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Abstract: We investigate the nonautonomous difference equation with real initial conditions and
coefficients g;,i = 0,1 which are in general functions of n and/or the state variables x,, x,_1, ...,
and satisfy go + g1 = 1. We also obtain some global results about the behavior of solutions of the
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the state variables x,,, x,_1, ..., with gg + g1 = 1. Our results are based on the explicit formulas for
solutions. We illustrate our results by numerous examples.
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1. Introduction

We investigate the global behavior of the second order difference equation
Xp1 = 80Xn +81Xp—1, n=0,1,..., 1)
where the functions g; : RF 5 R,i=0,1;k=1,2,..., are such that
go+g&1=1 n=01,.... )

Here, the functions g;,i = 0,1 are in general functions of n and/or the state variables x,,, x,,_1, . . ..
So Equation (1) is indeed a nonautonomous equation. It can also be an equation of order higher than
two. As we have shown in [1] if |go| + |g1| < C < 1, then the zero equilibrium of Equation (1) is
globally asymptotically stable, and if |go| + |g1] < 1, then the zero equilbrium of Equation (1) is stable.
Furthermore, as we have shown in [1], if gg + g1 > r > 1, where r is a constant independent of n and
the state variables, then Equation (1) has unbounded solutions. Thus, the most interesting case is when
condition (2) is satisfied. This case was addressed in [1] for the general k-th order difference equation,
and some attractivity results of the equilibrium solutions were given there. However, a restriction
that g; > 0,i = 0,1 was imposed. Similar results were obtained in [2] where attractivity results of the
periodic solutions were obtained.

When Equation (1) is a linear equation with constant coefficients, condition (2) implies that
we have the non-hyperbolic case since A = 1 would be a characteristic root. In general, difference
equations can be very sensitive to any kind of perturbations in the non-hyperbolic case as we can see
from the following two examples:

Example 1. Consider the difference equation

1 n—1
Xn4+1 = Exn‘f'

Xp_1, n=12,.... 3)
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Starting with the two initial conditions xo, x1 we obtain the corresponding solution to be x, = x1,n > 1.
The limiting case of Equation (3), as n — oo, is the equation

Xp+1 = Xp—1, N = 1,2,....
where every non-constant solution is the period-two solution {xg, x1 }.

Example 2. Consider the difference equation

1 1 1 1
Xn+1 = (2"‘211) xn+<2—2n> Xu—1, n=12,.... (4)

Starting with two initial conditions x(, x1 we obtain the corresponding solution to be x, = x1,n > 1.
The limiting case of Equation (4), as n — oo, is the equation

1 1
xn+1:§xn+§xn—1' 7’[:1,2,.... (5)

where every non-constant solution is given as:

1 1\"
Xn =3 xo + 2x1 +2(x0 — x1) ) , n=01,...

Thus the limiting equation has all solutions asymptotic to xo';ﬂ

Example 3. The following two difference equations

2
X ax,_
Xpp1 = —2 o =1,2,...
a+x, a-+xy,
and )
baxy -1
Xpy1 = n=12,...

+ ,
b+xn,1 b-l—xn,l

where a,b > 0, xg, x1 > 0, which have respective linearizations

X a
X = Xp + Xy n=12,...
n+1 a+tx, n a+x, n—1s 74y

and .

Xpn—1
xi’l+1 = n—1s n= 1/2/' s

Xy + X
a+x,_1 " b4x,

with the condition (2) satisfied, possible models in population dynamics as all transition functions are Holling
type functions, see [3] for further references.

There are many ways that a general second order difference equation of the form

Xpi1 = f(n,xn,x,-1), n=0,1,... (6)

where f is a real function from R3 to R, can be transformed into the linearized form (1). See [1,2,4]
for linearization methods based on algebraic manipulations and especially [5] for symmetries
based methods.

The linear Equation (1) can also be used to obtain generalized identities which can be used to
study the behavior of the solutions of the difference equation, see [1,2]. Identities are the building
blocks of semicycle analysis, method of invariants and rate of convergence. See [4,6-14].
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We also extend our investigation to the second order nonautonomous non-homogeneous
difference equation

Xnt+1 = goxi’l +g1x1’l—1 +g2r n= 0/ 1/ ey (7)

where gp, g1 and g are real valued functions which depend on n and satisfy condition (2).

