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Abstract: In this paper, we introduce and study a new three-parameter lifetime distribution
constructed from the so-called type I half-logistic-G family and the inverted Kumaraswamy
distribution, naturally called the type I half-logistic inverted Kumaraswamy distribution. The main
feature of this new distribution is to add a new tuning parameter to the inverted Kumaraswamy
(according to the type I half-logistic structure), with the aim to increase the flexibility of the
related inverted Kumaraswamy model and thus offering more precise diagnostics in data analyses.
The new distribution is discussed in detail, exhibiting various mathematical and statistical properties,
with related graphics and numerical results. An exhaustive simulation was conducted to investigate
the estimation of the model parameters via several well-established methods, including the method
of maximum likelihood estimation, methods of least squares and weighted least squares estimation,
and method of Cramer-von Mises minimum distance estimation, showing their numerical efficiency.
Finally, by considering the method of maximum likelihood estimation, we apply the new model to fit
two practical data sets. In this regards, it is proved to be better than recent models, also derived to
the inverted Kumaraswamy distribution.

Keywords: half-logistic distribution; inverted Kumaraswamy distribution; estimation methods;
data analysis

MSC: 60E05; 62E15; 62F10

1. Introduction

Over the last years, numerous families of distributions have been introduced, providing new
opportunities in terms of statistical modeling and data analysis. One of the most promising of
them is the so-called type I half-logistic-G (TIHL-G) family introduced by [1]. The TIHL-G family is
characterized by the cumulative distribution function (cdf) given by

F(x; λ, ξ) =
1− [1− G(x; ξ)]λ

1 + [1− G(x; ξ)]λ
, x ∈ R,
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where G(x; ξ) is a baseline cdf of a continuous distribution depending on a parameter vector ξ and
λ > 0. The definition of F(x; λ, ξ) is derived to the T-X technique of [2] applied with the half-logistic
distribution as main generator, that is, F(x; λ, ξ) =

∫ − log[1−G(x;ξ)]
0 f0(t; λ)dt, where f0(t; λ) =

2λe−λt/(1 + e−λt)2, t > 0, is the probability density function (pdf) of the half-logistic distribution.
Among the qualities of the TIHL-G family, we would like to mention the tractability of the
corresponding functions and the fact that the additional parameters λ can significantly increase the
flexibility of the mode and the tails of the former distribution characterized by G(x; ξ). That explains
why several special members have been recently studied in detail. We refer the reader to [3] for the
type I half-logistic Burr XII distribution (also called extended Bur XII distribution), [4] for the type I
half-logistic generalized Weibull distribution, [5] for the type I half-logistic Lomax distribution, and [6]
for the type I half-logistic exponential distribution. Also, with the use of an additional parameter,
the type I half-logistic-G family was recently generalized by [7].

In parallel, several new flexible continuous distributions was studied. In particular, [8] recently
introduced a new two-parameter lifetime distribution, called the inverted Kumaraswamy (IK)
distribution. It is characterized by the cdf given by

G(x; a, b) =
[
1− (1 + x)−a]b , x > 0,

where a, b > 0. The basics of the IK distribution is as follows: It is the distribution of the random
variable V = 1/U − 1, where U is a random variable following the standard Kumaraswamy
distribution introduced by [9], i.e., with the cdf given by G∗(x; a, b) = 1 − (1 − xa)b, x ∈ (0, 1).
Among the features of this distribution, it covers many well-established distributions as the Lomax
(Pareto type II) distribution when b = 1, the beta type II (inverted beta) distribution when a = 1,
the log-logistic (Fisk) distribution when a = b = 1, the inverted Weibull distribution when b→ +∞
and the generalized exponential distribution when a→ +∞. Also, the IK distribution demonstrates
a great flexibility in terms of curvature of the distribution functions, specially on the mode and the
tails of the distribution.

In this paper, we define a new three-parameter lifetime distribution by mixing the TIHL-G
family and the IK distribution. Thus, it can be viewed as a new special member of the TIHL-G
family benefiting from the qualities of the IK distribution, naturally called the type I half-logistic
inverted Kumaraswamy (TIHLIK) distribution. This study is devoted to both its theoretical and
practical features, with an emphasis on the applied side. Indeed, a substantial part is devoted to the
estimation of the model parameters via various methods, with all the details. Nice performance of the
estimates are observed, with discussions. Then, we show that the related TIHLIK model shows better
fits for some data sets when compared to recent rivals, also defined with the IK model as baseline.
The required computations are carried out in the R-language introduced by R Development Core
Team [10]. Beyond the data analysis, the TIHLIK distribution (and its symmetric version around 0)
can find applications in many other applied domains. For instance, it can be used to construct new
prior distributions in a Bayesian setting and new mixtures of distributions in a discriminant analysis
framework. Modern developments in these directions can be found in [11,12].

The rest of the paper is divided into six sections. Section 2 presents the TIHLIK distribution.
Some mixture representations of the main functions in terms of Lomax distribution functions are given
in Section 3. In Section 4, we attempt to derive the main mathematical and statistical properties of the
TIHLIK distribution. Section 5 is devoted to the estimation of the model parameters, with a simulation
study. Applications are given in Section 6. Section 7 provides concluding remarks.
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2. The TIHLIK Distribution

By mixing the TIHL-G family and the IK distribution, the cdf of the TIHLIK distribution is
given by

F(x; λ, a, b) =
1−

{
1− [1− (1 + x)−a]

b
}λ

1 +
{

1− [1− (1 + x)−a]b
}λ

, x > 0. (1)

Upon differentiation, the corresponding pdf is given by

f (x; λ, a, b) =
2λab(1 + x)−a−1 [1− (1 + x)−a]

b−1
{

1− [1− (1 + x)−a]
b
}λ−1

[
1 +

{
1− [1− (1 + x)−a]b

}λ
]2 , x > 0. (2)

Also, the hazard rate function (hrf) of the TIHLIK distribution is given by

h(x; λ, a, b) =
f (x; λ, a, b)

1− F(x; λ, a, b)

=
λab(1 + x)−a−1 [1− (1 + x)−a]

b−1{
1− [1− (1 + x)−a]b

} [
1 +

{
1− [1− (1 + x)−a]b

}λ
] , x > 0

and the corresponding cumulative hazard rate function (chrf) is given by

H(x; λ, a, b) = − log [1− F(x; λ, a, b)]

= − log(2)− λ log
{

1− [1− (1 + x)−a]
b
}
+ log

[
1 +

{
1− [1− (1 + x)−a]

b
}λ
]

, x > 0.

In order to illustrate the flexibility of the TIHLIK distribution, Figures 1 and 2 present plots of
the above pdfs and hrfs. We would like to mention that the values for the parameters λ, a, and b have
been taken arbitrarily until we get a wide variety of shapes for the involved functions.

We observe that the pdf is left, right skewed, symmetrical, and reverse J shaped while the hrf is
increasing, decreasing, and upside-down bathtub shaped.
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Figure 1. Plots of some probability density functions (pdfs) and hazard rate functions (hrfs) of the type
I half-logistic inverted Kumaraswamy (TIHLIK) distribution.
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Figure 2. Plots of some pdfs and hrfs of the TIHLIK distribution.

3. Mixture Representations

In this section, we will express the pdf and cdf of the TIHLIK distribution in terms of pdfs and
cdfs of the well-established Lomax distribution (also called the Pareto Type II distribution).

