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Abstract: In this paper, we introduce F-convex contraction via admissible mapping in the sense
of Wardowski [Fixed points of a new type of contractive mappings in complete metric spaces.
Fixed Point Theory Appl., 94 (2012), 6 pages] which extends convex contraction mapping of type-2 of
Istratescu [Some fixed point theorems for convex contraction mappings and convex non-expansive
mappings (I), Libertas Mathematica, 1(1981), 151-163] and establish a fixed point theorem in the
setting of metric space. Our result extends and generalizes some other similar results in the literature.
As an application of our main result, we establish an existence theorem for the non-linear Fredholm
integral equation and give a numerical example to validate the application of our obtained result.
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1. Introduction and Preliminaries

The Banach’s contraction principle [1] first appeared in explicit form in 1922, where it was
used to establish the existence of a solution for an integral equation. Since then, because of its
simplicity, usefulness and constructiveness, it has become a very popular and a fundamental tool
in solving existence problems arising not only in pure and applied mathematics but also in many
branches of sciences, engineering, social sciences, economics and medical sciences. One of the most
common generalizations of Banach’s contraction is the 1971’s Ciri¢ contraction [2] (also see [3]),
in that he considered all possible six values d(x,vy),d(x, Tx),d(y, Ty),d(x, Ty), d(y, Tx) and d(Tx, Ty)
by combining x,y, Tx, Ty for all x,y € X and T (self mapping on a metric space (X, d)). Later, in 1982,
Istratescu [4] introduced the class of convex contractions in metric space, where he considered seven
values d(x,y), d(Tx, Ty), d(x, Tx), d(Tx, T?x), d(y, Ty), d(Ty, T?>y) and d(T?x, T?y) for all x,y € X.
Further, he showed with example (see Example 1.3, [4]) that T is in the class of convex contraction
but it is not a contraction. Recently, some researchers studied on generalization of such class of
mappings in the setting of various spaces (for example, Alghamdi et al. [5], Ghorbanian et al. [6],
Latif et al. [7], Miandaragh et al. [8], Miculescu [9], etc.). Khan et al. [10], introduced the notion of
generalized convex contraction mapping of type-2 by extending the generalized convex contraction
(respectively, generalized convex contraction of order-2) of Miandaragh et al. [8] and the convex
contraction mapping of type-2 of Istrdtescu [4]. Very recently, Khan et al. [11], discussed the notions of
(a, p)-convex contraction (respectively («, p)-contraction) and asymptotically T2-regular (respectively
(T, T?)-regular) sequence and, showed that («, p)-convex contraction reduces to two-sided convex
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contraction [4]. Further, they have also shown with examples that the notions of asymptotically
T-regular and T2-regular sequences are independent to each other.

Generalizing the Banach contraction principle, Wardowski [12] introduced the notion of
F-contraction and proved a new fixed point theorem concerning F-contractions.

Definition 1. [12] Let F : R™ — R be a mapping satisfying the following:

(F1) Fis strictly increasing, i.e., forall o, B € R™ such that « < B, F(a) < F(B);
(F,) For each sequence {ay }nen of positive numbers limy 0o &ty = 0 if and only if limy,co F(ay) = —o0;
(F3) There exists k € (0,1) such that lim, o, a*F(a) = 0.

We denote F, the set of all functions satisfying the above definition.

Definition 2. [12] A mapping T : X — X is said to be an F-contraction on (X, d) if there exist F € F and
T > Osuch that Vx,y € X,

d(Tx,Ty) > 0= 1+ F(d(Tx, Ty)) < F(d(x,y)). 1)

Example 1. [12] The following functions F : Rt — R are in F.

(i) F(a) =1Ing;

(ii) F(a) =Ina +a;
(i) F(a) = — L

(iv) F(a) = In(a® + &)

By using F-contraction, Wardowski [12] proved a fixed point theorem which generalizes Banach'’s
contraction principle in a different way than in the known results from the literature.

Theorem 1. [12] Let (X, d) be a complete metric space and T : X — X be an F-contraction. Then, we have

(i) T has a unique fixed point z € X;
(ii) Forall x € X, the sequence {T"x} is convergent to z € X.