The technique which will be used to obtain our results is based on the explicit formulas for the
solutions of Equations (1) and (7). These formulas are of independent interest and can be used in a
variety of situations.

We illustrate our results with several examples.

2. Invariants

Our first result gives a connection between Equation (1) under the condition (2) and the existence
of an invariant.

Lemma 1. Consider Equation (1) under the condition (2) where o, g7 : R¥+1 — R. Then Equation (1) has an
invariant of the form I,, = x, + g1x,—1 if and only if g1 is a constant.

Proof. First, assume condition (2), where g1 = A € R for n > 0, is satisfied. Hence Equation (1) becomes
Xpi1 = (1—A)xy + Axy—q, n>0.

Thus
Xpi1+ Axy = xn + Axyq, 120

and so
Ihy=x+Ax_ 1=x,+Ax, 1, n>0

is an invariant for Equation (1).
Second, assume that Equation (1) has an invariant of the form I, = x; + g1x,-1. Then the
following relation must be satisfied

Xnt1 + 81%n = Xp +81Xp—1, 1 2>0. (8)
If g is not a constant for all n > 0, then g = A;. Thus
Xp1+ App1Xn = Inyr = In = xn + Anxy1, n2>0. )
Since by condition (2) go = 1 — Aj, for all n > 0 then Equation (1) becomes
X1 = (1= Ap)xy + Anxyq, n2>0,
which by substitution in Equation (9) gives
(1—Ap)xy+Auxy 1+ Api1xn = X0+ Anxy 1

and so x, (A, 11 — Ay) =0foralln > 0.
Note that the invariant must hold for every solution of Equation (1) including the infinite number
of constant solutions x, = xo,n > 0. Thus A, 11 = A, foralln > 0, so g; is a constant forn > 0. O

Remark 1. The restriction that gy and g1 are constants is a severe restriction, yet the obtained invariant can be
useful. This invariant will be used to reduce the order of difference Equation (1) resulting in first order linear
difference equation which is solvable. See Proposition 1 and Corollary 2.
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Lemma 1 can be extended to any three term difference equation of the form
Xpal = §iXn—i + QkXn—t, n=0,1,..., (10)
where!l € {1,2,...} and i,k € Z such that — < i < k with
gi+s=1 n=01,..., (11)

Lemma2. Let! € {1,2,...} and i,k € Z such that —1 < i < k. Consider Equation (10) where g;, g : Rk
R and condition (11) is satisfied. Then Equation (10) has an invariant of the form

In=xp 1+ Fxyi+QXp—1—i+... +QXn_t, n=01,... (12)
if and only if g is a constant.

Proof. First assume condition (11) and that g = A is a constant. Then g; =1 — A for n > 0 and so
Equation (10) becomes
Xpog =Xp—i—Axy_j+Ax,, n=0,1,....

Then Equation (12) is an invariant. Indeed

In_|_1 = er_l + xn+l_1 + ...+ xn+],i + Axn,i +...4+ Axn+1_k
= (Xn—i — Axp i+ Axp ) X1+t X FAX e AXp g
=Xy 1+...FAx,, n=01,....

Second, assume that Equation (12) is an invariant of Equation (10). If gx is not a constant for all n >
0, then gy is a function of n that is, gy = A,,n = 0,1,.... Then Equation (10) with condition (11) becomes

Xpr1 = (1= Ap)xy_i+Ax, , n=0,1,...
and [,,11 = I, implies that forn > 0
(Xn—i +Xp—1-i + oo+ Xp14) (Apg1 — An) = 0.
Therefore A, 1 = Ay for all n > 0, which completes the proof. O

3. Representation of Solutions

Next we give some basic results on the representation of the solutions of Equation (13).
These results have importance of their own and have straight-forward extensions to the difference
equations in linear normed spaces.

Lemma 3. Consider the difference equation
Xp1 = Xn + Fy(xp —xy—1) +Dp, n=0,1,..., (13)

where F, and D,, are real valued functions forn =0,1,...,. Then forn =0,1,...

