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Abstract: This paper formulates a new particle motion system. The dynamic behaviors of the system
are studied including the continuous dependence on initial conditions of the system’s solution, the
equilibrium stability, Hopf bifurcation at the equilibrium point, etc. This shows the rich dynamic
behaviors of the system, including the supercritical Hopf bifurcations, subcritical Hopf bifurcations,
and chaotic attractors. Numerical simulations are carried out to verify theoretical analyses and to
exhibit the rich dynamic behaviors.
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1. Introduction

There are some scholars who have studied the dynamic behaviors of particle motion. The results
show that particle motion is a complex dynamic behavior in some case, such as chaotic motion.
For instance, Abbott N. L. investigated the diffusion of a colloidal particle in a liquid crystalline
solvent [1]. Chen C. and his colleague studied the chaotic particle dynamics in free-electron lasers
and obtained that the particle motion becomes chaotic on a time scale. Here, the time scale is the
characteristic time scale for radial-gradient-induced changes in the particle orbits, which is shown
to be of the order of the beam transit time through a few wiggler periods [2]. Research showed that
the chaos of a particle probing the black hole horizon had a universal upper bound for the Lyapunov
exponent [3]. Since chaos began to be studied, it has been a common belief that understanding and
utilizing the rich dynamics of a nonlinear system have an important impact on modern technology.
Therefore, it also promotes the study of chaos, and some useful results have been obtained. For example,
Sprott J. C. and Xiong A. [4] presented a method for classifying basins of attraction and quantifying
their size for any dissipative dynamical system, and the results were useful to describe the basin of
attraction and quantifying its shape and size for both theoretical and practical reasons. By using the
Pynamical software package, Boeing G. [5] investigated visualization methods of nonlinear dynamical
systems’” behavior and indicated that these methods can help researchers discover, examine, and
understand the behaviors of nonlinear dynamical systems, including bifurcations, the path to chaos,
fractals, and strange attractors. Bradley E. and Kantz H. [6] illustrated that the results of nonlinear
time-series analysis can be helpful in understanding, characterizing, and predicting dynamical systems.
In fact, chaos has many manifestations in many different situations [7]. Meanwhile, many systems
will appear with multiple equilibrium points under some parameter conditions, and the increase
of the equilibrium points or multi-equilibrium points may lead to richer dynamic behaviors of the
system [8-10]. For these reasons, we will formulate a particle motion model under external force and
discuss the Hopf bifurcation and chaotic behaviors of the system.
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In this paper, we will formulate a new model for particle motion and the stability of
equilibrium points. The continuous dependence on initial conditions of the system’s solution and
Hopf bifurcation are investigated in Section 2. To further study the complex dynamic behaviors of
particle motion, simulations including Lyapunov exponents, Poincaré maps and phase portraits of the
chaotic attractor for the system are given in Section 3. A summary of our results and further discussion
are presented in Section 4.

2. Model

There are rich dynamic behaviors in some cases, such as in sheared suspensions [11], in creeping
flow [12], and around a weakly-magnetized Schwarzschild black hole [13]. This shows that the particle
motion becomes complex because of the existence of external force, and the particle system has different
dynamic behaviors under different external forces [14-16]. Here, we assume that a particle with unit
mass is moving on a horizontal smooth plane (p, q), and the forces on the particle in p and g direction
are F, and F;, respectively, where:

Fy = anp — anop® + an3d — anap, Fy = a11q — a129° + arap — aad.

a1, a1p, 413, and ay4 are all positive parameters. The dot expresses the derivative with respect to the
time variable ¢. Then, the particle motion equations are described by:

p=u
u=anp— a12p3 + 4130 — Ay, (1)
i=v,

0 = ay1q — a1q° + a3p — a140.
2.1. Symmetry and Dissipation
Obviously, System (1) is symmetric with coordinate transformations:
(pu,q,0) = (=p, —1,—4,—v).
The divergence of (1) is:
VV =34+ 34 343 = —2ay <0,

Thus, the system is dissipative. This indicates that the volume element Voe’z"l“ ast — oo, then all the
trajectories of the system (1) are ultimately in an attractor.

