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Abstract: Intuitionistic falling shadow is introduced, and applied to BCK/BCI-algebras.
Falling intuitionistic subalgebra and falling intuitionistic ideal of BCK/BCI-algebras are introduced,
and related properties are investigated. Relations between falling intuitionistic subalgebra and falling
intuitionistic ideal are discussed. A characterization of falling intuitionistic ideal is established.
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1. Introduction

Attanassov [1] introduced the concept of intuitionistic fuzzy set which is a generalization of the
fuzzy set. Then, this notion has contributed several branches within the pure and applied sciences.
Goodman [2] pointed out the equivalence of a fuzzy set and a class of random sets in the study of a
unified treatment of uncertainty modeled by means of combining probability and fuzzy set theory.
Wang and Sanchez [3] discussed the theory of falling shadows, and the mathematical structure of
the theory of falling shadows is formulated in [4]. Tan et al. [5,6] established a theoretical approach
to define a fuzzy inference relation and fuzzy set operations based on the theory of falling shadows.
Jun and Park [7] considered a fuzzy subalgebra and a fuzzy ideal as the falling shadow of the cloud of
the subalgebra and ideal. Jun and Kang [8] discussed fuzzy positive implicative ideals of BCK-algebras
based on the theory of falling shadows.

In this manuscript, as a generalization of the concept of fuzzy random set and fuzzy falling shadow,
we introduce the notion of intuitionistic random set and intuitionistic falling shadow. Using these
notions, we also introduce the concept of falling intuitionistic subalgebra and falling intuitionistic
ideal of BCK/BCl-algebras, and investigate related properties. We discuss relations between falling
intuitionistic subalgebra and falling intuitionistic ideal. We establish a characterization of falling
intuitionistic ideal.

2. Preliminaries

A BCK/BCl-algebra is introduced by K. Iséki (see [9,10]), and it is an important class of
logical algebras.
By a BCK/BClI-algebra we mean a structure (X; *,0) satisfying the following conditions:

(D (Va,b,ce X) (((axb)*(axc))*(cxb)=0),
(M) (Va,beX)((ax(axb))*b=0),
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() (VaeX)(axa=0),
(IV) (Va,beX)(axb=0,bxa=0 = a=D0).

If a BCI-algebra X satisfies the following identity:
(V) (MVaeX)(0xa=0),

then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions:

(Va € X)(ax0=a), (1)
(Va,b,ce X)(a<b = axc<bxc,cxb<cxa), )
(Va,b,c € X) ((axb)*xc= (axc)xb) 3)

where x <y if and only if x x y = 0.
We say that a nonempty subset S in a BCK/BCI-algebra X is a subalgebra of X ifax b € S for all
a,b € S. We say that a subset I of a BCK/BCI-algebra X is an ideal of X if it satisfies:

0€l, )
VMaeX)(Vbel)(axbel = acl). (5)

We refer the reader to the books [11,12] for further information regarding BCK/BCI-algebras.
An intuitionistic fuzzy set f = (fa, fg) in a BCK/BCl-algebra X is called an intuitionistic fuzzy
subalgebra of X (see [13]) if it satisfies:

©)

(Va,b € X) ( fa(axb) > min{fu(a), fa(b)} ) |

fp(axb) < max{fg(a), fg(b)}

An intuitionistic fuzzy set f = (fa, fg) in a BCK/BCl-algebra X is called an intuitionistic fuzzy
ideal of X (see [13]) if it satisfies:

(vy € X) ( fa0) = faly) £5(0) < fo(w) )- @)
ab e X) ( fula) = min{fu(axb), fu(b)} ) ©
’ fo(a) < max{fy(axb), fo(b)} )

For any (t4,tg) € [0,1] x [0,1] and an intuitionistic fuzzy set f = (f, fg) in a BCK/BClI-algebra
X, consider the following sets:

U(fite) = {x € X | fa(x) > ta}
and
L(fitg) = {x € X| fp(x) < tg}.

