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1. Introduction

The stability problems for the functional equations and (ordinary or partial) differential equations
originate from the question of Ulam [1]: Under what conditions does there exist an additive function near an
approximately additive function? In 1941, Hyers [2] answered the question of Ulam in the affirmative for
the Banach space cases. Indeed, Hyers’ theorem states that the following statement is true for all ¢ > 0:
if a function f satisfies the inequality || f(x +y) — f(x) — f(y)|| < e for all x, then there exists an exact
additive function F such that || f(x) — F(x)|| < € for all x. In that case, the Cauchy additive functional
equation, f(x +y) = f(x) + f(y), is said to have (satisfy) the Hyers-Ulam stability.

Assume that V is a normed space and I is an open interval of R. The nth order linear differential equation

an ()y " () + a1 ()y "V (x) + -+ @ () (x) + ao(x)y(x) + h(x) =0 @

is said to have (satisfy) the Hyers-Ulam stability provided the following statement is true for all ¢ > 0:
If a function u : I — V satisfies the differential inequality

Han(x)u(”)(x) + a1 ()" (x) + - 4 ag ()1 (x) + ag (x)u(x) + h(x)|| <e

for all x € I, then there exists a solution ug : I — V to the differential Equation (1) and a continuous
function K such that ||u(x) — up(x)|| < K(¢) forany x € I and lirr(} K(e) = 0.
e—

When the above statement is true even if we replace ¢ and K(¢) by ¢(x) and ®(x), where ¢, ® :
I — [0, ) are functions not depending on u and ug explicitly, the corresponding differential Equation
(1) is said to have (satisfy) the generalized Hyers-Ulam stability. (This type of stability is sometimes
called the Hyers-Ulam-Rassias stability.)

These terminologies will also be applied for other differential equations and partial differential
equations. For more detailed definitions, we refer the reader to [1-9].
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To the best of our knowledge, Obtoza was the first author who investigated the Hyers-Ulam
stability of differential equations (see [10,11]): Assume that g, 7 : (a,b) — R are continuous functions
with [ ub |g(x)|dx < o0 and ¢ is an arbitrary positive real number. Obtoza’s theorem states that there
exists a constant > 0 such that |y(x) — yo(x)| < J forall x € (a,b) whenever a differentiable function
y: (a,b) — R satisfies the inequality |y/(x) + g(x)y(x) — r(x)| < eforall x € (a,b) and a function
Yo : (a,b) — Rsatisfies y((x) + g(x)yo(x) = r(x) forall x € (a,b) and y(7) = yo(7) forsome T € (a,b).
Since then, a number of mathematicians have dealt with this subject (see [3,12-15]).

Préstaro and Rassias are the first authors who investigated the Hyers-Ulam stability of partial
differential equations (see [16]). Thereafter, the first author [17], together with Lee, proved the
Hyers-Ulam stability of the first-order linear partial differential equation of the form, auy(x,y) +
buy(x,y) +cu(x,y) +d = 0, where a,b € R and c,d € C are constants with R(c) # 0. As a further
step, the first author proved the generalized Hyers-Ulam stability of the wave equation without source
(see [18,19]).

One of the typical examples of hyperbolic partial differential equations is the wave equation with
spatial variables x1, . .., x, and the time variable ¢

ue(x,t) — 2 Au(x, t) = f(x,t), (2)

where ¢ > 0 is a constant, n is a fixed positive integer, A = il %
x = (x1,...,x,) € R". The solution of the wave Equation (2) is a slcalar function u = u(x, t) describing
the propagation of a wave at a speed c in all spatial directions.

