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Abstract: The model of a two-dimensional birth-death process with possible catastrophes is studied.
The upper bounds on the rate of convergence in some weighted norms and the corresponding
perturbation bounds are obtained. In addition, we consider the detailed description of two examples
with 1-periodic intensities and various types of death (service) rates. The bounds on the rate of
convergence and the behavior of the corresponding mathematical expectations are obtained for
each example.

Keywords: continuous-time Markov chains; catastrophes; bounds; birth-death process; rate
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1. Introduction

There is a large number of papers devoted to the research of continuous-time Markov chains and
models with possible catastrophes, see for instance [1-21], and the references therein. Such models
are widely used in queueing theory and biology, particularly, for simulations in hight-performance
computing. In some recent papers, the authors deal with more or less special birth-death processes
with additional transitions from and to origin [9-13,18-20]. In [22], a general class of Markovian
queueing models with possible catastrophes is analyzed and some bounds on the rate of convergence
are obtained. Here we consider a more specific but important model of a two-dimensional birth-death
process with possible catastrophes and obtain the upper bounds on the rate of convergence in some
weighted norms and the corresponding perturbation bounds.

Ergodicity bounds in [-1 norm (associated with total variation) for such processes can be obtained
quite easily due to the possibility of catastrophes, i.e., transitions to zero from any other state.
Obtaining the estimates in weighted norms that guarantee the convergence of the corresponding
mathematical expectations as well as the construction of the corresponding limiting characteristics are
more complex problems.

Mathematics 2018, 6, 80; doi:10.3390 / math6050080 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0002-7855-3364
http://www.mdpi.com/2227-7390/6/5/80?type=check_update&version=1
http://www.mdpi.com/journal/mathematics
http://dx.doi.org/10.3390/math6050080

Mathematics 2018, 6, 80 20f17

In addition, we consider in detail two examples with 1-periodic intensities and various types of
death (service) rates. The bounds on the rate of convergence and the behavior of the corresponding
mathematical expectations are obtained for each example.

Our results seem to be interesting for both queueing theory and biology applications.

Let X(t) = (X;(t), X2(t)) be two-dimensional birth-death-catastrophe process (where X;(t) is
the corresponding number of particles of type i, i = 1,2) such that in the interval (¢, + &) the
following transitions are possible with order h: birth of a particle of type 7, death of a particle of type i,
and catastrophe (or transition to the zero state 0 = (0,0)).

Denote by Aq;i(t), Agij(t), w1,j(t), pa2i(t), and by ;i(t) corresponding birth, death,
and catastrophe rates for the process. Namely, A;;i(t) is the rate of transition from state (i) to
state (i + 1,j) at the moment ¢, A, ; (t) is the rate of transition from state (7, j) to state (i,j + 1), p1,(f)
is the rate of transition from state (i,j) to state (i — 1, ), po,,(t) is the rate of transition from state
(i,j) to state (i,j — 1), and finally, ¢; ;(#) is the rate of transition from state (i, ) to state (0,0) at the
moment ¢.

The transition rate diagram associated with the process is presented in Figure 1.
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Figure 1. Transition rate diagram.

Suppose that all intensities are nonnegative and locally integrable on [0; c0) as functions of t.
Moreover, we also suppose that the condition of boundedness

Myij(#) + Agi i (8) + i (F) + po,ij(t) + G, (t) < L < oo, 1)

hold for any i, j and almost all ¢ > 0.

We renumber the states of two-dimensional process X(t) = (X1 (t), X2(t)) (0,0), (0,1), (1,0), (0,2),
(1,1), (2,0), ... by increasing the sum of coordinates, and in the case of the same sum, by increasing
the first coordinate. Hence we obtain one-dimensional vector p(t) = (po(t), p1(t), ... )T of state
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probabilities in a new numeration, and therefore, we can rewrite the forward Kolmogorov system in
the following form:

dp o)
r __ >
th(t)p, t>0, 2

where A(t) = (a;(t)) is the corresponding transposed intensity matrix:

a0 M101t%01 H210t+810 Co2 G111 G20 Goz G122 821 Gap
A10,0 a11 0 M2 H2a1 O 0 0 0
A2,0,0 0 a2 0 w11 mp20 O 0 0 0
A() = 0 Moa 0 as3 0 0 pio3 H212 O 0 )
0 A2 M,10 0 ayq 0 0 ma2 m22 0 -
0 0 A210 0 0 ass5 0 0 mi21 M230
0 0 0 A2 0 0 ag6 0 0 0

and a;;(t) = — ¥ 4j(t).