Definition 3. ([2,3]) Let (X, d) be a metric space and T : X — X be a mapping. Then, T is said to be orbitally
continuous on X if lim;_,o, T"x = z implies that lim; ,,, T"ix = Tz.

Let T : X — X be a mapping on a non-empty set X. We denote Fix(T) = {x : Tx = x forall x € X}.

Definition 4. [13] Let T : X — X be a self mapping on a non-empty set X and o : X x X — [0,00) be a
mapping, we say that T is an a-admissible if x,y € X, a(x,y) > 1 implies that a(Tx, Ty) > 1.

Obviously, «(.,.) may or may not be symmetric and a(x,y) = a(y, x) (i.e., symmetric) if and only
ifx=y.

Definition 5. [14] Let T : X — X and a : X X X — (—00,400). We say that T is said to be a triangular
w-admissible if

(Th) wa(x,y) implies a(Tx, Ty) > 1, x,y € X;
(Tr) a(x,z) > 1and a(z,y) > 1 imply a(x,y) > 1 for all x,y,z € X. (see for more examples
Karapinar et al. [14]).
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Example 2. Let X = [0,00). Define T : X — Xand a : X x X — [0,00) by Tx = In(1+ x) for all
x € X and

14+x, ifx>y;
e

0, otherwise.

Then, T is a-admissible as a(x,y) > 1 implies that a(Tx, Ty) > 1 for x > y and a(x,y) = «(y, x) for all
x=y.

Definition 6. [15] Let T be an x-admissible mapping on a non-empty set X. We say that X has the property
(H) if for each x,y € Fix(T), there exists z € X such that a(x,z) > 1and a(y,z) > 1.

Definition 7. An a-admissible mapping T is said to be an «*-admissible, if for each x,y € Fix(T) # @,
we have a(x,y) > 1. If Fix(T) = @, we say that T is vacuously a*-admissible.

The above definition is used by some authors without its nomenclature concerning the uniqueness
of fixed point (for examples Alsulami et al. [16], Khan et al. [10], etc.).

Example 3. Let X = [0,00). Define T : X — Xand a : X x X — [0,00) by Tx = 1+ x for all x € X and

( ) 32(x7y), l:fx Z y;
a(x,y) =
Y 0, otherwise.

Then, T is a-admissible. Since T has no fixed point, i.e., Fix(T) = @, so T is vacuously a*-admissible.

Example 4. Let X = [0,00). Define T : X — Xand o : X x X — [0,00) by Tx = "Z—Zforallx € Xand

() = {1, ifx,y €1[0,2];

0, otherwise.

Obviously, T is a-admissible and Fix(T) = {0,2}. Then, T is a*-admissible

Example 5. Let X = [0,00). Define T : X — Xand a : X x X — [0,00) by Tx = @for all
x € X and

w(x,y) = {1, ifx,y € [0,1];

0, otherwise.

Obviously, T is w-admissible and Fix(T) = {0,1,2}. Note that T is not an a*-admissible,
since a(x,2) = 0 for x € {0,1}.

In the next section, we extend the notion of convex contraction [4] to an a-F-convex contraction
and prove a fixed point theorem in the setting of metric space.

2. a-F-Convex Contraction
In this section, we discuss the class of a-F-convex contractions. Let T be a mapping on a metric

space (X, d). We denote
MP(x,y) = max {d”(x,y),d"(Tx, Ty),d" (x, Tx),d?(Tx, T*x),d" (y, Ty),

d? (Ty, T?y) }. @
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Definition 8. A self mapping T on X is said to be an a-F-convex contraction, if there exist two functions
a:XxX—[0,00)and F € F such that

d?(T?x, T?y) > 0 = 7 + F(a(x,y)dP(T*x, T?y)) < F(MF(x,y)) (3)
forall x,y € X where p € [1,00) and T > 0.

Example 6. Let F(y) = In(y), ¥ > 0. Obviously, F € F. Let T : X — X be a self mapping on a metric
space (X, d). Consider the convex contraction of type-2 (Istritescu [4]) taking with a(x,y) = 1forall x,y € X,
e T=k=Y%,a;<landa; >0foralli=1,2,..6.

d(T?x, T?y) < a1d(x,y) + apd(Tx, Ty) + azd(x, Tx) + agd(Tx, T?x)
+ asd(y, Ty) + aed(Ty, T?y),

where x,y € X with x # y. Then, we obtain
oc(x,y)d(sz, sz) :d(T2x, sz)
6
<Y a;max {d(x,y),d(Tx, Ty),d(x, Tx),
i=1

d(Tx, T?x),d(y, Ty),d(Ty, T?y) },

which implies that
a(x,y)d(T?x, T?y) < kM!(x,y) = e "M (x,y).

