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1. Introduction—Preliminaries

Let H be an infinite-dimensional real Hilbert space. Its inner product is denoted by (x,y).
The induced norm is denoted by ||x|| = /(x, x) for x,y € H. Let C be a convex and closed set in H
and let A : C — H be a single-valued mapping. We recall the following definitions.

A is said to be a monotone mapping iff

(x' —x,Ax' — Ax) >0, Vx',xeC.
A is said to be a strongly monotone mapping iff there exists a positive real constant L such that
(' —x,Ax' — Ax) > L||x¥ —x|?>, V', xecC.

A is said to be an inverse-strongly monotone mapping iff there exists a positive real constant L
such that
(x' —x,Ax — Ax) > L|Ax — AX'||?>, Vx/,xeC.

A is said to be L-Lipschitz continuous iff there exists a positive real constant L such that
|Ax" — Ax|| < L||lx —«'||, V«/,x€C.

A is said to be sequentially weakly continuous iff, for any vector sequence {x,} in C, {x,}
converges weakly to x, which implies that Ax; converges weakly to Ax.

Consider that the following monotone variational inequality, which associates with mapping A
and set C consists of finding an x € C such that

(Ax,x* —x) >0, Vx*eC. 1)
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From now on, we borrow VI(C, A) to present the set of solutions (1). Recently, spotlight has been
shed on projection-based iterative methods, which are efficient to deal with solutions of variational
inequality (1). With the aid of resolvent mapping ProjH (Id — rA), where ProjH is the metric projection
from H onto C, r is some positive real number and Id denotes the identity on H, one knows that x is
a solution to inequality (1) iff x is a fixed point of ProjH (Id — rA). When dealing with the resolvent
mapping, one is required to metric projections at every iteration. In the case that C is a linear variety or
a closed ball or polytope, the computation of ProjH is not hard to implement. If C is a bounded set, then
the existence of solutions of the variational inequality is guaranteed by Browder [1]. If A is monotone
and L-Lipschitz continuous, Korpelevich [2] introduced the following so-called extragradient method:

Xg € C,
Yn = projg(xn - 7Axn)/
Xpa1 = Projg(xn —rAy,), Yn >0,

where C is assumed to be a convex and closed set in a finite-dimensional Euclidean space R" and r
is positive real number in (0,1/L). He proved that sequence {x, } converges to a pointin VI(C, A),
for more materials; see [2] and the cited references therein. We remark here that the extragradient
method is an Ishikawa-like iterative method, which is efficient for solving fixed-point problems of
pseudocontractive mappings whose complementary mappings are monotone, that is, A is monotone if
and only if I — A is pseudocontractive.

Next, we turn our attention to set-valued mappings. Let B : H =% H be a set-valued mapping.
We borrow Graph(B) := {(y,x) € Hx H : x € Ay} to denote the graph of mapping B and
B~1(0) to denote the zero set of mapping B. One says that B is monotone iff (y —y/,x — x’) > 0,
forall(y,x),(y',x") € Graph(B). One says that B is maximal iff there exists no proper monotone
extensions of the graph of B on H x H, that is, the graph of B is not a subset of any other monotone
operator graphs. For a maximally monotone operator B, one can define the single-valued resolvent
mapping J, = (rB+ Id)~! : H — Dom(B), where Dom(B) stands for the domain of B, Id stands for
the identity mapping and r is a real number. In the case in which B is the subdifferential of proper,
lower semicontinuous and convex functions, then its resolvent mapping is the called the proximity
mapping. One knows B~1(0) = Fix(J,), where Fix(J,) stands for the fixed-point set of J, and J, is
firmly non-expansive, that is, (J,x’ — J,x,x" — x) > ||J,x — J,x'||%.

The class of maximally monotone mapping is under the spotlight of researchers working on
the fields of optimization and functional analysis. Let f be a proper convex and closed function
f+ H — (—o0,00]. One known example of maximally mapping is df, the subdifferential of f. It is
defined as follows:

of(x) ;== {x* € H: (x' —x,x*) + f(x) < f(x),VX € H}, Vx¢€H.