(a)

n n
Xpe1=Xn+ (o —x_1) [[FF+ Y Dx [ F (14)
=0 ' k=0  i=kt1

where by definition [T, F; = 1whenk+1 > n;



Mathematics 2018, 6, 79 50f 19

(b)
no i n n—i k+i
Xup1=Xo+(o—x_) Y [[F+XDi[{1+)Y I] F . (15)
i=0j=0 i=0 k=1j=i¥1
where by definition Y7} — HkJ” F;=0whenn <i+1

j=i+1

Proof. Setu, = x;, —x,_1,n =0,1,...,in Equation (13). We obtain:

Uyl = Fpup + Dy, n=0,1,...
which is a first order linear nonautonomous non-homogeneous difference equation whose solution is

un—HFkuO+2DkHF n=12,....
k=0 j=k+1
Thus x, satisfies a first order linear nonautonomous non-homogeneous difference equation
Xp=Xy,_1+u, n=01,...,

whose solution is given by Equation (14). By iterating Equation (14) we obtain Equation (15). O

From Lemma 3 we can obtain an explicit formula for the solution of the difference Equation (7)
where g9,g1 and g are real valued functions which depend on n and satisfy condition (2).
For convenience of notation set g9 = Ay, g1 = By and g = Dy atn = 0,1, . ... Taking into account that
Ay + By = 1 Equation (7) becomes

Xpi1 =Xy — Bu(xy —x4y_1)+ Dy, n=0,1,.... (16)

By Lemma 3 part (b) with F, = —B;,n > 0 we get that forn =0,1,...

n

k+i
Xup1 = X0+ (x0—x_1) Y (— 1“]’[3 +2D <1+Z “TI B )
i=0 j=1+4i
andso forn =0,1,...
n—1 ) j n—1 n—i—1 k+i
xp= 1+ Y (-1 B | %o+ Z ’HB x4+ Y D1+ Y )" T] B|. @an
j=0 i=0 j=0 i=0 k=1 j=1+i
4. Main Results
In this section we present our main results. Consider Equation (7) where the function
g2 = Dy, n = 0,1,..., in which case Equation (7) becomes

Xp41 = §oXn +81Xy—1+Dy, n=0,1,.... (18)

Remark 2. Consider Equation (18) where the functions go and g1 satisfies condition (2).

(1) If for some N = 0,1,...Dyn # 0, then Equation (18) does not have a constant solution. Indeed,
assume that Equation (18) has a constant solution X. Then Dy = ¥ — goX —g1X = (1 — g0 —g1)% =0,

which is a contradiction.
(2)  Ifxo=x_1and D, =0foralln > 0, then for n > 0,x,11 = xo, which follows from Lemma 3 part (b).
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Theorem 1. Consider Equation (18) where the functions gy and g1 satisfies condition (2).
Let r € (0, c0) and assume that x, € R. Assume that either xy # x_1 or Dy, # 0 for some n > 0.

(1) Suppose that g1 < —1 forn > 0.

(a) Ifxg > x_qand Dy, > 0forn >0, then limy,_,c X, = 00;
(b)  Ifxg <x_1and D, <O0forn >0, then limy_,c Xy = —00;

(2)  Suppose that 0 < |g1| <r < 1forn > 0and Y, D; converges.

(a) Ifeither Dy = 0 forn > 0or D, > 0 for n > 0, then every solution of Equation (18) converges to
a limit point;
(b) If Dy <0forn > 0, then every solution of Equation (18) is bounded;

(3)  Suppose that g1 =0 foralln > 0, and let a € R.

(a) IfDy =0forn >0, then x, = xo;

(b) If Y2, Dj converges, then every solution of Equation (18) converges to a limit point;

(c) Ifyi2yD;i = Foo, then limy, e Xy = F00;

(d)  If Dy = aand Dyj1q1 = —a,i = 0,1,..., then every solution of Equation (18) is a period-two
sequence of the form ..., xo +a,xp,.. ..

(4)  Suppose that g1 = 0 for finite number of n > 0

(a)  If Dy, = 0forn > 0, then every solution of Equation (18) is eventually equal to a constant;
(b)  If Dy # 0O for some n > 0, then the solution of Equation (18) may have all kinds of dynamic
scenarios which depend on the properties of the nonhomogeneous part.

