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Abstract: The concepts of a positive implicative (€, €)-intuitionistic fuzzy ideal and a positive
implicative falling intuitionistic fuzzy ideal are introduced, and several properties are investigated.
Characterizations of a positive implicative (€, €)-intuitionistic fuzzy ideal are obtained, and relations
between a positive implicative (€, €)-intuitionistic fuzzy ideal and an intuitionistic fuzzy ideal are
discussed. Conditions for an intuitionistic fuzzy ideal to be a positive implicative (€, €)-intuitionistic
fuzzy ideal are provided, and relations between a positive implicative (€, €)-intuitionistic fuzzy
ideal, a falling intuitionistic fuzzy ideal and a positive implicative falling intuitionistic fuzzy ideal are
considered. Conditions for a falling intuitionistic fuzzy ideal to be positive implicative are given.
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1. Introduction

Zadeh introduced the degree of membership/truth (t) in 1965 and defined the fuzzy set. Recently,
Zhang [1] studied the fuzzy set theory of anti-grouped filters and normal filters in pseudo-BCI-algebras.
Atanassov [2] introduced the degree of non-membership/falsehood (f) in 1986 and defined the
intuitionistic fuzzy set. Goodman [3] dealt with the equivalence of a fuzzy set and a class of random
sets in the study of a unified treatment of uncertainty modeling by means of combining probability
and fuzzy set theory. Wang and Sanchez [4,5] introduced the theory of falling shadows, which directly
relates probability concepts with the membership function of fuzzy sets. In fact, the concept of
random sets was firstly introduced by Kendall [6] and Matheron [7]. Using the theory of falling
shadows, Tan et al. [8] constructed a theoretical approach to define fuzzy set operations based on
the theory of falling shadows. Furthermore, Tan et al. [9] discussed a theoretical approach to define
a fuzzy inference relation and showed that the formulae of the fuzzy inference relation given by
Lukasiewicz, Zadeh and the probability formula are consequences of their definition under three
different correlations of the propositions. The theory of falling shadows was applied to d-algebras [10],
Tarski algebras [11], BCK/BCI-algebras [12-15], lattice implication algebras [16], EQ-algebras [17],
MYV-algebras [18], near-rings [19], BL-algebras [20], Rp-algebras [21] and vector spaces [22]. Using
the notion of intuitionistic random set and intuitionistic falling shadow, which was introduced by
Jun et al. [23], the concepts of the falling intuitionistic subalgebra and falling intuitionistic ideal in
BCK/BClI-algebras were introduced, and related properties were investigated in [23]. Jun et al. [23]
discussed relations between the falling intuitionistic ideal and falling intuitionistic subalgebra and
established a characterization of the falling intuitionistic ideal.
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In this paper, we introduce the concepts of a positive implicative (&€, €)-intuitionistic fuzzy ideal
and a positive implicative falling intuitionistic fuzzy ideal, and we investigate several properties.
We obtain characterizations of a positive implicative (€, €)-intuitionistic fuzzy ideal and discuss
relations between a positive implicative (€, €)-intuitionistic fuzzy ideal and an intuitionistic fuzzy ideal.
We provide conditions for an intuitionistic fuzzy ideal to be a positive implicative (&€, €)-intuitionistic
fuzzy ideal and consider relations between a positive implicative (&€, €)-intuitionistic fuzzy ideal, a
falling intuitionistic fuzzy ideal and a positive implicative falling intuitionistic fuzzy ideal. We give
conditions for a falling intuitionistic fuzzy ideal to be positive implicative. Based on our results,
we will try to find a way to solve nonlinear models such as the paper [24]. Furthermore, as future
research topics, we will apply the generalizations of these results to other algebraic systems such as
pseudo-BCl-algebras or neutrosophic triplet groups, etc; see [25-27].

2. Preliminaries

A BCK/BC]I-algebra, which is an important class of logical algebras, was introduced by K. Iséki
(see [28,29]).

A BCl-algebra is defined to be the structure (X, %,0), which satisfies the following conditions
(see [30]):

O (vxy,zeX) ((x*xy)*(xxz) <zxy),

M) (Yxy € X) ((ex (xxy) <),

() (Vx e X) (x <x),

(V) Vx,yeX)(x<y,y<x = x=y)wherex < ymeansxxy = Oforall x,y € X. A BCI-algebra
X with the following identity:

(V) (Vx € X) (0 < x), is called a BCK-algebra. Every BCK/BCI-algebra X has the following
conditions (see [30]).