Rockafellar [3] asserted that df is a maximally monotone operator. One can verify that
f(v) = minyep f(x) iff 0 € 9f(v). Next, we give one more example for maximally monotone
mappings: Nc + M, where M is a continuous single-valued maximally monotone mapping, and N¢ is
the mapping of the normal cone:

Ne(x) :={x* € H: (x*,x' —x) <0,Vx' € C}

for x € C and is empty otherwise. Then, 0 € N¢(x) + Mx iff x € C is a solution to the following
monotone variational inequalities: (x' — x, Mx) > 0 forall x’ € C.

One of the fundamental and efficient solution methods for investigating the inclusion problem
0 € Tx, where T is a maximally monotone mapping is the known proximal point algorithm
(PPA), which was studied by Martinet [4,5] and Rockafellar [6,7]. The PPA has been extensively
studied [8-11] and is known to yield special cases” decomposition methods such as the method of
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partial inverses [12], the FB splitting method, and the ADMM [13,14]. The following forward-backward
splitting method (I —r,A)x, € (I +r4B)x,41,n =0,1,---, where r, > 0, was proposed by Lions
and Mercier [15], and Passty [16] for T = A + B, where A and B are two maximally monotone
mappings. Furthermore, if B = N, then this method is reduced to the gradient-projection iterative
method [17]. Recently, a number of researchers, who work on the fields of monotone operators, studied
the splitting algorithm; see [18-22] and the references therein.

Let S : C — C be a single-valued mapping. In this paper, we use Fix(S) to stand for the fixed-point
set of mapping S. Recall that S is said to be non-expansive if ||x" — x|| > ||Sx’ — Sx||, Vx',x € C.If C
is a bounded set, then the set of fixed points of mapping S is non-empty; see [23]. In the real
world, a number of problems and modelings have reformulations that require finding fixed points of
non-expansive mapping (zeros of monotone mappings). One knows that Mann-like iteration is weakly
convergent for non-expansive mapping only. Recently, a number of researchers concentrated on
various Mann-like iterations so that strongly convergent theorems can be obtained without additional
compact restrictions on mappings; see [24-27].

For most real mathematical modelings, one often has more than one constraint. For such modelings,
solutions to a problem which are simultaneously solutions to two or more problems (or desired solutions
lie on the solution set of other problems); see [28-33] and the references therein.

In this paper, we, based on Tseng’s ideas, are concerned with the problem of finding a common
solution of fixed-point problems of a non-expansive mapping and zero-point problems of a sum of two
monotone operators based on two splitting algorithms, which take into account possible computational
errors. Convergence theorems of the algorithms are obtained. Applications of the algorithms are
also discussed.

In order to prove the main results of this paper, the following tools are essential.

An infinite-dimensional space X is said to satisfy Opial’s condition [34] if, for any {x,} C X with
xy — x, the following inequality holds:

liminf || x, — y|| > liminf ||x, — x|
n—oo n— oo
fory € X with y # x. It is well known that the above inequality is equivalent to

limsup ||x, — y|| > limsup ||x, — x||
n—oo n—oo

for y € X with y # x. It is well known that /7, where p > 1 and L? satisfy the Opial’s condition.

The following lemma is trivial, so the proof is omitted.

Lemma 1. Let {a,} be a real positive sequence with a, 1 < a, + by, Yn > ng, where {by, } is a real positive
sequence with Y o> 1 by, < oo and ny is some nonnegative integer. Then, the limit lim, .« a, exists.

Lemma 2. Reference [35] Let H be a Hilbert space and let {t,} be a real sequence with the restriction
O<p<ty<q<lforalln>1. Let {x,} and {y,} be two vector sequences in H with nh_r)rgo lyn + tuxn —
tayn|| = v, limsup,,_, . [|xx|| < rand limsup, . ||yn|| < r, where r is some positive real number. Then,
limy—e0 || Yn — xn|| = 0.