2.2. Existence and Uniqueness of the Solution

We first rewrite the system (1) as follows:

P(t) = Q(P(t)),t € (0,T], @

where:

p
u a — a1pp® + a130 — aqau
pP— ,Q(P) = 11pP — a12p 13 14
q v
v

a;1q — ﬂlzqs +azp — apo
Let

Dy = {(p,u,q,0) : max{|p|, [ul, lg], [o]} < M}

and M > 0. The existence and uniqueness of the solution are studied in the region D; x D, where
D, = (0, T]. The solution of (2) with initial conditions P(0) = P is:
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t
P=n +/0 Q(P(7))dr, 3)
where:
Po
py=| "
q0
(40}

Next, we denote the right-hand side of (3) by W(P), then:
W(Py) = W(Py) = [3(Q(P(7)) = Q(P2()))dT,

here:
P1 p2
Pl = " s P2 - 12
q1 q2
01 02
Therefore,

W(P1) — W(P,) < [3 [(Q(Pi(T)) — Q(P(7)))|dT

lp1— p2|
< Tmax a11|p1 — p2| 4 a12|p} — P3|+ arslvr — 02| + aralug — uy|
- |v1 — vy

an|q1 — g2l + a1/ — 43| + asalpr — p2| + arsfor — 2
The supremum norm is defined for the class of continuous function C[0, T| by:

[@[| = sup [®(t)], () € C[0,T],
te(0,T]

and for a matrix A = [a;;(t)], which is defined by [|A|| = ¥ sup |a;;(t)|. Thus, we obtain:
i,jte(0,T)

[W(P1) = W(P)|l = Tsup{|p1 — pa| +a11lp1 — p2| + aalp1 — pallp + pip2 + p3| + a1slvr — v
+ayglug — up| + o1 — v2| + anlqr — @2l + aralgr — q211a7 + G192 + 35| + a1spr — p2| + aralor — v2l}
< Tmax{ayy, a11 + 3a1,M?, 1 + a3 4 a14, 1 + ayq + ayp + a13 + 3M?}|| Py — Py |
<pllPy — P,

where:
p = Tmax{a1s, a1 + 3a12M?, 1+ a13 + ar4, 1 + a1 + arp + a1z + 3M?} > 0.

The following theorem is obtained.

Theorem 1. The sufficient condition for the existence and uniqueness of the solution of (1) with initial conditions
P(0) = Py in the region D1 x Dy is 0 < p < 1.

2.3. Continuous Dependence on Initial Conditions

Based on the results in Section 2.1, we have:
Py = P+ fot Q(Py(7))dt, P, = Py + fot Q(Py(7))dr,

where:
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P10 P20

Uio Uuzo
Py = , P =

q10 420

010 020

P1g and Py are all the initial conditions to (2) and || Pyg — Pyl| < €. Under the condition of Theorem 1,
the following inequality is obtained:

Iy = Po|| < [[Pio — Paol| + fy [(Q(P1(7)) — Q(Pa(7)))|dT < || Pig — Paol| + pl|P1 — P,

hence ||P; — P»|| < 155 p . In conclusion, Vo > 0, J¢(0) = (1 — p)o > 0such that ||Pyg — Pyl| < € implies
that | — || < 0.

Theorem 2. There is continuous dependence on the initial conditions of the solution of (1) under the condition
of Theorem 1.

2.4. Equilibrium and Stability
It is easy to visualize that (1) always has three equilibrium points, i.e.,
eo = (0,0,0,0),e; = (0,0, ”” ,0),e2 = (0,0, — %,0).

When Ry = %(2“4)2 <1, (1) has equilibria as follows:

3{113
aq 2ay; _ ap V0, 24111
€ = \/ a2’ 0, 6ﬂ12 + 3o, ’O €4 RV 0, 6“12 92’0)’

0, = (1081113 % + 12 1111(1R0)> {1122 0, = (—1081113, / % + 12 1111(1—R20)> {1122.

where:

a]2a13 a12a13
By calculations, the characteristic equations at equilibrium points are obtained as follows:
feo(A) = A2+ 213014 + (a142 — 2a11) A% + (—2a11014 — 013%) A+ a11?,
for(A) = fo, (A) = A+ 223015 + (414 4 a11) A2 + (a11014 — 413%) A — 24112,

fe3 (A) = )\4 + 2/\3&14 + 912)\2 + 911)\ + 910,
912 — 12912/3a12u142+91 +36H11a12912/ +144 a1 [1122

