =(0)d 153

Consequently, we find

1 1
A u(t)g(t)dt x1(a11 + a1 + a13) /0 p()z(t)dt + 113
Ko =1 kpap K1413 1 )
Kiap1  Kiap —1  Kiap /o v(t)p(H)dt | < | x1(ax + axn + ax3) /0 @(H)z(t)dt + I3
K1a31 Kiazp  Kjazz —1 1 1
/0 w(t)g(t)dt k1 (a31 + az + as3) /0 o()z(t)dt + 1313

K1 ({111 “+app + 1113)MK% + llK%

IN

K1 ({121 + dax + a3 MK% + lzK%

)
K1 ({131 “+azp + 1133)MK% + Z3K§
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Therefore, we obtain

1
/ u(t)p(b)dt » 22
. o1 Ky — 1 K141 K113 K1 (a11 + arp + a13) Mx5 + Ljx5
/0 o(He(t)dt | < K1d21 K1am — 1 1023 K1 (a1 + ax + ax) MK3 + i3
1 K1a31 K143 K433 — 1 2 2
/ w(t)go(t)dt Kl(ag,] +a32+a33)MK2+l3K2
0
(k1822 — 1) (x1833 — 1) — x3anzaz K2a13a3 — x1a12(x1a33 — 1) K2a19023 — K1a13 (K102 — 1)
A K3ax3a31 — K1ap1 (x1a33 — 1) (k1011 — 1) (k1433 — 1) — x3a130a31 K3a13a01 — K1a03 (11411 — 1)
K3ay a3 — kiaz (ka2 — 1) K3a1pa31 — kyaz (k111 — 1) (k1011 — 1) (k1422 — 1) — K2a12a2

x1(a11 + arz + a13) M3 + 113

w1 (a1 + ax + a) Mi2 + bz |,

K1 (u31 +az + ﬂ33)MK% + Z3K%

where
kiann — 1 ®ap K1413
A = det K1d21 K1a2 — 1 K1423
K131 K14z K143z — 1

As a result of this, there exist N; > 0(i = 1,2,3) such that

1
d
I i)
/0 oDe)dt | < | M2 |,
1 N3
/0 w(t)g(t)dt
where N} = A%[((Klﬂzz — 1)(x1a33 — 1) — x3ap3az2) (k1 (a11 + a1 + a13) MK3 + 11x3) + (k3a13a3 —

k1a12(r1azs — 1)) (k1(a1 + ax + a)Mr3 + Li3) + (K3a1pazs — kia1z(kiam — 1)) (k1 (az + azp +
a33)Mi3 + 133)], No = 2-[(1azsa31 — K1az (k1a33 — 1)) (k1 (an1 + a1z + a13) Mig + 1hx3) + (k1411 —
1)(x1a33 — 1) — k2a13a31) (k1 (a21 + 422 + a23) M3 + 1px3) + (k2a13a01 — k1423 (k1811 — 1)) (1 (a31 + az2 +
a33) MK + 13x3)], N3 = - [(1fa01a32 — xa31 (k1aza — 1)) (11 (a1 + a1 + a13) M3 + hig) + (kfaraaz) —
xiaz (kaar — 1)) (1 (a21 + a2 + a3)Mi3 + bx3) + ((r1a11 — 1) (k1az — 1) — xfaz1az1) (k1 (a31 + az +

1133)MK% + Z3K%)]
Note that (22), we have
o Nix!
lofl | < | Noxy!
[[w] Ny !

Therefore, we can choose Ry > max{M, N1K1_1,N2K1_1,N3K1_1} such that when u, v, w € 9Bg, N P, (21)
is not satisfied. This also indicates that (20) holds for u,v,w € dBg, N P, and Lemma 8 indicates that

i(T,BRlﬂ(PxPxP),PXPXP):0. (23)
On the other hand, we prove that

(u,0,w) # AT(u,v,w), foru,v,w € IByz NP,A € [0,1]. (24)
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If this claim is not true, there exist u,v,w € dBy N P, A1 € [0,1] such that
(u,v,w) = MT(u,v,w).
This implies that
[ull < [IT(w, 0, w)], [lo] < [ T2(u,v,w)]], and [[w] < [|T5(u, v, w)].

However, from (C4) we have

< [[oie)®
< M.