Proposition 1. We have the following mixture representation for F(x; λ, a, b):

F(x; λ, a, b) = −1 +
+∞

∑
k,`,m=0

αk,`,mSm(x; a),

where αk,`,m = 2(λk
` )(

b`
m)(−1)k+`+m (with (v

u) = v(v − 1) . . . (v − u + 1)/u!) and Sm(x; a) denotes the
survival function of the Lomax distribution with parameters am and 1, i.e., Sm(x; a) = (1 + x)−am.

Proof. Since
{

1− [1− (1 + x)−a]
b
}λ
∈ (0, 1), the power series formula gives

F(x; λ, a, b) = −1 + 2
1

1 +
{

1− [1− (1 + x)−a]b
}λ

= −1 + 2
+∞

∑
k=0

(−1)k
{

1−
[
1− (1 + x)−a]b

}λk
.

Since [1− (1 + x)−a]
b ∈ (0, 1) and (1+ x)−a ∈ (0, 1), it follows from the binomial formula applied

two times in a row that{
1−

[
1− (1 + x)−a]b

}λk
=

+∞

∑
`=0

(
λk
`

)
(−1)`

[
1− (1 + x)−a]b`

=
+∞

∑
`,m=0

(
λk
`

)(
b`
m

)
(−1)`+m(1 + x)−am.

By putting the above equalities together, we obtain

F(x; λ, a, b) = −1 + 2
+∞

∑
k,`,m=0

(
λk
`

)(
b`
m

)
(−1)k+`+m(1 + x)−am.

This ends the proof of Proposition 1.
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Corollary 1. Upon differentiation of F(x; λ, a, b), we obtain the following mixture representation for
f (x; λ, a, b):

f (x; λ, a, b) =
+∞

∑
k,`=0

+∞

∑
m=1

βk,`,m fm(x; a),

where βk,`,m = −αk,`,m = 2(λk
` )(

b`
m)(−1)k+`+m+1 and fm(x; a) denotes the pdf of the Lomax distribution with

parameters am and 1, i.e., fm(x; a) = am(1 + x)−am−1.

In Corollary 1, we would like to mention that the sum of m begins with 1 since f0(x) = 0,
which remains an important detail for the coming technical developments involving the distributional
properties of the Lomax distribution.

The following result considers a mixture representation for the exponentiated F(x; λ, a, b).

Proposition 2. Let ζ be a positive integer. Then, we have the following mixture representation:

F(x; λ, a, b)ζ =
ζ

∑
k=0

+∞

∑
`,m,q=0

υ
(ζ)
k,`,m,qSq(x; a),

where υ
(ζ)
k,`,m,q = (ζ

k)(
−k
` )(

λ`
m )(bm

q )(−1)ζ−k+m+q2k and Sq(x; a) denotes the survival function of the Lomax
distribution with parameters aq and 1.

Proof. Owing to the (standard) binomial formula, we get

F(x; λ, a, b)ζ =

−1 + 2
1

1 +
{

1− [1− (1 + x)−a]b
}λ


ζ

=
ζ

∑
k=0

(
ζ

k

)
(−1)ζ−k2k

[
1 +

{
1−

[
1− (1 + x)−a]b

}λ
]−k

.

Since
{

1− [1− (1 + x)−a]
b
}λ
∈ (0, 1), [1− (1 + x)−a]

b ∈ (0, 1) and (1 + x)−a ∈ (0, 1),
the general binomial formula applied three times in a row gives[

1 +
{

1−
[
1− (1 + x)−a]b

}λ
]−k

=
+∞

∑
`=0

(
−k
`

){
1−

[
1− (1 + x)−a]b

}λ`

=
+∞

∑
`,m=0

(
−k
`

)(
λ`

m

)
(−1)m [1− (1 + x)−a]bm

=
+∞

∑
`,m,q=0

(
−k
`

)(
λ`

m

)(
bm
q

)
(−1)m+q(1 + x)−aq.

We obtain the desired result by combining the above equalities together, ending the proof of
Proposition 2.

4. Mathematical and Statistical Properties

This section deals with the mathematical and statistical properties of the TIHLIK distribution.
Hereafter, we consider a random variable X following the TIHLIK distribution, i.e., with the cdf given
by Equation (1) and the pdf given by Equation (2).
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4.1. Shapes and Asymptotes

When x → 0, we have

F(x; λ, a, b) ∼ λ

2
abxb, f (x; λ, a, b) ∼ λ

2
abbxb−1, h(x; λ, a, b) ∼ λ

2
abbxb−1.

From these equivalences, when b ∈ (0, 1), we get f (x; λ, a, b) → +∞, when b = 1, we obtain
f (x; λ, a, b) → λa/2 and when b > 1, we have f (x; λ, a, b) → 0. The same holds for h(x; λ, a, b),
under the same conditions. When x → +∞, we have

F(x; λ, a, b) ∼ 1− 2bλx−aλ, f (x; λ, a, b) ∼ 2bλaλx−aλ−1, h(x; λ, a, b) ∼ a λx−1.

So, f (x; λ, a, b)→ 0 and h(x; λ, a, b)→ 0 in all circumstances.
The shapes of f (x; λ, a, b) also depend on the critical point(s) of the function, given by the

solution(s) of the following equation: {log[ f (x; λ, a, b)]}′ = 0, i.e.,

a (b− 1)
(1 + x)−a−1

1− (1 + x)−a − (a + 1)(1 + x)−1 − (λ− 1)ab
(1 + x)−a−1 [1− (1 + x)−a]

b−1

1− [1− (1 + x)−a]b

+ 2λab
(1 + x)−a−1 [1− (1 + x)−a]

b−1
{

1− [1− (1 + x)−a]
b
}λ−1

1 +
{

1− [1− (1 + x)−a]b
}λ

= 0.

In a same way, the shapes of h(x; λ, a, b) also depend on the critical point(s) of the function,
given by the solution(s) of the following equation: {log[h(x; λ, a, b)]}′ = 0, i.e., {log[ f (x; λ, a, b)]}′ +
h(x; λ, a, b) = 0, i.e.,

a (b− 1)
(1 + x)−a−1

1− (1 + x)−a − (a + 1)(1 + x)−1 +
ab(1 + x)−a−1 [1− (1 + x)−a]

b−1

1− [1− (1 + x)−a]b

+ λab
(1 + x)−a−1 [1− (1 + x)−a]

b−1
{

1− [1− (1 + x)−a]
b
}λ−1

1 +
{

1− [1− (1 + x)−a]b
}λ

= 0.

These equations provide some mathematical backgrounds to Figures 1 and 2.

4.2. Quantile Function

The quantile function (qf) of X is given by

Q(y; λ, a, b) =

1−
(

1−
[

1− y
1 + y

]1/λ
)1/b


−1/a

− 1, y ∈ (0, 1).

The median of X is given by M = Q(1/2; λ, a, b). The other quartiles can be defined in
a similar manner.

Simulated values from the TIHLIK distribution can be performed by using the following result.
For any random variable U following the uniform distribution U(0, 1), xU = Q(U; λ, a, b) follows the
TIHLIK distribution.

Upon differentiation of Q(y; λ, a, b), the corresponding quantile density function is given by
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q(y; λ, a, b) =

2
abλ

1
(1 + y)2

[
1− y
1 + y

]1/λ−1
(

1−
[

1− y
1 + y

]1/λ
)1/b−1

1−
(

1−
[

1− y
1 + y

]1/λ
)1/b


−1/a−1

,

y ∈ (0, 1).

4.3. Ordinary Moments

We begin the study of the ordinary moments of X by an existence result.

Proposition 3. Let r be a positive integer. Then, the r-th ordinary moment of X, i.e., µ′r = E(Xr), exists if,
and only, if aλ > r.