3. Intuitionistic Fuzzification of Subalgebras/Ideals Based on Intuitionistic Falling Shadows

Given a BCK/BCl-algebra X, x € Xand D € 2X let
x:={Ce2X|xeC}, )
and

D:={%|xeD. (10)
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An ordered pair (2%, B) is said to be a hyper-measurable structure on X if B is a o-field in 2% and
X CB.

Given a probability space (I, A, P) and a hyper-measurable structure (2X,B) on X,
an intuitionistic random set on X is defined to be a couple { := ({4, /5) in which ¢, and (g are
mappings from I to 2X which are A-B measurables, that is,

Co (C):{wﬂler|€tx(wlx)ec}6./4>

é‘B (C):{w/gel“|§ﬁ(w/5) GC}EA (1)

(VC € B) <

Given an intuitionistic random set { := ({a, {p) on X, consider functions:

Gu: X = [0,1], x4 — P(wy | x4 € La(wa)),

G‘g X = [0,1}, xXp 1-—- P(wﬁ ‘ Xp € Cﬁ(wﬁ))

Then G := (G,x, Gﬁ) is an intuitionistic fuzzy set on X, and we call it the intuitionistic falling
shadow of the intuitionistic random set { := ({,, ¢ ﬁ), and { := (Cy, C ﬁ) is called a intuitionistic cloud
of G := (G, Cp).

For example, consider a probability space (T, A, P) = ([0,1], A, m) where A is a Borel field on

1
[0,1] and m is the usual Lebesgue measure. Let G := (G,, Gg) be an intuitionistic fuzzy set in X.
Then a couple ¢ := ({a, {p) in which

Ta 1 [0,1] = 2%, ty = U(G; 1),
Zp:[0,1] = 2%, tg > L(G;tp)

is an intuitionistic random set and ¢ := ({4, {3) is an intuitionistic cloud of G := (Ga, Glg). We will call
7 := (Ca, {p) defined above as the intuitionistic cut-cloud of G := (G, Gg).

Definition 1. Let (T, A, P) be a probability space and let { := ((a,{p) be an intuitionistic random set on
a BCK/BCl-algebra X. Then the intuitionistic falling shadow G := (Gg, Gg) of { := (Ca,{p) is called
a falling intuitionistic subalgebra (resp., falling intuitionistic ideal) of X if {a(wy) and {g(wp) are subalgebras
(resp., ideals) of X for all w,, wp € T.

Example 1. Consider a set X = {0,1,2,3,4} with the binary operation  which is given in Table 1.
Table 1. Cayley table for the binary operation “*”.

*01234

000000
110100
222000
333300
443410

Then (X; *,0) is a BCK-algebra (see [12]). Let { := ({u, {p) be an intuitionistic random set on X which
is given as follows:

{0,1} ift €10,0.3),
0,2}  ifte€[03,07),
:[0,1] — 2% {
Catl0A] =25 X3 01 0y it e 07,08),
X if t € [0.8,1],
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and
{0} if t € (0.9,1],
{0,1}  ift€(0.7,09],
Zp:[0,1] = 2%, x— ¢ {0,2}  ifte (0507,
{0,1,2} ift € (0.3,0.5],
X if t € [0,0.3].

Then (o (t) and (g (t) are subalgebras and ideals of X for all t € [0,1]. Hence the intuitionistic falling
shadow G := (Gg, Gg) of ¢ := (La, {p) is a falling intuitionistic subalgebra and a falling intuitionistic ideal of
X, and it is given as follows:

1 ifx =0,
. 06 ifx—1,
Ca¥) =9 07 ifx=2
02 ifxe {34},
0 ifx=0,
Gg(x) = ¢ 03 ifxe{1,2},

0.7 ifx e {3,4}.