Note that by (C4), ||u|| = M. Hence, we obtain || T} (1, v,w)|| < ||u||. Similarly, ||T>(u,v,w)| < |||
and || T3(u, v, w)|| < ||w||. This has a contradiction. Hence (24) holds. By Lemma 9 we get

i(T,ByzN(PxPxP),PxPxP)=1. (25)
By use of (23) and (25) we can calculate

i(T,(Br,\Bj;) N (P x P x P),P x P x P)
=i(T,Bg,N(PxPxP),PxPxP)—i(T,ByN(PxPxP),PxPxP)
= -1

Therefore, T has a fixed point (u*,v*,w*) on (Bg,\By;) N (P x P x P). Consequently, (u* — z,v* —
z,w* — z) is a positive solution for (1), i.e., (1) has a positive solution. [

Theorem 2. Suppose that (C0)—(C2), (C5)—(C6) hold. Then (1) has a positive solution.
Proof. We first claim that:
(u,v,w) # AT(u,v,w), for u,v,w € 0Bg, NP, A € [0,1], (26)
where R, > M. If this claim does not hold, there exist u, v, w € 9B R, NP, Ay € [0,1] such that
(u,v,w) = AT (u,v,w). (27)

This indicates that

/01 G(t,8)Fi(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds

u(t) ATy (u, 0, w)(t) 1
ot) | = MDwow)(t) | < / G(t,8)Fa(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds
w(t) A2Ts (1, 0,w) (1) )

/01 G(t,8)F3(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds
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Using Lemma 7, we know u, v, w € Py. By virtue of (C5), we obtain

[} 6069) @ (u(s) ~ 2(9) +na(e(s) — 2(5)) + frs(ao(s) — 2(5)) + s
o) | < | [ Gl @n(uls) ~ 2(5)) + Enalo(s) — 2(6)) + Es(wls) —2(5)) + )i
[} 6(69) @ (w(5) ~ 2(6)) + ao(s) — 2(5)) + s (ao(s) — 2(5)) + B

Multiplying by ¢(t), and integrating over [0,1], Lemma 4 enables us to get

/01 u(t)g(t)dt /01 K2 (1) (@ (u(t) = 2(1)) + @12 (0(t) — 2(t)) + Tz (w(t) — =(t)) + L)

1 1 ~
[ otrpwar | < | [ rapt) o (u(t) — 2(6) + alo®) — =) + Fas (o) — =(0)) + B
1 1 ~
[Fwwewir) \ [ g @) =) +an() -2 + Bl —2(0) + B
1 ~
|| w20t @Ean(t) + Fao(t) + Baw(®)dt + i3
1 ~
< /0 ko (8) (g u(F) + Tap0(E) + s (£) )t + Ty
1 ~
|} xage) @nunte) + Tagoe) + soe))dt + T
Therefore, we find
1
/ u(t)g(t)dt ~2
K2a11 K2a12 k2013 1 ~
—Kollyy 1 —Koflpp  —Kodn3 /0 o()e(t)dt | < | i3 |,
—ko31  —KpdAzp 1 —Kpdz3 1 T312
/ w(t)g(t)dt
0
and
/ Be(t)dt _ B B -1 (7.2
1—xoa11  —Kpd12 —K2d13 17
/ < —Koy1 1 —1x2d2p  —K2dx3 Ix3
—K2d3] —Kdzy 1 —rKods3 T332
/ w(t)e(t)
1 (1 — K22 ) (1 — Kpliz3) — K333 K3i13032 + K2d12 (1 — K233) K3012023 + Kod13 (1 — K2dn)
=N K33031 + K201 (1 — K27d33) (1 —x2a11) (1 — Koliz3) — K3d13031 313001 + K2d03 (1 — K011 )
K313 + Koli31 (1 — K2in2) k312031 + Kol (1 — K211 (1 —xod11) (1 — Kplipp) — K3120001
L1
TZK% ’
I3x3
where
1—xoay1  —Kpd1p  —Kodi3
Ay = det — Koo 1 — xodp —Kon3

—Kpd31 —Kdzy 1 —Kaa33
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Hence, there exist ; > 0(i = 4,5, 6) such that