In this paper, applying the method of dilation invariance (see [18,20]), we investigate the
generalized Hyers-Ulam stability of the (inhomogeneous) wave Equation (2) with a source. The main
advantages of this present paper over the previous works [18,19,21] are that this paper deals with the
inhomogeneous wave equation and its time variable runs through the whole half line (0, o) while the
previous one [18] deals with the homogeneous wave equation and its time variable is not allowed to
run through the whole half line (roughly speaking, the relevant domain seems somewhat artificial) and
the other previous ones [19,21] deal with the one-dimensional homogeneous case only. In addition,
the present work gives a partial answer to the open problem raised in ([18], Remark 3) concerning the
domains of relevant functions.

is the Laplace operator and

2. Regular Solutions

If u(x,t) is a solution to the inhomogeneous wave Equation (2) for n = 1 and a is a positive
constant, then the dilated function w(x, t) := u(ax, at) satisfies the equality, wy(x, t) — czwxx(x, IS
a’f(ax,at), for all x € R and t > 0. When the source term f(x, t) satisfies the additional condition

a*f(ax,at) = f(x,1), ®)

i.e., when f(x,t) is a homogeneous function of degree —2, w(x,t) is also a solution to the
inhomogeneous wave Equation (2) for n = 1. This property is called the invariance under dilation.

In this section, we will search for regular solutions to (2) for n = 1 which have the special form
u(x,t) = to(|x|/t), where v is a twice continuously differentiable function. Such a method will be
called the method of dilation invariance. We will restrict the solutions of (2) within the special class
of functions, each of whose functions depends on the value of |x|/t only. Indeed, this special class is
a proper subclass of the class of functions with (independent) two variables x and t. The reason for
selecting the dilation invariance of the form u(x,t) = tv(|x|/t) rather than u(x,t) = w(x/a,t/a) is
due to a technical complexity.
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Based on this argument, we define
Dy :={(x,t) € R\ {0} x (0,00) | |x] < ct},
U, .= {u : D1 — R | there exists a twice continuously differentiable
function v : (0,¢) — R such that u(x,t) = <| |) for all
(x,t) € Dy, lim v(r) = 0and lim o'(r) exists }
r—0t r—0t

We note that (x,t) € Dy if and only if 0 < |x|/t < ¢ (see Figure 1).

D
/'/'/-/./././ \\\\\\\

Figure 1. x| <ct.

Theorem 1. Assume that f : Dy — R is a function for which there exists a continuous function g : (0,¢) — R

such that
1
sy = Lo 0

and

/ [ c2 - drds < oo )

forallr € (0,c). A function u € Uy is a solution to the inhomogeneous wave Equation (2) for n = 1 if and
only if there exists a real constant ¢y with

A {( )
u(x,t) =c1|x| — t/ 2o 5> dwds 6)

forall (x,t) € Dy.

Proof. Our assumption u € U; implies that there exist a twice continuously differentiable function
v:(0,¢) — R and a real number ¢y such that

u(x,t) = to(r), lim v(r) =0, lim o'(r) =¢; (7)

r—0t r—0t
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for any (x,t) € Dj, where we set r = |x|/t. Using this notation and chain rule as well as the
partial derivatives

or r or 1x M_i

ot t° ox  tl|x]” ax |«
with |x| = vV/x2, we calculate the following partial derivatives:

2
up(x,t) = o(r) —ro'(r), up(x,t) = TZJN(T’),
X 1 ®)
uy(x,t) = mv'(r), Uy (x,t) = ?v”(r)

Since u(x, t) is assumed to be a solution to the wave Equation (2) with n = 1, by (4), we have

r2 2 1
us(x, 1) — Cx (x,8) — f(x, 1) = Tv”(r) - Tv”(r) — ?g(r)
— —% ((c2 — )0 (r) —i—g(r))

for any (x,t) € D1, and hence for all ¥ € (0, ¢). Thus, it holds that

(=)0 (r)+g(r) =0 or v"(r)+ ngg)rz =0

for any r € (0, c). Therefore, we get

') — {0
v (r)=rc1 — | c2—w2dw
forr € (0,c).
Taking account of the first limit condition in the definition of U; and (5), it follows from the last
equation that

o(r) =ov(r) — lim o(s) = /Orv /

s—07T

for all r € (0,c). Moreover, we get
o XY Z ""”/S g(w)
u(x,t) = tv(t = c1|x]| t/o 2 7w2dwds
for each (x,t) € D;.

