. mathematics ﬁw\o\w

Article
Matching Number, Independence Number, and
Covering Vertex Number of I'(Z,)

Eman AbuHijleh '*, Mohammad Abudayah 2, Omar Alomari 2 and Hasan Al-Ezeh 3

1
2

Department of Basic Sciences, Al-Balqa Applied University, Al-Zarka 13110, Jordan

School of Basic Sciences and Humanities, German Jordanian University, Amman 11180, Jordan;
mohammad.abudayah@gju.edu.jo (M.A.); omar.alomari@gju.edu.jo (O.A.)

Department of Mathematics, The University of Jordan, Amman 11942, Jordan; alezehh@ju.edu.jo
Correspondence: emanhijleh@bau.edu.jo

check for
Received: 28 November 2018; Accepted: 2 January 2019; Published: 6 January 2019 updates

Abstract: Graph invariants are the properties of graphs that do not change under graph isomorphisms,
the independent set decision problem, vertex covering problem, and matching number problem are
known to be NP-Hard, and hence it is not believed that there are efficient algorithms for solving them.
In this paper, the graph invariants matching number, vertex covering number, and independence number
for the zero-divisor graph over the rings Z x and Z ., are determined in terms of the sets 5, and S pigi

respectively. Accordingly, a formula in terms of p, g, k, and r, with n = p¥, n = p*q" is provided.
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1. Introduction

The independent set decision problem, vertex covering problem, and matching number problem
are known to be classical optimization problems in computer science and are typical examples of
NP-Hard problems [1-3], and hence it is not believed that there are efficient algorithms for solving
them but rather have approximation algorithms. In this paper, the graph invariants matching number,
vertex covering number, and independence number for the zero-divisor graph over the rings Z,x and
Z g are determined in terms of the sets S, and S ; ;. Zero-divisor graphs were initially introduced
by Beck [4]. Beck was mainly interested in graph coloring. He defined the vertices of the graph
as the elements of a commutative ring R and two different vertices x and y are adjacent if xy = 0.
In later work, Anderson and Livingston introduced the zero-divisor graph of a commutative ring R [5].
They defined the set of vertices of the graph to be the nonzero zero-divisors of R and two different
vertices x and y are adjacent if xy = 0. The set of zero-divisors of R is usually denoted by Z(R) and
Z*(R) = Z(R) — {0} denotes the nonzero zero-divisors of R. The zero-divisor graph of R, denoted by
I'(Z*(R)), is written as I'(R) usually. The most common definition in the literature of the zero-divisor
graph is that given by Anderson and Livingston [5]. Zero-divisor graph has many applications in
algebra, in fact it can be used to study many properties in ring and number theory. On the other side
we can use ring theory to study many geometric properties of graph theory such as cliques, chromatic
number, and the independence number, for example Akbari et al. [6] studied many properties of
matrix algebra using graph theory and vice versa.

Anderson, Frazier, Lauve, Levy, Livingston, and Shapiro [5,7,8] have studied zero-divisor graph
of a commutative ring extensively. Redmond [9] extended the idea of zero-divisor graph over
commutative ring to non-commutative rings.
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For a graph G with X C V, G[X] denotes the induced subgraph by a set X. The neighborhood of
avertexv € Vistheset N(v) ={u: u € Vandou € E},and N(A) =U{N(v): v A}, forAC V.

For any graph G, the graph theoretic invariant 1(G), B(G), and «(G) are widely studied because
of their importance in characterizing graphs. Our aim is to characterize these invariants for certain
families of zero-divisor graphs.

Through this paper, we find the matching number, vertex covering number, and the independence
number of zero-divisor graphs of Z,, where the set V(I'(Z,)) = {x : x € Z;; and gcd(x,n) # 1}.
Let G = (V, E) be a simple graph with V = V(G) and E = E(G), then a set M of nonadjacent edges of
G is called a matching and the matching number, denoted by 1(G), is the maximum size of a matching
in G. We say that G contains a perfect matching, if u(G) = @ Moreover, for a graph G, S C Vis
called vertex cover if every edge in G has an endpoint in S. The minimum cardinality of a vertex cover
is called the vertex covering number, denoted by B(G). According to the definition of vertex covering
number, it is clear that u(G) < B(G).

An independent set in a graph G is a set of pairwise nonadjacent vertices. The independence
number of G is the maximum size of an independent set in G and is denoted by a(G).

2. Preliminaries

In this section we introduce some preliminary results and elaborate on some known algorithms
that compute the zero-divisor graph of Z,. Some of these algorithms have been developed by Joan
Krone [10]. Moreover, the characterization of independence number in special cases was given
in [11,12], we generalize their work.