Taking natural logarithm on both sides, we obtain
T+ F(a(x,y)d(T?x, T?y)) < F(M*(x,y)).
Therefore,
d(T?x, T?y) > 0 = 7+ F(a(x,y)d(T?x, T?y)) < F(M'(x,y))
forall x,y € X. This shows that T is an «-F-convex contraction with p = 1.

. . 3 . . %2 1
Example 7. Let X = [0, 1] with usual metric d(x,y) = |x — y|. Defineamapping T : X — X by Tx = %5 + 3
forall x € X witha(x,y) = 1forall x,y € X. Then, T is a-admissible. Further, we see that T is non-expansive,
since we have

|Tx — Ty| = %|x2 — | <|x—y| forallx,y € X.
Setting F € F such that F(y) = In<y, v > 0. Then, for all x,y € X with x # y, we obtain
a(x,y)|T?x — T?y| =|T?x — T?y|
=g (1t +2%) = (v + 7))
(

1
T =Ty + 2 |x — vl

IN

o+ [ =)

IN
X

IA
B> W N — |~ | =

max {|Tx — Ty|, |x — y|}

IN

e_TMl(x,y) < e_TMl(x,y),
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where —7 = In (3 ). Taking natural logarithm on both sides, we obtain
T+ F(a(x,y)d(T?x, T?y)) < F(M'(x,y)).

This shows that T is an x-F-convex contraction with p = 1.

Example 8. Let T : X — X, where X = [0, 1] with usual metric d(x,y) = |x — y|. Define Tx = 1_2x2,for all
x € Xand a(x,y) = 1forall x,y € X. Then, T is a-admissible. Setting F € F such that F(y) =In+y, v > 0.
Then, for all x,y € X with x # y, we obtain

1
|Tx = Ty| = S|x* = y*| < |[x —y|

and
a(x,y)|T2x = TPy| =5 (122 —x*) — (29° — )]

2x* = | + [x* — y¥))

IN
N = N = | = o] =

1
[ =yl + g1 =y

1
x =yl +5|Tx — Ty
<max {|x —yl|,|Tx — Ty|}
<Ml(x,y).

Taking natural logarithm on both sides, we obtain
F(a(x,y)d(T?x, T?y)) < F(M'(x,y)).
However, there does not exist T > 0 such that
T+ Fa(x,y)d(T?x, T?y)) < F(M'(x,y)).
Therefore, T is not an a-F-convex contraction with p = 1. Also, consider
Te—TyP = {2~ 22 < [ —yP?
and
a(x,y)|Tx = Ty = |22 —x) = (2 —)[*
< (@ = 2P+ It =yt

5~ 2|~ 2|~

1
|x2 _y2|2+ a|x4 _y4|2

1., 22

1 2
< |y — _
sl =yt gt~

<o max {[x -y, |Tx - Ty}
5

_ > Af2 — L, TAf2
_16M (x,y) =e "M*(x,y).
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Taking natural logarithm on both sides, we obtain

T+ F(a(x,y)d(T?x, T?y)) < F(M*(x,y)),
where —T = In 15—6. Therefore, T is an x-F-convex contraction with p = 2.

3. Fixed Point Results of an a-F-Contraction

We prove the following lemma which will be used in the sequel.

Lemma 1. Let (X,d) be a metric space and T : X — X be an a — F-convex contraction satisfying
the conditions:

(i) T is a-admissible;
(ii) there exists xg € X such that a(xo, Txg) > 1.

Define a sequence {x} in X by x,41 = Tx, = T"xq foralln > 0, then F(dp(xn,xn+1)) < F(v) —It,
whenever n =2l orn =21+ 1forl > 1.