Lemma 3. Reference [34] Let C be a convex and closed set in an infinite-dimension Hilbert space H and let S
be a non-expansive mapping with a non-empty fixed-point set on set C. Let {x,} be a vector sequence on C.
If {xn } converges weakly to x and limy, . || (S — I)x,|| = 0, then x € Fix(S).

2. Main Results

Theorem 1. Let C be a convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping
on C, whose fixed-point set is non-empty. Let A : C — H be a monotone and both L-Lipschitz continuous



Mathematics 2019, 7, 922 40f 13

and sequentially weakly continuous mapping. Let B be a maximally monotone mapping on H. Assume that
Dom(B) lies in C and Fix(S) N (A + B)~1(0) is not empty. Let {a, } be a real number sequence in [a, b] for
some a,b € (0,1), and let {r,} be a real number sequence in [c,d] for some c,d € (0,1/~/2L). Let {x,} be
a vector sequence defined and generated in the following iterative process:

xo € C, arbitrarily chosen,
Yn = ]rn (xn — I Axy — en>/

Xpi1 = Xy + (1 — txn)SProjIg(yn — Ay + 1 Axy +ey), ¥Yn >0,

where {e, } is an error sequence in H with Y ;> |lex|| < oo. Then, {x,} converges to a point X € Fix(S) N
(A + B)~1(0) weakly.

Proof. Set z, = Yy — ryAyy + rnAxy + ey. Fixing x* € (A + B)~1(0) N Fix(T), we find that

20 = x* (1> = 1|20 = Y + Yn — 20 + 20 — x*|?

= [lyn — anz + llyn — Zn”2 + llzn — X*Hz +2(yn — Xn, X" — Yn)
+2(Yn — zn, 20 — x*)

=l = yull* = llyn — zull® + 20 — x* | +2(xn — 20, yu — x*)

> [l = yull® = [rn Ayn — rnAxn — enl|* + |20 — x*||*.
Using the Lipschitz continuitity of mapping A, one finds that
20 = 22 < Jlxn = 212 = |30 = ynll* + [0 Ayn — 10 Axn — en|?

< [l — 2 = [l — yull* + 207 ]| Ay — Axul|? + 2]l en |

< flotn = 2|12 = (1= 277 L) 2 = yul|? + 2l len |-
It follows that

st — 212 < anlln — 1|12 + (1 = an) | SProjz — x|

< tyl|xn — |2+ (1 — ) |z0 — 277 &)
<l = 212 = (1= ) (1= 205L2) tn = yn|* + 2] en .

In light of Lemma 1, one finds that the following limit lim,_,« ||x, — x*|| exists; in particular, the
vector sequence {x, } is bounded. By using (2), one gets that

(1= an) (1= 272 L2) |2 =y I < (12" — 2|2 = [lo* = x| + 2l en .
Thanks to the condition on {«,}, {r,} and {e,}, one obtains
Jiglgoﬂxn—yn\l = 0. 3)

Notice the fact that vector sequence {x,} is bounded. There is a vector sequence {x,, }, which
is a subsequence of original sequence {x, } converging to ¥ € C weakly. In light of (3), we find that
the subsequence {y, } of {y,} also converges to X weakly.

Now, one is in a position to claim that % lies in (A + B) ~1(0). Notice that

TnZUn " Ay, € By,
T'n
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Suppose y € Bv. By using the continuitity of mapping B, one reaches

<xﬂ_‘yn_8n _Axn _V,yn _1/> 2 0.
'n

Taking into account the fact that A is a sequentially weakly continuous account, one arrives at
(=A% — pu,x —v) > 0. This guarantees — A¥ € Bz, thatis, ¥ € (A + B)~1(0).
On the other hand, we have that ¥ € Fix(S). Indeed, set lim, ;o ||x, — x*|| = d. It follows from (2)
that [|SProjlz, — x*|| < [|x, — x*|| + v2||ex||. This shows that limsup,,_,, ||SProjdz, — x*|| < d.
It follows from Lemma 2 that
lim ||SProjfz, — x,| = 0. 4)
n—o0

Since A is L-Lipschitz continuous, we find that

1Sy = yull < 1ISyn — SProj¢zall + SProjezn — xull + 0 = yul
< [lyn — Projézul| + [|SProjdzn — xull + [0 — yu]
< (1 ruL)|lyn — xull + [lenl| + ISProjé zu — xull.