For n = pF where p is some prime and k is positive integer, we can find the zero-divisors of
Z by taking the numbers 1,2,..., p*~1 — 1 then multiplying those numbers by p. The zero-divisors
can be divided into k — 1 sets according to how many factors of p each divisor has. These sets are
Sy = {sp': gcd(s,p) = 1and sp' < n}, wherei € {1,2,...,k —1}. To build the zero-divisor graph of
Z , connect the vertices of the set 5, to the vertices of the set 5,; when i + j > k. Using the Euler’s
phi-function we can get the sizes of the S, thatis [S ;| = pk=i — pk=(+1),

For n = p*q" where p and q are distinct primes, k and r are positive integers. We can divide the
Zero—divi'sors into three families, S, qu, and Squj where S ; = {spi 2 ged(s, pk_i) = 1,gcd(s,q) =
Land sp’ < n}, i € {1,2,...,k}, similarly for S ;. S,; = {sp'q/ : gcd(s, P =1, ged(s,qg77) =
1,and sp'qg/ < n}, i€ {1,2,...,k},j € {1,2,...,r} excluding the case when both i = kand j = r.
Connect the vertices of Spi to the vertices of Spogr if i + v > k. Similarly, connect elements of S ; to
elements of Spk g if j +u > r. Connect elements of elements of Spi g to elements of Syoqu if i +v > k
andj+u >r.

AbdAlJawad and Al-Ezeh [12] calculated the size of these sets as shown below.

Lemma1. [12] For n = pkg’,

1 1S,:| = {qupkil(P_l)(q—l), ief{l,...,k—1},
. bil =

g7 q-1), i=k
2 s _|_{P"1q’“(q—1)(r7—1), je{l,...r—1},
sy = |
! PFlp-1), j=r.

Pl =il (p—1)(g—1), ie{l,...,.k—1}
andje {1,...,r—1%,
3. \Spiq;'| =\ i1 . jed }
g g - 1), i=k
Pk—z—l(p —-1), j=r.
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The graph of F(sz) is isomorphic to the complete graph K;,_;. Hence, the independent number,
the matching number, and the vertex covering number are presented in the following Lemma.

Lemma 2. [12] For a graph T'(Z,), we have:

wr(Z,2) = |5
2. B(I(Zp)=p-2
3. a(l(Zp)) =1

We omit the proof of previous Lemma, since it is clear. We can deduce that the zero-divisor graph
has a perfect matching if p is odd.

Recall that a bipartite graph is a graph where its vertices can be divided into two disjoint sets
of vertices such that every edge of the graph connects a vertex from one set to the other. Hall’s
Theorem [13] guarantees that the maximum matching set could be saturated by X or Y.

Theorem 1. (Hall 1935) [13]. Let G = ((A, B), E) be a bipartite graph. G has a matching saturating A if and
only if IN(S)| > |S| forall S C A.

From Hall’s Theorem, one can conclude that if G = Ky, », is a complete bipartite graph, then
#(G) = min{[X], [Y]}.

3. Matching Number, Vertex Covering Number, and Independence Number of Zero-Divisor
Graph F(Zpk), Where p Is Prime and k > 2

In this section we compute the matching number, vertex covering number, and the independence
number of T'(Z,,), for n = p*,k > 2.

First we give an example to clarify our calculations, consider I'(Z,4), the zero divisor set of Z,, is
{2,4,6,8,10,12,14}. InT(Zxu), S» = {2,6,10,14}, Sy = {4,12}, Sy3 = {8}, and the graph is shown
in Figure 1. The induced subgraph of I'(Z,4) over the set of vertices S and S, are the empty graph
and complete graph respectively, moreover for each vertex x € Sy and y € Sy3, xy € E(I'(Z)). Since
|Sp3| = 1, any edge in the induced subgraph of I'(Z,1) over the vertex set S, U S,3 will form a maximum
matching number of this subgraph. On the other hand the induced subgraph over the vertex set Sy is

the complete graph, so the maximum matching set of this subgraph is VSEAJ .

2

12

14
10

Figure 1. T'(Zy4).
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Finally, since for each x € Sy, and y € Sy, xy € E(T(Z,)) we have

ur(z) = Isel + | 221

For the vertex covering number, since for each vertex x € Sy and y € Sy, xy € E(T'(Zyu)),
the vertex set Sy; can be considered to be minimum vertex cover of the induced subgraph over the
vertex set Sy U S,3. On the other hand, the induced subgraph over the vertex set Sy, is the complete
graph, so the vertex cover number of this subgraph is Sy | — 1, therefore

B(T(Zys)) = [Sp3| + [Sp2| — 1.