Let X be a BCK/BClI-algebra. Given a probability space (T, A, P), let

F(X):={f]f:T — Xisamapping}. (12)
Define a binary operation ® on F(X) as follows:
(Vw e T) ((f®8)(w) = f(w) *g(w)) (13)

forall f,g € F(X). Then (F(X);®,0) is a BCK/BCI-algebra (see [7]) where 0 is given as follows:
0:T > X, w—0.
For any subset A of a BCK/BCl-algebra X and ga, gg € F(X), consider the following sets:

A8 = {wa €T | gul(wy) € A},
A‘% = {a)lg el | gﬁ(a}/g) S A}

and

o :T = 27X, wy s {ga € F(X) | galwn) € A},
Zp:T =255, wg s {g5 € F(X) | gplwp) € A}
Then AS, A% e A
Assume that A is a subalgebra (resp., ideal) of a BCK/BCl-algebra X and let wa, wg € T.

Since 0(w) = 0 € A for w € {wa, wp}, we know that 0 € (4(wa) and 0 € {g(wp). For any fy,
Qu € F(X),if fa, ga € Qu(wa), then

(fa ® gu)(wa) = fa(wa) * ga(wa) € A

and so fo ® gu € Ca(wy). Thus {a(wy) is a subalgebra of F(X) forall wy, € T. If fo ® go € {a(wy) and
Qu € Ca(wy), then fo(wy) * ga(wa) = (fa ® ga)(wa) € A and gu(wy) € A. Since A is an ideal of X,
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it follows that fy(wy) € A, ie., fa € (a(ws). Hence {4 (wy) is an ideal of F(X) for all w, € T. By the
similar way, we can verify that {g(wp) is a subalgebra (resp., ideal) of F(X) for all wg € I'. Since

g;l(ga) ={wy €T | g € Lalwa)} = {wa €T | gu(wa) € A} = AT € A,
C,El(gﬁ) ={wp el |gp € fplwp)} ={wp el |gp(wp) € A} = A% €A,

{ := (Ca,{p) is an intuitionistic random set on F(X). Hence G := (Gy, Gg) is a falling intuitionistic
subalgebra and a falling intuitionistic ideal of F(X) where

Gu: F(X) = [0,1], ga — P(wy | gu(ws) € A),
Ga : .F(X) — [0,1}, 3B — 1 —P(w/g | g/g(wﬁ) S A).

Given a probability space (T, A, P), let G := (G,, Gﬁ) be an intuitionistic falling shadow of
an intuitionistic random set { := ({4, ). For an element x of a BCK/BClI-algebra X, let

[(x;0a) == {wa €T | x € a(wa)},
T(x;0p) := {wp €T | x € {p(wp) }-

Then I'(x; (o) € Aand T'(x;Zp) € A.

Proposition 1. Let G := (G,X,G}g) be an intuitionistic falling shadow of the intuitionistic random set
T = (CasCp). If G := (G, Gg) is a falling intuitionistic subalgebra of a BCK/BClI-algebra X, then
T(x;Ca) NT(y; Cu) € T(x%y;Ca)
Vx,y € X . (14)
(Vxy € X) ( D(x;85) NT(y:2p) C T+ y: )

If G := (Ga, G) is a fulling intuitionistic ideal of a BCK/BCI-algebra X, then
(x;

(Vx,y € X) <x <y = { A % (x: > (15)

T(%:4a)
T(y;Cp) CT(x;0p)
(Vx,yGX)< T(xxy;Ca) NT(y:C % E g)) (16)

2)
T(x*y;¢p) NT(y;Cp)

If G := (Ga, G) is a falling intuitionistic ideal/subalgebra of a BCK-algebra X, then
. C .

IfG := (G, Gﬁ) is a falling intuitionistic ideal of a BCK-algebra X, then

Proof. Assume that G := (G,, Gﬁ) is a falling intuitionistic subalgebra of X. If w, € T'(x;x) NT(y; Ca)
for any x,y € X, then x € {y(wy) and y € {x(wa). Since {x(wy) is a subalgebra of X, it follows
that x xy € (a(wy), thatis, wy € T'(x*y;y). Now let wp € F(x;gﬁ) N F(y;gﬁ) for any x,y € X.
Then x € {g(wp) and y € {g(wp), which imply that x x y € {g(wp) since {g(wp) is a subalgebra
of X. Hence wg € T(x*y;lg), and therefore Equation (14) holds. Suppose that G := (Gq, Gp)
is a falling intuitionistic ideal of X and let x,y € X be such that x < y. Then xxy = 0.
If we € T(y;0n), theny € {y(wy) and x xy = 0 € (o(wa). Thus x € (o(wy) since Jy(wy) is an ideal
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of X. Hence wy € T'(x;{4), and so T'(y;Ca) € T(x;8u). Let wp € T(y;{p). Theny € {p(wp) and
x*y =0 € g(wp), which imply that x € {g(wp) since {g(wp) is an ideal of X. Hence wp € T'(x;{p)
which shows that T'(y;{g) € T(x;0g). The inclusions I'(x * y; ) NT(y;Ca) S T(x;Cx) and

