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Abstract

:

In this article, we propose a coupled system of Caputo fractional Hahn difference equations with nonlocal fractional Hahn integral boundary conditions. The existence and uniqueness result of solution for the problem is studied by using the Banach’s fixed point theorem. Furthermore, the existence of at least one solution is presented by using the Schauder fixed point theorem.
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1. Introduction


Quantum calculus is the study of calculus without limits. There are several types of quantum difference operators. Used in problems of mathematical areas for instance, orthogonal polynomials, combinatorics, arithmetics, particle physics, quantum mechanics, the theory of relativity and variational calculus [1,2,3,4,5,6,7,8,9]. In addition, the applications of the integral boundary equations and boundary element methods development could be found in [10,11,12,13,14].



Jackson q-difference operator, the forward (delta) difference operator and the backward (nabla) difference operator are the well-known operators used in many research works. In 1949, the Hahn difference operator developed from the forward difference operator and the Jackson q-difference operator was proposed by Hahn [15] as


Dq,ωf(t):=f(qt+ω)−f(t)t(q−1)+ω,t≠ω0:=ω1−q.











We note that


Dq,ωf(t)=Δωf(t):=f(t+ω)−f(t)ωwheneverq=1,










Dq,ωf(t)=Dqf(t):=f(qt)−f(t)t(q−1)wheneverω=0,










andDq,ωf(t)=f′(t)wheneverq=1,ω→0.








Hahn’s operator has been used in the determination of new families of orthogonal polynomials and in approximation problems (see [16,17,18]). Recently, the Hahn difference calculus has become a favourite topic for analysis.



Later, the right inverse of Hahn difference operator was introduced by Aldwoah [19,20]. This operator is formulated from Nörlund sum and Jackson q-integral [21]. In 2010, Malinowska and Torres proposed Hahn variational calculus [22,23]. In 2013, Hamza et al. [24,25] proved the existence and uniqueness of solution for the initial value problems for Hahn difference equations. In addition, they obtained a mean value theorems for this calculus, and established Gronwall’s and Bernoulli’s inequalities with respect to the Hahn difference operator. In the same year, Malinowska and Martins [26] proposed Hahn variational problem to generalize the Hahn calculus of variations. They obtained transversality conditions.



In 2016, Sitthiwirattham [27] studied the nonlocal boundary value problem for a second-order Hahn difference equation, their problem contains two Hahn difference operators with different numbers of q and ω, the existence and uniqueness result was proved by using the Banach fixed point theorem, and the existence of a positive solution was established by using the Krasnoselskii fixed point theorem. In 2017, Sriphanomwan et al. [28] developed the above problem by including an Hahn integro-difference term and integral boundary condition, the existence and uniqueness of solutions was obtained by using the Banach fixed point theorem, and the existence of at least one solution was established by using the Leray–Schauder nonlinear alternative and Krasnoselskii’s fixed point theorem.



Meanwhile, there were some research works related to fractional (q,h)-difference operator for q>1 (see [29,30,31,32,33]). However, the fractional Hahn operators must be satisfied with 0<q<1. Presently, the fractional Hahn difference operators was introduced by Brikshavana and Sitthiwirattham [34]. In addition, boundary value problems of fractional Hahn difference equations have been studied (see [35,36,37]).



Since the boundary value problem for systems of fractional Hahn difference equations have never been presented before, we devote our attention to study this kind of problem. In this paper, we consider the boundary value problem for the system of Caputo fractional Hahn difference equations of the form


CDq,ωα1u1(t)=F1t,CDq,ωβ1u1(t),u2(t),CDq,ωα2u2(t)=F2t,CDq,ωβ2u2(t),u1(t),t∈Iq,ωT,



(1)




with the nonlocal three-point fractional Hahn integral boundary value conditions


u1(ω0)=ϕ1(u1,u2),u1(t)=λ2Iq,ωθ2g2(η2)u2(η2),u2(ω0)=ϕ2(u1,u2),u2(t)=λ1Iq,ωθ1g1(η1)u1(η1),



(2)




where Iq,ωT:={qkT+ω[k]q:k∈N0}∪{ω0}; η1,η2∈Iq,ωT−{ω0,T}; for i=1,2αi∈(1,2],βi,θi∈(0,1],ω>0,q∈(0,1),λi∈R+, Fi∈CIq,ωT×R×R,R,gi∈CIq,ωT,R are given functions, and ϕi:CIq,ωT,R×CIq,ωT,R→R are given functionals.



We organize the paper as follows. We provide some definitions and lemmas in Section 2. We present the existence and uniqueness of a solution for system (1) in Section 3. The Banach fixed point theorem is the tool to get the result. In addition, we prove the existence of at least one solution for system (1) by employing the Schauder’s fixed point theorem in Section 4. Finally, we present some examples of the main results.




2. Preliminaries


In this section, we introduce notations, definitions, and lemmas which are used in the main results [15,19,27,28,34]. Let q∈(0,1), ω>0 and define


[n]q:=1−qn1−q=qn−1+…+q+1and[n]q!:=∏k=1n1−qk1−q,n∈N.








We define the q-analogue of the power function (a−b)qn̲ with n∈N0:={0,1,2,…};a,b∈R as


(a−b)q0̲:=1,(a−b)qn̲:=∏k=0n−1(a−bqk)=an∏k=0n−11−baqk=an∏k=0n−11−baqk∏h=n∞1−baqh∏h=n∞1−baqh=an∏k=0∞1−baqk∏k=0∞1−baqk+n.








The q,ω-analogue of the power function (a−b)q,ωn̲ with n∈N0:={0,1,2,…};a,b∈R is defined by


(a−b)q,ω0̲:=1,(a−b)q,ωn̲:=∏k=0n−1a−(bqk+ω[k]q)=∏k=0n−1(a−ω0)−(a−ω0)qk=(a−ω0)−(a−ω0)qn̲.








Generally, for α∈R,


(a−b)qα̲=aα∏n=0∞1−baqn1−baqα+n,a≠0,










(a−b)q,ωα̲=(a−ω0)α∏n=0∞1−b−ω0a−ω0qn1−b−ω0a−ω0qα+n=(a−ω0)−(b−ω0)qα̲,a≠ω0.