Combining (3) with (4), we obtain that lim, . ||Sys — ¥ || = 0. Thanks to Lemma 3, one concludes
that ¥ € Fix(S).

Next, one claims that vector sequence {x, } converges to ¥ weakly. If not, one finds that there exists
some subsequence {xy, } of {x,} and this subsequence {x,, } converges to £ € C weakly, and £ # .
Similarly, one has £ € (A + B)~1(0). From the fact that lim,_,c ||x, — p| exists, Vp € (A + B)~1(0),
one may suppose that lim, e ||x, — %|| = d, where d is a nonnegative number. By using the Opial’s
inequality, one arrives at

d = liminf ||x,, — || < liminf ||x,, — ||
1—00 1—00

= liminf ||x,; — £[| < liminf|[[x,, — x| = d.
—00 j—oo

One reaches a contradiction. Hence, ¥ = £. O

The following result is not hard to derive from Theorem 1.

Corollary 1. Let C be a convex and closed set in a Hilbert space H. Let A : C — H be a monotone and both
L-Lipschitz continuous and sequentially weakly continuous mapping. Let B be a maximally monotone mapping
on H. Suppose that Dom(B) C C and (A + B)~1(0) is not empty. Let {ay, } be a real number sequence in [a, b]
for some a,b € (0,1) and let {r,} be a real number sequence in [c,d] for some c,d € (0,1/+/2L). Let {x,} be
a vector sequence defined and generated in the following process:

xo € C, arbitrarily chosen,
Yn = ]rn (xn — 1 Axy — en)/

Xpi1 = Xy + (1 — zxn)Projg(yn + 1y Axy — 1 Ayn +ey), Yn >0,

where {e,} is an error sequence in H such that Y ;> |len|| < oo. Then, {x,} converges to a point X €
(A + B)~1(0) weakly.

Next, one is ready to present the other convergence theorem.

Theorem 2. Let C be a convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping
on C, whose fixed-point set is non-empty. Let A : C — H be a monotone and both L-Lipschitz continuous
and sequentially weakly continuous mapping. Let B be a maximally monotone mapping on H. Assume that
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Dom(B) lies in C and Fix(S) N (A + B)~1(0) is not empty. Let {a,} be a real number sequence in [0, a]
for some a € [0,1) and let {r,} be a real number sequence in [b,c| for some b,c € (0,1/+/2L). Let {x,} be
a vector sequence defined and generated in the following iterative process:

xo € H arbitrarilychosen,

Co=C,

Zy = Jr, (Xn — 10 Axy — ey),

Yn = anxp + (1 — ocn)SProjg(zn — 1Az + 1 Axy +ey),

Cop1 = {w € Cu: [lyn — w|* < [lxn — w]* = (1 = an) (1 = 275 L2) |20 — 2 [|* + 2{[enl[*},
Xpy1 = Projgn+1 xg, n >0,

where {e,} is an error sequence with the restriction limy,_,c ||en|| = 0. Then, {x,} converges strongly to

P“’jgx(sm(mm*l(o)xo'

Proof. First, we show that the set C, is closed and convex. It is clear that C; is closed. We only show
the convexness of C;;. From assumption, we see that Cy is convex. We suppose that C;;, is a convex set
for some m > 0. Next, one claims that C,, 1 is also a convex set. Since

lw = yull* < [lw = xu > = (1 = an) (1 = 25 L%) |20 = 2 ||* + 2| ]|
is equivalent to
[yl = [2al® + (1 = &) (1 = 2r5L2) |20 — 2za|* — 2len|* + 2(xn — yn, w) <O,

we easily find that C,,1 is a convex set. This claims that set C;; is convex and closed. Next, we show
that Fix(S) N (A + B)~1(0) C C,. From the assumption, we see that Fix(S) N (A + B)~1(0) C Co.
Suppose that Fix(S) N (A + B)~(0) C Cy for some m > 0. Next, we show that Fix(S) N (A +