(Vx € X) (x 0 =x), (1)
(Vx,y,zeX)(x <y = xxz<ysxz,zxy<zxXx), ()
(Vx,y,z € X) ((x*xy) xz = (x*2z) xy), 3)
(Vx,y,z€ X) ((xxz) % (y*z) < xx*y). 4)

We say that a BCK-algebra X is positive implicative (see [30]) if it satisfies the following condition.
(Vx,y,z€ X) ((x*z) % (y*z) = (xxy) x2). )

By a subalgebra of a BCK/BCI-algebra X, we mean a nonempty subset S of X such thatxxy € S
forall x,y € S (see [30]).
By an ideal of a BCK/BCI-algebra X, we mean a subset I of X such that:

0el, (©)
(VxeX)(Vyel)(xxyel = xel). (7)

By a positive implicative ideal of a BCK-algebra X (see [30]), we mean a subset I of X
satisfying (6) and:

(Vx,y,ze X)((x*xy)*xze€Lyxzel = xxzel). 8)

Observe that every positive implicative ideal is an ideal, but the converse is not true (see [30]).
An intuitionistic fuzzy set h = (ha, hg) in a BCK/BCl-algebra X is called an intuitionistic fuzzy
subalgebra of X (see [31]) if it satisfies:
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©)

(Vx,y € X) ( ho(x % y) 2 min{he (x), ha(y) } ) |

hg(x+y) < max{hg(x), hg(y)}

An intuitionistic fuzzy set h = (ha, hg) in a BCK/BCl-algebra X is called an intuitionistic fuzzy
ideal of X (see [31]) if it satisfies:

(Vx € X) ( 1(0) > ha(x),5(0) < hg(x) ) . (10)
(Vx,y € X) ( ha(x) > min{he(x *y), ha(y) } ) _ (11)
hp(x) < max{hg(x xy),hg(y)}

For any «, B € [0,1] and an intuitionistic fuzzy set h = (h,, hﬁ) in a BCK/BCl-algebra X, consider
the following sets:

Uec(ha) = {x € X | ha(x) > a}
and:
Le(hB) = {x € X | hg(x) < B}.
We say Uc (h; &) and Le (h; B) are intuitionistic €-subsets.

3. Positive Implicative (€, €) -Intuitionistic Fuzzy Ideals
Definition 1. An intuitionistic fuzzy set h = (ha, hg) in a BCK-algebra X is called a positive implicative
(€, €)-intuitionistic fuzzy ideal of X if it satisfies the condition (10) and:

(x*xy)*xz€ Uec(hay), y*xz € Ue(lyay) = xxz € Ue(hymin{ay, ay}) (12)
(xxy)*xz € Le(h;Bx), yxz € Le(h; By) = x*z € Le(h;max{By, By})
forall x,y,z € X, (ay, Bx) € [0,1] x [0,1] and (ay, By) € [0,1] x [0,1].

Example 1. Consider a set X = {0,1,2,3,4} with the binary operation *, which is given in Table 1.

117

Table 1. Cayley table for the binary operation

*

= W N = o

= W= oo
= W NOO| M=
LW o oo N
O OO OoO| W
S WINOO|

Then, (X; *, 0) is a BCK-algebra (see [30]). Let h = (ha, hg) be an intuitionistic fuzzy set in X defined by
Table 2.

Table 2. Tabular representation of h = (hy, h /3).

X ha(x)  hg(x)
0 0.8 0.1
1 0.7 0.4
2 0.6 0.4
3 0.4 0.6
4 0.2 0.9
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Routine calculations show that h = (hy, hg) is a positive implicative (€, € )-intuitionistic fuzzy ideal of X.

Theorem 1. For an intuitionistic fuzzy set h = (hy, hg) in a BCK-algebra X, the following are equivalent.

(1) The non-empty €-subsets Uc (h; a) and L (h; B) are positive implicative ideals of X for all a, B € [0,1].
(2) h = (ha, hp) satisfies the condition (10) and:

ho(x % z) > min{hy((x *y) *z), ha(y * 2)}
(Vx,y,2 € X) ( hg(x+z) < max{hg((x *y) *z) V hg(y * z)} > (13)

Proof. Assume that the non-empty €-subsets Uc (h; a) and Le (h; B) are positive implicative ideals of
Xforalla, B € [0,1]. If he(0) < hy(a) for some a € X, thena € Uc(h;hy(a)) and 0 & Uc(h; hy(a)).
This is a contradiction, and so, /14 (0) > hy(x) for all x € X. Suppose that hg(0) > hg(a) for some
a € X. Then,a € Le(h;hg(a)) and O ¢ Le(h; hg(a)). This is a contradiction, and thus, h5(0) < hg(x)
for all x € X. Therefore (10) is valid. Assume that there exist a,b,c € X such that:

hy(axc) <min{hy((a*b)*c), hy(bxc)}.