Note that aqα̲=aα and (a−ω0)q,ωα̲=(a−ω0)α. In addition, we use the notation (0)qα̲=(ω0)q,ωα̲=0 for α>0. The q-gamma and q-beta functions are defined by


Γq(x):=(1−q)qx−1̲(1−q)x−1,x∈R\{0,−1,−2,…},Bq(x,s):=∫01tx−1(1−qt)qs−1̲dqt=Γq(x)Γq(s)Γq(x+s),








respectively.



Definition 1.

Letting q∈(0,1), ω>0 and f be defined on an interval I⊆R which contain ω0:=ω1−q, the Hahn difference of f is defined by


Dq,ωf(t)=f(qt+ω)−f(t)t(q−1)+ωfort≠ω0,








and Dq,ωf(ω0)=f′(ω0) provided that f is differentiable at ω0. We call Dq,ωf the q,ω-derivative of f, and say that f is q,ω-differentiable on I.





Remark 1.

The following are some properties of the Hahn difference operator:

	(1) 

	
Dq,ω[f(t)+g(t)]=Dq,ωf(t)+Dq,ωg(t),




	(2) 

	
Dq,ω[αf(t)]=αDq,ωf(t),




	(3) 

	
Dq,ω[f(t)g(t)]=f(t)Dq,ωg(t)+g(qt+ω)Dq,ωf(t),




	(4) 

	
Dq,ωf(t)g(t)=g(t)Dq,ωf(t)−f(t)Dq,ωg(t)g(t)g(qt+ω).











Let a,b∈I⊆R where a<ω0<b and [k]q=1−qk1−q,k∈N0:=N∪{0}. We define the q,ω-interval by


[a,b]q,ω:=qka+ω[k]q:k∈N0∪qkb+ω[k]q:k∈N0∪ω0=[a,ω0]q,ω∪[ω0,b]q,ω=(a,b)q,ω∪a,b=[a,b)q,ω∪b=(a,b]q,ω∪a.








Observe that, for each s∈[a,b]q,ω, the sequence σq,ωk(s)k=0∞=qks+ω[k]qk=0∞ is uniformly convergent to ω0. We next define the forward jump operator σq,ωk(t):=qkt+ω[k]q and the backward jump operator ρq,ωk(t):=t−ω[k]qqk for k∈N.



Definition 2.

Let I be any closed interval of R which contain a,b and ω0. Assume that f:I→R is a given function. q,ω-integral of f from a to b is defined by


∫abf(t)dq,ωt:=∫ω0bf(t)dq,ωt−∫ω0af(t)dq,ωt,








where


∫ω0xf(t)dq,ωt:=x(1−q)−ω∑k=0∞qkfxqk+ω[k]q,x∈I,








provided that the series converges at x=a and x=b. We call f q,ω-integrable on [a,b]. The above summation is called the Jackson–Nörlund sum.





We note that f is defined on [a,b]q,ω⊂I. We next provide the following lemma introducing the fundamental theorem of Hahn calculus.



Lemma 1.

Let f:I→R be continuous at ω0. Define


F(x):=∫ω0xf(t)dq,ωt,x∈I.








Then, F is continuous at ω0. Furthermore, Dq,ω0F(x) exists for every x∈I and


Dq,ωF(x)=f(x).








Conversely,


∫abDq,ωF(t)dq,ωt=F(b)−F(a)foralla,b∈I.













Lemma 2.

Let q∈(0,1), ω>0 and h:I→R be continuous at ω0. Then,


∫ω0t∫ω0rh(s)dq,ωsdq,ωr=∫ω0t∫qs+ωth(s)dq,ωrdq,ωs.













Lemma 3.

Let q∈(0,1) and ω>0. Then,


∫ω0tdq,ωs=t−ω0and∫ω0t[t−σq,ω(s)]dq,ωs=t−ω021+q.













Next, fractional Hahn integral, fractional Hahn difference of Riemann–Liouville and Caputo types are introduced.



Definition 3.

Letting α,ω>0,q∈(0,1) and f be defined on [ω0,T]q,ω, the fractional Hahn integral is defined by


Iq,ωαf(t):=1Γq(α)∫ω0tt−σq,ω(s)q,ωα−1̲f(s)dq,ωs=[t(1−q)−ω]Γq(α)∑n=0∞qnt−σq,ωn+1(t)q,ωα−1̲fσq,ωn(t),








and (Iq,ω0f)(t)=f(t).





Definition 4.

Letting α,ω>0,q∈(0,1) and f be defined on [ω0,T]q,ω, the fractional Hahn difference of the Caputo type of order α is defined by


CDq,ωαf(t):=(Iq,ωN−αDq,ωNf)(t)=1Γq(N−α)∫ω0tt−σq,ω(s)q,ωN−α−1̲Dq,ωNf(s)dq,ωs,








and CDq,ω0f(t)=f(t), where N−1<α≤N,N∈N.





Lemma 4.

Let α>0,q∈(0,1),ω>0 and f:Iq,ωT→R. Then,


Iq,ωαCDq,ωαf(t)=f(t)+C0+C1(t−ω0)+…+CN−1(t−ω0)N−1,








for some Ci∈R,i∈{0,1,…,N−1} and N−1<α≤N,N∈N.





We provide the next lemma for simplify calculating the result.



Lemma 5.

Letting α,β>0,p,q∈(0,1) and ω>0,


∫ω0tt−σq,ω(s)q,ωα−1̲(s−ω0)q,ωβ̲dq,ωs=(t−ω0)α+βBq(β+1,α),∫ω0t∫ω0xt−σp,ω(x)p,ωα−1̲x−σq,ω(s)q,ωβ−1̲dq,ωsdp,ωx=(t−ω0)α+β[β]qBp(β+1,α).













In order to study the existence and uniqueness results of solution of the nonlinear problem (1), we first consider the linear variant of problem (1) and its solution in the following lemma.



Lemma 6.