(5)  Suppose that g1 =1 forn > 0.

(@) If D, = 0forn > 0, then every solution of Equation (18) is a period-two sequence of the
form ..., x_q,xq,...;

(b)  Ifeither Y2y Dyj = Fo00r Y > Dajyq = oo, then every solution of Equation (18) is unbounded;

(c) If Y720 Do and Y32, Dy 1 converge, then every solution of Equation (18) converges to
(not necessarily minimal) period-two sequence;

(6)  Supposethat 1 < r < gy for n > 0. Assume that for n > 0 either

X0 > x_1,D9, <0,Dp,11 >0

or
xo < x_1,D0, > 0,Dp,41 <0.

Then every solution of Equation (18) is unbounded.
Proof. When we apply condition (2) to Equation (18) we get that
Xn+1 = Xn _gl(xn - xnfl) +Dy, n=0,1,...

For convenience of notation set F, = —g; and H, = g1 ateachn =0,1,.... Forn > 0 let R,, be
the sum of positive terms and let S, be the sum of negative terms.

(1)  Suppose that gy < —1forn > 0. Then for n > 0, F, > 1. By Lemma 3 part (b) we get that for
n>0
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noi n n—i k-+i
Xp41 = Xp + xo—xlz +2D1<1+2H >
i=0j=0 i=0 1j=1+1

If D, # 0 for some n > 0, then let N be the first n > 0 such that D;, # 0. Then forn > 0

n—N k+N n n—i k+i
X1 = %0+ (x0 —x_1 ZHF —|—DN<1—|— Yo T1 F) ) D,-<1+Z 11 Fj>.

i=0j=0 =1 j=1+N i=N+1 k=1j=1+i
Observe that for i = 0,1,... 1 < H] oF and for k > j1 < H;‘J“{ i Fj- Thus for
n>0n< Y5 OH] OFJandforn>Nn—N<1+ZZ H;”rll\iNF]

(a) Assumethatxy > x_jand D, > 0,n=0,1,.... Thenforn > N
Xpp1 =X+ (x0—x1) Lo ITig Fj+ Dy (1 + Y Hf*ﬁN F]) + Ry
> xg+ (xg —x_1)n+ (n — N)Dy.
Thus x,, — o0 asn — 0.
(b) Assumethatxg < x_qjand D, <0,n=0,1,.... Thenforn > N
Xus1 = %0+ (X0 — % 1) Do [T_o B+ D (14 Si=N TN  B) + S
< xo+ (xo —x_1)n+ (n — N)Dy.
Thus x,, — —oc0 asn — co.

(2)  Suppose that0 < [g1| <r < 1forn >0and ) ;°,D; converges. Thenforn > 00 < |H,| <r < 1.
By Lemma 3 (b) with F, = —|H,,| we have that forn > 0

n n
X1 = X0+ (%0 —x_1) ) (— 1+1H|H|—0—ZD <1+2 H H]|>
i=0 j=1+i
Observe that fori = 0,1,...,0 < |(—1)*! H;':o Hj| < r'*1. Hence the series Y ((—1)""! H;':o H
converges by the comparison test for series to the limiting value.

(@) IfD, =0forn >0, then x, converges to a limit as # — co. Now assume that D, > 0 for
n > 0. Observe that for n > 0 and for any i = 0,1,..., such that n > i 41 we have the
following:

When n — i is odd, then

0 <1—[Hi[+(1- \Hz+3|)|Hi+1||Hi+z|+ A+ (= [Ha) TS H|

= 1+ o (DT [H| < 1+ D T H) < D = 5

] 1+i =1+i r

When n — i is even, then

0 <1_|Hz+1|+ 1_|H1+3|)‘H1+1HH1+2|+ +(1_‘Hn 1‘) 1+1|H|+H]n 1+i |H|

:1‘|‘Zk:1(7 ) ;{+{+1|H|<1+2 ;<+{+1‘H|<Zk of _11r‘

Hence forn > 0 and forany i =0,1,...,such thatn >i+1and D; > 0

n—i ‘ k+i Di
0<D;(1+) (D" JT IHl) <1
k=1

j=1+i

and soforn >0

n n—i k+i 1 n
0<Y D <1+ Y (-1 T] |H]-|> <1 LD
i=0 k=1 2

j=1+i
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Thus the series
n n—i ‘ k+i
Y Di(1+ Y (- T IHjl
i=0 k=1 j=1+i
converges by comparison test and so x;, converges to a finite limit.