Proof. Following the same steps as in Lemma 1, the last paragraph was replaced with the following;:
Therefore, v > dP(xy,x3) and hence F (dp(x2, JC3)) < F(v) — 7. By a similar argument, we obtain

F(dp(X3,X4)> < F(v) — 7; continuing in these way, we arrive at F(dp(xn,xn+1)) < F(v) —It,
whenevern =2lorn=2l+1forl >1. O

Proof. Let xy € X be such that a(Txg, xp) > 1 and {x,} is a sequence defined by x,, .1 = Tx, for all
n € NU{0}. Since T is a-admissible, a(xp,x1) = a(xg,Txp) > 1 implies that a(xp, x3) =
«(Tx1, T?x9) > 1. One can obtain inductively that a(x,,x,11) > 1 for all n > 0. Assume that
Xp # Xpi1 forall n > 0. Then, d(xy, x,11) > 0 forall n > 0. Setting v = max {d¥ (xo, x1),d? (x1,x2) }.
From (2), taking x = xp and y = x1, we obtain

MP(xg,x1) = max {d?(xo, x1),d"(Txo, Tx1),d" (xo, Txo),
dP(Txo, 2x0),dp(x1,Txl),dp(Txl,szl)}
= max {dP(xo, x1),d? (x1,%2), d" (xo, x1), 4)
dP (x1,x2),dP (x1,x2),dP (x2, x3) }
= max {d? (xp, x1),d" (x1,x2),dP (x2,x3) }.

Since F is strictly increasing and a(xp, x1) > 1, by (3) and (4), we obtain

F(dP(xp,x3)) = F(dP( (T?x, T2x1))
< F(oc(xo x1)dP(T?xq, T?x1))
< F(MP(x0,x1)) — T (5)
= F(max {d?(xo,x1),d" (x1,x2),d" (x2,x3) }) — T
< F(max {v,d?(xp,x3)}) — 7.

If max {v,dP(xp, x3) } = d¥(x2, x3), then (5) gives
F(dp(xz,xg,)) < F(dp(xz,xg,)) —T< F(d”(xz,xg,)).
This is a contradiction. It follows that

F(dP(xp,x3)) <F(v) — T < F(0).
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Since T > 0 and F is strictly increasing, it follows that
dP (xp,x3) < v =max {d”(xq,x1),d"(x1,x2)}.

Again, from (2) taking with x = x; and y = x;, we obtain

Mp(xl,xz) = maXx {dp(xl,xz) dp(Txl,sz),dp(xl,Txl),
dP(Tx, le),dp(xz,sz),dp(sz,szz)}
= max {d? (x1,x2),d" (x2, x3),dP (x1, x2), (6)
dP (xa,x3),dP (x2,x3),dP (x3,x4) }
= maXx {dp(xl,xz) dp(xz,x3),dp(x3,x4)}.
By (3) and (6), we obtain
F(dp(X(;, X4)) d (szl,TZXQ))

K
F(a(x1, x2)d? (T?x1, T?x2))

F(MP(x1,x2)) — T

= F(max{dP (x1,x2),dP (x2,x3),d" (x3,%4)}) — T.

IN A

If max {d¥ (x1,x2),dP (x2, x3),dP (x3,x4) } = d¥(x3,x4), then we obtain
F(dP(x3,x4)) < F(dP(x3,x4)) — T < F(d”(x3,x4)).
This is again a contradiction. It follows that
max{d” (x1,x2),dP (x2, x3)} > dP (x5, x4).

Therefore, v > dP (xp, x3) > dP(x3,x4). Continuing in this process, one can prove inductively that
{dP(xn, x,41)} is a strictly non-increasing sequence in X. [

Theorem 2. Let (X, d) be a complete metric space and T : X — X be an a-F-convex contraction satisfying the
following conditions:

(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(iii) T is continuous or, orbitally continuous on X.

Then, T has a fixed point in X. Further, if T is a*-admissible, then T has a unique fixed point z € X.
Moreover, for any xo € X if x, 1 = T" lxg # Txy forall n € NU {0}, then lim;,_,c T"xg = z.

Proof. Let xp € X be such that a(Txg,x9) > 1 and define a sequence {x,} by x,+1 = Tx, for all
n € NU{0}. If x4y = x41, i.e., Txp, = Xy, for some ng € NU {0}, then x,,, is a fixed point of T.