Proof. The proof is centered around the equivalence results presented in Section 4.1. When x → 0, we
have xr f (x; λ, a, b) ∼ (λ/2)abbxr+b−1 and, for any ε > 0, by the Riemann integral criteria,

∫ ε
0 xr+b−1dx

exists since r + b− 1 > −1. When x → +∞, we have xr f (x; λ, a, b) ∼ 2bλaλxr−aλ−1 and, for any ε > 0,
by the Riemann integral criteria ,

∫ +∞
ε xr−aλ−1dx exists if, and only if, aλ > r. This ends the proof of

Proposition 3.

Then, when aλ > r, the r-th ordinary moment of X is defined by

µ′r =
∫ +∞

0
xr f (x; λ, a, b)dx.

This integral can be evaluated by any mathematical software.
If a min(λ, 1) > r, an alternative expression, with possible gain in precision in terms of errors,

is given by using Corollary 1, i.e.,

µ′r =
+∞

∑
k,`=0

+∞

∑
m=1

βk,`,m

∫ +∞

0
xr fm(x; a)dx =

+∞

∑
k,`=0

+∞

∑
m=1

βk,`,m
Γ(am− r)Γ(r + 1)

Γ(am)
,

where Γ(s) =
∫ +∞

0 tse−tdt, s > 0. After some algebra, one can remark that Γ(am− r)Γ(r + 1)/Γ(am) =

r!/ ∏r
u=1(am− u). For practical purpose, one can consider finite limit for the sums, say a large integer

as 40.
As consequence, if a min(λ, 1) > 2, the mean and the variance of X can be expressed as,

respectively, µ = µ′1 and σ2 = µ′2 − µ2, i.e.,

µ =
+∞

∑
k,`=0

+∞

∑
m=1

βk,`,m
1

am− 1
, σ2 =

{
+∞

∑
k,`=0

+∞

∑
m=1

βk,`,m
2

(am− 1)(am− 2)

}
− µ2.

Table 1 presents the numerical values of some moments (and variance) of X for some values of
the parameters (respecting the condition aλ > 4).

Table 1. Some moments and variance of X for the following parameters values respecting the order
(a, b, λ); (i): (2, 2, 3), (ii): (2, 3, 3), (iii): (3, 3, 3) (iv): (3, 3, 5) (v): (3, 6, 5), and (vi): (8, 6, 5).

(i) (ii) (iii) (iv) (v) (vi)

µ′1 0.6117 0.8889 0.5127 0.3666 0.6484 0.2026
µ′2 0.6083 1.1716 0.3594 0.1716 0.49172 0.0461
µ′3 0.9516 2.2852 0.3326 0.0982 0.4289 0.0116
µ′4 2.5250 0.2515 0.4065 0.06761 0.42739 0.0031
σ2 0.2342 0.3814 0.09652 0.0372 0.0712 0.0050
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4.4. Skewness and Kurtosis

Assuming that aλ > 4, the first four moments of X can be used to determine the measures of
skewness and kurtosis of X defined by, respectively,

γ1 =
µ′3 − 3µ′2µ + 2µ3

σ3 , γ2 =
µ′4 − 4µ′3µ + 6µ′2µ2 − 3µ4

σ4 .

To relax the assumption aλ > 4, one can consider measures of skewness and kurtosis based on
the qf, as the Bowley skewness and Moors kurtosis defined by, respectively,

γ∗1 =
Q(6/8; λ, a, b) + Q(2/8; λ, a, b)− 2Q(4/8; λ, a, b)

Q(6/8; λ, a, b)−Q(2/8; λ, a, b)

and

γ∗2 =
Q(7/8; λ, a, b)−Q(5/8; λ, a, b) + Q(3/8; λ, a, b)−Q(1/8; λ, a, b)

Q(6/8; λ, a, b)−Q(2/8; λ, a, b)
.

They was introduced by [13,14], respectively.
The plots of γ∗1 and γ∗2 are shown in Figures 3–8, for different parameter ranges. We see smooth

non-monotonic variation of these measures, attesting a significant effect of a, b, and λ on them.
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Figure 8. Plots of γ∗1 and γ∗2 for λ, b ∈ (1, 5) and a = 10.

4.5. Incomplete Moments

Let us now studied the incomplete moments of X. For any t > 0, the r-th incomplete moment of
X exists and it is given by

µ′r(t) = E(Xr1{X≤t}) =
∫ t

0
xr f (x; λ, a, b)dx,

where 1{X≤t} denotes the random variable such that 1{X≤t} = 1 if {X ≤ t} is realized, and 0 otherwise.
It follows from Corollary 1 that

µ′r(t) =
+∞

∑
k,`=0

+∞

∑
m=1

βk,`,m

∫ t

0
xr fm(x; a)dx.

For t ∈ (0, 1), we have the following sum expression for the integral term:

∫ t

0
xr fm(x; a)dx = am

∫ t

0
xr(1 + x)−am−1dx = am

+∞

∑
k=0

(
−am− 1

k

)
tr+k+1

r + k + 1
.

The first incomplete moment is given by µ′1(t). It is useful to define other important quantities,
as the mean deviation of X about µ given by

δ1 = E(|X− µ|) =
∫ +∞

0
|x− µ| f (x; λ, a, b)dx = 2µF(µ; λ, a, b)− 2µ′1(µ),

the mean of X about M given by

δ2 = E(|X−M|) =
∫ +∞

0
|x−M| f (x; λ, a, b)dx = µ− 2µ′1(M),

the Bonferroni curve given by

B(y) =
1

yµ
µ′1 [Q(y; λ, a, b)] =

1
yµ

µ′1


1−

(
1−

[
1− y
1 + y

]1/λ
)1/b


−1/a

− 1

 , y ∈ (0, 1)

and the Lorenz curves given by L(y) = yB(y), y ∈ (0, 1).
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4.6. Stress Strength Parameter

This subsection is devoted to the stress strength parameter, as described in [15], in the context
of the TIHLIK distribution. It is defined by R = P(X2 < X1), when X1 and X2 are two independent
random variables following the TIHLIK distribution with the parameters λ1, a1 and b1, and λ2, a2,
and b2, respectively.

Proposition 4. Under the setting described above, we have

R = −1 +
+∞

∑
k,`,m,u,v=0

+∞

∑
w=1

υk,`,m,u,v,w
a1w

a1w + a2m
,

where υk,`,m,u,v,w = 4(λ2k
` )(b2`

m )(λ1u
v )(b1v

w )(−1)k+`+m+u+v+w+1.

Proof. Owing to Propositions 1 and Corollary 1, we have

R =
∫ +∞

0
F(x; λ2, a2, b2) f (x; λ1, a1, b1)dx

= −1 +
+∞

∑
k,`,m,u,v=0

+∞

∑
w=1

α
(2)
k,`,mβ

(1)
u,v,w

∫ +∞

0
Sm(x; a2) fw(x; a1)dx,

where α
(2)
k,`,m = 2(λ2k

` )(b2`
m )(−1)k+`+m and β

(1)
u,v,w = 2(λ1u

v )(b1v
w )(−1)u+v+w+1. Then, one can notice that

υk,`,m,u,v,w = α
(2)
k,`,mβ

(1)
u,v,w and that the integral term can be expressed as

∫ +∞

0
Sm(x; a2) fw(x; a1)dx = a1w

∫ +∞

0
(1 + x)−a1w−a2m−1dx =

a1w
a1w + a2m

.

By putting the above equalities together, we end the proof of Proposition 4.

Finally, we would like to mention that, when λ1 = λ2, a1 = a2, and b1 = b2, we have R = 1/2.