12912/3a12
011 = 013014436 411812013014 —120,% 210132+ 144 0y, 2 11122f114
12912/3{112
91 — 2914/3H11+249] /311]]211]2+288H]]3H]22
0 12912/3ﬂ12 ’

fe,(A) = A2+ 273014 + 00A2 + 01 A + 620,
1292 /3u12u142+92 /3+36u11a1292 /3+144u11 11122

6
2= 12922/ ap
9 — 924/31114+36 1111&12922/31114 12 922/3111211132-‘1-144 aiq 11122(114
21 12922/3{112
920 — 26 4/3ﬂ11+24 922/3[111 1112+288 a1 ﬂlzz
12922/3012

Obviously, fe,(A), fe,(A), and fe, (A) have roots with positive real parts, and ep, e1, and e, are unstable.
In the following, we will discuss the bifurcations at the rest of the equilibrium points.

2.5. Hopf Bifurcation

In this subsection, the Hopf bifurcation of System (1) is investigated by using the theories in [10].
When f,, (A) has a pair of pure imaginary roots A1, = +ui, f,,(A) = 0 becomes:

(A2 4+ a2) (A2 +EA+17) =0,
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50f 14
then we get:
¢ =2ayy,
2 _ bu
2&14
011 4)
R 9 - —,
n 12 2&1
O _ 2414610
2a14  2012a14 — 011

By calculations,

No=82—dy=— 01* 3014 + 36 a11a1201% 2 a14 + 120, 2a12a13% + 144 21120152014 <0
6912/36112
Therefore, the eigenvalues of Jacobian matrix at e are:
. . v —Aoi —Npi
AM=wai, Ay = —ai, A3 = —ay4 + 5 01, Ay = —aq4 — > 01.

By straightforward computations, we obtain the eigenvectors with respect to A; = «i, i.e.,

ayni — a2 — M

ai3
P a(a?i + Mi+ ajye)
= m — ,
! a13
1

ol

where:

2
¥ 2a11
M=-3 (6:11; + \3/@> a1 + aiy.

Let m =1, R, and I, denote the real and imaginary parts of 51, then:

2

—ac—M a4
a13 13
_a14a2 _tX(lX +M)
R, = a13 LI, = a13
1 0
0 o
For A3 =iV —on — 14, the eigenvectors are obtained:
. 71/714\/ —A() s 4M7A0
B21i + B2 ( 2a13 21) da;
. Vv —=Ao(Ag—4M-+4as,)i IMaqa—aia\
i + 01520 14 14 1450
ﬁz = '823 ﬁ24 = 812]3 + 2&]3
1 1
i—a NENY
Posi — a14 Db gy,
Next, we use the following transformation:
_ /e —a2-M  _aun _
P M2 a5 ( L3 ; Pz P 1
ajpn a(ac+M
v =| a3 a3 P P23 y2
g— L8 2 1 0 10 Y3
6a1 %
v 0 —u —a1s —Pos Ya

Then, the system (1) becomes:
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yl = 7lxy2 + Fl(ylry21y3ry4)/

Yo = ay1 + Fz(ylfyz,y3,y4)r (5)
y'3 = —gl4y3 — @yz} + F3(yl/y2/y3/y4)’

Ya = @% — a14Ys + Fs(y1, Y2, Y3, Y4),

where the items F;(y1,y2,y3,v4) (i = 1,2,3,4) can be seen in Appendix A.
According to the center manifold theorem [17], there exists a center manifold for (1) as follows:

W(0) = {(v1,v2,y3,v4) € R*|y3 = h3(y1,¥2), ¥4 = ha(y1,¥2), |(y1,y2)| < p,h3(0,0) =0,
Dh3(0,0) = 0,/4(0,0) = 0, Dhy(0,0) = 0}

for sufficiently small p. We assume that:

hs3(y1,v2) = ha1y3 + haoy3yo + hssyay3 + .. ha(ya,y2) = hay + haoy3yo + hasyays + ..,
where the items h3;, hyj (j = 1,2,3) can be seen in Appendix A. Then:

. s . ohg . dhy . ohy .
Ys = Gy ¥+ a2 Ya = Gt g0

Therefore, it is obtained that:
1= —ay2+ Gi1(y1,y2), ©
Y2 = ay1 + Ga(y1,y2),

where the items Gy (y1,y2) and G(y1, y2) can be seen in Appendix A.
Therefore, applying the method in [17], we can compute the first-order fine focus as follows:

H= {% (Glylylyl + Giyyoys + Gayayryn + GZyzyzyz) + & [Glylyz (Glylyl ;;Glyz%l) = Goyyy, (G2y1y1
+Goyoy,) — Gyry, Gayy + Gy, Gzyzyz}H(yl/yz):(O/O) =% T WZZ’

where the items 1 and y, can be seen in Appendix A.

Theorem 3. The supercritical Hopf bifurcation of the system (1) occurs if u < 0, and the subcritical Hopf
bifurcation occurs if u > 0.

The same approach can be used to study the Hopf bifurcation at the other equilibrium ey.

3. Simulation

In this section, the example of Hopf bifurcations for the system is given, and it shows that chaotic
phenomena occur in the system with some parameter values. Firstly, we fix the parameters as follows:

a; = 1, ajp = 2, a3 = 0.5, a14 = 0.18387.

The eigenvalues of the Jacobian matrix at the equilibrium (0.70711,0,0.84251,0) point are +1.3963i
and —0.18387 £ 1.81914i, and the Hopf bifurcation occurs in the system (1). Based on Theorem 3, we
gety = — 42‘?_?;77%}1" - 41155_35237333" < 0, then the Hopf bifurcation at the equilibrium point of system (1)
is non-degenerate, and the bifurcating periodic solution is stable. Because of the symmetry of the
system (1), the same type of Hopf bifurcation occurs at the equilibrium (—0.70711,0, —0.84251,0).
The phase diagrams in the p-u plane and the g-v plane of system (1) with initial values (0.7,0,—0.01,0)
are given in Figures 1 and 2, respectively. It is shown that the system has a stable limit cycle around
the equilibrium point. Moreover, the eigenvalues of the Jacobian matrix at the equilibria (0,0,0,0),

(0,0,0.70711,0), and (0,0, —0.70711, 0) are:

1.15099, 0.68014, 1.0994 + 0.261998i, and 0.95, —1.05018, —0.13378 + 1.40954i,
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and 0.95, —1.05018, —0.13378 + 1.40954i, respectively. Thus, (0,0,0,0) is a stable-focus point with a
four-dimensional unstable manifold, and (0,0,0.70711,0), (0,0, —0.70711, 0) are all stable-focus points
with a three-dimensional stable manifold and a one-dimensional unstable manifold.

0.8 T T T T T
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0.2r

08

04

S
N
T

=)
co
1

-1.5 -1 -0.5 0 05 1 1.5

Figure 2. The phase diagram in the g-v plane.

Next, we assume the parameters as follows:
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ay = 1, aljp = 2, a3 = 0.2, a14 = 0.01.

In this case, the system (1) has nine equilibrium points. Table 1 indicates the eigenvalues of the
corresponding Jacobian matrix and the equilibria type and shows the unstable manifold and stable
manifold at the equilibrium points of the particle motion system.

Table 1. The eigenvalues of the corresponding Jacobian matrix and the equilibria type.

Equilibrium Points Eigenvalues of the Jacobian Matrix Equilibria Type
(0,0,0,0) 1.09467, 0.89543, —1.005 =+ 0.10037i saddle-focus point
(0,0,0.70711,0) 1.00164, —0.9983, —0.01167 £ 1.41421i saddle-focus point
(0,0,—0.70711,0) 1.00164, —0.9983, —0.01167 + 1.41421i saddle-focus point
(—0.70711,0,0.14789,0) 0.93402, —0.93008, —0.01197 + 1.41421i saddle-focus point
(0.70711,0, —0.14789,0) 0.93402, —0.93008, —0.01197 4 1.41421i saddle-focus point
(—0.70711,0,0.62147,0) —0.03366 + 1.41718i, 0.02366 + 1.14477i focus point
(0.70711,0, —0.62147,0) —0.03366 +1.41718i, 0.02366 + 1.14477i focus point
(0.70711,0,0.76936,0) —0.03366 + 1.41718i, 0.023657 + 1.14477i focus point
(—0.70711,0, —0.76936,0)  —0.03366 + 1.41718i, 0.023657 + 1.14477i focus point