Taking « := min{h,((a* ) *c), hy(b*c)} implies that (a xb) xc € Uc(h;a) and b x c € Ue(h; ),
buta *c ¢ Ue(h; a), which is a contradiction. Hence:

ho(x % z) > min{hy((x xy) xz), ha(y x2) }

forall x,y,z € X. Now, suppose there are x,y,z € X such that:

hg(x *z) > max{hg((x*y) *z),hg(y *2)} := B.

Then, (x xy) xz € Le(h; B) and y *z € Le(h; B), but x x z ¢ Le(h; B), a contradiction. Thus:

hg(x+z) < max{hg((x*y)*z),hg(y*z)}

forallx,y,z € X.

Conversely, let i = (hy, hg) be an intuitionistic fuzzy set in X satisfying two conditions (10)
and (13). Assume that Uc(h;«) and Le (h; B) are nonempty for a, f € [0,1]. Let x € Ue(h;a) and
u € Le(h; B) for a, B € [0,1]. Then, 14 (0) > ha(x) > a and hg(0) < hg(u) < B by (10). It follows that
0 € Uc(h;a) and 0 € Le(h; B). Leta,b,c € X be such that (a*b) xc € Uc(h;a) and bxc € Uc(h; )
for « € [0,1]. Then:

hy(a*c) > min{hy((a*b) xc),hy(bxc)} > a

by (13), and so, a ¢ € Uc(h;a). Suppose that: (x*y) xz € Le(h;B) and yxz € Le(h; B) for all
x,y,z € Xand B € [0,1]. Then, hg((x *y) xz) < Band hg(y * z) < B, which imply from the condition
(13) that:

hg(x * z) < max{hg((x*y) *z),hg(y xz)} < B.

Hence, x x z € Lc(h; B). Therefore, the non-empty €-subsets Uc (h; ) and Le (h; B) are positive
implicative ideals of X foralla, € [0,1]. O

Theorem 2. Let h = (hy, hg) be an intuitionistic fuzzy set in a BCK-algebra X. Then, h = (hy, hg) is a
positive implicative (€, €)-intuitionistic fuzzy ideal of X if and only if the non-empty intuitionistic €-subsets
Ue (h; w) and Le (h; B) are positive implicative ideals of X for all a, B € [0,1].
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Proof. Let i = (hy, hg) be a positive implicative (€, €)-intuitionistic fuzzy ideal of X, and assume
that Uc(h;a) and Le(h; B) are nonempty for a,f € [0,1]. Then, there exist x,z € X such that
x € Ue(h;a) and z € Le(h; B). It follows from (10) that /1,(0) > ho(x) > a and hg(0) < hg(x) < B.
Hence, 0 € Uc(h;a) and 0 € Le(h;B). Let x,y,z,u,v,w € X be such that (xxy) xz € Uc(h;a),
y*xz € Uc(la), (uxv)xw € Le(h; ) and vxw € Le(h;B). Then, x xz € Uec(h;min{a,a}) =
Uc(h;a) and u xw € Le(h;max{B,B}) = Le(h; B) by (12). Hence, the non-empty intuitionistic
€-subsets Uc (h; «) and Le (h; B) are positive implicative ideals of X for all a, f € [0,1].

Conversely, let h = (hy, hg) be an intuitionistic fuzzy set in X for which Ue (h;a) and Le (h; B)
are nonempty and are positive implicative ideals of X for all o, € [0,1]. Obviously, (10) is valid.
Let x,y,z € X and (ay,ay) € [0,1] x [0,1] be such that (x xy) *z € Uc(h;ay) and y x z € Ue(h; ay).
Then, (x *y) *z € Uc(h;a) and y * z € Ue (h; #) where & = min{ay, &y }. Since Ue (h; &) is a positive
implicative ideal of X, it follows that x * z € Ue (h;a) = Ue (h; min{ay, ay }). Suppose that (x xy) *z €
Le(h; Bx) and y xz € Le(h; By) for all x,y,z € X and (Bx, By) € [0,1] x [0,1]. Then, (x*y) xz €
Le(h; B) and y * z € Le(h; B) where B = max{py, By }. Hence, x x z € Le(h; B) = Le (h;max{Bx, By})
since Le (h; B) is a positive implicative ideal of X. Therefore, i = (hy, hg) is a positive implicative
(€, €)-intuitionistic fuzzy ideal of X. [

Corollary 1. Let h = (hy, hg) be an intuitionistic fuzzy set in a BCK-algebra X. Then, h = (hy, hg) is a
positive implicative (€, €)-intuitionistic fuzzy ideal of X if and only if it satisfies two conditions (10) and (13).

