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Abstract: In this article, we discuss the existence and uniqueness theorem for differential equations
in the frame of Caputo fractional derivatives with a singular function dependent kernel. We discuss
the Mittag-Leffler bounds of these solutions. Using successive approximation, we find a formula for
the solution of a special case. Then, using a modified Laplace transform and the Lyapunov direct
method, we prove the Mittag-Leffler stability of the considered system.
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1. Introduction and Preliminaries

Fractional calculus, being considered as the generalization of the calculus dealing with integration
and differentiation of functions with integer order, has fetched the interest of many researchers working
on different scopes of science and engineering [1-5].

Due to the spatial non-locality of the operators with fractional orders, these operators have become
significant tools that enable researchers to bring new aspects to the dynamics of non-local complex
systems [1-8]. In addition, there has been an intensive interest in dealing with differential equations
embodying derivatives with fractional order from many point of views including the qualitative,
theoretical and numerical aspects [1-3] and studying the existence and uniqueness of solutions of
differential equations in the frame of the traditional fractional derivative has been tackled in many
works (see [9] and the references therein).

The generalization of the traditional fractional operators has been an important issue and it has
been tackled by many researchers. The author in [10,11] proposed what was called the generalized
fractional operators. These operators involve two parameters and are reduced to well known operators
such as the Riemann-Liouville and the Hadamard fractional operators [3,12] when one of these
parameters approaches some values. In addition, the fractional derivatives considered there were
also modified in the Caputo settings so that they merge the Caputo fractional derivative and the
Caputo-Hadamard one [3,13-16]. Nevertheless, the fractional operators considered [10,11] are still
special cases of the so called the fractional operators of a function with respect to another function or
fractional operators with function dependent kernels [2,3]. The Caputo modification of the fractional
derivatives of functions with respect to another function was presented in [17]. In that work, the
authors considered a modified Laplace transform that enables the scientists to deal with such operators.

Mathematics 2019, 7, 946; d0i:10.3390/math7100946 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0002-8889-3768
https://orcid.org/0000-0002-8664-6464
http://dx.doi.org/10.3390/math7100946
http://www.mdpi.com/journal/mathematics
https://www.mdpi.com/2227-7390/7/10/946?type=check_update&version=3

Mathematics 2019, 7, 946 20f 13

In addition, in the literature one can find more generalized types of fractional derivatives, among
which the so called tempered fractional derivatives attracted many researchers. It is worth mentioning
that the tempered fractional derivatives utilize an exponential tempering to the power-law kernel.
For more information on these derivatives we refer to [18] and the references cited there.

In spite of the fact that there are many types of traditional fractional operators, these operators,
having singularities in their kernels, might not be the most ideal operator a researcher could choose
for the sake of better understanding and modeling the real world phenomena under investigation.
For this reason, some researchers considered and explored new types of fractional operator embodying
non-singular kernels that still possess the non-locality property, which is the most fundamental
property of the fractional operators [19-24].

The main feature of the fractional derivatives is that the power law kernel codes the flexibility
of an infinite number of relaxation times. This is one of the main reasons that fractional differential
equations provide good experimental fits to a broad range of time scales [25]. The singularities
from the power-law kernels can be computationally dealt with using Lubich’s corrections and
non-uniform grids.

There has been a large number of articles from those that discussed the extension of qualitative
properties of differential equations with integer order derivatives, to those including fractional
derivatives. Among these qualitative properties, stability plays a significant role [26-36]. In this
article, we study some qualitative properties of dynamic systems in the frame of fractional derivatives
involving a function dependent kernel. We discuss the existence and uniqueness of a nonlinear Cauchy
problem and obtain the solution in the linear case. Then, we investigate the Mittag-Leffler stability of
these systems.

Before we start presenting the main results, we state some definitions, lemmas and properties
from the literature.