T(x*y;Cg) NT(y;Cp) C T(x;(p) are obtained by the similarly way . Please note that 0 < x and
x *y < x in a BCK-algebra. Hence the result Equation (15) induces Equations (17) and (18). O

Theorem 1. Let X be a BCK/BClI-algebra. If we take a probability space (T, A, P) = ([0,1], A, m), then every
intuitionistic fuzzy subalgebra (resp., intuitionistic fuzzy ideal) of X is a falling intuitionistic subalgebra
(resp., falling intuitionistic ideal) of X.

Proof. Let G = (G,, Gﬁ) be an intuitionistic fuzzy subalgebra (resp., intuitionistic fuzzy ideal)
of a BCK/BCl-algebra X. Then U(G;t,) and L(G;tg) are subalgebras (resp., ideals) of X for all
(tastp) € [0,1] x [0,1]. Hence a couple { := ({4, {p) in which

Ca:[0,1] = 2%, ty = U(G; ta),

Zp:[0,1] = 2%, tg > L(G;tp)
is an intuitionistic cut-cloud of G := (G,, Gﬁ), and so G := (G,, G/g) is a falling intuitionistic subalgebra

(resp., falling intuitionistic ideal) of X. [

The converse of Theorem 1 is not true as seen in the following example.
Example 2. Consider a set X = {0,a,b, c} with the binary operation x which is given in Table 2.
Table 2. Cayley table for the binary operation “*”.

*0abc

00abc
aalchbh
bbcOa
ccbao

Then (X;*,0) is a BCI-algebra (see [12]). Consider (T, A, P) = (]0,1], A, m) as a probability space,
and let { := ({a, §p) be an intuitionistic random set on X which is given as follows:

{0} ift€[0,02),

[
. X (0,a) ifte[02,07),
Gt (011 =2% X2 0 1010 ifre 07.08),
ift € [0.8,1],

and

(0} ifte(081],
. X (0,4} ifte (0.7,08],
Gp: 10U = 2% x =0 0 e (05,07,
{0,c} ifte0,05].
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Then (o (t) and (g(t) are subalgebras of X for all t € [0,1]. Hence the intuitionistic falling shadow
G := (Gu, Gg) of T := (La, Lp) is a fulling intuitionistic subalgebra of X, and it is given as follows:

1 ifx =0,
~ 0.7 ifx=a,
Gal*¥) =9 03 ifx—b
02 ifx=c
and
0 ifx=0,
~ 09 ifx=a,
CeY) =9 08 ifx—b
05 ifx=c.

Since Gg(b *c) = Gg(a) = 0.9 > 0.8 = max{Gg(b), Gg(c)}, we know that G := (Gy, Gg) is not
an intuitionistic fuzzy subalgebra of X.
If we take an intuitionistic random set { := ({a, {p) on X as follows:

{0,a} ift€[0,0.3),
To:[0,1] = 2%, x—= < {0,b} ifte[0.3,05),
{0,c} ifte[05,1],
and
{0}  ifte (08,1],
. X {0,a} ifte (0.7,08],
Gp: 01 =25 X =0 v e (05.07),
{0,c} ift€[0,0.5].