Conversely, if a function u : D1 — R has the form given in (6), then we can easily compute the

following partial derivatives:

2 ¢(r) 1 g(r)
utt(x, t) = —Tﬂ and uxx(x, t) = _?CZ — r2
Hence, we obtain
r2 2 r 1
st (x, 1) — Cuir (x, 1) = T2 8(r )72 + ch(—)rz = ?g(r) = f(x,t)

for each (x,t) € Dy, i.e., u(x,t) is a solution to the wave Equation (2) for n = 1.
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Moreover, if we define a function v : (0,¢) — R by

/ A 62 dwds,

then u(x,t) = tv(r), v is twice continuously differentiable, lim v(r) = 0and lim v'(r) = ¢;.
r—0t r—0+t

These facts imply that u belongs to U;. O
We now define
= {(x,t) e R\ {0} x (0,00) | |x| > ct},
{u D, — R | there exists a twice continuously differentiable
function v : (c,00) — R such that u(x, t) = ( i ) for all
(x,t) € Dy, lim v(r) = 0and lim o'(r) exists }
r—ct r—ct

We note that (x,t) € D, if and only if |x|/t > ¢ (see Figure 2).

. «
S/ W

| 1111 -

1 _ 1
t=cx t—_E

X

Figure 2. Ix| >ct.

Theorem 2. Assume that f : Dy — Ris a function for which there exists a continuous function g : (c,00) — R
with the expression in (4) and satisfying the condition

/ c c2 - drds < oo )

forall v € (c,00). A function u € Uy is a solution to the inhomogeneous wave Equation (2) for n = 1 if and
only if there exists a real constant cy with

|x|/t ps g
u(x,t) = co(|x| —ct) / dwds (10)
c
forall (x,t) € Dy.

Proof. Our assumption u € U, implies that there exists a twice continuously differentiable function
v : (c,00) — R and a real number ¢, such that

u(x,t) =to(r), lim o(r) =0, lim ' (r) =c, (11)

r—ct r—ct
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for any (x,t) € D,, where we set r = |x|/t. By using this notation and chain rule, we calculate the
partial derivatives in (8).

Since u(x, t) is a solution to the wave Equation (2) for n = 1, it follows from (4) and the partial
derivatives in (8) that

st (x, 1) — g (x,8) — f(x, ) = —%((c2 — rz)v”(r) —I—g(r)) =0

for any (x,t) € D,, and hence for all r € (¢, c0). Hence, it is true that

" 8(r) _
v (r>+c2—r2 =0
forall r € (c, c0). Thus, we obtain
') " g(w)
v'(r)=c g dw

forr € (c, ).
On account of the first limit condition in the definition of U, and (9), it follows from the last
equation that

o(r) = ov(r) — lim v(s) = /r v'(s)ds = co(r —c) — /r /s Cfgw)zdwds

s—ct w

for each r € (¢, ). Further, we get

|x|/t ps
u(x,t) = tv('f') = ¢p|x| — cpct — t/ g(w) dwds
c

¢ 2 —w?

for each (x,t) € D,.
Conversely, if a function u : D, — R is expressed as (10), then we have the following
partial derivatives:

2
_ g _ 1 .g(r)
ug(x,t) = “Ta_ g and uyy(x,t) = R
Hence, we obtain
rrog(r) ¢

g(r)
2

_ 2 - < _ Ll
up(x, ) — cuxx(x, 1) = P + P tg(r) = f(x,t)

for every (x,t) € Dy, i.e., u(x,t) is a solution to the wave Equation (2) for n = 1.
Moreover, if we define a function v : (¢,00) — R by

o(r) := cor — coc — /r /s ) dwds,
c Cc

2 _uw?