4.7. Order Statistics

Order statistics was first studied by [16] in the context of the standard normal distribution.
In a more general way, order statistics naturally arise for modeling a wide variety of phenomenas,
mainly in reliability and life testing. Here, we provide some useful results involving the order statistics
of the TIHLIK distribution. Let X1, . . . , Xn be n independent random having the TIHLIK distribution as
common distribution and X(i) be the i-th order statistic defined by the i-th random variable such that,
by arranging X1, . . . , Xn in increasing order, we have X(1) ≤ X(2) ≤ . . . ≤ X(n). Then, a well-known
result ensures that the cdf of X(i) is given by

F(i)(x; λ, a, b) =
n!

(i− 1)!(n− i)!

n−i

∑
j=0

(−1)j

j + i

(
n− i

j

)
F(x; λ, a, b)j+i, x > 0.

By applying Proposition 2, we obtain the following mixture representation:

F(i)(x; λ, a, b) =
n−i

∑
j=0

j+i

∑
k=0

+∞

∑
`,m,q=0

φi,j,k,`,m,qSq(x; a), (3)

where φi,j,k,`,m,q = {n!/[(i− 1)!(n− i)!]} [(−1)j/(j + i)](n−i
j )υ

(j+i)
k,`,m,q.
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Also, it is well-known that the pdf of X(i) is given by

f(i)(x; λ, a, b) =
n!

(i− 1)!(n− i)!
f (x; λ, a, b) [1− F(x; λ, a, b)]n−i F(x; λ, a, b)i−1.

Upon differentiation of Equation (3), one can express f(i)(x; λ, a, b) as a mixture of pdfs of the
Lomax distribution, i.e.,

f(i)(x; λ, a, b) =
n−i

∑
j=0

j+i

∑
k=0

+∞

∑
`,m,q=0

ψi,j,k,`,m,q fq(x; a), (4)

where ψi,j,k,`,m,q = −φi,j,k,`,m,q and fq(x; a) denotes the pdf of the Lomax distribution with parameters
aq and 1. From this expression, one can derive some structural properties of X(i) (ordinary moments,
incomplete moments. . . ).

Let us now specially focus on the crucial first order statistic given by X(1) = inf(X1, . . . , Xn).
The cdf and pdf of X(1) are, respectively, given by

F(1)(x; λ, a, b) = 1− [1− F(x; λ, a, b)]n = 1− 2n

{
1− [1− (1 + x)−a]

b
}λn

[
1 +

{
1− [1− (1 + x)−a]b

}λ
]n , x > 0

and

f(1)(x; λ, a, b) = n [1− F(x; λ, a, b)]n−1 f (x; λ, a, b)

= n2nλab(1 + x)−a−1 [1− (1 + x)−a]b−1

{
1− [1− (1 + x)−a]

b
}λn−1

[
1 +

{
1− [1− (1 + x)−a]b

}λ
]n+1 , x > 0.

The corresponding mixture expressions in terms of Lomax distribution functions are given by
Equations (3) and (4), respectively, by taking i = 1.

Let us now derive the asymptotic distribution of X(1). It follows from the equivalence results of
Section 4.1 that

lim
ε→0

F(εx; λ, a, b)
F(ε; λ, a, b)

= lim
ε→0

(λ/2)ab(εx)b

(λ/2)abεb = xb.

Hence, since F(0; λ, a, b) = 0, it follows from [17] (Theorem 8.3.6) that the asymptotic distribution of
X(1) is the Weibull distribution with parameter b, i.e., there exist two sequence of real numbers (un)n∈N

and (vn)n∈N such that limn→+∞ P(un(X(1) − vn) ≤ x) = 1− e−xb
.

5. Estimation with Simulation

This section is devoted to some statistical features of the TIHLIK model, assuming that λ, a,
and b are unknown. The estimation of λ, a, and b is performed by the several recognized methods of
estimation. Hereafter, x1, . . . , xn denote n observed values from X, and x(1), . . . , x(n) their ascending
ordering values, i.e., x(1) ≤ . . . ≤ x(n).

5.1. Method of Maximum Likelihood Estimation

The method of maximum likelihood estimation in the context of the TIHLIK model is described
below. We refer the reader to [18] for the general details. The maximum likelihood estimates (MLEs)
of λ, a, and b can be obtained by maximizing, with respect to λ, a, and b, the likelihood function
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given by L(λ, a, b) = ∏n
i=1 f (xi; λ, a, b) or, alternatively, the log-likelihood function for (λ, a, b) given

by `(λ, a, b) = log[L(λ, a, b)], i.e.,

`(λ, a, b) = n log(2) + n log(λ) + n log(a) + n log(b)− (a + 1)
n

∑
i=1

log(1 + xi)

+ (b− 1)
n

∑
i=1

log
[
1− (1 + xi)

−a]+ (λ− 1)
n

∑
i=1

log
{

1−
[
1− (1 + xi)

−a]b
}

− 2
n

∑
i=1

log
[

1 +
{

1−
[
1− (1 + xi)

−a]b
}λ
]

.

Thus, the MLEs are obtained by solving the following equations simultaneously: ∂`(λ, a, b)/∂λ = 0,
∂`(λ, a, b)/∂a = 0 and ∂`(λ, a, b)/∂b = 0, where

∂`(λ, a, b)
∂λ

=
n
λ
+

n

∑
i=1

log
{

1−
[
1− (1 + xi)

−a]b
}

− 2
n

∑
i=1

{
1− [1− (1 + xi)

−a]
b
}λ

log
{

1− [1− (1 + xi)
−a]

b
}

1 +
{

1− [1− (1 + xi)−a]b
}λ

,

∂`(λ, a, b)
∂a

=
n
a
−

n

∑
i=1

log(1 + xi) + (b− 1)
n

∑
i=1

(1 + xi)
−a log(1 + xi)

1− (1 + xi)−a

− (λ− 1)b
n

∑
i=1

log(1 + xi)(1 + xi)
−a [1− (1 + xi)

−a]
b−1

1− [1− (1 + xi)−a]b

+ 2bλ
n

∑
i=1

log(1 + xi)(1 + xi)
−a [1− (1 + xi)

−a]
b−1

{
1− [1− (1 + xi)

−a]
b
}λ−1

1 +
{

1− [1− (1 + xi)−a]b
}λ

and

∂`(λ, a, b)
∂b

=
n
b
+

n

∑
i=1

log
[
1− (1 + xi)

−a]− (λ− 1)
n

∑
i=1

[1− (1 + xi)
−a]

b log [1− (1 + xi)
−a]

1− [1− (1 + xi)−a]b

+ 2λ
n

∑
i=1

log [1− (1 + xi)
−a] [1− (1 + xi)

−a]
b
{

1− [1− (1 + xi)
−a]

b
}λ−1

1 +
{

1− [1− (1 + xi)−a]b
}λ

.

These equations can be solved numerically by using any mathematical software. When n is
large enough, under some conditions of regularity, the subjacent distribution of the MLEs can be
approximated by normal distributions, with variance given as the corresponding component of the
inverse of the observed information matrix computed at those MLEs. Owing to these distributional
results, confidence intervals and statistical tests for λ, a, and b can be defined analytically.

5.2. Methods of Least Squares and Weighted Least Squares Estimation

We now consider the methods of least squares and weighted least squares estimation introduced
by [19]. The least square estimates (LSEs) of λ, a, and b can be determined by minimizing, with respect
to λ, a, and b, the following function:
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LS(λ, a, b) =
n

∑
i=1

[
F(x(i); λ, a, b)− i

n + 1

]2
=

n

∑
i=1


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− i

n + 1


2

.