B)~1(0) C Cyy1 for the same m. Set v, = z, — r,Azy + ryAxy + €y. For any w € Fix(S) N (A +
B)~1(0) C Cp, we find that

lxn — w||2 = |y —2zn+2n — Uy + 0y — sz
= llzn = xul* + llow = 2ul* + low — @|1* +2(xn — 20,24 — )
+2{(zy — vy, vy — W)

> |lxn = zull® = rnAzn — raAxy — e | + [0 — w|%.
Thanks to the fact that A is a Lipschitz continuous mapping, one asserts that

llon — w||* < [|xn — w||? = |20 — xa||® + ||[ruAzn — raAxy — en|)?
< lxn —wl|* = [|zn — xul|* + 275 Azy — Ax||* 4 2]|en]|?
< lxw —wlf* = (1= 2,7 L%)[|zn — xu > + 2] [en ]|

It follows that

lyn —w||* < (1= an)||SProjcvn — w||* + an || xn — w]|?
< (1 —an)|on — wl* + anllxy — wl|?
<2lenl* — (1 — an) (1 = 273 L2) |0 — za||* + || 0 — w]|*.

This implies that w € C,,11. This proves that Fix(S) N (A + B)~1(0) C C,. Since x,, = Projgn Xo
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and x;, 11 = Projgnﬂxo € C;;11, which is a subset of C,,, we find that

0 < (xn — X0, Xpq1 — Xn)

<
< =l = xoll? + llxn — xolll| 21 — 0.

This implies that ||x, — xo|| < ||xu41 — Xol|. For any w € Fix(S) N (A + B)~1(0) C C,,
we find from x, = Projgnxo that ||xg — xu]| < |xo — w||, in particular, ||xg — x,|| < ||xo —

H
P rO]Fix(S)ﬂ(AJrB)*l(O)xOH'
This claims that vector sequence {x, } is bounded and limit lim,, .« ||Xg — X, exists. Note that

xn — X1 || = 2(xn — X0, X0 — Xn + Xn — Xnp1) + || %0 — Xnga |2 + [0 — x0]|
= [Ix0 — Xug1l|* = [1xn — x0l|* + 2(x0 — Xn, X1 — Xn)

< [lxo = x| = [|xn — x0l|*.
Letting n — oo, one obtains ||x, — x,, 1| — 0. Inlight of x,,11 = Projfi“ xp € Cp11, we see that
1 — %12 < 2l = (1= ) (1 = 2212 [ — 20l + 00 — a2

It follows that lim, e ||Vn — X4+1]| = 0. This proves that lim, e ||[yn — xx|| = 0. Using
the restrictions imposed on the sequence {«;, }, {r,} and {e, }, we also find that lim;,_« ||xn — 2| = 0.

By using the fact that {x,, } is abounded sequence, there exists a sequence {x, }, which is a subsequence
of {x,}, converging to ¥ € C weakly. One also obtains that the sequence {z,,} also converges to ¥

weakly. Note that 1= — Ax, € Bz,. Next, we suppose 4 is a point in Bv. The monotonicity of
B yields that (¥== — Ax;, — p,z, —v) > 0. Since A is sequentially weakly continuous mapping,
we obtain that (¥ — v, — A% — u) > 0. These yield that — Ax € Bx. Hence, one obtains ¥ € (A + B)~1(0).

One now is in a position to claim that ¥ € Fix(S). Since limy, ;e ||y — xx|| = 0, which in turn
implies that limy, ;e ||SPro ]g vy — Xp|| = 0. Since A is Lipschitz continuous, one has

1Sxn — x|l < ||Sxn — Szu|| + ||Szn — SProjgvnH + HSProjgvn — x|
< lxn —znll + l|zn — ProjgvnH + ||SPr0jgvn — X |
< (14 ra)l|zn — 3l + leall + 1SProjito, — .