then u(x,t) = tv(r), v is twice continuously differentiable, lim v(r) = 0and lim v'(r) = c;.
r—ct r—ct

These facts imply that u € Up. O
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3. Main Results

In this section, n is a fixed positive integer and each point x in R" is expressed as x =
(x1,...,%;,...,%X,), where x; denotes the ith coordinate of x. Moreover, |x| denotes the Euclidean
distance of x from the origin:

|x|:\/x%+---+xi2+~~-+x%

We will now search for approximate solutions to (2), which belong to a special class of scalar
functions of the form u(x,t) = tv(|x|/t), where v is a twice continuously differentiable function.
That is, u(x, t) depends on x and t mainly through the term |x|/t. Based on this argument, we define

D} = {(x,t) € B"\{(0,...,0)} x (0,09) | x| <ct},

uj .= {u : D} — R | there exists a twice continuously differentiable
function v : (0,¢) — R with u(x,t) = tv<|ytc|> forall (x,t) € D}

and lim o(r) = O}.
r—0t

Then it is obvious that (x,t) € D} if and only if 0 < |x|/t < c.

If we define

(up +uz)(x,t) = uyg(x,t) +up(x,t) and (Aup)(x,t) = Aug(x,t)

for all uy, up € Uy and A € R, then UJ is a vector space over real numbers. That is, UJ' is a large class
of scalar functions in a sense that it is a vector space.

The conditions (12) and (15) below might seem to be too strict at first look. However, we shall see
in Corollaries 1 and 2 in the next section that those conditions are not as strict as they look.

Theorem 3. Let functions ¢ : (0,¢) — [0,00) and ¢ : (0,00) — [0, 00) be given such that

2

X/t v p(s) (s 2 —y? (n=1)/2
/o Jo Cz_sz(yz'cz_sz> dsdy < oo (12)

for all (x,t) € D} and there exists a positive real number k with

ki=inftp(t) > 0. (13)

Assume that f : D} — R is a function for which there exists a continuous function g : (0,c) — R
such that

flxt) = 1g(|f|> (14)

and

)l (2 \D
/0 C2_52<02_52) ds < oo (15)
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forall (x,t) € D}. Ifau € UJ satisfies the inequality

%]

gt (x,t) — 2 Au(x,t) —flx, )| < go(t)t,b(t) (16)

for all (x,t) € DY, then there exists a solution uy € U of the wave Equation (2) such that

x|/t ry (P(S) 2 2 _y2 (n—1)/2
— < Z .
ula £) = o, ] = kt/o 0 c2—s2 (y2 2— s2> Ay

forall (x,t) € D}.

Proof. Our assumption u € U{ implies that there exists a twice continuously differentiable function
v :(0,c) — Rsuch that

u(x,t) = to(r) (17)

for all (x,t) € D}, where we set r = |x|/t. Then we have

or_ v _xmo o _1xo 3w oo
ot t' 9x;  |x|” ox;  tlx|” oxi|x|  |xf
fori € {1,...,n}. Using these partial derivatives, we obtain
2
ur(x, t) = o(r) —ro'(r), uu(x,t) = 70”(7),
(18)
e, (%, 8) = S0/ (1) Up (%) = Mv’(r)+1 i o (1)
Xi 7 |x| 7 XiXi 7 |x’3 t |x|2
forie {1,...,n}.
Therefore, in view of (14) and (18), we have
u(x, 1) — EAu(x, t) — f(x, t)
2 n 2 2 2
oy 2 (x| —Xi 1xi 1" > 1
=—0"(r)—c o' (r)+ = —50"(r) | — Zg(r
= (T 0+ ) ~ )
1 1
-1 ((CZ ) () + AL ) —i—g(r))
and hence, by (16), we get
gt (x, £) — A Au(x, t) — fx, 1)
— % (2 =)o (r) + i ; 1v’(r) + g(r)
<o(r)p(t)
or
(& =)0 (r) + 212/ (1) 4 3(0)| < 9 {e(6)}
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for all r € (0,c) and t > 0 (for each fixed r € (0,c) and for any t > 0, we can select an x; €
R"\ {(0,...,0)} such that (x¢,t) € D} and r = |x;|/t). In addition, due to (13), it holds that

n—1 ¢

U//(T') +

, 1 k
- < =
)+ a8 = qa o)

rooc2—r?