The left Riemann-Liouville fractional integral of order ¢, where ¢ € C, Re(¢) > 0 has the

following form

(9O = g [ =0 o) 0

The left Riemann-Liouville fractional derivative of order ¢, where, ¢ € C, Re(e) > 0 reads

(aD°F)(t) = (%)”( JA"E)(E), =g + 1. @

The left Caputo fractional derivative of order ¢, Re(¢) > 0 takes the form
(aD°f)(t) = (aln*sf(”))(t), n=[e]+1. 3)

The left Hadamard fractional integral of order ¢ € C, Re(e) > 0 is defined by

(dTEF)(H) = r(1€>/ﬂt(lntlrw)g_lf(v)dv, @)

v
while the left Hadamard fractional derivative of order e € C, Re(e) > 0 is given as
d _
(oDf)(E) = (fa)"( dJNE)(E), n=[e]+1. (5)

In [13,14,16], the left Caputo-Hadamard fractional derivatives of order ¢ € C, Re(e) > 0 were
defined as

i! a

n—1 gi .
(gDSf) (t) _ aDs [f(u) . ;0 5f(a) (]n E)Z} (t), 0= t% (6)



Mathematics 2019, 7, 946 30f13

and in the space AC?[a,b] = {f : [a,b] — C: 6" "![f(x)] € ACla, b]} equivalently by

(5D) ) = (2" )" F)0), m=1d+1, @)

and fora < b, c € Rand 1 < p < oo, define the function space

X! (a,b) = {f: [a,6] = R |[|fllxr = (/b |tff(t)|”d:>l/p < oo}.

For p = oo, || f]] XV = €ss sup,<;<[t°|f()|]. The generalized left fractional integrals in the sense
of how they are defined in [10] have the form

(I f) () = r(l)/ﬂt(tp—vp)slf(v)dv. -

€ o vl =P

Remark 1. If p = 1 the integrals in (8) become the Riemann—Liouville fractional integrals (1) and when p — 0
(8) become the Hadamard fractional integrals (4).

The left generalized fractional derivatives of order ¢ > 0 are defined in [11] as

(DR =7 ) = gt [yt LR ©)

n—e) o ol=p
where p > 0 and where ¢y = tl’P%.

Remark 2. Once p = 1 the derivatives in (9) reduce to the Riemann—Liouville fractional derivatives (2).
Whereas, taking the limit of (9) as p — 0 one obtains the Hadamard fractional derivatives (5).

The Caputo modifications of the left generalized fractional derivatives were proposed in [15] to
have the form

( ng'pf) (t) = (" 5Py " f)(t) = I 1 /at(tp —of )nfefl,ynM' (10)

n—e) o vl=p

Remark 3. Replacing p by 1 in (10) the Caputo fractional derivatives (3) are obtained and approaching p to 0
in (10) gives the Caputo—Hadamard fractional derivatives (6).

Definition 1 ([3]). The k—Ileft-fractional integral operator is defined by

1 e—1

X
JHF0) = o [ (ko —km) R @ (1)
F(e) a
where ¢ € C,Re(e) > 0.
Remark 4. We should remark that if k(x) = x, the left Riemann—Liouville fractional integrals (1) are obtained.

If k(x) = Inx, the Hadamard integrals (4) are obtained and at last when k(x) = %p the generalized fractional
integrals in the sense of Katugampola (8) are obtained.
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Definition 2 ([17]). The k—left-fractional derivative of order ¢ € C,Re(e) > 0 in the Caputo setting is
defined by

SDFf(x) = ("N (T f)(x)

x n—e—1
- l"(nl—e)/a (k(x) - k(t)) T f (DK ()dt, (12)

where n = [Re(e)] +1,and T f (x) = (k’?x) )" f (x) is the composition n times of the differential operator %.

Remark 5. One should notice that if one takes k(x) = x, the left Caputo fractional derivatives (3) are obtained.
Ifk(x) = Inx, the Caputo—Hadamard integrals (6) are obtained and finally if k(x) = %p the generalized Caputo
fractional in the sense of Katugampola (10) are obtained. In particular, if 0 < € < 1, then

SO f(x) = (al'""N)Tif(x)

_ F<11—s) / (k(x)—k(t)> F(t)dt.