Thus, the LSEs are obtained by solving the following equations simultaneously: ∂LS(λ, a, b)/∂λ = 0,
∂LS(λ, a, b)/∂a = 0, and ∂LS(λ, a, b)/∂b = 0, where

∂LS(λ, a, b)
∂λ

= 2
n

∑
i=1

η
(1)
i (λ, a, b)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− i

n + 1

 ,

∂LS(λ, a, b)
∂a

= 2
n

∑
i=1

η
(2)
i (λ, a, b)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− i

n + 1


and

∂LS(λ, a, b)
∂b

= 2
n

∑
i=1

η
(3)
i (λ, a, b)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− i

n + 1

 ,

where

η
(1)
i (λ, a, b) = −2

{
1−

[
1− (1 + x(i))−a

]b
}λ

log
{

1−
[
1− (1 + x(i))−a

]b
}

[
1 +

{
1−

[
1− (1 + x(i))−a

]b
}λ
]2 , (5)

η
(2)
i (λ, a, b) = 2bλ

log(1 + x(i))(1 + x(i))−a
[
1− (1 + x(i))−a

]b−1
{

1−
[
1− (1 + x(i))−a

]b
}λ−1

[
1 +

{
1−

[
1− (1 + x(i))−a

]b
}λ
]2 (6)

and

η
(2)
i (λ, a, b) = 2λ

log
[
1− (1 + x(i))−a

] [
1− (1 + x(i))−a

]b
{

1−
[
1− (1 + x(i))−a

]b
}λ−1

[
1 +

{
1−

[
1− (1 + x(i))−a

]b
}λ
]2 . (7)
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The weighted least square estimates (WLSEs) of λ, a, and b can be determined by minimizing,
with respect to λ, a, and b, the following function:

LSW(λ, a, b) =
n

∑
i=1

(n + 1)2(n + 2)
i(n− i + 1)

[
F(x(i); λ, a, b)− i

n + 1

]2

=
n

∑
i=1

(n + 1)2(n + 2)
i(n− i + 1)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− i

n + 1


2

.

Thus, the WLSEs can be determined by solving the following equations simultaneously:
∂WLS(λ, a, b)/∂λ = 0, ∂WLS(λ, a, b)/∂a = 0, and ∂WLS(λ, a, b)/∂b = 0, which are similar to those
previously presented, with the weight sequence plug-in in the right place.

5.3. Method of Cramer-von Mises Minimum Distance Estimation

Another famous estimation method is the method of Cramer-von Mises minimum distance
estimation introduced by [20]. By applying it in the context of the TIHLIK model, the Cramer-von
Mises minimum distance estimates (CVEs) of λ, a, and b can be obtained by minimizing, with respect
to λ, a, and b, the following function:

C(λ, a, b) =
1

12n
+

n

∑
i=1

[
F(x(i); λ, a, b)− 2i− 1

2n

]2

=
1

12n
+

n

∑
i=1


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− 2i− 1

2n


2

.

Thus, the CVEs are obtained by solving the following equations simultaneously: ∂C(λ, a, b)/∂λ = 0,
∂C(λ, a, b)/∂a = 0, and ∂C(λ, a, b)/∂b = 0, where

∂C(λ, a, b)
∂λ

= 2
n

∑
i=1

η
(1)
i (λ, a, b)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− 2i− 1

2n

 ,

∂C(λ, a, b)
∂a

= 2
n

∑
i=1

η
(2)
i (λ, a, b)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− 2i− 1

2n


and

∂C(λ, a, b)
∂b

= 2
n

∑
i=1

η
(3)
i (λ, a, b)


1−

{
1−

[
1− (1 + x(i))−a

]b
}λ

1 +
{

1−
[
1− (1 + x(i))−a

]b
}λ
− 2i− 1

2n

 ,

η
(1)
i (λ, a, b), η

(2)
i (λ, a, b), and η

(3)
i (λ, a, b) are given by Equations (5)–(7), respectively.
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5.4. Methods of Anderson–Darling and Right-Tail Anderson–Darling Estimation

The method of Anderson–Darling estimation was introduced by [21]. Here, the Anderson–Darling
estimates (ADEs) of λ, a, and b can be determined by minimizing, with respect to λ, a, and b,
the following function:

A(λ, a, b) = −n− 1
n

n

∑
i=1

(2i− 1)
{

log[F(x(i); λ, a, b)]− H(x(n+1−i); λ, a, b)
}

.

This function is expressible, but we omit it to save space. Thus, the Anderson–Darling estimates
are obtained by solving the following equations simultaneously: ∂A(λ, a, b)/∂λ = 0, ∂A(λ, a, b)/∂a = 0,
and ∂A(λ, a, b)/∂b = 0, where

∂A(λ, a, b)
∂λ

= − 1
n

n

∑
i=1

(2i− 1)

 η
(1)
i (λ, a, b)

F(x(i); λ, a, b)
−

η
(1)
n+1−i(λ, a, b)

1− F(x(n+1−i); λ, a, b)

 ,

∂A(λ, a, b)
∂a

= − 1
n

n

∑
i=1

(2i− 1)

 η
(2)
i (λ, a, b)

F(x(i); λ, a, b)
−

η
(2)
n+1−i(λ, a, b)

1− F(x(n+1−i); λ, a, b)


and

∂A(λ, a, b)
∂b

= − 1
n

n

∑
i=1

(2i− 1)

 η
(3)
i (λ, a, b)

F(x(i); λ, a, b)
−

η
(3)
n+1−i(λ, a, b)

1− F(x(n+1−i); λ, a, b)

 ,

η
(1)
i (λ, a, b), η

(2)
i (λ, a, b), and η

(3)
i (λ, a, b) are given by Equations (5)–(7), respectively.

Similarly, the right-tail Anderson–Darling estimates (RTADEs) of λ, a, and b, can be obtained by
minimizing, with respect to λ and α, the following function:

R(λ, a, b) =
n
2
− 2

n

∑
i=1

log[F(x(i); λ, a, b)] +
1
n

n

∑
i=1

(2i− 1)H(x(n+1−i); λ, a, b).

Thus, the RTADEs can be determined by solving the following equations simultaneously:
∂R(λ, a, b)/∂λ = 0, ∂R(λ, a, b)/∂a = 0, and ∂R(λ, a, b)/∂b = 0, where

∂R(λ, a, b)
∂λ

= −2
n

∑
i=1

η
(1)
i (λ, a, b)

F(x(i); λ, a, b)
+

1
n

n

∑
i=1

(2i− 1)
η
(1)
n+1−i(λ, a, b)

1− F(x(n+1−i); λ, a, b)
,

∂R(λ, a, b)
∂a

= −2
n

∑
i=1

η
(2)
i (λ, a, b)

F(x(i); λ, a, b)
+

1
n

n

∑
i=1

(2i− 1)
η
(2)
n+1−i(λ, a, b)

1− F(x(n+1−i); λ, a, b)

and

∂R(λ, a, b)
∂b

= −2
n

∑
i=1

η
(3)
i (λ, a, b)

F(x(i); λ, a, b)
+

1
n

n

∑
i=1

(2i− 1)
η
(3)
n+1−i(λ, a, b)

1− F(x(n+1−i); λ, a, b)
.

5.5. Simulation Study

In this section, we come up with a numerical study to compare the behavior of the different
estimates presented above. We generate N = 1000 random samples of size n = 30, 50, and 100 from
the TIHLIK distribution. Four sets of the parameters are assigned as: Set1: (a = 1.5, λ = 2, b = 2),
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Set2: (a = 2, λ = 2, b = 2), Set3: (a = 1.5, λ = 3, b = 2), and Set4: (a = 1.5, λ = 3, b = 3).
The MLE, LSE, WLSE, CVE, and RTADE of λ, b, and a are determined, along with their mean estimate
Est. = (1/N)∑N

i=1 ε̂i and their mean square errors (MSEs), i.e., MSE = (1/N)∑N
i=1(ε̂i − ε)2, where,

for a given method, ε corresponds to λ, a, or b and ε̂i denotes the considered estimates for ε obtained
by using the i-th random sample. All the numerical values are set in Tables 2–5.