Let ω>0,q∈(0,1), for i=1,2αi∈(1,2],θi∈(0,1], λi∈R+,hi,gi∈CIq,ωT,R be given functions; ϕi:CIq,ωT,R×CIq,ωT,R→R be given functionals. Then, the problem


CDq,ωα1u1(t)=h1(t),CDq,ωα2u2(t)=h2(t),t∈Iq,ωT,u1(ω0)=ϕ1(u1,u2),u1(T)=λ2Iq,ωθ2g2(η2)u2(η2),η2∈Iq,ωT−{ω0,T},u2(ω0)=ϕ2(u1,u2),u2(T)=λ1Iq,ωθ1g1(η1)u2(η1),η1∈Iq,ωT−{ω0,T},



(3)




has the unique solution


u1(t)=(t−ω0){λ1ΛΓq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)α1−1×P(h1,h2)dq,ωs−λ2ΛΓq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)×(s−ω0)α2−1Q(h1,h2)dq,ωs}+ϕ1(u1,u2)+1Γq(α1)∫ω0t(t−σq,ω(s))q,ωα1−1̲h1(s)dq,ωs,



(4)






u2(t)=(t−ω0)(T−ω0)α2−1ΛP(h1,h2)−(T−ω0)α1−1ΛQ(h1,h2)+ϕ2(u1,u2)+1Γq(α2)∫ω0t(t−σq,ω(s))q,ωα2−1̲h2(s)dq,ωs,



(5)




where


Λ=λ2(T−ω0)Γq(α2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)(s−ω0)dq,ωs−λ1(T−ω0)Γq(α1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)dq,ωs,



(6)




and


P(h1,h2)=ϕ1(u1,u2)−λ2ϕ2(u1,u2)Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)dq,ωs+1Γq(α1)∫ω0T(T−σq,ω(s))q,ωα1−1̲h1(s)dq,ωs−λ2Γq(α2)Γq(θ2)×∫ω0η2∫ω0ξ(η2−σq,ω(ξ))q,ωθ2−1̲(ξ−σq,ω(s))q,ωα2−1̲g2(s)h2(s)dq,ωsdq,ωξ,



(7)






Q(h1,h2)=ϕ2(u1,u2)−λ1ϕ1(u1,u2)Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)dq,ωs+1Γq(α2)∫ω0T(T−σq,ω(s))q,ωα2−1̲h2(s)dq,ωs−λ1Γq(α1)Γq(θ1)×∫ω0η1∫ω0ξ(η1−σq,ω(ξ))q,ωθ1−1̲(ξ−σq,ω(s))q,ωα1−1̲g1(s)h1(s)dq,ωsdq,ωξ.



(8)









Proof. 

For i,j∈{1,2} and i≠j, by using Lemma 4 and the fractional Hahn integral of order α for (3), we have


ui(t)=C1i(t−ω0)+C2i+1Γq(αi)∫ω0t(t−σq,ω(s))q,ωαi−1̲hi(s)dq,ωs,t∈Iq,ωT.



(9)




Using the boundary condition (3), we find that


C2i=ϕi(u1,u2).



(10)




Therefore,


ui(t)=C1i(t−ω0)+ϕi(u1,u2)+1Γq(αi)∫ω0t(t−σq,ω(s))q,ωαi−1̲hi(s)dq,ωs.



(11)




Taking the fractional Hahn integral of order 0<θi≤1 for (11), we get


Iq,ωθiui(t)=C1iΓq(θi)∫ω0t(t−σq,ω(s))q,ωθi−1̲(s−ω0)dq,ωs+ϕi(u1,u2)Γq(θi)∫ω0t(t−σq,ω(s))q,ωθi−1̲dq,ωs+1Γq(θi)Γq(αi)∫ω0t∫ω0ξ(t−σq,ω(ξ))q,ωθi−1̲(ξ−σq,ω(s))q,ωαi−1̲h(s)dq,ωsdq,ωξ



(12)




for t∈Iq,ωT. From the boundary condition (3), we have


C11(T−ω0)+ϕ1(u1,u2)+1Γq(α1)∫ω0T(T−σq,ω(s))q,ωα1−1̲h1(s)dq,ωs=λ2C12Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)(s−ω0)dq,ωs+λ2ϕ2(u1,u2)Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)dq,ωs+λ2Γq(α2)Γq(θ2)∫ω0η2∫ω0ξ(η2−σq,ω(ξ))q,ωθ2−1̲(ξ−σq,ω(s))q,ωα2−1̲g2(s)h(s)dq,ωsdq,ωξ,



(13)




and


C12(T−ω0)+ϕ2(u1,u2)+1Γq(α2)∫ω0T(T−σq,ω(s))q,ωα2−1̲h2(s)dq,ωs=λ1C11Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)dq,ωs+λ1ϕ1(u1,u2)Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)dq,ωs+λ1Γq(α1)Γq(θ1)∫ω0η1∫ω0ξ(η1−σq,ω(ξ))q,ωθ1−1̲(ξ−σq,ω(s))q,ωα1−1̲g1(s)h(s)dq,ωsdq,ωξ.



(14)




Finally, the constants C11 and C12 are investigated by solving the system of Equations (13) and (14) as


C11=λ1ΛΓq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)P(h1,h2)dq,ωs−λ2ΛΓq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)(s−ω0)Q(h1,h2)dq,ωs,








and


C12=(T−ω0)ΛP(h1,h2)−(T−ω0)ΛQ(h1,h2),








where Λ,P(h1,h2) and Q(h1,h2) are defined as Equations (8)–(10), respectively.



Substituting C11 and C12 into (11), we then obtain (4) and (5). □






3. Existence and Uniqueness Result


In this section, we aim to prove the existence result for Problems (1) and (2). Here, we let E:CIq,ωT,R be the Banach space for all continuous functions on Iq,ωT, and clearly that the product space C=E×E is the Banach space. We set the spaces


Ci=(u1,u2)∈C:CDq,ωβiui(t)∈E,t∈Iq,ωT, i∈{1,2}.








Define the norm as follows:


∥(u1,u2)∥Ci=∥CDq,ωβiui∥+∥uj∥; i,j∈{1,2}, i≠j,








where ∥CDq,ωβiui∥=maxt∈Iq,ωT|CDq,ωβiui(t)| and ∥uj∥=maxt∈Iq,ωT|uj(t)|.



Obviously, the space C1∩C2,∥(u1,u2)∥C1∩C2 is also the Banach space with the norm


∥(u1,u2)∥C1∩C2=max∥(u1,u2)∥C1,∥(u1,u2)∥C2.