Throughout the paper by || - || we denote the I;-norm, i. e., ||x|| = ¥ |x;|, and || B|| = sup; X |bi;]
for B = (bu)f,?:o

Let Q) be a set all stochastic vectors, i.e., [; vectors are with nonnegative coordinates and unit
norm. Hence the assumption (1) implies the bound ||A(t)|| < 2L for almost all + > 0. Therefore,
the operator function A(t) from I; into itself is bounded for almost all + > 0 and locally integrable on
[0,' o). Therefore, we can consider the forward Kolmogorov system as a differential equation in the
space I; with bounded operator.

It is well known, see [23], that the Cauchy problem for such a differential equation has a unique
solution for an arbitrary initial condition, and p(s) € () implies p(t) € Q fort > s > 0.

We have

p(t) = U(t,s)p(s), ®)
where U(t,s) is the Cauchy operator of Equation (2).

Note that the vector of state probabilities can be written in "two-dimensional form’ as
T
p(t) = (Poo(t), por(t), ro(t), poa(t), pra(t),-.. )"

2. Bounds in /; Norm

Consider the first equation in forward Kolmogorov system and rewrite it in the following form:

d
EPO — —(apo + E(1)) po+ X (aoi(t) = E(H))pi + & (1), @
i>1
where £(f) = inf; ; 61-,]-(1‘).
Then we have from Equation (2) the following system:

P B()p + (), ®)

where f(t) = (&(t),0,...)T and

a =& M1 +81—¢ M0+G0—¢ Co2—& G11—¢ &0-¢ Go3—¢ G12—¢ G1—¢ Go—¢

A100 an 0 1,02 M1 0 0 0 0 0
A2,0,0 0 axn 0 M1 H22,0 0 0 0 0
B(t) = 0 Mo 0 33 0 0 H1,03 H21.2 0 0
0 A201 A110 0 g4 0 0 Hi12 Mo 0
0 0 A210 0 0 ass 0 0 121 1230
0 0 0 M2 0 0 g6 0 0 0
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We have ;
p(t) = V(Op(0) + [ V(E D) dr, ©

where V(t, T) is the Cauchy operator of Equation (5).
Then one can estimate the logarithmic norm of B(t) in the space of sequences /1 (see [24]):

i>1

v (B(t)); = max <aoo(t) —¢(t)+ X an(t),

@)
sup (aii(t) +agi(t) =&(t)+ X ﬂji(t)>> = —Z(t).
i>1 jAij>1
Then for all 0 < s < t we have
[e)d
— [¢(r)dt
Vts) <e : ®)
Therefore, the following statement is correct (see details in [16,18]).
Theorem 1. Let the intensities of catastrophes be essential, that is
/ &(t) dt = o, )
0
Then the process X(t) is weakly ergodic and the following bound of the rate of convergence holds:
t
* k% B ]‘ é(r) dr
Ip™(5) —p™ (1) <2 © , (10)

for all initial conditions p*(0), p**(0) and any t > 0.

Consider now the ”perturbed” process X = X(t), t > 0, adding a dash on top for all
corresponding characteristics.

Put A(t) = A(t) — A(t), and assume that the perturbations are “uniformly small”, i.e., for almost
all t > 0 the following inequality is correct

[A(H)] <e. (11)

Consider the stability bounds of the process X(t) under these perturbations. In addition,
we assume that the process is exponentially ergodic, that is, that for some positive M, a and for all s, ¢,
0 < s < t the following inequality holds

e~ S S du < ppo-alt=s). (12)

Then from Theorem 1:

~Jeo) Jea

dt — T
[p*(t) —p™ () <e ° [p*(s) —p™(s)| < 2e ° < 2Me (), (13)

Here we apply the approach proposed in [25] for a stationary case and generalized for a

nonstationary situation in [15,16].
We have

t Eia
Ip(t) = p()]l < Me™ =) [[p(s) — p(s)|| + M/s 1A ) e du. (14)
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Therefore we obtain

" lp(s) —p(s)[| + (t—s)e, 0<t<a'logM,
- <
Ip(t) PO —{ a1 (log M +1 — Me—-9))e + Me=at=)[p(s) — p(s)]],

It implies the following statement.
Theorem 2. If the condition (12) is fulfilled and the perturbations are uniformly small:
1AM <,
for almost all t > 0. Then the following bound holds:

limsup p(t) — p(t)| < L T18M)

t—o0 a

for any initial conditions p(0), p(0).

t >a llog M.