Table 2. Estimates and mean square errors (MSEs) of TIHLIK model for maximum likelihood (ML), least
squares (LS), weighted least square (WLS), Cramer-von Mises minimum distance (CV), and right-tail
Anderson–Darling (RTAD) estimates for the Set1, i.e., a = 1.5, λ = 2, b = 2.

MLE LSE WLSE CVE RTADE

n Est. MSEs Est. MSEs Est. MSEs Est. MSEs Est. MSEs

30
1.628 0.043 1.473 0.259 1.581 2.084 1.562 0.459 1.473 0.319
1.950 0.102 2.296 0.763 2.329 0.991 2.395 0.888 2.450 1.580
2.237 0.492 2.109 0.551 2.126 1.188 2.351 1.018 2.171 0.851

50
1.603 0.026 1.550 0.263 1.616 0.362 1.575 0.311 1.547 0.189
1.895 0.070 2.110 0.588 2.067 0.600 2.201 0.708 2.144 0.639
2.144 0.282 2.049 0.348 2.094 0.362 2.169 0.534 2.088 0.386

100
1.601 0.015 1.505 0.137 1.610 0.242 1.541 0.151 1.492 0.128
1.900 0.026 2.162 0.475 2.031 0.498 2.172 0.516 2.241 0.536
2.124 0.095 2.009 0.120 2.046 0.148 2.068 0.131 2.058 0.139

Table 3. Estimates and MSEs of TIHLIK model for ML, LS, WLS, CV, and RTAD estimates for the Set2,
i.e., a = 2, λ = 2, b = 2.

MLE LSE WLSE CVE RTADE

n Est. MSEs Est. MSEs Est. MSEs Est. MSEs Est. MSEs

30
1.808 0.074 1.688 0.324 1.834 0.646 1.775 0.310 1.757 0.297
2.344 0.187 2.672 1.429 2.618 1.718 2.766 1.604 2.646 1.264
2.058 0.226 1.951 0.407 2.052 0.752 2.142 0.572 2.020 0.273

50
1.789 0.073 1.657 0.320 1.747 0.399 1.630 0.320 1.824 0.227
2.325 0.153 2.726 1.146 2.719 1.400 2.893 1.450 2.524 0.850
2.022 0.207 1.941 0.167 2.016 0.213 2.006 0.258 2.034 0.247

100
1.803 0.053 1.672 0.273 1.715 0.385 1.621 0.301 1.786 0.202
2.325 0.131 2.710 1.142 2.714 1.383 2.833 1.286 2.482 0.728
2.025 0.111 1.942 0.144 1.956 0.124 1.960 0.116 1.968 0.100

Table 4. Estimates and MSEs of TIHLIK model for ML, LS, WLS, CV, and RTAD estimates for the Set3,
i.e., a = 1.5, λ = 3, b = 2.

MLE LSE WLSE CVE RTADE

n Est. MSEs Est. MSEs Est. MSEs Est. MSEs Est. MSEs

30
1.869 0.186 1.715 0.419 1.753 0.469 1.778 0.355 1.835 0.304
2.435 0.410 2.834 0.939 2.940 2.095 2.942 0.944 2.699 1.218
2.278 0.547 2.193 0.716 2.186 0.861 2.305 0.614 2.258 0.846

50
1.856 0.152 1.616 0.215 1.827 0.458 1.685 0.233 1.851 0.345
2.394 0.407 2.876 0.627 2.743 1.126 2.973 0.759 2.621 0.836
2.186 0.201 2.047 0.265 2.219 0.409 2.193 0.336 2.254 0.421

100
1.850 0.132 1.581 0.155 1.804 0.410 1.674 0.197 1.721 0.173
2.388 0.393 2.957 0.598 2.709 1.072 2.934 0.683 2.747 0.661
2.147 0.109 2.032 0.119 2.092 0.133 2.145 0.205 2.095 0.118
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Table 5. Estimates and MSEs of TIHLIK model for ML, LS, WLS, CV, and RTAD estimates for the Set4,
i.e., a = 1.5, λ = 3, b = 3.

MLE LSE WLSE CVE RTADE

n Est. MSEs Est. MSEs Est. MSEs Est. MSEs Est. MSEs

30
1.810 0.110 1.751 0.358 1.753 0.554 1.775 0.326 1.839 0.399
2.400 0.503 2.673 1.243 2.925 1.393 2.959 1.702 2.746 2.197
3.456 0.973 3.171 1.150 3.330 1.014 3.515 1.673 3.350 1.164

50
1.833 0.124 1.561 0.165 1.671 0.344 1.742 0.252 1.737 0.253
2.409 0.447 3.021 1.218 2.925 1.063 2.916 1.430 2.849 1.066
3.408 0.633 3.074 0.740 3.183 0.747 3.502 1.379 3.398 0.862

100
1.825 0.111 1.586 0.199 1.692 0.283 1.539 0.112 1.681 0.173
2.357 0.454 2.964 0.698 2.836 0.906 3.123 0.632 2.848 0.730
3.346 0.307 3.090 0.570 3.169 0.362 3.117 0.340 3.260 0.379

The MSE of a, λ, and b for all methods of estimation decreases as n increases. Tables 2–5 show
that MLEs get the least MSE of a, λ, and b in all situations, even if some extra bias are observable.

6. Applications to Practical Data Sets

This section provides applications of the TIHLIK model to two practical data sets. We compare
the TIHLIK model with some recent efficiency models: those corresponding to the IK distribution,
generalized inverted Kumaraswamy (GIK) distribution proposed by [22], Marshall–Olkin extended
inverted Kumaraswamy (MOEIK) distribution introduced by [23], and Topp–Leone generalized
inverted Kumaraswamy (TLGIK) distribution developed by [24]. The corresponding pdfs are
presented below.

• The pdf of the MOEIK distribution is given by

fMOEIK(x; λ, α, β) = λαβ
(1 + x)−α−1 [1− (1 + x)−α]

β−1[
1− (1− λ)

{
1− [1− (1 + x)−α]β

}]2 , x > 0,

with λ, α, β > 0.
• The pdf of the GIK distribution is given by

fGIK(x; α, β, θ) = αβθxθ−1(1 + xθ)−α−1
[
1− (1 + xθ)−α

]β−1
, x > 0,

where α, β, θ > 0.
• The pdf of the TLGIK distribution is given by

fTLGIK(x; λ, α, β, θ) = 2αβλθxλ−1(1 + xλ)−α−1
[
1− (1 + xλ)−α

]β−1
×{

1−
[
1− (1 + xλ)−α

]β
}[

1−
{

1−
[
1− (1 + xλ)−α

]β
}2
]θ−1

, x > 0,

where λ, α, β, θ > 0.

Since they have no analytical expressions, the MLEs of the model parameters are computed using
an iterative optimization technique (the so-called limited-memory Broyden–Fletcher–Goldfarb–Shanno
algorithm allowing bound constraints on variables). The well-known goodness-of-fit measures
minus log-likelihood (− ˆ̀), Akaike information criterion (AIC), Bayesian information criterion (BIC),
Anderson–Darling (A∗), and Cramer-von Mises (W∗) values are computed. The rule is clear: the lower
the values of these criteria, the better the fit. The value for the Kolmogorov Smirnov (KS) statistic along
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with its p-value are also provided. We recall that the required computations were carried out via the
R software.