Next, we let U=C1∩C2 and we define the operator T:U→U by


T(u1,u2)(t)=T1(u1,u2)(t),T2(u1,u2)(t),



(15)




and


(T1(u1,u2))(t)=(t−ω0)Λ{λ1Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)Pu(F1*,F2*)dq,ωs−λ2Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)(s−ω0)Qu(F1*,F2*)dq,ωs}+ϕ1(u1,u2)+1Γq(α1)∫ω0t(t−σq,ω(s))q,ωα1−1̲F1*(s,u)dq,ωs,



(16)






(T2(u1,u2))(t)=(t−ω0)Λ(T−ω0)Pu(F1*,F2*)−(T−ω0)Qu(F1*,F2*)+ϕ2(u1,u2)+1Γq(α2)∫ω0t(t−σq,ω(s))q,ωα2−1̲F2*(s,u)dq,ωs,



(17)




where Λ is defined as (7), and the functionals Pu(F1*,F2*),Qu(F1*,F2*) defined by


Pu(F1*,F2*)=ϕ1(u1,u2)−λ2ϕ2(u1,u2)Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)dq,ωs+1Γq(α1)∫ω0T(T−σq,ω(s))q,ωα1−1̲F1*(s,u)dq,ωs−λ2Γq(α2)Γq(θ2)×∫ω0η2∫ω0ξ(η2−σq,ω(ξ))q,ωθ2−1̲(ξ−σq,ω(s))q,ωα2−1̲g2(s)F2*(s,u)dq,ωsdq,ωξ,



(18)






Qu(F1*,F2*)=ϕ2(u1,u2)−λ1ϕ1(u1,u2)Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)dq,ωs+1Γq(α2)∫ω0T(T−σq,ω(s))q,ωα2−1̲F2*(s,u)dq,ωs−λ1Γq(α1)Γq(θ1)×∫ω0η1∫ω0ξ(η1−σq,ω(ξ))q,ωθ1−1̲(ξ−σq,ω(s))q,ωα1−1̲g1(s)F1*(s,u)dq,ωsdq,ωξ,



(19)




with


F1*(s,u)=F1s,CDq,ωβ1u1(s),u2(t)andF2*(s,u)=F2s,u1(t),CDq,ωβ2u2(s).








We note that Problems (1) and (2) have solutions if and only if the operator T has fixed points.



Theorem 1.

For each i,j∈{1,2};i≠j, we assume that Fi∈CIq,ωT×R×R,R and ϕi:CIq,ωT,R×CIq,ωT,R→R are given functionals. Suppose

	(H1)

	
There exist constants M1,M2,N1,N2>0 such that, for each t∈Iq,ωT,


|Fit,CDq,ωβiui,uj−Fit,CDq,ωβivi,vj|≤Mi|CDq,ωβiui−CDq,ωβivi|+Nj|uj−vj|.












	(H2)

	
There exist constants K1,K2,L1,L2>0 such that, for each (u1,u2),(v1,v2)∈U,


|ϕ1(u1,u2)−ϕ1(v1,v2)|≤K1∥u1−v1∥+K2∥u2−v2∥,and|ϕ2(u1,u2)−ϕ2(v1,v2)|≤L1∥u1−v1∥+L2∥u2−v2∥.












	(H3)

	
gi<gi(t)<Gi for each t∈Iq,ωT.









Then, Problems (1) and (2) have a unique solution provided that


χ:=maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+maxL2Θ1+K2Θ2+N2Θ4,M1Θ4+maxK1Θ˜1+L1Θ˜2+N1Θ˜4,M2Θ˜4+maxK2Θ˜1+L2Θ˜2+N2Θ˜3,M1Θ˜3<1,








where


|Λ|=min{g1,g2}(T−ω0)|λ2(η2−ω0)θ2+1Γq(θ2)Γq(α2)Γq(θ2+2)−λ1((η1−ω0)θ1+1Γq(θ1)Γq(α1)Γq(θ1+2)|,



(20)






Θ1=λ2G2(T−ω0)(η2−ω0)θ2|Λ|Γq(θ2+1)η2−ω0[θ2+1]q+λ1G1(η1−ω0)θ1+1Γq(θ1+2),



(21)






Θ2=1+λ1G1(T−ω0)(η1−ω0)θ1|Λ|Γq(θ1+1)λ2G2(η2−ω0)θ2+1Γq(θ2+2)+η1−ω0[θ1+1]q,



(22)






Θ3=λ2G2(T−ω0)(η2−ω0)θ2|Λ|×(T−ω0)α2(η2−ω0)|Λ|Γq(α2+1)Γq(θ2+2)+λ1G1(η1−ω0)θ1+1(η2−ω0)α2Γq(θ1+2)Γq(α2+θ2+1),



(23)






Θ4=(T−ω0)α1Γq(α1+1)+λ1G1(T−ω0)(η1−ω0)θ1|Λ|×λ2G2(η2−ω0)θ2+1(η1−ω0)α1Γq(θ2+2)Γq(α1+θ1+1)+(T−ω0)α1(η1−ω0)Γq(α1+1)Γq(θ1+2),



(24)






Θ˜1=(T−ω0)2|Λ|1+λ1G1(η1−ω0)θ1Γq(θ1+1),



(25)






Θ˜2=1+(T−ω0)2|Λ|1+λ2G2(η2−ω0)θ2Γq(θ2+1),



(26)






Θ˜3=(T−ω0)2|Λ|(T−ω0)α1Γq(α1+1)+λ1G1(η1−ω0)α1+θ1Γq(α1+θ1+1),



(27)






Θ˜4=(T−ω0)α2Γq(α2+1)+(T−ω0)2|Λ|(T−ω0)α2Γq(α2+1)Γq(θ1+2)+λ2G2(η2−ω0)α2+θ2Γq(α2+θ2+1).



(28)









Proof. 

The goal is to prove that T is a contraction mapping. Letting t∈Iq,ωT and (u1,u2),(v1,v2)∈U, we obtain


|Pu(F1*,F2*)−Pv(F1*,F2*)|≤|ϕ1(u1,u2)−ϕ1(v1,v2)|+λ2Γq(θ2)|ϕ2(u1,u2)−ϕ2(v1,v2)|∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)dq,ωs+1Γq(α1)∫ω0T(T−σq,ω(s))q,ωα1−1̲|F1*(s,u)−F1*(s,v)|dq,ωs+λ2Γq(α2)Γq(θ2)×∫ω0η2∫ω0ξ(η2−σq,ω(ξ))q,ωθ2−1̲(ξ−σq,ω(s))q,ωα2−1̲g2(s)|F2*(s,u)−F2*(s,v)|dq,ωsdq,ωξ,≤K1∥u1−v1∥+K2∥u2−v2∥+L1∥u1−v1∥+L2∥u2−v2∥λ2G2(η2−ω0)θ2Γq(θ2+1)+M1|CDq,ωβ1u1−CDq,ωβ1v1|+N2|u2−v2|(T−ω0)α1Γq(α1+1)+M2|CDq,ωβ2u2−CDq,ωβ2v2|+N1|u1−v1|λ2G2(η2−ω0)α2+θ2Γq(α2+θ2+1),