Theorem 3. Every positive implicative (€, €)-intuitionistic fuzzy ideal of a BCK-algebra X is an intuitionistic
fuzzy ideal of X.

Proof. It is clear by taking z = 0in (13) and using (1). O

Lemma 1 ([31]). Every intuitionistic fuzzy ideal h = (hy, hg) of a BCK/BCl-algebra X satisfies the
following assertion.

(Vx,y € X) (x <y = { Z;Ei% izz((]y/)) > : (14)

Proposition 1. Every positive implicative (€, €)-intuitionistic fuzzy ideal h = (hq, hg) of a BCK-algebra X
satisfies the following assertions.

ha(xxy) 2 ha((x *y) xy)
(v e X) ( (x5 9) < hp((x#9) #9) ) 0
. ha((x%z) % (y*x2z)) > ha((x*y) *2)
(¥x,y € X) ( he((xxz)* (y*2)) < hg((xxy) *z2) )' (16)

and:

X ha(x xy) = min{he (((x xy) *y) x2), ha(z)}
(Vx,y € X) < hg(x *y) < max{hg(((x*y) *y) *z),hp(z)} ) . (17)

Proof. Let h = (hy, hg) be a positive implicative (€, €)-intuitionistic fuzzy ideal of a BCK-algebra X.
Then, h = (hy, hg) is an intuitionistic fuzzy ideal of a BCK-algebra X (see Theorem 3). Since x * x = 0
for all x € X, putting z = y in (13) and using (10) induce (15). Since:

((x*x(yxz))*z)kz=((x*z)*(yxz))*z < (xxy)*z
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forall x,y,z € X, we have:

and:

by (3), (15) and Lemma 1. Thus, (16) is valid. Note that:

(xxy)xz=((xx2)xy) * (y*y)

forall x,y € X. It follows from (11), (16) and (3) that:

ho(x *y) > min{hy ((x *y) *2), he(z) }
= min{h,(((x*z
(((x
(((x

(

> min{h,

* X
< N
—_ ~—
E
=R <
—_ — —
*
N <

= min{h,
and:

hg(x+y) < max{hg

=
*
<
*
N
N~—
3
=
=
—
N
N—
=

((
= max{hg((
< max{hg((
= max{hg((
for all x,y,z € X. Therefore, (17) is valid. O

The converse of Theorem 3 is not true as seen in the following example.

Example 2. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation *, which is given in Table 3
(see [30]).

17

Table 3. Cayley table for the binary operation

*

B W N~ o
B W~ oo
B m N OO R
B wo R, olN
o NOoOoO|w
cCwWwo R ol|k

Let h = (hg, hg) be an intuitionistic fuzzy set in X defined by Table 4.
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Table 4. Tabular representation of &t = (f, hg).

X ha(x)  hg(x)

0 0.7 0.3
1 0.4 0.5
2 0.5 0.4
3 0.4 0.5
4 0.1 0.6

Routine calculations show that h = (hy, hg) is an (€, €)-intuitionistic fuzzy ideal of X, and intuitionistic
€-subsets are given by:

%) ifa € (0.7,1],
{0} ifa € (0.5,0.7],
Uc(h;a) = ¢ {0,2} ifa € (04,0.5],
{0,1,2,3} ifa € (0.1,04],

X ifa € (0,0.1],

and:

X if B € [0.6,1),

{0,1,2,3} ifp€]05,06),
Le(h;B) =< {0,2} if  €104,0.5),
{0} if B € [0.3,04),

if B € 10,0.3).

Ifa € (0.4,0.5] and B € [0.4,0.5), then Uc (h; ) and L¢ (h; B) are not positive implicative ideals of X.
Thus, h = (ha, hg) is not a positive implicative (€, €)-intuitionistic fuzzy ideal of X by Theorems 1 and 2.

We provide conditions for an intuitionistic fuzzy ideal to be a positive implicative
(€, €)-intuitionistic fuzzy ideal.

Theorem 4. Given an intuitionistic fuzzy set h = (hq, hg) in a BCK-algebra X, the following assertions
are equivalent.

) ( )
(2)  h = (ha, hg) is an intuitionistic fuzzy ideal of X that satisfies the condition (15).
()  h = (hy, hg) is an intuitionistic fuzzy ideal of X that satisfies the condition (16).
4) = (ha, hg) satisfies two conditions (10) and (17).

= (ha, hp) is a positive implicative (€, €)-intuitionistic fuzzy ideal of X.