50f17

(15)

(16)

(17)

Corollary 1. Let the intensities of the process be 1-periodic and instead of (12) we have the following inequality

/Olg(t)dt > 6> 0.

Then (17) is correct for

where K = sup|;_ fst &(1)dt < oo.

3. Bounds in Weighted Norms

(18)

(19)

Consider the diagonal matrix D = diag(dy, dy,d>,d3, - - - ), with entries of the increasing sequence
{d,}, where dy = 1, and the corresponding space of sequences l1p = {z = (po, p1,p2,...)T } such that

Izllip = [[Dz[ly < co.
Then one can estimate the logarithmic norm of operator B(t) in I;p space.
According to the general approach, we obtain the matrix

d q d d o d
08 (mo1+fon -9 Gniotiio-9gl G-zl GLi-9F) G097k G-
d d d
21,00 % 1 0 1,02 % #2,1,1 ﬁ 0 0
d d d
22,00 Tg 0 22 0 11,1 ﬁ 22,0 é 0
d d
0 Mol 0 a 0 0 H103 5>
DB(HD~! = 1014, 33 1037,
d, d,
0 2201 ﬁ M0 é 0 o 0 0
d
0 0 1052 0 0 a 0
210 d, 55
d
0 0 0 M2 i 0 0 66

where a;;(f) = - Y; Lll"]'(t).
Consider now the logarithmic norm

(81,2 *@)ng

d
2,12 ﬁ

d
#,12 é

(20)
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Let us make the correspondence between the column number of matrix DB(t)D~! and the number
of zeros under the main diagonal in this column (till the first nonzero element). Then we obtain the
arithmetic progression {a; }:

m a4 43 a4 as 4 a4y ag A9 A A Az A3 44 415 A A1y g 419 A 421
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
1 1 2 2 2 3 3 3 3 4 4 4 4 4 5 5 5 5 5 5 6

We compose the sequence {b;} of the number of identical entries of the third line: 2,3,4,5,6, - - -
Note that Y-, b; is equal to the last ai, corresponding to the number of zeros N in the k-th column.
Then the sum of the first N elements of sequence {b;} is approximately equal to the number of
the column a, = n:
(2b; + (N —1)) N = 2a, = 2n.

Knowing the column number #, one can find the formula for the number of zeros N under the
main diagonal in this column till the first nonzero element. We note that the number of zeros over the
diagonal till y1 ; j is one less.

If N is not an integer, we must take the nearest right to N an integer.

One can see that columns 2,5,9, 14, ... (these columns correspond to sums Zle b; and integer N)
contain death rates ]/lz,i,j(t) only, and columns 3, 6,10, 15, ... contain death rates ]/ll,i,j(t) only, and all
other columns contain the both death intensities.

Consider the following quantities:
forn=0

an (1) = Aoo(t) +A200(t) +E(t) — Aot ) — Az00(t )Z
forn=1
wn (£) = A101(8) + A201(8) + 1,01 (H) + E1(8) = Ao ()R — Ag01 ()% — (01 (H) + G (1) — E() P,

forn=2

an (£) = Aa,0() + Ao1.0() + H21,0() + E2(8) = Ano ()% = Aa0 ()% = (mo1,0(t) + Ea(t) — (1) 2,

—3+v9+48n.
B E—

for integer

@ (£) = A1 () (8) F At ) (1) g1y (8) F Gy () = Aq gty (8) 2550 — Ay o () S22
_ﬂz,s%(n)(t)d"}z% = (8s(ijy (1) — 5(0)%/ N = @,

. -3 9+8(n—1
for integer %(n):

an (1) = Ay o (n)< ) A Ag 1) () + My 100y (8) 4 iy (£) = Aq g1 ( )dw% /\2’571(11)(1})%%
s 1 (O = Gy (D —ED) R, N = | 22,

in other cases:

Kpn (t) = Als ;( )( ) + )\25 1(n)(t)d+ nul,s*l(n)(t) + V%f*l(n)(t) + és(i,j)(t) _ /\1’571(,1)(1_)%%
g1y () = py oot ) () Z2 — g o ) (B) 23
—(&s(iy (1) = 60))2—3, N = [y

Then the following algorithm helps us to correlate the number n and pair (i, j):
(1) n=n-— 1!
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(2) ny = ng _2/

(k) ny = ng_1 — k, while n > 0,
(k+1) i= nk,j =k— N.