Now, we assume that x, # x,41 for all n > 0. Then, d(x,,x,11) > 0 for all n > 0.
Since T is a-admissible, a(xp, Txg) > 1 implies that a(x1,x2) = a(Txo, T?xg) > 1. Therefore,
one can obtain inductively that a(x,, x,11) = a(T"xo, T""lxg) > 1 for all n > 0. Setting
v = max{d" (xo, x1),dP(x1,x2) }.
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Now from (2), taking x = x,,_p and y = x,,_1, where n > 2, we obtain

Mp(xn—2r xnfl) = max {dp(xn—ZI Xn-1), dp(Txn—Z/ Txn71>/ dP (x,—2, Txn—Z)r
dP(Txy 2, szn72)/ dP (xp—1, Txp—1),dP (Txy_1, szn—l) }

= max {d(xp—2, Xy—1),d(Xn_1,Xn), d(Xp_2,Xp_1),
dp(xnfll x}’l)/ dP (xnflr xn)/ dp(xnr xn+1) }

= max {dp(xn—ZI le*l)/ dp(xnfll xi’l)/ dp (xn/ xn+1) }

Since F is strictly increasing and T is a-admissible, by (3), we obtain

MP(xp—2,%y-1) — T

If max {dP (x,—2, Xp—1),dP (Xp—1, Xn), AP (Xn, Xp41) } = dP(xn, Xy41), then we obtain

F(dP (xn, xp41)) < F(dP (xn, Xp11)) — T < F(dP (xp, X441)).
This is a contradiction. Therefore,
F(dP (xn, xps1)) <F(max {dP (xy—2,X4-1),d" (xp_1,%0)}) — T.
By Lemma 1, we obtain:
F(d”(xn,an)) < F(v) —Ir,

whenevern =2lorn =2+ 1forl > 1.
From (6), we obtain

}%F(dp(xn,xn+1)) = —o0.

Therefore, by (F,) with (8), we obtain

nli_r}x;lod(xn,xnﬂ) =0.

From (F3), there exists k € (0,1) such that

lim [dp(xn, xn+1)]kp(dp(x1’l/ xn+l)) =0.

n—sco
Also, from (7), we obtain
[d”(xn,xnﬂ)}k[F(d”(xn,xnﬂ)) —F(v)] < — [d”(xn,xnﬂ)}klr <0,
wheren =2lorn =2l +1forl > 1.
Letting n — oo in (11) together with (9) and (10), we obtain
r}ggol[d(xn,xn+1)]k =0.

Now, it arises in the following cases.

max {dp(xnle xn—l)/ dp(xi’l—ll x?’l)/ dp(xnr xn—i—l) }) —T.

8 of 15

@)

)

©)

(10)

(11)

(12)
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Case-(i): If nis even and n > 2, then from (12), we obtain

lim n[d(xn,xnﬂ)]k =0. (13)

n—o0

Case-(ii): If nis odd and n > 3, then from (12), we obtain

k

nlgx;lo(n —1)[d(xn, x441)]” = 0. (14)
Using (9), (14) gives
Tim n[d(x, x011)]" = 0. (15)

It may be observed from the above cases that, there exists #; € N such that
n[d(xn,xnﬂ)]k <1 foralln > ny.

Therefore, we obtain
1

- foralln > n.
nk

d(xn/ xn-‘rl) S

Now, we show that {x,} is a Cauchy sequence. For all p > g > n7, we obtain

d(xp, xq) < d(xp,xp_1) +d(xp_1,%p2) + - +d(xg41,%)

oo
1
< Zd xi, Xit1) < ZE'
i=q i=q 1k
Since )2, T is convergent, taking g — oo, we get limy, 500 d(xp, x4) = 0. This shows that {x,,}

is a Cauchy sequence in X. Since X is complete, there exists z € X such that lim;,_, x4, = z. Now we
prove that z is a fixed point of T. Suppose T is continuous, then

d(z,Tz) = nli_rggod(xn,Txn) = lim d(xp, xy41) = 0.

This shows that z is a fixed point of T.

Again, we suppose that T is orbitally continuous on X, then x,,41 = Tx, = T(T"xp) — Tz as
n — oo. Since (X, d) is complete this implies that Tz = z. Therefore, Fix(T) # Q.