forallr € (0,c).
If we define w(r) := v/(r) in the previous inequality, then we obtain

, n—1 c? 1 k
- < =
W)+ w0+ ()] < el 19
for any r € (0,c). Moreover, we set
2 2\ (n—1)c
h(r) == —(c*—r*)w'(r) — fw(r)
or equivalently
w' (r) + n-1 ¢ w(r) + ! h(r)=0 (20)
rooc2—r? ¢z —r? B
for all 7 € (0,c). Then it follows from (19) and (20) that
[1(r) = g(r)] < ko(r) (21)

forany r € (0,c¢).
According to ([22], Section 1.8), as a solution to (20), w(r) has the following form

2

"Tn—-1 ¢
= _— 7d .
w(r) = exp { /70 o z}
r h(s) sn—1 ¢?
e — [ 2L dz bd
<Cl /70 2 —s? exp{/ro z 2-2z2 Z} S>’
where 1y € (0,c) is a constant, and we apply the following integral formula

o 2 2 2 _ 21\ (n=1)/2
/ " 167dz:1n (r' e 1’0) (23)
.

(22)

o 2z 2—2z2 13 |c2 12|
to get
2 2 2N (=172 r 2 22N (=172
r§ ot —r h(s §° ct—r
w(r):q(g- 2 2) _/ 2()2(2' 2 2) ds (24)
re ez —rg rg €2 —82\r? c2—s

forr € (0,c), where c; is an arbitrary real constant and the last integral exists due to (12), (15) and (21).
Now, let us define a function wy : (0,¢) — R by

wo(r)::exp{—/rn1 ¢ dz}-

Jry z 2—22

. [ g(s) /Sn—l c?
(cl /rocziszexp Wz szzzdz ds

(25)
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or
wo(r) =c ﬁ 2 -\ " 8(s) i c? 7772 (n—l)/st (26)
O T2 2—rd Jrg 2 —s2\1? 2 —¢? '

Then, in view of ([22], Section 1.8) or by comparing (25) with (22), we can simply replace h(r) in
(20) by g(r) to verify that wy(r) satisfies

n—1 ¢c2

, 1
wy(r) + o wo(r) + ﬂg(r) =0 (27)

r 22—

for all 7 € (0, c). Moreover, it follows from (21), (24) and (26) that

2 _ 2\ (=172
[w(r) —wo(r)| = i —52 <r2'cz_sz> ds
< \8 ¢ —r? ("71)/2{1 (28)
- Sz rz 22 S
-1)/2
<k r (P(S> f . Cz — 7’2 (n )/ dS
SKe—g\2 a_

for each r € (0,c¢).
Noticing v'(r) = w(r) and regarding (25) or (26), we define functions uy : D} — R and v :
(0,¢) — Rby

v(r) == wo(r) and wug(x,t) := tvy(r)
for all (x,t) € D} and r € (0,c), where vy(r) is a twice continuously differentiable and satisfies
lir(r)1+ vo(r) = 0 by (15).
r—

Then, in view of (18) replacing u and v with 1y and vy, respectively, and by following the lines
just below the formula (18) and then considering (14) and (27), we get

82
ﬁuo(x,t) - czAuo(x, t) — f(x,t)

for any (x,t) € D}, i.e., up(x,t) is a solution to the inhomogeneous wave Equation (2).
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Finally, since lim v(r) = lim vo(r) = = [y w(y)dy and vy(r) = [y wo(y)dy, it follows
r—0+ r—0+
from (17) and (28) that