Proof. Assume that h = (h,, h/g) is a positive implicative (€, €)-intuitionistic fuzzy ideal of X. Then,
h = (hg, hg) is an intuitionistic fuzzy ideal of X by Theorem 3. If we put z = y in (13) and use (10),
then we get the condition (15). Suppose that i = (hy, hg) is an intuitionistic fuzzy ideal of X satisfying
the condition (15). Note that:

((xx(yxz))*z)kz=((x*z)*(y*z))*xz < (x*y)*z

forall x,y,z € X. It follows from (3), (15) and Lemma 1 that:

ha((xxz) % (yxz)) =ho((x % (y*z)) *2)
B (((x* (y*2)) *2) x2)

ha((x*y) *z)

AVANLY,
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and:

hﬁ((x xz) % (y*2z)) = hﬁ((x x (Y *xz))*z)
Shp(((x* (y*2)) *2) x2)
< hl;((x xY) *2).
Hence, (16) is valid. Assume that h = (h,, hﬂ) is an intuitionistic fuzzy ideal of X satisfying the

condition (16). It is clear that i = (h,, hg) satisfies the condition (10). Using (11), (II), (3) and (16),
we have:

ho(x xy) > min{h, ((x % y) *2), ha(z)}
= min{hy(((x *2) xy) * (y * ¥)), ha(2) }
> min{h, (((x *2) *y) *y), ha(z)}
= min{h, (((x *y) *xy) *2), ha(z) }

and:

hlg(x *y) < max{Le((x*y) *z),hﬁ(z)}
= max{hg(((x *2) xy) * (y*y)), hp(z)}
< max{hg(((x *2) xy) *y), hp(2)}
= max{hg(((x *y) *y) *z), hg(z)}

for all x,y,z € X. Thus, (17) is valid. Finally, suppose that h = (h,, hﬁ) satisfies two conditions (10)
and (17). Using (1) and (17), we get:

hy(x) = hy(x % 0)
> min{h,(((x*0) *0) xy), ha(y)}
= min{hy(x*y), ha(y)}

and:

hlg(x) = h/S(x * O)
< max{hg(((x+0) %0) xy), hg(y)}
= max{hg(x *y),hg(y)}

forall x,y € X. Hence, h = (ha,hlg) is an intuitionistic fuzzy ideal of X. Since:
(xxz)xz)x(y*xz) < (x*xz)*y=(x*y)*z

forall x,y,z € X, it follows from (17) and (14) that:

ho(xxz) > min{h,(((x *z) *2) * (y*2)), ha(y *2)}
> min{h, ((x % y) *2), ha(y % 2)}
and:

hg(x+z) <max{hg(((x*z) *z) * (y*z)),hg(y*z)}
< max{hg((x*y) *z),hg(y *2)}
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for all x,y,z € X. Therefore, h = (h,, h/g) is a positive implicative (€, €)-intuitionistic fuzzy ideal
of X. O

4. Positive Implicative Falling Intuitionistic Ideals

Given an element x of a BCK/BCl-algebra X and D € 2%, let:
x:={Ce2¥|xeC}, (18)
and:
D:={x|xeD}. (19)

A pair (2%, B) is called a hyper-measurable structure on X if B is a o-field in 2X and X C B.

Let (U, A,P) be a probability space and (2%X,B) a hyper-measurable structure on X.
An intuitionistic random set on X is defined to be a couple ¢ := (1o, ) in which ¢, and ¢ are
mappings from U to 2% which are .A-B measurables, that is,

1 = 1&a €
¥a ' (C) = {ea € U | u( )eC}6A>. 20)

(VC < B) ( lpg%C) = {8‘3 €U | l[J‘B(Sﬁ) S C} cA

Given an intuitionistic random set ¢ := (1, §5) on X, consider functions:

EFy: X —[0,1], x4 = P(eq | xa € Pu(ea)),
ﬁﬁ X = [0,1], Xg —1— P(S‘B | Xp € lP‘B(Sﬁ))

Then, F := (1:",,(, 1:"!3) is an intuitionistic fuzzy set on X, and we call it the intuitionistic falling
shadow of the intuitionistic random set ¢ := (¥, ), and ¢ := (ipa, ) is called an intuitionistic
cloud of F := (Fy, Fy).

For example, consider a probability space (U, A, P) = ([0,1], A, m) where A is a Borel field on
[0,1] and m is the usual Lebesgue measure. Let F := (Fy, Fg) be an intuitionistic fuzzy set in X. Then,
a couple ¢ := (ipa, ) in which:

Pu 2 [0,1] = 2%, & Uc(F; ),
¥p 1 [0,1] = 2%, B Le(F B)

is an intuitionistic random set and ¢ := (s, ) is an intuitionistic cloud of F := (F, Fg). We will call
¥ := (Ya, Pp) defined above the intuitionistic cut-cloud of F := (Fy, Fg).