Further, we suppose that T is a*-admissible, it follows that for all z,z* € Fix(T), we have
a(z,z*) > 1. From (2) and (3), we obtain

F(dP(z,z*)) = F(dP(T%z, T%z"))
= F(a(z,z%)dP (T?z, T?z%))
< F(MP(z,2%) — 1
= F(max {d” z,2%),dP(Tz, Tz"),d? (z, Tz),d? (Tz, T?z),
dr(z*,Tz"), d”(Tz Tzz*)}) -7
— F(dP(z,2")) —

Since T > 0 and using F is strictly increasing, we obtain

F(d(z,z")) < F(d(z,z")).

This is a contradiction. Therefore, T has a unique fixed pointin X. O
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One can verify the validity of Theorem 2 with Examples 7 and 8 with proper choose of a(x, y)
and p.

Corollary 1. Let (X,d) be a complete metric space and a : X x X — [0,00) be a function. Suppose that
T : X — X be a self mapping satisfying the following conditions:

(i) forallx,y € X

a(x,y)d(T?x, T?y) < kmax{d(x,y),d(Tx, Ty),d(x, Tx),d(Tx, T*x), 16)
d(y, Ty),d(Ty, T*y)}
where k € [0,1);
(ii) T is a-admissible;
(ii) there exists xog € X such that a(xg, Txg) > 1;
(iv) T is continuous ot, orbitally continuous on X.

Then, T has a fixed point in X. Further, if T is an a*-admissible, then T has a unique fixed point z € X.
Moreover, for any xg € X if x, 1 = T" xg # T"xq for all n € N U {0}, then limy, 00 T"xg = z.

Proof. Setting F(7y) = In(7),y > 0. Obviously, F € F. Taking natural logarithm on both sides of (16),
we obtain

—Ink + Ina(x,y)d(T?x, T?y)
<In(max{d(x,y),d(Tx, Ty),d(x, Tx),d(Tx, T*x),d(y, Ty),d(Ty, T*y) }),
which implies that
T+ F(a(x,y)d(Tx, T?y)) < F(M'(x,y))

for all x,y € X with x # y where T = — Ink. This shows that T is a-F-convex contraction with p = 1.
Thus, all the conditions of Theorem 2 are satisfied and hence, T has a unique fixed pointin X. O

The following is proved in Khan et al. ([10], [Theorem 2.2]) by extending convex contraction of
type-2 (Istrdtescu [4]) to generalized convex contraction of type-2 in the setting of b-metric space .

Corollary 2. Let (X,d) be a complete metric space and « : X x X — [0,00) be a function. Suppose that
T : X — X be a self mapping satisfying the following conditions:

(i) forallx,y € X

a(x,y)d(sz, sz) < ayd(x,y) + apd(Tx, Ty) + azd(x, Tx) + agd(Tx, sz)
+ asd(y, Ty) + aed(Ty, T?y)}

where 0 < w; <1,i=1,2,...,6 such that Z?Zl w; < 1;
(ii) T is a-admissible;
(iii) there exists xy € X such that a(xg, Txg) > 1;
(iv) T is continuous or, orbitally continuous on X.

Then, T has a fixed point in X. Further, if T is a*-admissible, then T has a unique fixed point z € X.
Moreover, for any xg € X if x, 1 = T" xg # T"xg for all n € NU {0}, then lim; e T"xq = z.
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Proof. Setting F(7y) = In(7),y > 0. Obviously, F € F. For all x,y € X with x # y, we obtain

tx(x,y)d(sz, sz) = d(sz, sz)
< wd(x,y) + ad(Tx, Ty) + asd(x, Tx) + agd(Tx, T?x)
+ asd(y, Ty) + aed(Ty, sz)}
< kmax {d(x,y),d(Tx,Ty),d(x, Tx),d(Tx, T2x),
d(y, Ty),d(Ty, T?y)},

where k = Y%_, a; < 1. Therefore, by above Corollary 1, T has a unique fixed point in X. [J

Corollary 3. Let T be a continuous mapping on a complete metric space (X,d) into itself. If there exists
k € [0,1) satisfying the following inequality
d(T?x, T?y) < kmax {d(x,y),d(Tx, Ty),d(x, Tx),d(Tx, T*x),
d(y, Ty),d(Ty, Ty) }

forall x,y € X, then T has a unique fixed point in X.