(29)




and


|Qu(F1*,F2*)−Qv(F1*,F2*)|≤|ϕ2(u1,u2)−ϕ2(v1,v2)|+λ1Γq(θ1)|ϕ1(u1,u2)−ϕ1(v1,v2)|∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)dq,ωs+1Γq(α2)∫ω0T(T−σq,ω(s))q,ωα2−1̲|F2*(s,u)−F2*(s,v)|dq,ωs+λ1Γq(α1)Γq(θ1)×∫ω0η1∫ω0ξ(η1−σq,ω(ξ))q,ωθ1−1̲(ξ−σq,ω(s))q,ωα1−1̲g1(s)|F1*(s,u)−F1*(s,v)|dq,ωsdq,ωξ≤L1∥u1−v1∥+L2∥u2−v2∥+λ1G1(η1−ω0)θ1Γq(θ1+1)K1∥u1−v1∥+K2∥u2−v2∥+M2|CDq,ωβ2u2−CDq,ωβ2v2|+N1|u1−v1|(T−ω0)α2Γq(α2+1)+M1|CDq,ωβ1u1−CDq,ωβ1v1|+N2|u2−v2|λ1G1(η1−ω0)α1+θ1Γq(α1+θ1+1).



(30)




From (29) and (30), we find that


|T1(u1,u2)(t)−T1(v1,v2)(t)|≤(t−ω0)|Λ|{λ1G1Γq(θ1)|Pu(F1*,F2*)−Pv(F1*,F2*)|∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲(s−ω0)dq,ωs+λ2G2Γq(θ2)|Qu(F1*,F2*)−Qv(F1*,F2*)|∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲(s−ω0)dq,ωs}+K1∥u1−v1∥+K2∥u2−v2∥+M1|CDq,ωβ1u1−CDq,ωβ1v1|+N2|u2−v2|(t−ω0)α1Γq(α1+1)≤L1∥u1−v1∥+L2∥u2−v2∥λ2G2(T−ω0)(η2−ω0)θ2|Λ|Γq(θ2+1)η2−ω0[θ2+1]q+λ1G1(η1−ω0)θ1+1Γq(θ1+2)+K1∥u1−v1∥+K2∥u2−v2∥×1+λ1G1(T−ω0)(η1−ω0)θ1|Λ|Γq(θ1+1)λ2G2(η2−ω0)θ2+1Γq(θ2+2)+η1−ω0[θ1+1]q+M2|CDq,ωβ2u2−CDq,ωβ2v2|+N1|u1−v1|λ2G2(T−ω0)(η2−ω0)θ2|Λ|×(T−ω0)α2(η2−ω0)|Λ|Γq(α2+1)Γq(θ2+2)+λ1G1(η1−ω0)θ1+1(η2−ω0)α2Γq(θ1+2)Γq(α2+θ2+1)+M1|CDq,ωβ1u1−CDq,ωβ1v1|+N2|u2−v2|{(T−ω0)α1Γq(α1+1)+λ1G1(T−ω0)(η1−ω0)θ1|Λ|×λ2G2(η2−ω0)θ2+1(η1−ω0)α1Γq(θ2+2)Γq(α1+θ1+1)+(T−ω0)α1(η1−ω0)Γq(α1+1)Γq(θ1+2)}.=∥u1−v1∥L1Θ1+K1Θ2+N1Θ3+|CDq,ωβ2u2−CDq,ωβ2v2|M2Θ3+∥u2−v2∥L2Θ1+K2Θ2+N2Θ4+|CDq,ωβ1u1−CDq,ωβ1v1|M1Θ4≤∥u1−v1∥+|CDq,ωβ2u2−CDq,ωβ2v2|maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+∥u2−v2∥+|CDq,ωβ1u1−CDq,ωβ1v1|maxL2Θ1+K2Θ2+N2Θ4,M1Θ4≤∥u2−v2∥C2maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+∥u1−v1∥C1maxL2Θ1+K2Θ2+N2Θ4,M1Θ4.



(31)




Therefore, it implies that


∥T1(u1,u2)−T1(v1,v2)∥≤∥(u1−v1,u2−v2)∥U[maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+maxL2Θ1+K2Θ2+N2Θ4,M1Θ4].



(32)




Next, taking the Caputo fractional Hahn difference of order 0<β1≤1 for (16), we have


CDq,ωβ1(T1(u1,u2))(t)=1|Λ|{λ1Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)Pu(F1*,F2*)dq,ωs−λ2Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)(s−ω0)Qu(F1*,F2*)dq,ωs}+ϕ1(u1,u2)+1Γq(1−β1)Γq(α1)∫ω0t(t−σq,ω(ξ))q,ωβ1̲CDq,ωβ1∫ω0ξ(ξ−σq,ω(s))q,ωα1−1̲F1*(s,u)dq,ωsdq,ωξ.



(33)




Hence,


|CDq,ωβ1(T1(u1,u2))(t)−CDq,ωβ1(T1(v1,v2))(t)|<∥u2−v2∥C2maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+∥u1−v1∥C1maxL2Θ1+K2Θ2+N2Θ4,M1Θ4.



(34)




It implies that


∥CDq,ωβ1T1(u1,u2)−CDq,ωβ1T1(v1,v2)∥<∥(u1−v1,u2−v2)∥U[maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+maxL2Θ1+K2Θ2+N2Θ4,M1Θ4].



(35)




Similarly, we obtain


∥T2(u1,u2)−T2(v1,v2)∥≤∥(u1−v1,u2−v2)∥U[maxK1Θ˜1+L1Θ˜2+N1Θ˜4,M2Θ˜4+maxK2Θ˜1+L2Θ˜2+N2Θ˜3,M1Θ˜3]



(36)




and


∥CDq,ωβ2T2(u1,u2)−CDq,ωβ2T2(v1,v2)∥<∥(u1−v1,u2−v2)∥U[maxK1Θ˜1+L1Θ˜2+N1Θ˜4,M2Θ˜4+maxK2Θ˜1+L2Θ˜2+N2Θ˜3,M1Θ˜3].