(b) Assume that D, < 0 for n > 0. Then there exists L € (—o0,0) such that } 7>, D; = L.
From part (a) we have thatforn >i+1,i=0,1,...,

n—i k+i 1
0< 1+ S0 T <
k=1 j=1+i

Thenforn >i+1,i=0,1,...,and D; <0

n—i P k+i Di
0>D;i {1+ Y (D" I IHl >
k=1

j=1+i
and so
n n—i ¢ k+i 1 o L
oz;Di 1+Z(—1) '1’[‘|Hj\ > ] T
=0 k=1 j=1+i i =0

If xp = x_1, then

n k+i L
x02x0+ZDi<1+Z H|H»|>>xo+1_r.

i=0 j=1+i

Thus xg > x,41 > X9 + % forn > 0.
Now assume that xg # x_1. From part (a) (with i = 0) we have that forn > 1

0<1

(19)

IM=

—|Hpl|(xp — x_1) < 0, then from Equation (19) we get that for n > 0

n k
HO Xo — X_—
X0 > x0 + (x0 — x-1) Y (=1 [TIH)[ > x0 - %
k=0 =0

and soforn >0

X0 > %+ Yo D (1+2”;i<—1>" [T 1))
> 30+ (%0 — 1) Ko (=) T [yl + o Di (1+ Zpo (-)F T, 1)
Zxoim+z‘ i<1+zlr<l;i(*1)k ;(+i+z|H|)

> xo — [Hollo=x) 4 L

Thus xg > x,41 > X0+ % forn > 0.
If |Hp|(x0 — x_1) < 0, then from Equation (19) we get that for n > 0

n

%o < X0+ (30— ¥-1) (Z(—l)i*lﬁw) < o — Phllo—x-1)
j=0

=0 -r
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and so
xo+ 1l <o+ Ko Dr (14 Tisi (- DM T Hy)
< 30+ (30 — 1) Ko (— 1) T [ + o Di (1+ Spo (~)F T |H )
< xp— |H0\(x0—x,1) +Z?=0Di <1+Zz;i(_1)k k+z |H|)

j=1+i
< xp |H0\(Xo rx 1)
Thus forn >0
L |Hol(xo — x_1)
X0+E§Xn+1 Sxo—T

and so every solution is bounded.

(3) Suppose that g1 = 0 for all n > 0. Then Equation (18) becomes x,,11 = x, + Dy,n =0,1,...,and
$0 Xp+1 = X0+ Lo Di,n=0,1,..., from which (a), (b) and (c) follow.

(d) Leta € R\ {0} and assume that fori = 0,1,...,D,; = a and Dy;,; = —a. Equation (18)
gives forn =0,1,...,

2n 2n+1
X1 =Xo+ Y Di=xo+a, Xy =x0+ ) Dj=x.
i=0 i=0

(4) Suppose that g1 = 0 for finite number of # > 0. By Lemma 3 part (b) with F, = —H,, we get that

Xpp1 = Xo + (X0 — x_1)

n

i 0

’“HH +2D <1+2 ﬁ ) (20)

j=1+i
Let N > 0 be the first n such that g1 = 0 and let M = 0,1,.. ., be the last n > 0 such that g; = 0.
Then HN = HM =0.