We obtain
7 (B)p = ~ infan(t) = —a(t). e

Therefore, for all 0 < s < t we have the bound for the corresponding Cauchy operator:
[a(r)d
— | al(T)dat
[V(t,s)llhip <e ° , (22)

and the following statement.

Theorem 3. Let for some sequence {d;} we have the condition
/ a(t) dt = 0. (23)
0
Then the process X(t) is weakly ergodic and the following bound of the rate of convergence is correct:

T)dt

p*(0) =P (0)ll1p. (24)

I
O~
2

lp*(t) —p™(t)[l1p <e

for any initial conditions p*(0), p**(0) and for all t > 0.

Mathematical expectations for both processes Xi(t) and X, (t) can be obtained using formulas:

Ei(t) =Upo+pat+pr+...)+2(ps+ps+pt-)+... (25)
=1(po+tpu+tpet-..)+2(po+pa+pot+-)+...

and

Ex(t) =1p1+patps+..)+2(ps+pr+p2t--)+... (26)
=Upor +put+pant..)+2potpotpatoc) .
Let us now introduce a process N(t) = |X(t)| = X;(t) + X»(t), that is the number of all particles

at the moment ¢.
Then one has for the mathematical expectation (the mean) of this process the following equality:

En(t) = 1(po1 + p1o) +2(po2 + p11 + p20) +3(pos + pi2 + po1 +p30) +---) +... (27)
=1(p1+p2) +2(p3+pa+ps) +3(pe + py + ps + po) + ... = E1(t) + Ea(t).
We note that for W = inf;>q = the next inequality holds
En(t) = 1(p1+p2) +2(ps+ pa+ ps) +3(ps + p7+ps+po) +... < ) ipi < i Z:¢n——mﬂ)MD
i>1 z>l

Denote by En(t, k) = E(|X(t)|/]|X(0)| = k) the conditional expected number of all particles in
the system at instant ¢, provided that initially (at instant ¢ = 0) k particles of both types were present in
the system.
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Corollary 2. Let the condition (23) hold and there is a sequence {d;} such that W > 0, then the process
N(t) has the limiting mean ¢y (t) = En(t,0), and for any j and all t > 0 the following bound of the rate of
convergence is correct:

t
1+d; —[a(r)dr
[En(t)) = En(t,0)] < —e @ : (28)
Applying in addition the condition that the perturbations of the intensity matrix are small enough
in the corresponding norm, that s ||A(t)||;p < ¢, one can also obtain ||B(t)|ip < .
We assume here that the process X(t) is exponentially ergodic in I;p-norm, that is for some

positive My, a1 and for all 5, t, 0 < s < ¢t the following inequality holds:
e~ fsta(u)du < M1€_ﬂ1(t_5). (29)

Here we apply the approach from [18].
One can rewrite the original system for the unperturbed process in the form:

P B(p(t) + K1) + B)p(r) + (1) (30)
Then ; ¢
p(t) = V(t,0p(0) + [ V(t, DD dT+ [ V(t,7) B()p(7) (31)
and
B() = V(,0)p(0) + [ V(1 0)F(x) d. ()

Therefore, in any norm for any initial conditions we have the correct bound:

t — A A
HMH—P@HSAHV@ﬂH@MﬂMWUN+MUN)W- (33)

Then we have the following inequality for the logarithmic norm:

7(B(t))ip < ¥(DB()D~ )1 + [[B(t)|hp < —a(t) +&. (34)
On the other hand, one can obtain the estimation using inequality (29):

Ip(®) o < VRO p+ [ V(D) drlip <
0

_ LM
< Mye || p(0)|l1p + 71 (35)

for any initial condition p(0). Moreover, || f(7)||;p < ¢.

Then using bound (33), we have

t t LM
Ip() = POl < [ e 5600 (¢ (e po)p + EL ) ) dr <

+ €M1(1 +LM1/Q1)

= 0(1) ap — &

Therefore, the following statement is correct.
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Theorem 4. Let inequalities (12) and (29) hold for any initial condition p(0) € lip and for all t > 0,

then we have M
_ +a (.
()~ P(Ollp < Mie (2% 4 Myte @ p(0)1o ), o)
and M e(LM
limsup [p(t) - p(t)[1p < YRELM Fa1)

f—yo0 ap(ay —¢) (7)

Corollary 3. Let in addition the sequence be increasing fast enough, such that W > 0, then forany j, t > 0
we have

limsup |En(t) — En(#)| < w.

t—s00 — Way(ag —¢) (38)

4. Examples

Example 1. Let Ay ;i(t) = Ag;j(t) = 2+sin27tt, i,j > 0, poo1(t) = 1+ cos27t, py10() = 2(1 + cos27tt),
and other py;j(t) = pa,;j(t) = 3(1 + cos27tt), and let catastrophe intensities be &; ;(t) = 5. Put ¢ = 10°.