1
/Olu(t)(p(t)dt x
/Ov(t)(p(t)dt <[5,
1 Ne
/O w(t)g(t)dt

2 ~ - . - ~ - - . ~ -
where Ny = 32 [11((1 — K2d22) (1 — k233) — K3823732) + L2 (k313832 + Koz (1 — k233)) + I3 (k312823 +
~ ~ 2 = ~ ~ ~ ~ e ~ ~ ~ ~
K2i13(1 — Kai))], N5 = 32 (11 (k323831 + Kaizn (1 — x2833)) + Lo (1 — Koy ) (1 — Kafizg) — K3d13831) +
~ - . - 2 ~ - . ~ ~ - -
I3(k3a1301 + K2dp3(1 — k211))], N = %[11(7{%“21‘132 + #0031 (1 — Kolip)) + I (K3d128031 + Kpdizp (1 —
Ko11)) 4 I3((1 — K11 ) (1 — Kodlnp) — k3a12d71)]. Note that u, v, w € Py, we have

[[ul Nyxy!
loll | < | Nowp!
]l Nexy!

Therefore, we can choose R, > max{M,N4Kfl,N5Kf1,N6Kfl} such that when u, v, w € 0Bg, N P, (27)
is not satisfied. This also indicates that (26) holds for u, v, w € dBg, N P, and by Lemma 9 we get

i(T,Br, N (P x P xP),PxPxP)=1. (28)

On the other hand, we prove that
(u,0,w) # T(u,v,w) + AP, P2, $3), for u,v,w € dBy; NP, VA >0, (29)
where 4~>,« € P(i = 1,2,3) are fixed elements. Otherwise, there exist u, v, w € 0B NP, Az > 0 such that

(u,0,w) = T(u,0,w) + A3(P1, 2, P3)-

This implies that
o] 1T (u, 0, w) |
loll | = [ IT2(u,2,@)] |- (30)
o] 1T5(u, 0, w) |

However, from (C6) we have

Ti(u, v, w)(ty) = /01 G(to,s)Fi(s,u(s) —z(s),v(s) — z(s), w(s) — z(s))ds

1 ~
> 57" [ p(6)Qu(s)ds
> M,i=1,2,3.

Note that from (C6), we have ||u| = M. Hence, we obtain

1Ty (u, 0, )| Ty (u,0,w)(to) ]
IT2(w,0,w)[ | = | Ta(u,0,w)(to) | > | [|o]]
1T3(u, v, w)| T3(u,0,w)(to) ]l
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This has a contradiction with (30), and thus (29) holds. By Lemma 8 we find
i(T,ByzN (P xPxP),PxPxP)=0. (31)
From (28) and (31) we can calculate

i(T,(Br,\Bj;) N (P x P x P),P x P xP)
=i(T,Br, N (P X PxP),PxPxP)—i(T,ByN(PxPxP),PxPxP)
=1

Therefore T has a fixed point (1*,v*, w*) on (Bg,\B) N (P x P x P). Therefore, (u* —z,0* —z,w* — z)
is a positive solution for (1), i.e., (1) has a positive solution.

Letn = 4,0 = 35 p = 15,4 = 0.5, and h(t) = t,t € [0,1]. Then we have A = 291, and
fo t)ga(t,s)dt = 245 — s + 1454 s € [0,1]. This implies that (C0)—(C1) hold. Moreover, we
can calculate

x1 = 0.017, % = 0.075, M = 0.16M.

O

Example 1. Let x1a11 — 1 = ka2 — 1 = x1a33 — 1 = k1, and we have a11 = axp = azz = K1+1 = 59.82.
Moreover, we take the matrix

a1 aip ai3 59.82 0 0
dy1 dpp A3 = 0 59.82 0 ’
a3y 4azp assz 0 0 59.82
and
Fi(t x1,x2,%3) 2M(9.57M) =" (ag1x1 + a1pxa + a13x3) "
B(t,x1,x,x3) | = | 1.8M(9.57M)~"2(ap1x1 + apxy + arsx3)” |, V(£ x1,x2,x3) € [0,1] x RT x RT xR,
F3(t,x1,x2,X3) 1.5M(9.57M) ™7 (az31x1 + azpxa + azzxz) "

where v; > 1(i = 1,2,3). Note that

xkiann — 1 xpap K113 kr 0 O
M] = K14a21 K1dpp — 1 K14a23 = 0 K1 0
k1431 K143 Kia33 — 1 0 0 x