Definition 2. Consider a probability space (U, A, P), and let ¢ := (Y, Ppp) be an intuitionistic fuzzy random
set on a BCK-algebra X. If a(e4) and g (eg) are positive implicative ideals of X for all ey, eg € U, then the
intuitionistic falling shadow F := (Fy, Fg) of the intuitionistic random set { := (i, Yg) on X, that is,

fa(xa) = P(ey | xa € Pulen)),

o 21
Fo(xg) = 1~ Pleg | x < Pp(ep)) 2y

is called a positive implicative falling intuitionistic fuzzy ideal of X.

Example 3. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation *, which is given in Table 5
(see [30]).
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17

Table 5. Cayley table for the binary operation

= W N = o

W= oo
= W NOO| M
B W o oo N
O N =R O W
O W O OO

Let (U, A, P) = ([0,1], A, m), and let  := (pu, Pp) be an intuitionistic fuzzy random set on X, which is
given as follows:

{0,3}  ifx€[0,025),
{0,1}  ifx € [0.25,0.55),

¥ [0,1] = 2%, x—{ {0,1,2} ifx € [0.55,0.85),
{0,1,3} if x € [0.85,0.95),
X if x € [0.95,1],

and:

{0} if x € (0.9,1],
{0,3} if x € (0.7,09],
Yp:[0,1] = 2%, x— ¢ {0,1,2}  ifx € (05,07,
{0,1,2,3} ifx € (0.3,0.5],
{0,1,2,4} ifx €[0,03].

Then, a(t) and pg(t) are positive implicative ideals of X for all t € [0, 1]. Hence, the intuitionistic fuzzy
falling shadow F := (Fy, Fg) of ¢ := (a, Yp) is a positive implicative falling intuitionistic fuzzy ideal of X,
and it is given as follows:

1 ifx =0,
075 ifx=1,
Fu(x)=¢ 035 ifx=2,
04 ifx=3,
0.05 ifx =4,
and:
0 ifx=0,
. 0.7 ifxe {1,2},
F, =
p(x) 04 ifx=3,
03 ifx=4.

Given a probability space (U, A4, P), let F := (E,, 1:"/3) be an intuitionistic fuzzy falling shadow of
an intuitionistic fuzzy random set ¢ := (¢pa, ). For x € X, let:

O(x; ) :={ea € U | x € Pa(ea)},
U(x,lplg) = {8/3 €V |xe 1pﬁ(eﬁ)}

Then, U(x; ), U(x; lpﬁ) € A (see [23]).
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Proposition 2. Let [ := (F,, Fﬁ) be an intuitionistic fuzzy falling shadow of the intuitionistic fuzzy random
set ¥ := (pa, ) on a BCK-algebra X. If F := (Fy, Fg) is a positive implicative falling intuitionistic fuzzy
ideal of X, then:

O((x* y) *2;9a) NO(y * 25 pa) C Blxx2; )

(9,2 € X) ( O((x*y) xz;9) NO(y * 2, 9p) € O(x 2z ¢p) > , (22)
O(x# 23 9a) S O((x % y) % 2; a)

(Vx,y,z € X) ( O(X*Z,-I/Jﬁ) CU((xxy) *z;¢ﬁ) > . (23)

Proof. Let ey € U((x *y) 2 ¢a) NU(y * 2, ¢o) and g5 € U((x xy) * z;¢p) N V(y * z;¢p) for all
x, ¥,z € X. Then, (x xy) *z € Pu(en), Yz € Pa(en), (x*y) xz € Pp(ep) and y * z € Pp(ep). Since
¥a(eq) and Pg(ep) are positive implicative ideals of X, it follows from (8) that x x z € a(ex) N Pp(ep)
and so that e, € U(x *z;¢,) and €p € U(x xz; 1/},3). Hence, (22) is valid. Now, let x,y,z € X be such
thate, € U(x *z;9,) and eg € U(x * z;Pp). Then, x * z € Pa(ey) N Pp(ep). Note that:

((x*xy)*z)*(x*xz) = ((xxy)*(x*x2)) *xz
<(zxy)xz=(z%xz)*xy

which yields ((x*y)*z)* (x*2) =0 € a(ea) NPp(ep). Since Pn(en) and pg(es) are positive
implicative ideals and hence ideals of X, it follows that (x x y) ¥z € ta(ea) N Pp(ep). Hence,
o € B((x*y) * 2z ¢a) and eg € U((x * y) * z;1pg). Therefore, (23) is valid. [