T r
ux,0) = o, )] = [r0(r) = )| = | [ iy~ [ an(w)ay
<t [ () - wyldy
Sy (n-1)/2
<kt/ A c2—52< > c2—52> dsdy

5/t v g(s 2 2—y? (n=1)/2
/ 7 ) dsdy

forany (x,t) € D}. O
Let us define
Dj := {(x,t) € R" x (0,00) | |x| > ct},

uy := {u D} — R | there exists a twice continuously differentiable
function v : (¢, 00) — R with u(x,t) = tv('f') for all (x,t) € Dy

and lim o(r) = O}.
r—ct

Since the propagation speed of each solution u(x, t) to the wave Equation (2) is ¢, the ‘shape” of
the wave travels at the speed of c. Roughly speaking, u(x, t) seems to have a similar shape at each
(x,t) provided |x|/t = c. Furthermore, v strongly depends on |x|/t rather than x and t separately.
Therefore, the limit condition in the definition of U} has a natural affinity in connection with that
of U7.

Moreover, we see that (x,t) € D} if and only if ¢ < |x|/t < co. As we mentioned in the first part
of this section, U} is also a large class of scalar functions in the sense that it is a vector space over
real numbers. Even if the conditions (29) and (31) below seem somewhat strict at first look, they are
actually not so strict, as we shall see in Corollary 3.

Theorem 4. Let functions ¢ : (c,00) — [0,00) and 1 : (0,00) — [0, 00) be given such that

x|/t s) (% y?—c? (n=1)/2
[ SZ_CZ(yz'SZ_c2> dsdy < o0 (29)

for all (x,t) € D} and there exists a positive real number k with

k:=inftp(t) > (30)

t>c

Assume that f : D — R is a function for which there exists a continuous function g : (c,0) — R
satisfying the relation (14) and

e g)l (s \T
/c 2 — Cz( 2_62) ds < oo (31)
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forall (x,t) € DY. Ifau € UY satisfies the inequality (16) for all (x,t) € DY, then there exists a solution
ug € Uy of the wave Equation (2) such that

XI/E py g(s) (2 12—\
_ < R
[u(x,t) —ug(x,t)| < kt/c A (yz - c2> dsdy

for all (x,t) € D.

Proof. Due to our assumption u € U}, there exists a twice continuously differentiable function
v : (c,00) — R with the relation (17) for all (x,t) € D}, where we set r = |x|/t. In the same way as
in the first part of the proof of Theorem 3, we obtain the same derivatives in (18). Moreover, by (14)
and (18), we have

utt(x, t) — CZAM(,’){, i’) —f(x, t) = —% ((CZ _rz)z)//(r) +C2L;1?Jl(1’) +g(7’)>

and thus, by following the lines of the first part of the proof of Theorem 3 and by (16) and (30) and
then defining w(r) := v'(r), we get

n—1 ¢

w'(r) + w(r) +

ro2—r2 2 — rzg(r) =7z cz(P(r)

for any r € (c,00). Moreover, in a similar way as in the proof of the previous theorem, we set

(n—1)c?

()

h(r) == — (2 =)' (r) —

or we let the equality (20) hold true for all ¥ € (c, c0) and then we see that the inequality (21) holds for
any r € (c,00).

Since w(r) is a solution to (20), by considering ([22], Section 1.8), we may use the integral
formula (23) to show that w(r) has the following form

2 .2 2y (n=1)/2 r 2 2 2\ (1=1)/2
ry re—c h(s) (s r*—c
w(r)_cz(rz'r%—c2> _/ro c2—52(r2'52—c2> ds (32)

for all r € (¢, 00), where ry € (c, ) is a constant and c; is an arbitrary real constant.
Now, let us define a function wy : (¢, 0) — R by the formula (25) or

2 2 2y (n=1)/2 r 2 2 2y (n=1)/2
wo(r) :c2<r0 i ) — 8(s) (S r—¢ ) ds (33)