Hence, My isa Ri—monotone matrix. Furthermore, for all t € [0,1] we have

.. Fi(xq1,xp,x .. 2M(9.57M) " (a11x1 + a1pxp + a13x3) "
lim inf 1(x1,02,%3) liminf ( ) Manx +apx + o)
anx1+apxa+axs—+oo 411X + d1pX2 + A13X3 a11X1+a12X2+a13X3—+00 a11X1 + appXxas + a13x3

.. Fy(x1,x,x .. 1.8M(9.57M) ™72 (ay1x1 + annxo + ar3x3)7?

lim inf 2(x1,x0,%3) liminf ( )" (ann +an¥ +as¥) |
an X1+anXa+anx3—+00 A1 X1 + AxpXp + A23X3 A X1+axnXa+ax3x3—+00 a1X1 + axXxp + a3x3

.. F3(x1, xp, x .. 1.5M(9.57M) 73 (az1x1 + azpx + azzxz)"?

liminf 3(x1,x,%3) lim inf ( )" "lazix +azpry tazsxs)
az1x1+aznxa+aszx3—+oo 431X + A32Xp + A33X3  a31x1+a3X2+a33x3—>+00 a31X1 + azpXp + a33x3

On the other hand, if (t,x1,%2,%3) € [0,1] x [0,0.16 M]3, we have

F; <2M, F, < 1.8M,F; < 1.5M.
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If we choose Q1 (t) = 2M, Qa(t) = 1.8M, Q3(t) = 1.5M for t € [0, 1], and we have

1 1 ~
/O o(H)Qi(Ddt < /0 o(H)Qi()dt = 2k:M = 0.15M < M,i = 1,2,3.
Therefore, (C3)—(C4) hold.

Example 2. Let ty = 0.5, Q1 (t) = 13M, Q»(t) = 14M, Qs(t) = 15M for t € [0,1], and

ay a4 2 5 3
dy dp ap [=| 8 3 4 |,
a3 azx a3y 6 3 4
and
Fi(t,x1,x2,%3) 13Mel-6Me=2x1-5x,-3x3
Fz(t, X1, X2, x3) = 14M62.4Me—8x1*3x274x3 ,V(t, X1,X2, XS) c [0’1] xRt xRt xRT.
F5(t, x1,%2,x3) 15Me208M p—6x1=3x —4x3

Then if (t,x1,%2,x3) € [0,1] x [0,0.16M]3, we have F; > 13M,F, > 14M,F; > 15M, and
J3 9(HQi(t)dt > [ (H)O1(£)dt = 13x,M > 0.16 x 5.6569M.
On the other hand, we can calculate

1-0075x2 —0.075x5 —0.075 x 3
det M, = det —0.075x8 1-0075x3 —0.075x4 = (0.0868,
—0.075 x 6 —0075x3 1-0.075x4

and
0475 0.313 0.287

0.555 0.494 0.39
0484 036 0434

a1
Z0.0868

Consequently, My is a R -monotone matrix. Furthermore, for all t € [0, 1] we have

. Fi(t, x1, %2, x3) ) 13 Mel-6Mp—ar1x1—a12X2 — 133
lim sup = = = = limsup = — — =0,
dyx A x i xs oo AIXT T A12X0 T M13X3 G ya o agsxg oo A11X1 T 312X2 + 31343
: Fy(t, x1,%2,x3) . 14 Me24M =21 x1—a0X2—23%3
lim sup = = = = lim sup = = — =0,
i1 X1+ Xy s xa oo A2 T 302X0 FABX3 G 0 4a 0y tipxs oo B21X1 T+ A22X2 + 23X3
. F3(t, x1,x2,X3) . 15Me208M p—a31%1— 3220 ~ 333
lim sup = lim sup =0.

fa101 +iisp o Hliga 3 hoo A31X1 T A32X2 T A33X3 Gy LG tigsrs oo @31%1 T+ A32X2 + A33X3
As a result, (C5)—(C6) hold.

4. Conclusions

In this paper, we utilize the index of fixed point to research the positive solutions for the
system of Riemann-Liouville type fractional boundary value problems (1). We first investigate
corresponding operator equations for (1), and then establish some coupling behaviors for our
nonlinearities f;(i = 1,2,3) by virtue of nonnegative matrix theory, which ensure that our nonlinearities
can grow superlinearly and sublinearly at oo.
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