(@) Assume that D,, = 0 for all n > 0. Then by Equation (20) forn > N —1

N-1

o
Xpp1 =X+ (xo—x1) Y (1) TH;
i=0 =

(b)  Assume that D), # 0 for some n > 0. Then by Equation (20) for n > M

Xpyr = X0+ (x0—x_1) Eip'(—1 )i+1Hl H; + 210" D (1+2M ERES Ve H;{Jriﬂ )
+ 0 Dy (14 Tl (DRI )
= constant + Y " i D+ Y\ Di (Zk: (—1)F H;ﬁﬁz )

(5) Suppose that g1 = 1 for all # > 0. Then Equation (18) becomes x,,11 = x,_1 + Dy,n =0,1,....
Thus forn >0

n n
Xoni1 =X_1+ Y _Doj,  Xopio =x0+ ) Dojs1.
i=0 i=0
(@) IfD,=0foralln >0, then xp,,1 = x_1 and xp,4p = xg forn =0,1,....
(b) If YDy = Foo, then xp, 41 — Fooasn — co. If Y °y Dyiyq = Fo0, then xp, 49 — o0 as
n— oo.
(c) IfY2, Dy converges and ) > Dy 1 converges, then xp,11 and xp,,42 converge as n — .

(6) Supposethatl <r < gjforalln > 0. Thenl < r < Hy, foralln > 0. From Lemma 3 part (b)
with F, = —H,, we get that forn > 0
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Xy =30+ (x0 = x-1) B () T Hy + L2 D (14 T2 (DM, Hy)
= x0 + (x0 — x_1) Lilo(Haiy1 — )HJ- o Hi —Xilo Do (Ek:()(HZk-‘rZi-‘rl )kaﬁ’z, H; )
+ Y0 Daiga (1 + Y7 (Hogg2ig1 — )H]Qkﬁzl ) :
Observe that for n > 0, (r — 1)r*" < (Hpup1 — 1) szo Hj and limy, e r?"~N = oo for any fixed N.
Let N be the first n > 0 such that D, # 0. Suppose that N is even. Then for n > N/2 we have that

Xonyo = X0+ (X0 —x_1) LI (sz+1 - 1)H OH + (x0 — x—1) (Hop41 — )I—[Z"
—Dn Y (H2k+N+1 —1) H]:1 N — L _Ng2 Dyi Y~ (Haxai1 — )HZkJ{ilzl

j
+ X ny2 Do (14 Ei) (Faeoin — DTS2 Hy) -
Forn > N/2
(r—D)r" N < -1+ —-D)r+... +(—1)r?"N

S (HN+1 - 1) + (HN+3 - 1) H]Zzl H]-‘rN + ...+ (H2n+1 _ 1) HZn N H
= Y02 (Hornr — DI Hian

(@) Assume that xg > x_1,Dp, <0,Dp,11 >0,n=0,1,.... Thenforn > N/2
= xp+ (x0 — x_1)(Haup1 — D I12 Hj — Dy Y- V2(H, ~ DI Hiin +R
X2n42 xo + (x0 — x—1) (Hanq1 [T;Z0 Hj = DN X 2+ N+1 [TiZo Hiyn + R
> x0 + (xg — x_1)(r — 1)r?" — Dn(r — 1)r? N,

Thus x7,,1p — 00 as n — oo.
(b) Assume thatxg < x_1,Dp, >0,Dp,,01 <0,n=0,1,.... Thenforn > N/2

Xonta = X0+ (%0 — x_1)(Hany1 — )H ZoHj—Dn ey ’2(Hoing1 — 1) l_ljzio HisN+ Sn
< xp+ (x0 — x_1)(r — 1)r?" DN( —1)r?"N,

Thus x3,,1p — —c0asn — co.
Now suppose that N is odd. Then for n > N we have that

Xonp2 = Xo+ (X0 — x— 1)2 o (Haiy1 — D)ITg Hj + (x0 — x1) (Haw1 — 1) IT Hj
+Dy ( S (Haryn — DI Hypw
+3 ) Dyit1 (1 + Y0 (Hopeyain — )H]Zkﬁzl )
X N1 Dy, (ZZ;&(HZHZM )H]kﬁlzl H; )
Forn > N
(r—1r N <14+ =1+ F—-1)r2+...+ (=12 N
<1+ (HN+2*1)H,1 1 Hjon + oo (Hann = DTN Hygn
S e (H2k+N—1>H2k "Hiin
(@) Assume thatxg > x_1,Dp, <0,Dp,11 >0,n=0,1,.... Thenforn > N
Xont2 = X0+ (X0 — x_1)(Hopp1 — 1)H] oHj+Dn (1 +Y T (Hor N — 1)H o Hiy ) + Ry
> x0+ (xg — x_1)(r — 1)r?" + Dy (r — 1)r?"=N,
Thus x2,,4p — 00 asn — oo.