— 2 W 2—52\12 22

for each v € (c,). Then, by ([22], Section 1.8) or a direct calculation with (25), wy(r) satisfies the
equality (27) for all 7 € (c, o0). Moreover, it follows from (21), (32) and (33) that

r s 2 g2 _ 2\ (m-1)/2
w) -l <k [ FEL (5 525) e G4

for each r € (c, ).
We now define functions uy : D} — R and vy : (c,00) — R by v{(r) := wo(r) and up(x,t) :=
tvg(r) for all (x,t) € Dy and r € (c, 00), where vy(r) is a twice continuously differentiable and satisfies

lim+ vo(r) = 0. Then, by using the same argument as in the proof of Theorem 3, we can verify that
r—c

up(x, t) is a solution to the inhomogeneous wave Equation (2).
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Finally, since lin}r o(r) = hm+ vo(r) = 0,0(r) = [l w(y)dy and vo(r) = [ wo(y)dy, it follows
r—C r—-c
from (17) and (34) that

ux,0) = o, )] = Ir0(r) = )| = |t [ iy — ¢ [ an(w)ay

5/t ryog(s) (2 yE— (n=1)/2
/ 2_2 (]/2 ' Sz_cz) dsdy

c

forany (x,t) € Dj. O
4. Corollaries

In this section, we start with an example for Theorem 3 in the case of n = 1. Let us denote by D,
and U; the D} and U7 for n = 1, respectively, whose definitions were introduced in the first part of
Section 3. Then we note that (x,t) € D; if and only if 0 < |x|/t < c.

Corollary 1. Given real constants e > 0, « € Rand B > 0, let f : D1 — R be a function of the form

p
X
f(x,t) —atlﬁ%

Ifa u € U satisfies the inequality
g
s (x,£) = (3, 1) = f(x,1)] < 5

forall (x,t) € Dy, then there exists a solution uy € Uy of the wave Equation (2) with n = 1 such that

|u(x,t) — up(x, t)|<zc<< ‘ ) (c—}-'f')—i—(c—|xt|>ln<c—|3tc|>>—stlnc (35)

forany (x,t) € D;.

Proof. First, we define functions ¢ : (0,c) — [0,00) and ¢ : (0,00) — [0, ) by

€2

¢p(r):=¢; and P(t) := —

where 1 > 0 and e, > 0 are arbitrarily chosen constants with ¢ = e1e5. Then, considering the
integral formula

"o ds 1
/07@_52—2—C(In(c+r)—ln(c—r)) (36)
forany r € (0,c), we get
Y _a [ _ _
/ A Cz dy—ZC/ (In(c+y) —In(c —y))dy

_ &, ctr 10 o
2Crl p 81<1I’1C 2ln(c )

< o

forall v € (0,c¢), i.e., the control function ¢ satisfies the condition (12) for n = 1.
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On the other hand, if we define a function g : (0,¢) — R by g(r) := arP, then we use (36) to show

B B
[ O [ e
0 0

c? —s? 2 —3s2 2c c—r

forall v € (0,c¢), i.e., the source function g satisfies the condition (15) for n = 1.
According to Theorem 3, there exists a solution 1y € Uj to the wave Equation (2) with n = 1 such
that the inequality (35) holds true for any (x,t) € D;. O

When 7 is an integer larger than 1, we will evaluate the integral

" (s) s? ("_1)/2d o sl
Ocz_sz(cz_sz) S_/OW

for any r € (0,c). We now substitute s = csin8 (0 < 6 < 77/2) to get

~—
=
—
»
~—
[
1)

(n—1)/2 in—1
" pls) (S sin(r/e) 1 : ~
L 2_g\a_a ds = /0 _sin 0¢(csin @) tan" 2§ sec” HdO (37)

forallr € (0,c¢).