It has been long supposed that the existence of chaotic behavior in the microscopic motions
is responsible for their equilibrium and non-equilibrium properties [18], and the increase of the
equilibrium points or multi-equilibrium points may lead to abundant dynamic behaviors of the
system [8-10]. From the above results, it is shown that the system (1) has multi-equilibrium points
with a stable manifold and an unstable manifold. Therefore, the particle motion system has rich
dynamic behaviors. The Lyapunov exponents are 0.01, 0.00, —0.01, and —0.02 by using the method
in [19]; thus, the system (1) is chaotic. In addition, the chaotic phenomena can also be reflected by the
Poincaré maps [20]. Therefore, the chaotic attractor in the p — g plane of System (1) with parameters
a1 =1, a1p = 2, a13 = 0.2, a4 = 0.01 and initial values (0.7,0, —0.01,0) is shown in Figure 3a, and
the Poincaré mapping on the section hyperplane u = 0 is given in Figure 3b. The chaotic attractor in
the u — v plane of System (1) with parameters a1; = 1, a12 = 2, 413 = 0.2, 414 = 0.01 and initial values
(0.7,0,—0.01,0) is shown in Figure 4a, and the Poincaré mapping on the section hyperplane p = 0 is
given in Figure 4b. Here, the Runge-Kutta method of order four is employed with the time step of
0.001 from t = 0 to t = 300. This shows that the particle motion trajectories and the velocities of the
particle in both directions are complex and the particle motion chaotic. Hence, the particle motion
system shows chaotic behavior. To further illustrate the strange attractors of System (1), Figures 5 and
6 show the chaos phase portrait of p — 1 and g — v and the corresponding Poincaré map by taking the
same parameters and initial values as Figure 3.

10 15 T T T
(a) (b)
sl E ¥k
1 *
L *% 5
6 A %
4+ % * ¥ FH s 1
05 * b
2r ?Xx
o 0 S %
t%
2 * * %
05F §% * Pl
41 u@f‘:’* ORI
6 x* T Ky
oS o o
ol I’
10 15
10 5 0 5 10 10 5 0 5 10
p P

Figure 3. (a) The chaotic attractor in the p-g plane; (b) The Poincaré mapping on the section u = 0.
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Figure 5. p-u phase portrait and the corresponding Poincaré map (red points) on the section g = 0.
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Figure 6. g-v phase portrait and the corresponding Poincaré map (red points) on the section u = 0.
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4. Conclusions

In this paper, a particle motion model is formulated by introducing external forces. The dynamic
behaviors of the system are investigated, including the symmetry, the existence and uniqueness of the
solution, and the continuous dependence on initial conditions. The range of the parameter where the
solution of the system shows continuous dependence on initial conditions can be determined from
Theorems 1 and 2. Consequently, the range of parameter values of the system where the system does
not exhibit chaotic behavior can be determined in theory. The results provide great help in controlling
the dynamic behavior of the particle motion system. By using the center manifold theorem and
simulations, the Hopf bifurcations at the equilibrium and chaotic behavior are studied. This illustrates
that the particle motion system has rich dynamic phenomena and also indicates the influence of the
external force on the particle motion trajectories. Compared to [21,22], different results are obtained,
such as Theorems 1 and 2, and the dynamic behaviors of the particle motion system are investigated
by applying different methods such as the method in [17] and the Poincaré section. These results
are helpful for further understanding the state of particle motion under external force. How to
effectively control the chaotic behavior and bifurcation phenomena of particle motion will be our next
research direction.
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Appendix A
(1) Expressions of F;(y1,Y2,y3,v4) (i = 1,2,3,4) in Section 2.5:

—a’2—M —a2—M
Fi(y1,y2,y3,ya) = bip[—anp (MU — 05092 4 gy Byy)® — Bagp (M s

+B2ys — Barya)?\ /] + bia—ar2(y1 +y3)° — 3ana(yi +y3)? (gﬁ; + z'lﬁ)]r

—a2—-M —a2—M
Ea(y1,y2,y3,ya) = by [—anp (MU — 0092 4 gy Byy)? — Bayp (M sl

+B2ys — Barya)?\/T] + bau[—ar2(y1 +y3)° — Bana(yi +y3)? (aé; + f“})],

—a>-M —a2—M
F3(y1, Y2, Y3, ¥a) = bao[—anp(E M — 82 4 gy — Boryy)? — Bagy (MM et

+B2ys — Barya)\ /7] + baa[—ar2(y1 +y3)° — Bana(yi +y3)? (X,; + 3”})],

2 o
Fs(y1,v2,y3,¥4) = b42[—1112(( “ —My1 _ autys Bazys — Barya)® — 31112(( “—My1 _ a1ty

a3 a3 a3 a13

+B2ys — Bnya)®\/7L] + bag[—a1a(y1 +y3)° — 3an(y1 + y3)? (8@ + fa})]r

where:
b = —;[(a a13B3 + w(a® + M)Bas)asz], by = 5-[(a13B21 — A1aPos)a ars),
b1z = a-[a13(—w 41321 Bos + x a13B22f2s + & a147 B3 + aa1aPaPos + a(a® + M)araBn
+a(a® + M)B2pas)], bra = a; [(aa14Bas + a(a® + M)Bar)as],
bt = — - [(6%a14Bo5 + a13m14B23 + a13B2aP25)a13),
by = AL[( 2Bos + a13a14P21 + 01322 P25 + MPBos)as),

by = —; [(—0a14 B — aPa14Bofos + a*a1aPos + &> BoaPas + MaraPos + MBasPas)az],
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bas = —5; [(—aa1aPor + &?Bo3 — 1321 Boa + a1322B23 + MPBa3)m),
(w1323 + a(a® + M) Bas ) a1z, baa = — 5-[(a13B21 — a1aBos)wmz),

bs1 = g

b33 = a-[—03a13m14B01 +a3a147Bos + a3a1323 + M ara oz +a(a® + M)a®Bos + Ma(a® + M) Bas),
bas = — gz, [(wa1aBo3 + a(a? + M)Ba1)ar3), by = — 2= [(—aa1g — war3fos + a(a + M)arg)aa),
bip = — 5, [(&% + a13Po2 +a14” + M) ag),

biz = — - [03a13014B20 + a%a14> — 0341324 — Ma a1aBos + a(a® + M)aary + Ma(a® + M)ayy],
bay = —; [#%a14% + & 413014 P24 + a(a® + M)a? + a(a® + M)ar3for + Ma(a? + M)].

Ay = —aPagzmiafo + a’ars’Pos +a 1113[‘323 — wa13°Bo1Bos + aa13” B3 + wai3a7, B3

+a 130142425 + Ma arzBos + a(a® + M)a?Bos + a(a? + M)ayza1aBo
+a(a? + M)ai3BaBas + Ma(a? + M)Bos,

(2) Expressions of h3j, hgj (j = 1,2,3) in Section 2.5:

0 —a 0 -¥H 9 0
o 0 —2a 0 Y g
—A
o] 0" 0 0 0 -
Ay 4
(521 0 0 —0a14 — 0
%3 7V72A0 0 2 —ayy —2u
523 0 EAO 0 0 —Aai4
0o o0 o YR oo 0
20 0 24 0 ¥R
—A
ot 00 0 0 0 —Yh
Ay A, 4
5> 01 0 —a14 - 0
0 o 0 2 —a14 —2u
0 (523 EAO 0 0 —ai1a
0 -« 0 YR 9 0
20 0 0 R
—A
oo t| O x 0 0 0 -
2 —A ’
5 0 0 (521 —ai4 - 0
0 7‘5A0 522 2u —a14 —2u
0 0 523 0 14 —ai4




Mathematics 2019, 7,7
0 —« 0 0 0 0
2u 0 —2a 0 - 0
S 0 w 0 0 0 —¥=h
o @ 0 0 4n o« 0 '
0 B0 Gy —ay 24
0 0 20 6y a —ay
0 —a 0 YR g 0
2a 0 2 0 0 0
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(4) Expressions of y1 and yp in Section 2.5:
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