(b)  Assume that xg < x_1,Dp; >0,Dp,11 <0,n=0,1,.... Then forn > N
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Xont2 = X0+ (X0 — x—1)(Hanp1 — )H] oHj+Dn <1+Zk 12 (H2k+N*1)I—[k YHi, >+Sn
<x0+ (xg—x_1)(r—1) j:OHj+DN(r—1)r2” N,

Thus xp;,1p =& —c0asn — oco. O

Example 4. The difference equation

xpeT (@ 1)xy — X

Xn41 = a4 e , n= O/ 1r Ry (21)
where a > 0, when rewritten as
e 4 (a+1 -1
Xnt1 = -+ e(_xn )xn P Xp—1 = &§0Xn + §1Xy—1, n=0,1,..., (22)
satisfies all conditions of Theorem 1 part (2a) when a > 1, that is go + g1 = 1 and |g1| = - H —1_ <l 2 and so

every solution of Equation (21), when a > 1 converges to a limit point.

In addition, Equation (21) implies

_ X — Xp—1 _
xn+l_xn—m, n—O,l,..., (23)

which shows that when xy > x_1 (resp. xo < x_1) the solution {x,} is increasing (resp. decreasing) and so it
has to have a finite or infinite limit.

Suppose that 0 < a < 1. Assume that xo < x_1 and xo < 0. Then e=*0 > 1 and so there exists ¢ € (0,00)
such that e= > e¢=% > ¢ > 1forn > 0. Thus forn > 0

-1 N -1
a+e ™ T a+c

Therefore by Theorem 1 part (2a) limy, e Xy = L € (—00,00).
Now suppose that a € [0,1). Assume that xo > x_1 such that xy > —In(1 —a). Then e”*n < e*0 <

1—aandso = ——1_ < 1 forn > 0. Thus by Theorem 1 part (1a) lim,,_,e0 X, = 0.

In some very special cases of the terms D, in Equation (18) one can obtain results not included in
Theorem 1. We illustrate this with the following result.

Theorem 2. Consider the difference equation
Xp+1 = AnXn + Buxy—1+ Dy, n=0,1,... (24)

where Ay, B, € R\ {0} such that A, + B, = 1 foralln > 0. Let r € (0,00). Then every solution of
Equation (24) is unbounded provided one of the following holds:

(1)  Assume that —1 < —r < B, < 0 and either Y ;> D; = oo, where D, > 0 or Y22 D; = —oco,
where D,, <0 forn > 0;
(2)  Assumethat0 < B, <r <1forn>0.

(a)  Suppose that for all n > 0 either
Dopy1 2 Bopy1Don, Dy > 0 and Y2 Da; = 0 o1 Doy 1 < Boyy1D2y, D < 0and 332 Dy = —oo;

(b)  Suppose that for all n > 0 either

Dyyt1 < Boyy1Dop, Dy > 0 and Y°g Doy = o0 or Dyyy1 > Byyp1Doy, Dy < 0 and
Yi2oDoiy1 = — oo
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Proof. First we rewrite Equation (24) in the form
Xp41 = %n — Bn(xp —x4y-1)+ Dy, n=0,1,....
Let R, (resp. S;) be the sum of positive (resp. negative) terms.

(1) Assume that =1 < —r < B, < 0forn > 0. Setting F;, = —B;; Lemma 3 part (b) implies for n > 0

Xpp1 = X0+ (X0 — X1 ZHF +ZD (yli ﬁ F)JrZD

i=0j= 0j=1+i
Since 0 < H;:o F < ' fori=0,1,..., then the series Yo H}:o Fj converges as n — oo.
If forn > 0,D, > 0and } 2, D; = oo, then

n i

Xp1 = Xo + (X0 — X1 ZHF]-FZD + Ry
i=0j=0

Thus x;, — o0 as n — oo.

If forn >0,D, <0and )} °;D; = —oco, then

n i

Xpp1 = x0+ (x0 —x_1 ZHF/-FZD + S5.
i=0j=0 i=0

Thus x, — —oc0 as n — oo.