The first data set (data set 1). The first practical life data consist of 30 observations of precipitation
(in inches) collected in March in Saint Paul, Minneapolis. It was originally reported by [25]. The data
are: 0.77, 1.74, 0.81, 1.20, 1.95, 1.20, 0.47, 1.43, 3.37, 2.20, 3.00, 3.09, 1.51, 2.10, 0.52, 1.62, 1.31, 0.32, 0.59,
0.81, 2.81, 1.87, 1.18, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90, 2.05.

The second data set (data set 2). The second data set is obtained from [26]. The data are: 3.70, 2.74,
2.73, 2.50, 3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 2.40, 3.19, 3.22, 1.69, 3.28, 3.09, 1.87, 3.15, 4.90, 3.75, 2.43,
2.95, 2.97, 3.39, 2.96, 2.53, 2.67, 2.93, 3.22, 3.39, 2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 2.85, 2.56, 3.56, 3.15, 2.35,
2.55, 2.59, 2.38, 2.81, 2.77, 2.17, 2.83, 1.92.

A first analysis of the data is given in Table 6, with descriptive statistics of the two considered
data sets. Figures 9 and 10 present the boxplots and total test time (TTT) plots for data sets 1 and 2,
respectively. In particular, we see that both TTT plots are convex, indicating that the subjacent hrf are
increasing, as the hrf of the TIHLIK distribution can be for some values of the parameters. We refer the
reader to [27] for more facts about the TTT plot. The use of the TIHLIK model for these data sets is
pertinent at the first glance; this will be refined below.

Tables 7 and 8 show the MLEs of the considered models along with the corresponding standard
errors for data set 1 and 2, respectively. The goodness-of-fit measures for the considered models are
given in Tables 9 and 10 for data set 1 and 2, respectively. Probability–Probability (P–P) plots and
Quantile–Quantile (Q–Q) plots for the estimated TIHLIK model are presented in Figures 11 and 12 for
data sets 1 and 2, respectively. We can observe the nice adjustments of the scatter plots by the line of
equation y = x, illustrating that the TIHLIK model is adequate for the considered data. In order to
observe the obtained fits, plots of the estimated pdfs over the histograms corresponding to data set 1
and 2 are shown in Figures 13 and 14, respectively.

Table 6. Descriptive statistics for data sets 1 and 2, respectively.

n Mean Median Standard Deviation Skewness Kurtosis

Data set 1 30 1.68 1.47 1.00 1.03 0.93
Data set 2 50 2.95 2.94 0.64 0.4 1.02

1 2 3 4
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Figure 9. Total test time (TTT) plot and boxplot for data set 1.
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Figure 10. TTT plot and boxplot for data set 2.

Table 7. MLEs along with their standard errors (in parentheses) for data set 1.

Model a b λ α β θ

TIHLIK 0.6888 3.3437 13.5822 - - -
(0.4690) (0.2944) (0.6816) - - -

TLGIK - - 1.2334 1.9057 21.3625 0.2051
- - (0.9359) (1.5024) (3.8678) (0.3058)

MOEIK - - 6.8751 4.3210 6.6101 -
- - (3.5056) (0.9386) (2.9989) -

GIK - - 3.9515 1.9557 1.4199
- - (3.7014) (1.8132) (1.0215)

IK 2.9874 8.5913 - - - -
(0.4730) (3.1230) - - - -

Table 8. MLEs along with their standard errors (in parentheses) for data set 2.

Model a b λ α β θ

TIHLIK 1.7115 33.0611 30.6921 - - -
(0.5412) (1.3753) (0.8705) - - -

TLGIK - - 1.7205 2.0776 63.2200 1.1643
- - (0.8203) (1.1502) (4.8377) (1.1403)

MOEIK - - 29.7926 5.3374 41.9828 -
- - (17.8294) (0.4872) (20.7064) -

GIK - - 8.7194 15.7859 0.3478
- - (6.3860) (4.2844) (0.2559)

IK 3.1501 51.0099 - - - -
(0.2359) (14.4844) - - - -

Table 9. The − ˆ̀ , AIC , BIC, W∗, A∗, KS, and p-value values for data set 1.

Model − ˆ̀ AIC BIC W∗ A∗ KS p-Value (KS)

TIHLIK 38.1741 82.3483 83.2714 0.0144 0.1055 0.0575 0.9999
TLGIK 38.5302 85.0605 90.6653 0.0302 0.1943 0.0932 0.9566
MOEIK 38.3427 82.6855 86.8891 0.0196 0.1349 0.0679 0.9871

GIK 39.3172 84.6345 88.8381 0.0514 0.3226 0.1097 0.8628
IK 39.4255 83.2954 85.6534 0.0561 0.3505 0.1143 0.8279
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Table 10. The − ˆ̀, AIC , BIC, W∗, A∗, KS, and p-value values for data set 2.

Model − ˆ̀ AIC BIC W∗ A∗ KS p-Value (KS)

TIHLIK 47.3670 100.7342 106.4702 0.0616 0.4354 0.0879 0.8338
TLGIK 51.8215 111.6431 119.2911 0.1941 1.2270 0.1153 0.5189
MOEIK 61.4733 128.9467 134.6828 0.0737 0.5004 0.2589 0.0205

GIK 61.0390 128.0782 133.81421 0.3163 1.9228 0.1926 0.0488
IK 68.3343 140.6686 144.4927 0.1668 1.0619 0.2548 0.0030
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Figure 11. Probability–Probability (P–P) plots and Quantile–Quantile (Q–Q) plot of the estimated
TIHLIK model for data set 1.
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Figure 12. P–P plot and Q–Q plot of the estimated TIHLIK model for data set 2.

By observing the values of the AIC, BIC, A∗, and W∗ in Tables 9 and 10, since they are the smallest
for the TIHLIK model, we conclude that it provides the best fit for the considered data sets. This is
also confirmed with the p-value of the KS test. The superiority of the TIHLIK model comparing to
the others is particularly flagrant for data set 2 in view of the fits in Figure 14. Last but not least,
the TIHLIK model has only three parameters; it is thus less complex than the TLGIK and MOEIK
models having both one more parameter.
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Figure 13. Plots of the estimated pdfs for data set 1.
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Figure 14. Plots of the estimated pdfs for data set 2.

7. Conclusions

In this paper, we introduce a new three-parameter lifetime distribution called the type I
half-logistic inverted Kumaraswamy (TIHLIK) distribution, following the methodology described
in Appendix A. Its main mathematical and statistical properties are derived, including mixture
representations of crucial functions, shapes and asymptotes, quantile function, ordinary moments,
skewness and kurtosis, incomplete moments, stress strength parameter, and order statistics. Several
methods are investigated to estimate the TIHLIK model parameters, with efficiency supported by
a simulation study considering varying sample sizes. We use two practical data sets to show that
the new model can provide adequate fits as compared to four rivals, also based on the inverted
Kumaraswamy distribution. In this setting, the smallest values for AIC, BIC, W∗, A∗, and KS are
obtained for the TIHLIK model. We thus believe that it can be of interest for statisticians looking for
precision in fitting various data sets extracted from sophisticated experiments, among others.
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Appendix A

The main lines of the study, including contributions, are presented in the diagram of Figure A1.