In the Riemann—Liouville setting we have [3]
aDe,kf(x) — Tk(all—s,k)f(x)
. L x B —€ )
— it [ (ke -k0) sk
(13)

Lemma 1 ([3]). Let Re(B) > 0, Re(e) > 0and k(t) be an increasing and positive monotone function on (a, b]
which has a continuous derivative k' (t) on (a,b). Then,

(alM(6(0) = (a)P 1)) = B () — k()P 14

Lemma 2 ([3]). For a continuous real-valued function f and an increasing and positive monotone function k
on (a, b] with continuous derivative k' on (a, b), we have

S IPRF(x) = (PR F(x), e>0, B> 0. (15)

Lemma 3 ([17]). Fore > 0and f and k as desired we have

n—1 ) — k(a i
O R s 6
In particular, if 0 < & < 1 then
oI EDYf(x) = f(x) = f(a). (17)

This article is organized as follows: The second section discusses the existence uniqueness of
solutions to a certain type of differential equations involving a fractional derivative with dependence
on a kernel function and taking the advantage of successive approximation, we find the solution of
a special case of the system under consideration. In third section, an upper bound of the solutions
is obtained and the Mittag-Leffler stability of the considered system is debated. In the last section,
conclusions and discussions are presented.
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2. Existence and Uniqueness Theorems

Consider the following fractional nonlinear Cauchy problem
EDkx(t) = f(t,x(t)), x(a) = x,, t € (a,b], (18)
where e € (0,1), f : [a,b) X G, G an open subset of R or more generally of C, and

h(t) = f(t,x()) € Cyxla, b] = {y : (a,0] = R: (k(t) —k(a))"y(t) € Cla, b]},
0<y <

The space C, x[a, b] is a Banach space when it is endowed by the norm

Ilyll = sup e ~N*OKD (k(t) — k(a))"y(t)], N >0, (19)
t

which is equivalent to the norm |[|y||,x = sup, |(k(t) — k(a))"y(t)|. When 7 = 0 we accept that
Cypla, b] = Ca, b] the space of continuous functions on [a, b] and when k() = t we accept C, x[a,b] =
C,la, b] (see [3], p. 4).

Definition 3. A function x(t) is said to be a solution of the initial value problem (18) if

1. (t,x(t))eD, D=[a,b]xB, B={xeR:|x|<L}CG, L>0
2. x(t) satisfies (18).

Theorem 1. The fractional initial value problem (18) has a unique solution in the space
Cirpla, bl = {y(t) € Cla,b] : TDy(t) € Cyifa, b1},

with 0 < v < land v < ¢, provided that

A
N < 1, (20)
and f satisfies the Lipschitzian condition
f(Ey1) = f(by2)| < Alyr —y2l, A>0. (21)

Proof. First let us prove the existence of a unique solution y(t) in the space C|a, b]. Define the operator
¥ : Cla,b] — Cla, b] by

() (t) = xa+ oI5 f (1, x(1)). (22)
where the space Cla, b] is endowed with the norm ||y||c = sup, [e ~N*(E)=k(@)y(t)|, which is equivalent

to the sup norm. For any y;,y2 € B, by the help of the Lipschitz condition (21) and by writing
k(t) —k(a) = k(t) — k(s) + k(s) — k(a) we have

le "NEO=K@) (y, (1) — Py, (1)) <

A

t
— —NK(ts) e—17/ B
T(e) /a e K(t,s)* k' (s)ds|lyr — yz2llc- 23)

Using the change of variable u = K(t,s) = (k(t) — k(s)), it follows that
A k()—k(a))
€

131 ¥yl < 5 | u e Mdully, — s, @)
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and hence, by using the definition of Gamma function we have,

A

Iy = ¥y2lic < Flvya —2llc (25)

By assumption (20), the mapping ¥ is a contraction and hence by Banach fixed point theorem it
has a unique fixed point x € C[t(, b]. Moreover,

. m. _
lim || T"x, — x[lc = 0. (26)

From the definition of ¥, x has the form
x(t) = x5+ ﬂIﬁ’kf(t,x(t)). (27)

From Lemma 3 with n = 1, it is clear that if x satisfies the initial value problem (18), then it has
the representation (27). Conversely, if x has the representation (27), then clearly x () = xo. By the help
of the fact that for a continuous z(t), we have

CDoz(x) = (D¥[z(t) — z(a)](x), oD% JI%z(t) = z(t),

x will satisfy the equation (18). Hence, x has the representation (27) if and only if it satisfies the initial
value problem (18). Finally, if ||.|| denotes the norm defined in (19) then we have

| SD*T™x, — SD%x| < AIT"x —x]

<
< AP —af)Y | T"x0 — x|c.