(37)




From (35) and (36), we can state that


∥T1(u1,u2)−T1(v1,v2)∥C1<∥(u1−v1,u2−v2)∥U[maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+maxL2Θ1+K2Θ2+N2Θ4,M1Θ4+maxK1Θ˜1+L1Θ˜2+N1Θ˜4,M2Θ˜4+maxK2Θ˜1+L2Θ˜2+N2Θ˜3,M1Θ˜3]<χ∥(u1−v1,u2−v2)∥U.



(38)




Similarly, by (32) and (37), we have


∥T1(u1,u2)−T1(v1,v2)∥C2<χ∥(u1−v1,u2−v2)∥U.



(39)




Therefore, by (38) and (39), we can conclude that


∥T(u1,u2)−T(v1,v2)∥U<χ∥(u1−v1,u2−v2)∥U.



(40)




Since χ<1, T is a contraction mapping, from the Banach fixed point theorem, we can conclude that the operator T has a fixed point. Therefore, Problems (1) and (2) have a unique solution. □






4. Existence of at Least One Solution


In this section, we further present the existence of at least one solution to (1) and (2) by using Schauder’s fixed point theorem.



Theorem 2.

Suppose that (H1)–(H3) hold. Then, Problem (2) has at least one solution on Iq,ωT.





Proof. 

We divide the proof into three steps as follows



Step I. Verify that T map bounded sets into bounded sets in BR={(u1,u2)∈U:∥(u1,u2)∥U≤R}. We let maxt∈Iq,ωT|Fi(t,0,0)|=Ai,sup(u1,u2)∈U|ϕi(u1,u2)|=Bi for i=1,2 and choose a constant


R≥B1(Θ1+Θ2)+B2(Θ1+Θ2)1−Φ,



(41)




where Θi,Θ˜i,i=1,2,3,4 are defined as (21)–(28), respectively, and Φ is defined by


Φ:=maxN1Θ3,M2Θ3+maxN2Θ4,M1Θ4+maxN1Θ˜4,M2Θ˜4+maxN2Θ˜3,M1Θ˜3.



(42)




Here, we assume that


|F1**(s,0)|=|F1s,CDq,ωβ1u1(s),u2(t)−F1(s,0,0)|+|F1(s,0,0)|and|F2**(s,0)|=|F2s,u1(t),CDq,ωβ2u2(s)−F2(s,0,0)|+|F2(s,0,0)|.








For each t∈Iq,ωT and (u1,u2)∈BR, we obtain


|Pu(F1*,F2*)|≤B1+B2λ2G2(η2−ω0)θ2Γq(θ2+1)+M1|CDq,ωβ1u1|+N2|u2|+A1(T−ω0)α1Γq(α1+1)+M2|CDq,ωβ2u2|+N1|u1|+A2λ2G2(η2−ω0)α2+θ2Γq(α2+θ2+1),



(43)




and


|Qu(F1*,F2*)−Qv(F1*,F2*)|≤B2+B1λ1G1(η1−ω0)θ1Γq(θ1+1)+M2|CDq,ωβ2u2|+N1|u1|+A2(T−ω0)α2Γq(α2+1)+M1|CDq,ωβ1u1|+N2|u2|+A1λ1G1(η1−ω0)α1+θ1Γq(α1+θ1+1).



(44)




From (43) and (44), we find that


|T1(u1,u2)(t)|≤B2λ2G2(T−ω0)(η2−ω0)θ2|Λ|Γq(θ2+1)(η2−ω0)[θ2+1]q+λ1G1(η1−ω0)θ1+1Γq(θ1+2)+B11+λ1G1(T−ω0)(η1−ω0)θ1|Λ|Γq(θ1+1)λ2G2(η2−ω0)θ2+1Γq(θ2+2)+η1−ω0[θ1+1]q+M2|CDq,ωβ2u2|+N1|u1|+A2λ2G2(T−ω0)(η2−ω0)θ2|Λ|×(T−ω0)α2(η2−ω0)|Λ|Γq(α2+1)Γq(θ2+2)+λ1G1(η1−ω0)θ1+1(η2−ω0)α2Γq(θ1+2)Γq(α2+θ2+1)+M1|CDq,ωβ1u1|+N2|u2|+A1{(T−ω0)α1Γq(α1+1)+λ1G1(T−ω0)(η1−ω0)θ1|Λ|×λ2G2(η2−ω0)θ2+1(η1−ω0)α1Γq(θ2+2)Γq(α1+θ1+1)+(T−ω0)α1(η1−ω0)Γq(α1+1)Γq(θ1+2)}.=|u1|N1Θ3+|CDq,ωβ2u2|M2Θ3+|u2|N2Θ4+|CDq,ωβ1u1|M1Θ4+B2Θ1+B1Θ2≤|u1|+|CDq,ωβ2u2|maxN1Θ3,M2Θ3+|u2|+|CDq,ωβ1u1|maxN2Θ4,M1Θ4+B2Θ1+B1Θ2≤∥u2∥C2maxN1Θ3,M2Θ3+∥u1∥C1maxN2Θ4,M1Θ4+B2Θ1+B1Θ2≤∥(u1,u2)∥UmaxN1Θ3,M2Θ3+maxN2Θ4,M1Θ4+B2Θ1+B1Θ2.



(45)




Similarly to Theorem 1, we obtain


|CDq,ωβ1T1(u1,u2)(t)|<∥(u1,u2)∥UmaxN1Θ3,M2Θ3+maxN2Θ4,M1Θ4+B2Θ1+B1Θ2.



(46)




Furthermore, we have


∥T2(u1,u2)∥≤∥(u1,u2)∥UmaxN1Θ˜4,M2Θ˜4+maxN2Θ˜3,M1Θ˜3+B1Θ1+B2Θ2,



(47)




and


∥CDq,ωβ2T2(u1,u2)∥<∥(u1,u2)∥UmaxN1Θ˜4,M2Θ˜4+maxN2Θ˜3,M1Θ˜3+B1Θ1+B2Θ2.



(48)




From (46) and (47), we can show that


∥T1(u1,u2)∥C1<∥(u1,u2)∥U[maxN1Θ3,M2Θ3+maxN2Θ4,M1Θ4+maxN1Θ˜4,M2Θ˜4+maxN2Θ˜3,M1Θ˜3]+B1(Θ1+Θ2)+B2(Θ1+Θ2).