INTRODUCING NEW DISTRIBUTION NAMED AS 

TYPE I HALF LOGISTIC INVERTED 
KUMARASWAMY (TIHLIK) DISTRIBUTION

By Mixing
Type I half�logistic�G (TIHL�G) family
and
Inverted Kumaraswamy (IK)distribution

Plots of some pdfs and hrfs of the TIHLIK distribution

Mixture representations for the pdf and cdf of the TIHLIK distribution

Mathematical and statistical properties

• Shapes and asymptotes
• Quantile function
• Ordinary moments
• Skewness and kurtosis
• Incomplete moments
• Stress strength parameter
• Order statistics

Different methods of estimation with simulation

• Method of maximum likelihood estimation
• Methods of least squares and weighted 

least squares estimation
• Method of Cramer�von Mises minimum 

distance estimation
• Methods of Anderson�Darling and right�tail 

Anderson�Darling estimation

Applications to practical data sets and conclude that TIHLIK model has a better fit 

Figure A1. Diagram summarizing the methodology and the main lines of the paper.

References

1. Cordeiro, G.M.; Alizadeh, M.; Mar. E.P.R.D. The type I half-logistic family of distributions. J. Stat.
Comput. Simul. 2015, 86, 707–728. [CrossRef]

http://dx.doi.org/10.1080/00949655.2015.1031233


Mathematics 2019, 7, 1002 24 of 24

2. Alzaatreh, A.; Lee, C.; Famoye, F. A new method for generating families of distributions. Metron 2013, 71, 63–79.
[CrossRef]

3. Ghosh, I.; Bourguinon, M. A new extended burr XII distribution. Aust. J. Stat. 2017, 46, 33–39. [CrossRef]
4. Anwar, M.; Bibi, A. The half-logistic generalized Weibull distribution. J. Probab. Stat. 2018, 2018, 8767826.

[CrossRef]
5. Anwar, M.; Zahoor, J. The half-logistic Lomax distribution for lifetime modeling. J. Probab. Stat. 2018,

2018, 3152807. [CrossRef]
6. Almarashi, A.M.; Elgarhy, M.; Elsehetry, M.M.; Golam Kibria, B.M.; Algarni, A. A skew extension of the

t-distribution, with applications. J. Nonlinear Sci. Appl. 2019, 12, 135–145. [CrossRef]
7. El-Sherpieny, E.-S.; Elsehetry, M. Kumaraswamy Type I half-logistic family of distributions with applications.

Gazi Univ. J. Sci. 2019, 32, 333–349.
8. Abd Al-Fattah, A.M.; El-Helbawy, A.A.; Al-Dayian, G.R. Inverted Kumaraswamy distribution: Properties

and estimation. Pak. J. Stat. 2017, 33, 37–61.
9. Kumaraswamy, P. A generalized probability density function for double bounded random processes.

J. Hydrol. 1980, 46, 79–88. [CrossRef]
10. R Development Core Team. R- A Language and Environment for Statistical Computing; R Foundation for

Statistical Computing: Austria, Vienna, 2009.
11. Imani, M.; Ghoreishi, S.F.; Braga-Neto, U.M. Bayesian control of large MDPs with unknown dynamics in

data-poor environments. In Proceedings of the NeurIPS 2018, Advances in Neural Information Processing
Systems, Montréal, QC, Canada, 3–8 December 2018; pp. 8156–8166.

12. Xie, S.; Imani, M.; Dougherty, E.R.; Braga-Neto, U.M. Nonstationary linear discriminant analysis.
In Proceedings of the 2017 51st Asilomar Conference on Signals, Systems, and Computers, Pacific Grove,
CA, USA, 29 October–1 November 2017; pp. 161–165.

13. Galton, F. Inquiries Into Human Faculty and Its Development; Macmillan and Company: London, UK, 1883.
14. Moors, J.J.A. A quantile alternative for kurtosis. J. R. Stat. Soc. Ser. D (Stat.) 1988, 37, 25–32. [CrossRef]
15. Kotz, S.; Lumelskii, Y.; Penskey, M. The Stress-Strength Model and Its Generalizations and Applications;

World Scientific: Singapore, 2003.
16. Tippett, L.H.C. On the extreme individuals and the range of samples taken from a normal population.

Biometrika 1925, 17, 364–387. [CrossRef]
17. Arnold, B.C.; Balakrishnan, N.; Nagaraja, H.N. First Course in Order Statistics; John Wiley: New York, NY,

USA, 1992.
18. Casella, G.; Berger, R.L. Statistical Inference; Brooks/Cole Publishing Company: Pacific Grove, CA, USA, 1990.
19. Swain, J.J.; Venkatraman, S.; Wilson, J.R. Least-squares estimation of distribution functions in johnson’s

translation system. J. Stat. Simul. 1988, 29, 271–297. [CrossRef]
20. Macdonald, P.D.M. Comment on ‘An estimation procedure for mixtures of distributions’ by Choi and

Bulgren. J. R. Stat. Soc. B 1971, 33, 326–329.
21. Anderson, T.W.; Darling, D.A. Asymptotic theory of certain ‘goodness-of- fit’ criteria based on stochastic

processes. Ann. Math. Stat. 1952, 23, 193–212. [CrossRef]
22. Iqbal, Z.; Tahir, M.M.; Riaz, N.; Ali, S.A.; Ahmad, M. Generalized inverted Kumaraswamy distribution:

Properties and application. Open J. Stat. 2017, 7, 645–662. [CrossRef]
23. Usman, R.M.; Haq, M.A.U. The Marshall-Olkin extended inverted Kumaraswamy distribution: Theory and

applications. J. King Saud Univ.-Sci. 2018. [CrossRef]
24. Reyad, H.; Jamal, F.; Othman, S.; Yahia, N. The Topp-Leone generalized inverted Kumaraswamy distribution:

Properties and applications. Asian Res. J. Math. 2019, 13, 1–15. [CrossRef]
25. Hinkley, D. On quick choice of power transformations. Appl. Stat. 1977, 26, 67–69. [CrossRef]
26. Nichols, M.D.; Padgett, W.J. A bootstrap control chart for Weibull percentiles. Qual. Reliab. Eng. Int. 2005,

22, 141–151. [CrossRef]
27. Aarset, M.V. How to identify bathtub hazard rate. IEEE Trans. Reliab. 1987, 36, 106–108. [CrossRef]

c© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1007/s40300-013-0007-y
http://dx.doi.org/10.17713/ajs.v46i1.139
http://dx.doi.org/10.1155/2018/8767826
http://dx.doi.org/10.1155/2018/3152807
http://dx.doi.org/10.22436/jnsa.012.03.01
http://dx.doi.org/10.1016/0022-1694(80)90036-0
http://dx.doi.org/10.2307/2348376
http://dx.doi.org/10.1093/biomet/17.3-4.364
http://dx.doi.org/10.1080/00949658808811068
http://dx.doi.org/10.1214/aoms/1177729437
http://dx.doi.org/10.4236/ojs.2017.74045
http://dx.doi.org/10.1016/j.jksus.2018.05.021
http://dx.doi.org/10.9734/arjom/2019/v13i330107
http://dx.doi.org/10.2307/2346869
http://dx.doi.org/10.1002/qre.691
http://dx.doi.org/10.1109/TR.1987.5222310
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	The TIHLIK Distribution
	Mixture Representations
	Mathematical and Statistical Properties
	Shapes and Asymptotes
	Quantile Function
	Ordinary Moments
	Skewness and Kurtosis
	Incomplete Moments
	Stress Strength Parameter
	Order Statistics

	Estimation with Simulation
	Method of Maximum Likelihood Estimation
	Methods of Least Squares and Weighted Least Squares Estimation
	Method of Cramer-von Mises Minimum Distance Estimation
	Methods of Anderson–Darling and Right-Tail Anderson–Darling Estimation
	Simulation Study

	Applications to Practical Data Sets
	Conclusions
	
	References