From (26), we conclude that limy, . || 2DERTMx, — aDE'ka = 0. Thatis ,D%x ¢ Cok [a,b] and
x € ny’(;{[a,b}. O

Consider the initial value problem
EDﬁ/kx(t) =Ax(t)+ f(t),t >a, x(a) = xg, (28)

where e € (0,1), A € R, f real-valued function and k is an increasing and positive monotone function
on (a,b] which has a continuous derivative k’ on (a, b). Throughout this article k will be assumed to
have the previously mentioned properties.

Theorem 2. The solution of the Caputo initial value problem (28) is given by

x(t) = Ee (A(k(t) —k(a))") xo+

[0 = k) B (3 (K(8) = k(5))) £ (), )

where E.(.) and Eg(.) are the Mittag-Leffler functions of 1 parameter and 2 parameters, respectively [3].

Proof. Consider the successive approximation

4y (1) = X+ A oI x 1 (1) + JI5FF (1), m=1,2,...,x(t) = xo. (30)
Then, by Lemma 1, by writing x, = x,(k(t) — k(a))!~! we have
r{
x1(t) =x,+ A () (k(t) —k(a))exq + oI F(1). (31)

I'(e+1)
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Proceeding inductively and by making use of Lemma 1, we have

/\Z(I;f(tlze_—i_kl(;l))w + lzil )Lifl ﬂlig’kf(t). (32)

Then, we reach our claim by expanding ,I**f in the second summation, shifting the index k,
interchanging the order of the integral and summation, and letting m — co. [

Remark 6. The solution (29) coincides with the solution given in Theorem 5.2. in [17].

3. Mittag-Leffler Bounds for Fractional Non-Autonomous Systems and k-Mittag-Leffler Stability

Consider the system
CD%x(t) = f(t,x), t>a, x(a)=x, (33)

where e € (0,1),,and f : [a,00) x G — R" is piecewise continuous in ¢ and locally Lipchitz in x on
[a,00) x G with Lipchitz constant A > 0 and G C R" is a domain that contains the origin x = 0.
Then we have

Definition 4. The constant xg is an equilibrium point of the system (33), if f(t,xo) = 0 and when §$D®F is
replaced by D% if ;D% xq = f(t,xq).

Definition 5. (k-Mittag-Leffler stability) The solution x(t) of the system (33) is called k-Mittag-Leffler stable if
lx(®)]l < (h(x0) Ee(A(K(t) — k(a))))", (34)

where A > 0, ¢ > 0, h(0) = 0, h(x) > 0and h(x) is locally Lipchitz on on a ball B of R" with Lipchitz
constant hy.

Lemma 4. For the continuous function f(t,x) in (33), for any ¢ > 0 and a certain norm of R" we have

ol f (8, x(8)]] < I

ft,x(6)]- (35)

Proof. The proof is direct and similar to the proof of Lemma 2 in [27]. O
Theorem 3. The solution of system (33) satisfies
[x()]l < [lxallEe(A(K(t) — k(a)))®). (36)

Proof. By applying the fractional integral ,I¢* to both sides of (33), and making use of Lemma 3 with
n =1 we have

x(t) —x(a) = oIFf (1, x(8)). (37)
If we apply the norm ||.|| to (37), use Lemma 4 and use the Lipchitz assumption we reach at
xO] = llx@)[| | < x(8) = x(@)| = [l I*f (1 x(0)]] < Al [x(8)])- (38)

Find a nonnegative function L(t) such that

(O - x(a)]| = A o1

x(#)| = L(). (39)

By applying the following successive iteration in the frame of an existence uniqueness theorem
similar to Theorem 1
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Y (t) = yo+ Aol ym_r(t) = L(), yo(t) = l[xall, y(t) = [x(t)], (40)

and proceeding similar to what we have applied in Theorem 2, we conclude the solution representation

IO = Il E(AGE) ~ K@) - [ io e A — k(&) LK ()ds

= |lxall Ee(AK(t) — k(a))) - /at TEc(A(k(t) — k(s))*)L(s)K'(s)ds, (41)

where the operator Ty = k’% ) %. Since the second term in (41) is nonnegative, we conclude that

1% (D) < [|xal|[Ee(AK(£) — k(a)))®)-
This completes the proof. [

Remark 7. In Theorem 3, if ¢ = 1, it follows that

x(#)]] < [lxa e O KD,
Now, we extend the Lyapunov direct method to the case of k—fractional-order systems.