This proves that limy, . [|Sxy — x,|| = 0. In light of Lemma 3, one finds ¥ € Fix(S). Put X =
Proj&+3),1(o)x0. Since x, = Projgnxo and x € C,, we find that ||xo — x| < ||xo — X||. Note that

[[x0 = X|| < [lxo — %[| < liminf [|xo — xy, || < limsup [|xo — x4, [| < [[x0 — X[|.
1—oo i—00
It follows that
[x0 — %[| = lim [[xg — xp,[| = [[x0 — %],
1— 00

from which one gets x,,, — ¥ = X. From the arbitrariness of {x,,}, one has x, — ¥. [

The following results can be derived immediately from Theorem 2.

Corollary 2. Let C be a convex and closed set in a Hilbert space H. Let A : C — H be a monotone and both
L-Lipschitz continuous and sequentially weakly continuous mapping. Let B be a maximally monotone mapping
on H. Assume that Dom(B) lies in C and (A + B)~1(0) is not empty. Let {ay } be a real number sequence in
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[0, a] for some a € [0,1) and let {r,} bea real number sequence in [b, c] for some b,c € (0,1/+/2L). Let {x,,}
be a vector sequence defined and generated in the following iterative process:

xo € H chosen arbitrarily,

Co=¢C,

zn = Jr, (Xn — 10 Axn — €n),

Yn = anXn + (1 — zxn)Projg(zn — 1 Azy + 1 Axy +ep),

Cop1 = {w € Cu: [lyn — w|* < [lxn — w]* = (1 = an) (1 = 275 L?) |20 — zn[|* + 2[[en[*},

Xpi1 = Projgnﬂxo, n>0,

where J,, = (I +r,B)~" and {e,} is an error sequence in H such that limy,_c |le,| = 0. Then, {x,}
converges to Proj( A+B)~-1(0)X0 strongly.

Corollary 3. Let C be a convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping on C,
whose fixed-point set is non-empty. Let {ay, } be a real number sequence in [0, a] for some a € [0,1). Let {x, }
be a vector sequence defined and generated in the following iterative process:

xo € H chosen arbitrarily,

Co=C,

Yn = (1 —ay)Sxp + apxy,

Cut1 = {w € Cut [lyn — w|* < [lxn — w||> = (1 — an) (1 = 2r5L%) ||y — 2z [*},

_ ‘H
Xpt1 = PrO]anxo, n>0.

Then, {x,} converges strongly to Projgx( 5)X0-

3. Applications

This section gives some results on solutions of variational inequalities, minimizers of convex
functions, and solutions of equilibrium problems.
Let H be a real Hilbert space and let C be a convex and closed set in H. Let ic be a function

defined by
, 0, xeC,
ic(x) =
oo, x¢C.
One knows that indicator function ic is proper convex and lower semicontinuous, and its

subdifferential dic is maximally monotone. Define the resolvent mapping of subdifferential operator
dic by J, := (I + rdic)~!. Letting x = J,, one finds

Yy Erdicx +x <y € rNex +x
<~ (y—x,z—x)<0,VzeC
<= x = Projy,

where Ncx := {z € H|(z,v — x),Vv € C}. If B = di¢ in Theorem 1 and Theorem 2, then the following
results can be derived immediately.

Theorem 3. Let C be a convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping
on C, whose fixed-point set is non-empty. Let A : C — H be a monotone and both L-Lipschitz continuous
and sequentially weakly continuous mapping. Assume that Fix(S) N VI(C, A) is not empty. Let {a,} be
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a real number sequence in [a, b] for some a,b € (0,1) and let {r,} be a real number sequence in [c,d] for some
c,d € (0,1/+/2L). Let {x,} be a vector sequence defined and generated in the following iterative process:

xg € C, chosen arbitrarily,
Yn = ProjCH(x,1 — 1 Ax, —ey),
X1 = Xy + (1 — zxn)SProjg(yn — 1 AYn + 1 Axy +ey), Yn >0,

where {e,} is an error sequence in H such that Y ;> ||eq|| < oo. Then, {x,} converges to a point X €
Fix(S) N VI(C, A) weakly.