For a probability space (U, A, P), consider:
F(X):={h|h:0U — Xisamapping}. (24)
Define a binary operation ® on F(X) as follows:
(Ve € U) (f®g)(e) = f(e) * g(¢)) (25)
forall f,g € F(X). Then, (F(X);®,0) is a BCK/BClI-algebra (see [13]) where 6 is given as follows:
0:0— X, e—0.
For any subset A of X and g, gs € F(X), consider the following sets and mappings:

AS = {eq €U | gul(en) € A},
A‘; = {8,3 ISNe) | gﬁ(eﬁ) S A}

and:

Yo : U — P(F(X)), ea = {gn € F(X) | galen) € A},

Then, Af, A§ € A (see [23]).
Theorem 5. If K is a positive implicative ideal of a BCK-algebra X, then:

Pu(ea) = {80 € F(X) | gulea) € K},
vp(ep) = {gp € F(X) | gp(ep) € K}
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are positive implicative ideals of F (X).

Proof. Assume that K is a positive implicative ideal of a BCK-algebra X. Since 6(¢e,) = 0 € K and
0(eg) =0 € Kforall ey, eg € U, we have:

0 e 1/),1(8“) N 1,[],3(8,3)

Let fua, gu, ha € F(X) be such that (fo ® gn) ® hy € Pa(€n) and go ® hy € Po(eq). Then:

(fa(ea) * ga(en)) * ha(ea) = ((fa ® ga) ® ha)(ea) € K

and gy (e4) * ha(eq) € K. Since K is a positive implicative ideal of X, it follows from (8) that:

(fu ®hy)(ea) = fulea) * ho(eq) € K,

that is, fo ® hy € Pa(eq). Hence, P, (eq) is a positive implicative ideal of F(X). Now, let f: 8/
hg € F(X) be such that (fg ® gg) ® hg € Pp(eg) and gg ® hg € Pg(ep). Then:

(fp(ep) x gp(ep)) xhp(ep) = ((fp ® gp) ®hp)(ep) € K

and gg(ep) * hg(ep) € K. Then:

(fp ®hp)(ep) = fplep) xhp(ep) €K,

and so fg ® hg € Pp(ep). Hence, Pg(ep) is a positive implicative ideal of F(X). This completes
the proof. O

Theorem 6. If we consider a probability space (U, A, P) = ([0,1], A, m), then every positive implicative
(€, €)-intuitionistic fuzzy ideal of a BCK-algebra is a positive implicative falling intuitionistic fuzzy ideal.

Proof. Let F := (F,, F3) be a positive implicative (€, €)-intuitionistic fuzzy ideal of a BCK-algebra X.
Then, Uc (F;a) and L (F; B) are positive implicative ideals of X foralla, g € (0,1] and g € [0,1) by
Theorem 2. Hence, a couple ¢ := (1fn, 1pg) in which:

Pu 2 [0,1] = 2%, a > Uc(F; ),
g [0,1] = 2%, B> Le(F;B)

is an intuitionistic fuzzy cut-cloud of F := (E,, Fg), and so, F:= (F, Flg) is a positive implicative falling
intuitionistic fuzzy ideal of X. O

The converse of Theorem 6 is not true, as seen in the following example.

Example 4. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation *, which is given in Table 6
(see [30]).

"y

Table 6. Cayley table for the binary operation

*

B W N = O

B w NN~ OoO|o
=N DNOO| -
B, O, ON
O oo OoO| W
O WN - O
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Let (U, A, P) = ([0,1], A, m), and let  := (g, 1/)13) be an intuitionistic fuzzy random set on X, which is
given as follows:

{0,1} ifx e
{0,2} ifx e

0,0.2),

P2 [0,1] = 2%, x> 02,0.55),

—_— — —

{0,2,4}  ifx €[0.55,0.75),
{0,1,2,3} ifx €[0.75,1],
and:
{0} if x € (0.77,1],
{0,1} if x € (0.66,0.77],
¥p:[0,1] = 2%, x— < {0,2} if x € (0.48,0.66],
{0,2,4}  ifx € (0.23,048],

{0,1,2,3} ifx € [0,0.23].