Theorem 4. Let xq be an equilibrium point for the system (33) and D C R" be a domain containing xo. Let
V(t,x(t)) : [a,00) x D — R be a continuously differentiable function and locally Lipschitz with respect to x
such that

Bullx(B)l|F < V(t,x()) < Ballx(t)]| 42)
CDV (1 x(t)) < —Balx(t)], 43)

x €D, e e (0,1), B1; B2, B3,c and d are arbitrary positive constants. Then, xg is k-Mittag-Leffler stable. If the
assumptions hold globally on R", then x is globally k-Mittag-Leffler stable.

Proof. From (42) and (43), we obtain that

Cpeky (1, x(t)) < —gz V(L x(8).

It follows that there exists a nonnegative function L(#) such that

CDERV (¢, x(t)) = —gz Vit x(8) — L(b).

Now, applying Theorem 1 or Theorem 5.2. in [17] (which was proved by the modified Laplace
transforms), we get

Vix(t) = Vo). (E(k(t)k(aw)

= [ =k e (B2 ()~ k(6)) ) LOK )

Thus, we have
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Utilizing condition (42), we reach

Bullx (D1} < V(a,x)Ee (—ﬁj(zc(t) —k(a))s) |

Therefore,

oo < [“52 e, (~E e - ko)) )

Hence, the system is k-Mittag-Leffler stable. O

Using Remark 1in [17] withn = 1 or e € (0,1) we have the following identity

Cpek ek X (a) —e
D% = ,D~ — k(t) —k . 44
EDx(t) = D) — 1 s (k(E) — k(o) (a4)
As a result of (44), For e € (0,1) and x(a) > 0 we have $D%x(t) < ,D®x(t) and hence we can
state the following stability theorem for the Riemann-Liouville generalized type fractional derivatives.

Theorem 5. Under the assumptions of Theorem 4, if we replace $D**x(t) by oD% x(t), we have that xq is
globally k-Mittag-Leffler stable.

Remark 8. Ifin the above, we take k(t) = t, we recover the Mittag-Leffler stability for the systems of Caputo
and Riemann—Liouville fractional derivatives. If we take k(t) = Int then the sufficient conditions for the
Mittag-Leffler stability of Caputo—Hadamard and Hadamard fractional systems are determined by Theorems 4
and 6, respectively.

4. The Lyapunov Direct Method in the Term of Comparison Functions

In this section, we analyze the k-Mittag-Leffler stability using the Lyapunov direct method.
The Lyapunov direct method presented in this section is done in the term of the comparison functions.
The comparison functions play an essential role in the stability analysis. Before starting this section,
we introduce some definitions related to the comparison functions [37,38].

A continuous function & : R>g — R>( is said to be positive definite when it satisfies the conditions
a(0) = 0, and a(s) > 0 forall s > 0. A class K denotes a set of all increasing functions which are
positive definite functions.

The class Ko denotes a set of all unbounded k functions. The continuous function  : R>¢ x
R>0 — R is said to be class KL if the function (., t) € K for any t > 0, is non-increasing and tends
to zero as its arguments tend to infinity. For the characterization of the global k-Mittag-Leffler stability
using the Lyapunov direct method, we introduce the following theorems which generalizes Theorem 4.

Theorem 6. Suppose there exists a positive continuous function V : R™ x R" — R, class K« functions
wq, 00,0 and a class KL function B satisfying the following assumptions

ay ([|x[}) < V(E x) < aa ([|x[]) - (45)
FDHV () < —a(|lx])). (46)

If in addition the following assumption holds
ay " (2B (Ilxall , (k(t) = k(a))*)) < [lxal| Ee (¢ (k(£) = k(a))") (47)

where c is a positive constant. Then, the trivial solution of the k-fractional differential equation (33) is globally
k-Mittag-Leffler stable.
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When the condition (45) holds the function V is said to be radially unbounded. In other
words, the function V is said to be a Lyapunov candidate function when the assumption (45) holds.
The assumption (47) represents the Mittag-Leffler estimate of the class KL function and is essential to
study the k-Mittag-Leffler stability.