Theorem 4. Let C be a convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping
on C, whose fixed-point set is non-empty. Let A : C — H be a monotone and both L-Lipschitz continuous
and sequentially weakly continuous mapping. Assume that Fix(S) N VI(C, A) is not empty. Let {a, } be a real
number sequence in [0,a] for some a € [0,1) and let {r,} be a real number sequence in [c,d] for some
c,d € (0,1/+/2L). Let {xy} be a vector sequence defined and generated in the following iterative process:

xo € H chosen arbitrarily,

Cy=¢C,

zn = Projc(xy —rpAxy —ey),

Yn = anXp + (1 — txn)SProjg(zn — 1Az + 1 Axy +ey),

Cop1 = {w € Cu: [lyn — w|* < [lxn — w]* = (1 = an) (1 = 275 L2) |20 — 2z [|* + 2[enl[*},
Xpt1 = Projgﬂxo, n >0,

where {e,} is an error sequence in H such that lim, ;e |len|| = 0. Then, {x,} converges to
H
Projriv(s)nvi(c,a)¥o strongly.

Next, we consider minimizers of a proper convex and lower semicontinuous function.

Let f : H — (—o0,00| be a proper lower semicontinuous convex function. One can define
subdifferential mapping df by of(x) = {x* € H : f(x)+ (y — x,x*) < f(y),Vy € H}, Vx € H.
Rockafellar [3] proved that subd1fferent1al mappings are maximally monotone and 0 € 9f(v)
if and only if f(v) = min,ep f(x).

Theorem 5. Let C bea convex and closed set in a Hilbert space H. Let f : H — (—o0, +00] be a proper convex
lower semicontinuous function such that (9f)~1(0) is not empty. Let {ay } be a real number sequence in [a, b]
for some a,b € (0,1) and let {ry,} be a real number sequence in [c,d] for some c,d € (0,1/~/2L). Let {x,} be
a vector sequence defined and generated in the following iterative process:

xo € C, chosen arbitrarily,

yn = argmingeg{f(z) + lz=2nen]® x"Jre”H 1,
Xpa1 = apXy + (1 — ocn)SPm]C (yn +ey), Vn>0,

where {e,} is an error sequence in H such that Y, |len|| < oo. Then, {x,} converges to a point ¥ €
(9f)~1(0) weakly.

Proof. From the assumption that f : H — (—o00,0] is proper, convex, and lower semicontinuous,
one obtains that subdifferential df is maximally monotone. Setting A = 0 and y, = J;, (xn —ex),

one sees that )
. zZ—Xxy+e
yn = argmin{f(z) + Hz"rn”H}
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is equivalent to
0€df(yn) + %(yn — Xn +en).
It follows that
Xn —en € Yn + 1n0f (Yn)-
O

By using Theorem 2.1, we draw the desired conclusion immediately.

Theorem 6. Let C be a convex and closed set in a Hilbert space H. Let f : H — (—co, +c0| be a proper convex
lower semicontinuous function such that (9f)~1(0) is not empty. Let {a,} be a real number sequence in [0, a]
for some a € [0,1) and let {r,} be a real number sequence in [b, c| for some b,c € (0,1/+/2L). Let {x,} be
a vector sequence defined and generated in the following iterative process:

xo € H chosen arbitrarily,

Co=¢C,

zp = argmingeg{f(z) + 7“2_3(2",:6”2 }

Yn = anXn + (1 — ) SProjc(zn + €n),

C1 ={w € C: [lyn — w|* < [lxn — w]* — (1 — an) (1 = 273 L2) ||xn — zu|* +2][enl|*},
Xpy1 = Projgﬂxo, n >0,

H

where {ey, } is an error sequence in H such that limy, . ||e,|| = 0. Then, {x,} converges to Proj (2f)-1(0)X0

strongly.