(49)




Similarly, from (45) and (48), we have


∥T2(u1,u2)∥C2<∥(u1,u2)∥U[maxN1Θ3,M2Θ3+maxN2Θ4,M1Θ4+maxN1Θ˜4,M2Θ˜4+maxN2Θ˜3,M1Θ˜3]+B1(Θ1+Θ2)+B2(Θ1+Θ2).



(50)




Therefore, from (49) and (50), we can conclude that


∥T(u1,u2)∥U<∥(u1,u2)∥U[maxN1Θ3,M2Θ3+maxN2Θ4,M1Θ4+maxN1Θ˜4,M2Θ˜4+maxN2Θ˜3,M1Θ˜3]+B1(Θ1+Θ2)+B2(Θ1+Θ2)=∥(u1,u2)∥UΦ+B1(Θ1+Θ2)+B2(Θ1+Θ2).



(51)




From (51), we get ∥T(u1,u2)∥U≤R. Therefore, T is uniformly bounded.



Step II. Show that T is continuous on BR.



Letting ϵ>0, there exists δ=max{δ1,δ2,δ3,δ4}>0 such that, for each t∈Iq,ωT and (u1,u2),(v1,v2)∈BR with


F1*(t,u)−F1*(t,v)<minϵ8Θ4,ϵ8Θ˜4,








whenever u2=v2+CDq,ωβ1u1−CDq,ωβ1v1<δ1,


F2*(t,u)−F2*(t,v)<minϵ8Θ3,ϵ8Θ˜3,








whenever u1=v1+CDq,ωβ1u2−CDq,ωβ1v2<δ2,


ϕ1(u1,u2)−ϕ1(v1,v2)<minϵ8Θ2,ϵ8Θ˜2,








whenever maxu1−u2,v1−v2<δ3,


ϕ2(u1,u2)−ϕ2(v1,v2)<minϵ8Θ1,ϵ8Θ˜1,








whenever maxu1−u2,v1−v2<δ4.



Consider


|Pu(F1*,F2*)−Pv(F1*,F2*)|≤ϕ1(u1,u2)−ϕ1(v1,v2)+ϕ2(u1,u2)−ϕ2(v1,v2)λ2G2(η2−ω0)θ2Γq(θ2+1)+F1*(t,u)−F1*(t,v)(T−ω0)α1Γq(α1+1)+F2*(t,u)−F2*(t,v)λ2G2(η2−ω0)α2+θ2Γq(α2+θ2+1),



(52)




and


|Qu(F1*,F2*)−Qv(F1*,F2*)|≤ϕ2(u1,u2)−ϕ2(v1,v2)+λ1G1(η1−ω0)θ1Γq(θ1+1)ϕ1(u1,u2)−ϕ1(v1,v2)+F2*(t,u)−F2*(t,v)(T−ω0)α2Γq(α2+1)+F1*(t,u)−F1*(t,v)λ1G1(η1−ω0)α1+θ1Γq(α1+θ1+1).



(53)







From (52) and (53), we find that


|T1(u1,u2)(t)−T1(v1,v2)(t)|≤ϕ2(u1,u2)−ϕ2(v1,v2)λ2G2(T−ω0)(η2−ω0)θ2|Λ|Γq(θ2+1)η2−ω0[θ2+1]q+λ1G1(η1−ω0)θ1+1Γq(θ1+2)+ϕ1(u1,u2)−ϕ1(v1,v2)×1+λ1G1(T−ω0)(η1−ω0)θ1|Λ|Γq(θ1+1)λ2G2(η2−ω0)θ2+1Γq(θ2+2)+η1−ω0[θ1+1]q+F2*(t,u)−F2*(t,v)λ2G2(T−ω0)(η2−ω0)θ2|Λ|×(T−ω0)α2(η2−ω0)|Λ|Γq(α2+1)Γq(θ2+2)+λ1G1(η1−ω0)θ1+1(η2−ω0)α2Γq(θ1+2)Γq(α2+θ2+1)+F1*(t,u)−F1*(t,v){(T−ω0)α1Γq(α1+1)+λ1G1(T−ω0)(η1−ω0)θ1|Λ|×λ2G2(η2−ω0)θ2+1(η1−ω0)α1Γq(θ2+2)Γq(α1+θ1+1)+(T−ω0)α1(η1−ω0)Γq(α1+1)Γq(θ1+2)}.



(54)







Therefore, it implies that


∥T1(u1,u2)−T1(v1,v2)∥≤ϕ2(u1,u2)−ϕ2(v1,v2)Θ1+ϕ1(u1,u2)−ϕ1(v1,v2)Θ2+F2*(t,u)−F2*(t,v)Θ3+F1*(t,u)−F1*(t,v)Θ4<ϵ8+ϵ8+ϵ8+ϵ8=ϵ2.



(55)







Similarly to the above proof and Theorem 1, we obtain


∥CDq,ωβ1T1(u1,u2)−CDq,ωβ1T1(v1,v2)∥<ϕ2(u1,u2)−ϕ2(v1,v2)Θ1+ϕ1(u1,u2)−ϕ1(v1,v2)Θ2+F2*(t,u)−F2*(t,v)Θ3+F1*(t,u)−F1*(t,v)Θ4<ϵ8+ϵ8+ϵ8+ϵ8=ϵ2,



(56)






∥T2(u1,u2)−T2(v1,v2)∥≤ϕ2(u1,u2)−ϕ2(v1,v2)Θ˜1+ϕ1(u1,u2)−ϕ1(v1,v2)Θ˜2+F2*(t,u)−F2*(t,v)Θ˜3+F1*(t,u)−F1*(t,v)Θ˜4<ϵ8+ϵ8+ϵ8+ϵ8=ϵ2,



(57)




and


∥CDq,ωβ2T2(u1,u2)−CDq,ωβ12T2(v1,v2)∥<ϕ2(u1,u2)−ϕ2(v1,v2)Θ˜1+ϕ1(u1,u2)−ϕ1(v1,v2)Θ˜2+F2*(t,u)−F2*(t,v)Θ˜3+F1*(t,u)−F1*(t,v)Θ˜4<ϵ8+ϵ8+ϵ8+ϵ8=ϵ2.



(58)







From (56) and (57), we can show that


∥T1(u1,u2)−T1(v1,v2)∥C1=∥CDq,ωβ1T1(u1,u2)−CDq,ωβ1T1(v1,v2)∥+∥T2(u1,u2)−T2(v1,v2)∥<ϵ2+ϵ2=ϵ.