4. Application

In this section, we apply our result to establish an existence theorem forthe non-linear Fredholm
integral equation and give a numerical example to validate the application of our obtained result.
Let X = Cla,b] be a set of all real continuous functions on [a,b] equipped with metric
d(f,g) = |f — gl = maxuca ) [f(t) — g(t)| forall f, g € Cla, b]. Then, (X, d) is a complete metric space.
Now, we consider the non-linear Fredholm integral equation

x(t) =o(t) + 5 i . /;K(t,s,x(s))ds, (17)

where t,s € [a,b]. Assume that K : [a,b] X [a,b] x X — Rand v : [4,b] — R continuous, where v(t) is
a given function in X.

Theorem 3. Suppose that (X, d) is a metric space equipped with metric d(f, g) = |f — g| = max,c(p) |f(£) —
g(t)| forall f,g € Xand T : X — X be a continuous operator on X defined by

Tx(t) = v(t) + 5 i - /ﬂbK(t,s,x(s))ds. (18)

If there exists k € [0,1) such that for all x,y € X with x # y and s,t € [a,b] satisfying the
following inequality

|K(t,s,Tx(s)) — K(t,s, Ty(s)) | < kmax {|x(s) —y(s)|,|Tx(s) — Ty(s),
x(5) — Tx(s)], ITx(s) — Tx(s)], 19)
ly(s) = Ty(s)1, | Ty(s) — Ty (s)1},

then the integral operator defined by (18) has a unique solution z € X and for each xg € X, Txy, # xy, for all
n € NU {0}, we have limy_,0e Txy, = 2.

)_
)_
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Proof. We define o : X x X — [0,00) such thata(x,y) = 1 forall x,y € X. Therefore, T is a-admissible.

Setting F € F such that F(y) = In(y), v > 0. Let xyp € X and define a sequence {x,} in X by
Xp41 = Txy, = T"lxg forall n > 0. By (18), we obtain

1

Xpp1 = Txp(t) = v(t) + — /abK(t,s, xn(s))ds. (20)

We show that T is a-F-convex contraction on C[a, b]. Using (18) and (19), we obtain

IT2x(t) — T2y(8)] = |bia}/abK(t,s,Tx(s))ds—/abK(t,s,Ty(s))ds|
1 b
< W/ |K(t,s,Tx(s)) — K(t,s, Ty(s))|ds

e [ max {13(6) — v, ITx(5) = Ty(s), Ix(9) - Tx(o),
Tx(s) = T2(5)L (s) — Ty(s)], [Ty(s) — T2y(s) s

Taking maximum on both sides for all t € [a, b], we obtain

d(T?x, T?y) = max |T?x(t) — T?y(t)|
tel0,1]

b
< i max [ max {15(6) < L ITa(5) = Ty ) = To),

| Tx(s) — T2x(s)|, ly(s) — Ty(s)I, | Ty(s) — T?y(s)| }ds
b —a] [ max {1x(r) = y(")|, ITx(r) = Ty(r), |x(r) = Tx(r)],

rela,b)

=

| Tx(r) = T2x(r)], [y(r) = Ty(r)|, | Ty(r) — T?y(r)|}] / ds
= kmax {d(x,y),d(Tx, Ty),d(x, Tx),d(Tx, T*x),d(y, Ty),d(Ty, T?*y) }

Therefore
oc(x,y)d(sz, sz) < le(x,y).
Now, taking natural logarithm on both sides, we obtain
—Ink+1In[a(x,y)d(T?x, T?y)] <InM'(x,y).

Thus, we obtain

T+ F(a(x,y)d(T?x, T?y)) < F(M'(x,y)),

where — Ink = 7. This shows that T is a-F-convex contraction with p = 1 for all x, y € X with x # y.
Since T is a-admissible and X = Cla, b] is complete metric space. Therefore, the iteration scheme (4.4)
converges to some point z € X, i.e, lim, o Xy — z. By continuity of T, one can prove that T has a
fixed point, i.e., Tz = z. Consequently, Fix(T) # @. Also, for all x,y € Fix(T), a(z,z*) = 1 follows
that T is a*-admissible. Thus, all the conditions of Theorem 2 are satisfied and hence, the integral
operator T defined by (18) has a unique solutionz € X. [
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The following example shows the existence of unique solution of an integral operator satisfying
all the hypothesis in Theorem 3, however, one can also check that the following example does not
satisfy F-contraction.