Proof. The first assumption (45) implies the function V is a Lyapunov candidate function and
combining it with the second assumption (46), we have the following relationship

CDkV (1, x) < —a (agl (V(t,x))) . (48)
From [39], there exists a class KL function p such that the following relationship is held

a ([lx])) < V(£ x) < B (lIxall, (k(t) = k(a))?) - (49)

From which the following relationship follows

]l < &g (2B (IIxall , (k(£) — k(a))°)) - (50)

Using the k-Mittag-Leffler estimate (47), we have the following identity

]l <y (28 (llxall , (k(t) = k(2))°)) < [|xal| Ee (—k (k(t) — k(a))°) (51)

From which it follows the global k-Mittag-Leffler stability of the trivial solution of the fractional
differential equation (33). O

When the condition (45) holds the function V is said to be radially unbounded. In other
words, the function V is said to be a Lyapunov candidate function when the assumption (45) holds.
The assumption (47) represents the Mittag-Leffler estimate of the class £ function and is essential to
study the k-Mittag-Leffler stability.

Remark 9. The use of the Lyapunov direct method in the context of fractional order derivative is not trivial due
to the fact that the determination of the generalized fractional derivative in the Caputo sense of a given function
is not always possible to obtain. In many cases, we suppose the Lyapunov function for the fractional differential
equation is quadratic. For these reasons, we propose the following assumption which is already proved in the
literature in [40],

D% xTPx < 2xTP S D%y, (52)

where P represents a positive definite matrix. The dimension of the matrix P depends on the dimension of the
fractional differential equation (33).

5. Examples

In this section, we provided some examples to illustrate Theorems 4 and 6.
Firstly, we illustrate Theorem 4 by the following example. Let the k-fractional differential equation
described by the generalized fractional derivative in the Caputo sense given by

(53)

aCDe’kxl = —X1 + X2
C k —
a D% Xy = —X»p

where xT = (x1,x) € R?. Let the quadratic Lyapunov candidate function defined by V(t,x) =

1 (x2 4 x2). Combining Equation (52) and the generalized fractional derivative in Caputo sense of the

Lyapunov function along the trajectories, we obtain the following relationships
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CD¥V(tx) <xTSD%x = —x% 4 xyxp — 23
2

1 1
= —x%+§x%+§x%—x2

It follows from Theorem 4, the trivial solution of the fractional differential Equation (53) is global
k-Mittag-Leffler stable.

Secondly, we illustrate Theorem 6 by the following example. Let the fractional differential equation
described by the generalized fractional derivative in the Caputo sense be given by

Cpek, _— _ 2
‘. D8 kxl X1+ x5 (54)
aD’ Xy = —X1X2 — X2
where xT = (x1,x) € R?. Let the quadratic Lyapunov candidate function defined by V(t,x) =
F(2+a3) =1 ||x||%. Combining Equation (52) and the generalized fractional derivative in the

Caputo sense of the Lyapunov function along the trajectories, we obtain the following relationships:

DRV (tx) <xTSD%x = x4 xx3 — xx5 — 23
= —xi—x3=-2V(tx)
= —2V(t 7). (55)

Recalling Theorem 6 and the e-integration of Equation (55), we obtain the following inequality
Il < 11V (xa) || Ee (=2 (k(£) = k(a))7) - (56)
Thus, the trivial solution of the k-fractional differential equation (54) is global k-Mittag-Leffler stable.

6. Conclusions

The fractional derivatives, in either Riemann-Liouville or Caputo settings, of function with
respect to function, unify and extend Riemman-Liouville, Caputo, Hadamard, Caputo-Hadamard
and other fractional derivatives. In this article, we proved the existence and uniqueness theorem for
the generalized fractional derivative systems in newly defined function spaces. Then, we applied
the successive approximation to obtain the solution representation for nonhomogeneous fractional
differential systems with a constant coefficient. We employed these results to obtain Mittag-Leffler
bounds for the solutions under Lipschitzity. The proved tools were used to prove k-Mittag-Leftler
stability theorems of the Caputo and Riemann-Liouville types using a Lyapunov direct method.
Alternatively, it is worth mentioning that the Laplace transforms introduced recently in [17] can be
used to proceed in the proof of the main results instead of applying an operator method through
successive approximations. Finally, we solved and discussed some examples. We should note that
in the classical stability analysis, studying the global k-Mittag-Leffler stability using the analytical
solution is not trivial and, in fact, almost impossible. An alternative issue is in using the Lyapunov
direct method. The inconvenience of this proposed method is in finding the exact Lyapunov function
for the given model. Another inconvenience of this method is in the calculation of the fractional
derivative. To avoid these difficulties we propose using (52) which is fundamental in our studies.
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