Corollary 2. Given a real constant a and an integer n > 2, let f : D} — R be a function of the form
f(x,t) = a/|x|. Let € > 0 be an arbitrary real constant. If a u € U] satisfies the inequality

|ug (x, 1) —Au(x, t) — f(x, H| < ﬁ
or all (x,t) € D, then there exists a solution uy € U of the wave Equation (2) such that
1 ! q

€

lu(x, t) —up(x, )| < meI

forall (x,t) € D}.

Proof. We first define the functions ¢ : (0,c¢) — [0,00) and ¢ : (0,00) — [0, 00) by

€

p(r) = 871 and () := ~

where €1 > 0 and e, > 0 are arbitrarily chosen constants with ¢ = ¢1¢; and we set ¥ = |x|/t. Then we
see that (|x|/t)yp(t) =€/ |x|.
We now consider the integral formula (37) to get

~1)/2
/ 2 2y (n=1)/ o
0 c2—52 2 2 y

roy2 2N (n=1)/2 sin~(y/c)
_a (C y ) / tan"~2 0 sec? 0d0dy
0 0

2 2
B €1 /r (CZ _ ]/2) (ﬂl)/2< y )Tlld (38)
IRCEVERRNT ve-¢) ¥
__&a ’

(n—1)c2 / ay

< 0

forall r € (0,c¢), i.e., the control function ¢ satisfies the condition (12).
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On the other hand, if we define a continuous function ¢ : (0,¢) — R by g(r) := a/r, then we see

o) = 15(5)

and we use (37) to see

r 2 (n=1)/2 sin~1(r/c)
/ 18(s)] < S ) ds = / ‘f—z‘ tan" 2 0 sec® 0d6O
0 0

2_2\2_g2
T -1 <c2 - 1’2)

< o0

forallr € (0,c), i.e., the source function g satisfies the condition (15).
According to Theorem 3 and in view of (38), there exists a solution uy € U} to the wave
Equation (2) such that

€

lu(x,t) —ug(x, )| < WM

forany (x,t) € D}. O
In case of Dj for n > 1, we prove the following corollary.
Corollary 3. Given a real constant « and an integer n > 1, let f : D — R be a function of the form

N C2t2>(n+1)/2

fx,t) = <1 ——
|x] |x|?
Let ¢ > 0 be an arbitrary real constant. If a u € Uy satisfies the inequality

luge(x, 1) — S Du(x, t) — fx,t)| < £ (1

Cztz)(n+1)/2
Bk

R

for all (x,t) € DY, then there exists a solution ug € U} of the wave Equation (2) such that

et x|/t 2 (n+1)/2
lu(x, t) — o (x, 1)| < ?/ 1-5 ds

forall (x,t) € Df.

Proof. Let us define the functions ¢ : (¢,0) — [0,00) and ¢ : (0,00) — [0, 00) by

€ c2\ (/2 €
p(r) == 1(1 . 7’2) and y(t):= 72,
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where ¢; > 0 and &, > 0 are arbitrarily chosen constants with ¢ = €1¢, and we set r = |x|/t. Then

we get
IREXCE =
cJe 2\ 2o y

2 2\ (n—1)/2
Yy —c y‘il
/ ( y2 ) / o (39)

for all r € (c, 00), i.e., the control function ¢ satisfies the condition (29).
Furthermore, if we define a continuous function g : (¢, ) — R by

" C2 (n+1)/2
o(r) :—(1—) ,

r2

- 25(2)

r 2 (nfl)/z r n—1
[l (s o [ SO
c s2—c2\s2— (2 ¢ (82— c2)(ntD)/2

- [ G
aa
22 72

< o0

then we see

and we obtain

forallr € (c, oo), i.e., the source function g satisfies the condition (31).
Due to Theorem 4 and in view of (39), there exists a solution uy € Uj to the wave Equation (2)
such that

N L CTA R
x,t) —up(x, t / (1 — > d
0 2¢ 92 ]/2 Y

forany (x,t) € D. O
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