Then, a(t) and pg(t) are positive implicative ideals of X for all t € [0, 1]. Hence, the intuitionistic fuzzy
falling shadow F := (Fy, Fg) of ¢ := (a, ) is a positive implicative falling intuitionistic fuzzy ideal of X,
and it is given as follows:

1 ifx =0,
045 ifx=1,
Fi(x)=14 08 ifx=2,
0.25 ifx =3,
02 ifx=4,
and:
0 if x =0,
0.66 ifx=1,
Fg(x) = ¢ 034 ifx=2,
0.77 ifx =3,
0.75 ifx=4.

However, F := (Fy, Fg) is not a positive implicative (€, €)-intuitionistic fuzzy ideal of X since:
F,(3x4) =F,(3) =025 <0.8=F,((3%2)*4)AFy(2x4)
and/or:
Fg(3%4) = Fg(3) = 0.77 > 0.66 = Fg((3x1) x4) V Fg(1x4).

We provide relations between a falling intuitionistic fuzzy ideal and a positive implicative falling
intuitionistic fuzzy ideal.

Theorem 7. Let (U, A, P) be a probability space, and let F := (Fy, Fg) be an intuitionistic fuzzy falling
shadow of an intuitionistic fuzzy random set  := (a, Pg) on a BCK-algebra X. If F := (Fy, Fg) is a positive
implicative falling intuitionistic fuzzy ideal of X, then it is a falling intuitionistic fuzzy ideal of X.

Proof. Let F := (F,, Fg) be a positive implicative falling intuitionistic fuzzy ideal of a BCK-algebra X.
Then, §, (e) and g (ep) are positive implicative ideals of X, and so, pa(e4) and ¢ (ep) are ideals of X
for all ey, eg € U. Therefore, F:= (F, I:“ﬁ) is a falling intuitionistic fuzzy ideal of X. O

The converse of Theorem 7 is false, as seen in the following example.
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Example 5. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation *, which is given in Table 7
(see [30]).

1y

Table 7. Cayley table for the binary operation

*

= W N = O

[NCS I S RS e ]
B W N OO M
BN OOO|N
O O OO | Ww
S WN - O W

Let (U, A, P) = ([0,1], A, m), and let P := (g, tpﬁ) be an intuitionistic fuzzy random set on X, which is
given as follows:

{0,4} if x € [0,0.37),
W0 [0,1] = 2%, x> { {0,1,2,3} ifx € [0.37,0.67),
{0,1,4}  ifx € [0.67,1],

and:
{0} if x € (0.74,1],
: D' {o0,1} if x € (0.66,0.74],
vp: 0] =20 e {0,4} if x € (0.48,0.66),

{0,1,2,3} ifx €[0,0.48].

Then, a(t) and g (t) are ideals of X for all t € [0,1]. Hence, the intuitionistic fuzzy falling shadow
F := (Fa, Fg) of ¢ := (Y, Yp) is a falling intuitionistic fuzzy ideal of X. However, it is not a positive
implicative falling intuitionistic fuzzy ideal of X because if « € [0.67,1], B € [0,0.45) and B € (0.66,0.74],
then Py (a) = {0,1,4} and ¢g(B) = {0, 1} are not positive implicative ideals of X, respectively.

Since every ideal is positive implicative in a positive implicative BCK-algebra, we have the
following theorem.

Theorem 8. Let (U, A, P) be a probability space, and let F := (F,, Fg) be an intuitionistic fuzzy falling shadow
of an intuitionistic fuzzy random set  := (1, Pg) on a positive implicative BCK-algebra. IfF:= (Fy Fg)isa
falling intuitionistic fuzzy ideal of X, then it is a positive implicative falling intuitionistic fuzzy ideal of X.

Corollary 2. Let (U, A, P) be a probability space. For any BCK-algebra X that satisfies one of the
following assertions

xxy = (xxy)=*y),

xx(xxy))* (yxx) =xx(xx(y=*(y*x)))),
xxy = (xxy)* (xx(xxy))),

xx (xxy) = (x* (xxy))* (xxy)),
Y,y € X)((x* (xxy)) * (y*x) = (y* (y*x)) * (x*y)),

—~

let F:= (F,, Fﬂ) be an intuitionistic fuzzy falling shadow of an intuitionistic fuzzy random set ¥ := (a, Pp)
on X. If F := (fa,ﬁﬁ) is a falling intuitionistic fuzzy ideal of X, then it is a positive implicative falling
intuitionistic fuzzy ideal of X.
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5. Conclusions

In this paper, some new notions of fuzzy ideals in BCK-algebras are proposed, and the
relationships between these new fuzzy ideals are investigated. The results of this paper are of positive
significance for the further study of the structure of BCK-algebras. As future research topics, the
generalizations of these results to other algebraic systems (pseudo-BCI algebras or neutrosophic triplet
groups; see [25-27]) are meaningful.
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