Proof. From the assumption that f : H — (—o0, 0] is proper, convex and lower semicontinuous,
one sees that subdifferential 0f is maximally monotone. Setting A = 0 and z,, = J,(x, — es), one

sees that
|z — xn + en)?
2ry

}

zy = argmin{ f (z) +
" ZEIH {f( )
is equivalent to

1
0€9f(zn) + r—(zn — Xp +en).
n

It follows that
Xy — ey € Zy + 10f (z).

O

By using Theorem 2, we draw the desired conclusion immediately.

Finally, we consider an equilibrium problem, which is also known as Ky Fan inequality [36],
in the sense of Blum and Oettli [37].

We employ R to denote the set of real numbers. Let F be a bifunction mapping C x C to R.
The equilibrium problem consists of

Finding x € C such that F(x,y) >0, VyeC. (5)

Hereafter, EP(F) means the solution set of problem (5).
In order to study solutions of equilibrium problem (5), the following routine restrictions on F
are needed:

(R1) foreachx € C,y — F(x,y) is convex and lower semi-continuous;
(R2) foreachx,y,z € C, limsup, o F(tz+ (1 —t)x,y) < F(x,y);
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(R3) foreachx € C, F(x,x) =0;
(R4) foreachx,y € C, F(x,y)+ F(y,x) <O0.

The following lemma is on a resolvent mapping associated with F, introduced in [38].

Lemma4. Let F: C x C — R be a bifunction with restriction (R1)—(R4). Let r > 0 and x € H. Then, there
exists a vector z € C such that (y —z,z — x) + rF(z,y) > 0, Yy € C. Define a mapping T, : H — C by

Trx:{ZEC:(y—z,z—x)—i—rF(z,y)ZO, ‘v’yeC} (6)

for each x € H and each r > 0. Then, (1) Fix(T,) = EP(F) is convex and closed; (2) T, is single-valued firmly
non-expansive.

Lemma 5. [39]. Let F be a bifunction with restrictions (R1)—(R4), and let A be a mapping on H defined by

@, x¢C,
Apx: (7)
{ze H:F(x,y)+{(x—y,z) >0,Vye C}, xeC.

Then, A is a maximally monotone mapping such that D(Ap) C C, EP(F) = Az1(0), and T,x =
(I+ rAF)‘lx, Vx € H, r > 0, where T, is defined as in (6).

Thanks to Lemmas 4 and 5, one finds from Theorem 1 and Theorem 2 the following results on
equilibrium problem (5) immediately.

Theorem 7. Let C bea convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping on C,
whose fixed-point set is non-empty. Let F : C x C — R be a bifunction with restrictions (R1)-(R4). Assume that
Fix(S) N EP(F) is not empty. Let {«,} be a real number sequence in [a, b] for some a,b € (0,1) and let {r,}
be a real number sequence such that r,, > c, where c is some positive real number. Let {x, } be a vector sequence
defined and generated in the following iterative process: xg € C, X141 = anXn + (1 — ) S(I + rAp)’lxn,
Vn > 0, where Af is defined by (7). Then, {x, } converges to a point ¥ € Fix(S) N EP(F) weakly.

Theorem 8. Let C be a convex and closed set in a Hilbert space H. Let S be a non-expansive self mapping on C,
whose fixed-point set is non-empty. Let F : C x C — R be a bifunction with restrictions (R1)-(R4). Assume
that Fix(S) N EP(F) is not empty. Let {ay } be a real number sequence in [0, a] for some a € [0,1) and let {r, }
be a real number sequence such that r,, > ¢, where c is some positive real number. Let {x,, } be a vector sequence
defined and generated in the following iterative process:

xo € H chosen arbitrarily,

Co=C,

Yn = tnXn + (1 — an)S(I+rAp) xy,

Coi1 = {w € Cp t [lyn —w* < [lxn — w||* = (1 — an) (1 = 2,5 L2) || — za[|*},

_ ‘H
Xpt1 = Pro]cnﬂxo, n>0,

where A is defined by (7). Then, {x,} converges to Projgx( 5) xg strongly.
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