Then (o(t) and (g(t) are ideals of X for all t € [0,1]. Hence the intuitionistic falling shadow
G := (Gu, Gg) of T := (T, {p) is a falling intuitionistic ideal of X, and it is given as follows:

1 ifx=0,
~ 03 ifx=a,
Gal¥) =93 02 ifx—b,
05 ifx=c,
and
0 ifx =0,
~ 09 ifx=a,
CpY) =9 08 ifx—b
05 ifx=c

Since Gy (b) = 0.2 < 0.3 = min{Gy (b *a), Gy (a)}, we know that G := (G, Gﬁ) is not an intuitionistic

fuzzy ideal of X.

Theorem 2. If we take a probability space (I', A, P) = ([0,1], A, m), then every falling intuitionistic ideal is

a falling intuitionistic subalgebra in a BCK-algebra.

Proof. Since every ideal is a subalgebra in a BCK-algebra, it is straightforward. O

The following example shows that Theorem 2 is not true in a BCI-algebra.
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Example 3. Let X be the set of all nonzero rational numbers. If we take a binary operation x on X defined
by division as general, then (X;x,1) is a BCI-algebra (see [14]). Consider (T, A,P) = ([0,1], A, m) as
a probability space, and let { := (L, {p) be an intuitionistic random set on X which is given as follows:

X ift e (0.6 1]
10,1 2% 6,
gtx [Or ] - p X { 7* ifte [0/ 06]/

and

X ift€[0,0.7)

. X 4 7

Cp:10,1] = 2%, x> { 7e ifte 07.1],

where Z* is the set of all nonzero integers. Then the intuitionistic falling shadow G := (Gg, Gﬁ) of ¢ == (Cas Cp)
is a falling intuitionistic ideal of X, but it is not a falling intuitionistic subalgebra of X because {,(0.4) = Z*
and/for {(0.85) = Z* are not subalgebras of X since2 € Z* and 3 € Z* but 2 x 3 ¢ Z*.

We provide conditions for a falling intuitionistic subalgebra to be a falling intuitionistic ideal in
BCl-algebras.

Theorem 3. Given a BCl-algebra X, assume that the intuitionistic falling shadow G := (Gq, Gg) of
an intuitionistic random set { := ({a, () is a falling intuitionistic subalgebra of X. Then G := (G, Gg) is
a falling intuitionistic ideal of X if and only if for every x,y € X and wy, wg € T, the following conditions
are valid:

X € La(wa), y & Calwa) = yxX & Cawa),

x € {p(wp), ¥ & Lalwp) = y*1 & Lplwp). 1)

Proof. If G := (G, Gg) is a falling intuitionistic ideal of a BCI-algebra X, then {,(w,) and {g(wpg) are
ideals of X for all w,, wg € T. Let x,y € X be such that x € Cau(wy)and y & Co(we). Iy * x € {a(wa),
then y € {u(wa) since {o(wy) is an ideal of X. Hence y * x & {a(wy). Similarly, if x € {g(wp) and
y & {p(wp), then y x xﬁé Cﬁ(wﬁ). i

Conversely, let G := (Gg, Gg) be a falling intuitionistic subalgebra of a BCI-algebra X that
satisfies the condition Equation (19). Then {,(wy) and { /g(wﬂ) are subalgebras of X for all wa, wp € T
Hence 0 is contained in {4(wy) and {g(wp). Let x, y, ¢, d € X be such that x xy € (u(wa),
Y € falwa), cxd € {g(wp) and d € Lg(wp). If x ¢ Ja(wa) (resp., ¢ & Jg(wp)), then x xy & Ca(wa)
(resp., c xd ¢ (p(wp)) by Equation (19). This is a contradiction, and so x € {u(ws) and ¢ € Zg(wp).
Therefore G := (Gy, Gp) is a falling intuitionistic ideal of X. [

4. Conclusions

As a general concept of the fuzzy random set and fuzzy falling shadow, we have considered the
concepts of intuitionistic random set and intuitionistic falling shadow. Using these generalized notions,
we have introduced the notion of falling intuitionistic subalgebra and falling intuitionistic ideal of
BCK/BClI-algebras. We have discussed relations between falling intuitionistic subalgebra and falling
intuitionistic ideal, and have established a characterization of falling intuitionistic ideal.
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