Theorem 2. For a graph F(Zpk), k > 3 and p is a prime number, then:

k-1
L[Sl k is odd,
j=kt1
2
1oz =4 s, ||
2y ¢ |S,il, K is even,
z:§+1
k-1
\Sp,» l, k is odd,
i~
2 BT(Zy)) = -
Sil—14+ X [S,l, kiseven.
pZ

i=k41

Proof. Consider theset S, S, for some i > % Since i > % we have |Spi| < \Spk_,- |, so we can define
a one to one function f; : Sp; — Spk,i. Since i +k —i = k we have for each x € Spi and y € Spk,i,
xy € E(F(Zpk)), therefore

M; = {xfi(x) :x € S} C E(T(Zy)).

Moreover, since f; is one to one function, this guaranties that M; is a matching set.

Case 1. k is odd number and k > 3.
Since k“ < i <k, S, induces a complete subgraph, so for the induce subgraph over the vertex set

Spi US i Ml forms a maximum matching set, and hence UZ,‘:,} 1 M; form a maximum matching set of
=kf1
Iz pk), therefore

ZIS

k+1

Regarding the vertex covering number, observing that for every edge xy € E(I'(Z,)) either x € S, or

; k k—1
y €S, for some i > 75, we have Uk ) Spi form a vertex cover set, the minimality of this vertex cover set can

be obtained from the fact that whenever i > & we have 1Syl < 1S peil-

Case 2. k is even number In addition to scenario in case 1, S i induces a complete subgraph of F(Zpk),
2

observing that the maximum matching set of a complete graph K, is | % | we have

k-1 |Sp§|
Wz = L 1,0+ [
i=k+1
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For this case of the vertex covering number, since the induced subgraph over the vertex set S i is the complete

subgraph, the edges of this subgraph have no end points in Uf:%HS pi- S0, the vertex cover number of F(Zpk) is
=2

k—1
BIN(Z,)) =1 5]~ 1+
O

2 |Spi|
i=k+1

Using Lemma 1 and the above Theorem, we have:

Corollary 1. If n = p*, for prime p and positive integer k:

p'T 1, k is odd,
L u(l(Zy)) = .

P +2p —1, kiseven.
k-1
T —1, k is odd,
2. BT(Z)) = {” k
p2—p—1

, kiseven.

In [12], the independence number of T'( Zpk) was calculated as follows:

Theorem 3. [12] For a graph I"(Zpk), k > 3 and p is a prime number, then:

k-1
T
'Z \Spi|, kis odd,
w(rzp) =4,
ko
1+ X |S,il, kis even.
i=1

Using Lemma 1 and the above Theorem, we have:

Corollary 2. If n = p*, for prime p and positive integer k:

1, k=2,
a(T(Zy)) = pk=1 — pk%l, k is odd,

1+ pg — pg, k is even.

4.T(Z,), n = p*q", Where p, q Are Prime Numbers and r, k > 2

Now, we will evaluate the matching number, covering vertex number, and the independence
number, for T'(Z,,) with n = p¥q". We will divide our work into scenarios depending on the values of k
and r.

Theorem 4. Ifn = p*q", where k and r are even, then the matching number of T(Z,,), is given by:

r %‘1 |SP§‘7 ] |
iqj| 4 | rz Z min{|spiq/‘|/ |Spkfiqvff‘} + >

k j=3+1i=0
k)}

NI~
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Proof.

1.

O

For% <i<k j<j<rand(ij) ¢ {(%, 5), (k,7)}, whenever x € Spiqj andy € S r—j we have
xy € E(I'(Zy)).

Since the cardinality of S, ; is less than the cardinality of 5, we can define a one to one
function fi]- : Spiqf — Spk,,vqr_j.

Observing that the induced subgraph of I'(Z,,) over the vertex set S pig and the vertex set S
are the complete graph and the empty graph respectively, we have

pk=ig

pheigri

Mij = {xﬁ] :

N =

. . .. k
<i<kz<j<rand (i) € {(55) (n}}

form a maximum matching set for the induced subgraph over the vertex set Spigh US pkeigris

therefore U kcickp<j<r(i)e{(5.5), (k,r)}Mi]' form a maximum matching set for the induced subgraph

over the vertex set U%gz‘gkggjgr(i,j)sé{(g,g),(k,r)} (Spiqf U Spk,iq,,,,-)

For0 <i < % —1and % +1 < j < r, the induced subgraph over the vertex set Sp,- g and the
vertex set S i ;.- are the empty graphs, moreover for any x € Spigi and y € S i,-j we have
xy € E(T'(Zy)), so the induced subgraph over the vertex set Spigi U Spiigr-j 18 the complete
bipartite graph, so using Hall’s theorem the matching number of the induced subgraph over the
vertex set S i U S ki is min {lspiq]' l, Spk,iq,,j}

Fori = % and j = %, the induced subgraph over S ; ; is the complete graph, so the matching

IS & |
number of the induced subgraph over the vertex set S pigi 18 { . 22”2 J .