Choose d;, = 1+ {5, then a(t) = ag(t) — % = %6 — f’—osinZnt, a=5M=1,a, =38 M; = 11,
W =1/10.

We obtain now the following bounds
|En(t,1) — En(t,0)] <34-107%, t > 4, (39)
limsup [|p(t) — p()]| <2-107%, (40)

t—o0
limsup |En(t,0) — En(t,0)| < 0.023. (41)
t—o0

The values of a,(t) are shown in Figure 2. The mean for the process N(t) on the interval ¢ € [0, 3]
for different initial conditions are shown in Figures 3-6, and the bounds for the limiting perturbed
mean is shown in Figure 7.

9

§
alpha(1.t)

alpha[D,t)—%
aipha2.)

alpha(3.) |, o
;Jp.ha(-‘l,n § = =3
alpha(3.t)
aipnafs.:}
;;haL'Tt}

&

alpha(1000. 1)

Figure 2. The values of several a, (t) for Example 1.
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0.8 ,

04r 7

02 7

Figure 3. The mean E/(t,0) on the interval ¢ € [0, 3] with initial condition X(¢) = (0,0) for Example 1.

30 T T T T T

20 ~ 7

10 n

Figure 4. The mean Ey(t,29) on the interval ¢ € [0,3] with initial condition X(t) = (0,29) for
Example 1.
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30 T T T T T

25 n

15 7

10 7

Figure 5. The mean En(t,29) on the interval ¢ € [0,3] with initial condition X(t) = (14,15) for
Example 1.

30 T T T T T

20 0 ,

10r 7

Figure 6. The mean Ey(t,29) on the interval ¢ € [0,3] with initial condition X(t) = (29,0) for
Example 1.
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0.9 T T T T

0.3

Figure 7. The limiting perturbed mean for ¢ € [2, 3] for Example 1.

Example 2. Let now Ay;j(t) = Ap;j(t) = 24 cos2mt, i,j > 0, py;;(t) = min(1+i-7,3)(1 + cos2rt),
i>1,j >0, p;,(t) =min(1+i-j,3)(1 + cos 27tt), i > 0,j > 1, and let the catastrophe rates be &; (t) = 5.
Lete = 1072,

Putd, = 1+ 45, thena(t) = ag(t) — 3 = 2B 4+ Lsin2nt — G cos2ntt,a =5 M = 1,41 = 4.12,
M; =1.2,W = 1/10.
Then we obtain
|En(t,1) — En(t,0)] <9.4-107%, t > 2, (42)
limsup [|p(t) — p(#)|| <2-107%, (43)
t—o0
limsup |En(t,0) — En(t,0)| < 0.021. (44)

t—oc0
The values of a,(t) are shown in Figure 8.
The mean for the process N(t) on the interval t € [0, 3] for different initial conditions are shown
in Figures 9-12, and the bounds for the limiting perturbed mean is shown in Figure 13.
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alpha(1,
aipha(0,
alpha(2.
alpha(3.
aipha(s,
sptaC
alpha(9.

alpha(7.
alpha(1000, 1)

Figure 8. The values of several a,(t) for Example 2.

0.7 T T T T T

Figure 9. The mean E (t,0) on the interval ¢ € [0, 3] with initial condition X(¢) = (0,0) for Example 2.
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Figure 10. The mean Ep(t,29) on the interval + € [0,3] with initial condition X(t) = (0,29) for
Example 2.

30

25

20

15

10

Figure 11. The mean Eyn(,29) on the interval ¢ € [0,3] with initial condition X(¢) = (14,15) for
Example 2.
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Figure 12. The mean Ep(#,29) on the interval + € [0,3] with initial condition X(t) = (0,29) for
Example 2.

0.65 T T T T

0.45 [ n

Figure 13. The limiting perturbed mean for t € [2, 3] for Example 2.
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Remark 1. These graphs give us the additional information on the considered examples. Namely, Figures 2 and 8
show the bounding on the rate of convergence, see Equation (21) for Examples 1, 2 respectively, in Figures 3—-6
and 9-12 one can see the mathematical expectation of the number of all particles at the moment t until the
stationary behaviour. Finally, the limiting behaviour of the limiting mathematical expectation of the number of
all particles for the perturbed process is shown in Figures 7 and 13.
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