(59)







Similarly, from (55) and (58), we have


∥T2(u1,u2)−T2(v1,v2)∥C1=∥CDq,ωβ2T2(u1,u2)−CDq,ωβ2T2(v1,v2)∥+∥T1(u1,u2)−T1(v1,v2)∥<ϵ2+ϵ2=ϵ.



(60)







Therefore, from (59) and (60), we can conclude that ∥T(u1,u2)T(v1,v2)∥U<ϵ. This means that T is continuous on BR.



Step III. For this step, we prove that T is equicontinuous with BR. For any t1,t2∈Iq,ωT with t1<t2, we have


|(T1(u1,u2))(t2)−(T1(u1,u2))(t1)|≤|t2−t1||Λ|{λ1Γq(θ1)∫ω0η1(η1−σq,ω(s))q,ωθ1−1̲g1(s)(s−ω0)Pu(F1*,F2*)dq,ωs+λ2Γq(θ2)∫ω0η2(η2−σq,ω(s))q,ωθ2−1̲g2(s)(s−ω0)Qu(F1*,F2*)dq,ωs}+∥F1*∥Γq(α1+1)|(t2−ω0)α1−(t1−ω0)α1|,



(61)




and


|CDq,ωβ1(T1(u1,u2))(t2)−CDq,ωβ1(T1(v1,v2))(t1)|≤∥F1*∥Γq(β1)Γq(1−β1)Γq(α1+β1)|(t2−ω0)α1+β1−(t1−ω0)α1+β1|.



(62)







Furthermore, by (61) and (62), we have


|(T2(u1,u2))(t2)−(T2(u1,u2))(t1)|=|t2−t1||Λ|(T−ω0)Pu(F1*,F2*)−(T−ω0)Qu(F1*,F2*)+ϕ2(u1,u2)+∥F2*∥Γq(α2+1)|(t2−ω0)α2−(t1−ω0)α2|,



(63)




and


|CDq,ωβ1(T2(u1,u2))(t2)−CDq,ωβ1(T2(v1,v2))(t1)|≤∥F2*∥Γq(β2)Γq(1−β12)Γq(α2+β2)|(t2−ω0)α2+β2−(t1−ω0)α2+β2|.



(64)




When |t2−t1|→0, the right-hand side of inequalities (61) and (64) tends be zero. Thus, T is relatively compact on BR.



Therefore, G(BR) is an equicontinuous set. From the result of Steps I to III together with the Arzelá–Ascoli theorem, we find that T:U→U is completely continuous. Therefore, we can conclude from the Schauder fixed point theorem that Problems (1) and (2) have at least one solution. □






5. Example


In this section, we provide some examples to show the applicability of our results. Consider the system of fractional Hahn difference equations


CD13,232u1(t)=sin2πt(100+t)3·|u2(t)|2+|u2(t)|+e−2t(20+t)3CD13,214u1(t),CD13,243u2(t)=cos2πt(200+t)2·|u1(t)|3+|u1(t)|+e−2|sinπt+10|(10+t)3CD13,223u2(t),t∈3,1013,2,u13=cos2|πu1|(100π)3|u1|+e|u2|=12I13,213[200π+20sin2πt]u225081,u23=sin2|πu2|(100e)3|u1|+π|u2|=23I13,234[100e+10cos2πt]u1349.



(65)







Here, we set q=13,ω=2,ω0=ω1−q=3,α1=32,α2=43,β1=14,β2=23,γ1=23,γ2=12,θ1=34,θ2=13,T=10,η1=10132+2[2]13=349,η2=10134+2[4]13=25081, g1(t)=200π+20sin2πt,g2(t)=100e+10cos2πt,ϕ1(u1,u2)=cos2|πu1|(100π)3|u1|+e|u2|,ϕ2(u1,u2)=sin2|πu2|(100e)3|u1|+π|u2| and


F1t,u2(t),CDq,ωβ1u1(t)=sin2πt(100+t)3·|u2(t)|2+|u2(t)|+e−2t(20+t)3CD13,214u1(t),F2t,u1(t),CDq,ωβ2u2(t)=cos2πt(200+t)2·|u1(t)|3+|u1(t)|+e−2|sinπt+10|(10+t)3CD13,223u2(t).











For all t∈3,1013,2 and u,v∈R, it is clear that


F1t,u2,CDq,ωβ1u1−F1t,v2,CDq,ωβ1v1≤1e9233|CDq,ωβ1u1−CDq,ωβ1v1|+11033u2−v2,F2t,u1,CDq,ωβ2u2−F2t,u1,CDq,ωβ2v2≤1e11132|CDq,ωβ2u2−CDq,ωβ2v2|+12032u1−v1.











Thus, (H1) holds with M1=1.014×10−8,M2=9.883×10−8 and N1=9.151×10−7,N2=0.0000243.



For all u,v∈C, we have


|ϕ1(u1,u2)−ϕ1(v1,v2)|≤1(100π)3∥u1−v1∥+e(100π)3∥u2−v2∥,|ϕ2(u1,u2)−ϕ2(v1,v2)|≤1(100e)3∥u1−v1∥+π(100e)3∥u2−v2∥.











Thus, (H2) holds with K1=3.225×10−8,K2=8.767×10−8 and L1=1.564×10−7,L2=4.979×10−8.



For all t∈3,1013,2, we have


g1=100e≤g1(t)≤100e+10=G1,andg2=200π≤g2(t)≤200π+20=G2.











Thus, (H3) holds.



In addition, we find that


|Λ|=417.011,Θ1=3.377,Θ2=1.6079,Θ3=0.108,Θ4=20.038,










Θ˜1=0.255,Θ˜2=1.023,Θ˜3=0.119,Θ˜4=12.363.











Then, we find that


χ=maxL1Θ1+K1Θ2+N1Θ3,M2Θ3+maxL2Θ1+K2Θ2+N2Θ4,M1Θ4+maxK1Θ˜1+L1Θ˜2+N1Θ˜4,M2Θ˜4+maxK2Θ˜1+L2Θ˜2+N2Θ˜3,M1Θ˜3=0.00489<1.











Therefore, we can conclude from Theorem 1 that Problem (65) has a unique solution. □




6. Conclusions


We initiate the study of the existence and a unique result of the solution for a Caputo fractional Hahn difference equations with nonlocal fractional Hahn integral boundary conditions. Some conditions are obtained when Banach’s fixed point theorem is used as a tool. In addition, the conditions for the case of at least one solution is obtained by using the Schauder fixed point theorem.
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