Example 9. Let X = C[0,1] be a set of all continuous functions defined on [0, 1] equipped with metric
d(f,g) = |f — gl = max,coq) |f(t) — g(t)| forall f,g € X. Let T : X — X be the operator defined by

1
x(t) = o(t) —|—/O K(t,s,x(s))ds. (21)

Therefore,
t s, Tx

/ (22)
[

(t,s,0(t —I—/ (t,s,x(t))ds)ds.
Letting v(t) = £t2 and K(t,5,x(s)) = $#2(1+s)(x?(s) + 1). Then, (21) becomes
Tx(t) = —t2+/ ftz (1+5)(x%(s) +1)ds. (23)
Then, (i) v(t) and K(t,s,x(s)) are continuous,
(ii) max }[2(1 +s)| < § forall (t,s) € [0,1] x [0,1],

(iif) Tx € X forall x € X,
(iv) For all x,y € X with x # y and (t,s) € [0,1] x [0, 1] and using (21) and (22), we obtain

|Tx(t) — Ty(t)| = ' /OlK(t,s,x(s))ds — /OlK(t,s,y(s))ds

< /1

K(t,s,x(s)) — K(t,s,y(s))ds)|ds

1—|—s

x%(s) = 12(s)) |ds

Taking maximum on both sides for all t € [a, b], we obtain

|Tx — Ty| = max |Tx(t) — Ty(t)|
tel0,1]

< max /
te[0,1] JO
1

< — max
= 2 pei00] |

) /Olds

<|x—yl
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From the above, one can verify that the integral operator T is not an F-contraction. Also, we have
1 1
|T?x(t) — T?y(t)| = ‘/ K(t,s,Tx(s))ds—/ K(t,s, Ty(s))ds
0 0
1 1
/K(t,s,v(t)—f—/ K(t,s,x(t))ds)ds
0 0
1 1
— K(t,s,v(t)+/ K(t,s,y(t))ds)ds
0 0
1
<)
0
1
—K(t,s,v(t)+/ K(t,s,y(t))ds)
0
L2(1+s) [1[2(1+s), 5 5
= [P [ e - v o
LR+ 2
< S _
<) 557 wer-ve)

Taking maximum on both sides for all t € [a, b], we obtain

K(t, s, o(t) + /01 K(t, s,x(t))ds) ds

ds

ds

dsds.

|T?x — T?y| = max |T?x(t) — T?y(t)|
tel0,1]

max [ 1 [tz(fs)r(x%s) )

1 2 2 /1/1
< Z — dsd
_4prél[3?1<]|x () =y (p)| ) dsds

IN

dsds

1 1 1
= 1’x2—3/2| < §|x—3/| < iMl(x,y)
=e "M (x,y),

where In} = —7. Setting a : X x X — [0,00) by a(x,y) = 1 forall x,y € X and F € F such that
F(7) = In(7y), v > 0. Therefore, we obtain

a(x,y)|T?x — T2y| < e "M (x,y).
Taking natural logarithm on both sides, we obtain
T+ 1Ina(x,y)d(T?x, T?y) < InM'(x,y),

that is,
T+ F(a(x,y)d(T?x, T?y)) < F(M'(x,y)).

This shows that T is a-F-convex contraction with p = 1 for all x,y € X. Thus, all the conditions of
Theorem 3 are satisfied and therefore, the integral Equation (21) has a unique solution. One can verify that
x(t) = t? is the exact solution of the equation (21). Using the iteration scheme (20), (23) becomes

X1 = Txp(t) = %tz + % /01 [£2(1+s){x2(s) +1}]ds. (24)
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Letting xo(t) = 0 be an initial solution. Putting n = 0,1,2, ..., successively in (24), we obtain

x1(t) = 0.90833333t%, x(t) = 0.98396470t%, x3(t) = 0.99708377t

x4(t) = 0.99946614%, x5(t) = 0.99990215t%, x4(t) = 0.99998206t

x7(t) = 0.99999671t2,  xg(t) = 0.99999940t%, x9(t) = 0.99999985t
(t) =0.

xqo(t 9999999812,  x11(t) = t2.

Therefore, x(t) = t2 is the unique solution.
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