Py

Collecting the results in the above cases we get the result.

Using Lemma 1 and above Theorem, we have:

Corollary 3. For n = p*q’, where k and r are even. Then:

pa P 49
k1
2 r—1
1:7 (1;) min{pk 'l plq]}Jr

onfp 1=3)4(=2))
i (-3) ()

Moreover, using analysis of Theorem 4, one can give the value of B(I'(Z,)) and the value of

a(T(Zy,)) with k and r are even, where [12] gave a partial result of a(T'(Z,)), as follows.
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Corollary 4. For n = pXq", where k and r are even, then:

1. The covering number of I'(Z,), is equal to:

r k r %*1 )
BI(Zn) = ¥ L ISuqgl+ £ & min{IS,l, 1S ipmil b 1
o iy
.2 =3 ] 2+1 !
(jA)# (rk)
2. The independence number of T'(Zy,), is equal to:
r k k_q
2 r 2
a(r(zn)) =1+ ; ; |Spiqj |+ '7; — max{|spiqj|’ |Spk*iq’_f|}'
= =0 j=3+11i=0

Using Lemma 1 and Corollary 4, we have:

Corollary 5. For n = p*q’, where k and r are even. Then:

min < p*igh—i 1o, 10 11
]_Z;l = {P q ](1 )(l )Pq7(1 )(l q)}+
min { p* ST N
{P L O S

k
k1

(1 - 1) ri ) max {pk_iqr_j, piq]} +

j=5+1i=1

)
) v max {p, g pl(g 1) } +
)

By similar approach with some minor differences, we get the following Theorems.
Theorem 5. Ifn = p*q", where k is even and r is odd, then the matching number of T(Z,), is given by:

r

r k k1
HTZ) = ¥ LISl + XX min {18,181l }
= ish =3t i=0
(ji)#(rk)

Using Lemma 1 and above Theorem, we have:
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Corollary 6. For n = p*q", where k is even and r is odd. Then:

(N(Za)) = “(1>§l <1 1)§+
N p
076"
(s -=) +
T\ q
e () ()
r) \4 q

r—

Y min {p 19 (p-1)(g -1, (g - D} +

i r+1
]7

—_

2
-1

X min {p~ " (p = 1),y (p - Dig D+

min {Pk_l(P ~1),0 -1} +

b

N\x‘

(ST

i=1

Theorem 6. Ifn = p*q", where k and r are odd, then the matching number of T(Z,), is given by:

r k r k_Tl
TUEAIENDY 2 Sygl+ X Y min {180l 1Sy}
i jorL =0
( #(r,

)

\JH

Using Lemma 1 and above Theorem, we have:

Corollary 7. For n = p*q", where k and r are odd. Then:

WO(Z0)) =(p'F ~1)(g7 1) +pT 447 —2+
r—1 k%]mln k—i _r— _1 1 ; 1 _1
]_X“;l; {P 71 p)(1 ), (11— =)(1 q)}+
z . i1 e 11
i[%mm{p (1- )qp -0 q)}+
v min { pkg" 7 1y 1 1
]_%1 {M i1-2)1-2),401 q)}

{ k— iflqrfjfl(p_1)(q_1),piflq]¥l(p_l)(q—l)}.

8of9

Corollary 8. For n = p*q’, where k and r are odd or one of them is odd and one is even. Then the covering

vertex number of T (Z,,), denoted by B(T'(Z,,)), is equal to u(T'(Z,)).

Corollary 9. For n = p*q", where k is even and r is odd. Then the independence number of T(Z,), denoted by

a(T(Zy)), is equal to:

r—1

N\Pt"

|Spq]|+ Z E max{‘s q]| ‘S k— 1 = /|}

_r+l =
2

™
QMM»

j=0 i
(i) #(0,0)
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Corollary 10. For n = p*q", where k and r are odd. Then the independence number of T(Z,,), denoted by
a(T(Zy)), is equal to:

r—1 k-1 k-1

2 2 r 2

EO L 1S pigi 1+ J'=;+Tl L max{|S yigil, S pe-igr-il }-
(j)#(0,0)

Remark 1. For I'(Z,), one can see that B(T'(Z,))+ a(T'(Z,)) = |V(I'(Zy))|.

Further Works. This work can be investigated further for any positive integer n.

5. Conclusions

Graph invariants are the properties of graphs that do not change under graph isomorphisms.
In this paper, we provided a technique that can be used to find some graph invariants of the
zero-divisor graphs of Z and Z g This technique can be used to calculate these graphs invariants
of I'(Z,) for any n depending on the factorization of .
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