(2) Assumethat0 < B, <r <1forn>0.

(@) By Lemma 3 part (b) with F, = B,, we get thatforn > 0

Xout1 = %o+ (%0 — x_1) TP (= 1) T B + X2 D (1 + 55 (DRI ,)
= %0+ (x0 — x 1) T2 (~ 1) T By + g Dai (1= Tpo) (1 — Baiai) TEX425," By)
+ Yo Daia (ZZ;{( — Bokt2i) [T 12 LB )
= x0 + (%0 — x-1) T2 (= 1) Ty Bj + Lo Dai
+ Y o(Daiy1 — Boiy1 Do) (ZZ;;( — Boky2i) H]2 $21B; )
Observe that the series } 72 ,(—1 )z+1 o Bj converges by the alternating series test.
If Dyy11 > Boy11Doy, Dy > 0 and Zi_o DZz = oo, then forn > 0

2n

i n
Xoni1 = Xo + (%0 —x_1) Y_(~1)"! [1Bi+)_ Das+Ru
i=0 =0 i=0
Thus x5, 11 — c0asn — co.
If Dyy1+1 < Boyy1Doy, Dy <0 and Zfio Dy; = —oo, then forn > 0

2n
Xopa1 = X0+ (x0 — x_1) Z l+1HB +ZD21+S
i=0

Thus xy,,41 — —o0 as n — oo.
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(b) By Lemma 3 part (b) with F, = B, we get that forn > 0

Xonys =X+ (%0 — x1) L (1) T B + X224 D (1 + (- I—[f+{+1 ]>
= xg + (x0 — x_1) L3 (—1)i*1 H}::o B; + Yi o Dait1 (1 — Y71 (1= Bogsoisa) 1_[] k20 Bj )
+ £ D (1= B + T} (1= Barai 1) [EX125, By
= x0+ (x0 — x 1) L5 (1) TTisg By + i Dai(1 — Bais1) + g Daina
+ Yiso(Bait1D2i — D2ig1) (Z;’;{(l — Boky2it1) H] 2B )

If Dyy1 < Bopy1Don, Dy > 0and Y2 Dyjpq = o, then forn > 0

2n+1 . i n
X2 = Xo + (x0 — x_1) Z (—1)1+1 HB]‘ + Z Dyiy1 + Ry
i=0 =0 i=0

Thus x7,,49 — 00 as n — co.
If Dyyy1 > Bopy+1Doy, Dy <0 and Zfi() Dyiq1 = —00, then forn >0

2n+1 . i n
Xonia = %0+ (xo—x_1) Y (1) 11Bj+ Y_ Dais1+ Su-
i=0 =0 i=0

Thus xp,10 — —ocasn — co. [

Remark 3. In Theorem 1 cases (2) and (6) the existence of r is a sufficient condition but not a necessary
condition. To show this for case (2) consider Equation (3) wheren = 2,3,.... Since g1 = ”7*1 —lasn — oo,
there is no r such that g1 < r < 1. Rewriting Equation (3) as

Xpi1 = Xp — n- 1(xn —Xp1), n=23...,
we find its solution as
Xpy1 = X2 — (X3 — x7) é(—l)’s, n=273,...,
i=
which converges to a constant.
Now for the case (5), consider the difference equation
xn+1:—%xn+n+1xn_1, n=12,..., (25)

Clearly g0+ g1 = 1,81 — 1 as n — oo and there is no r such that g1 > r > 1.
Rewriting Equation (25) as

we find its solution as

Xpi1 = X1+ (11 —x0) Y (— i+1),
i=1
which is unbounded.

Example 5. Consider the following equation

1 1
Xpa1 = (2 —l—an> Xn + <2 — an) X,—1, n=0,1,..., (26)
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where ay, is a real sequence, which depends on n and on one or more state variables x,. An immediate application of
Theorem 1 with D, = 0,n = 0,1, ..., leads to the following result for Equation (26). Here r is a positive constant.

Corollary 1. The global behavior of Equation (26) is as follows:

(a) If % < ay for n > 0, then every non-constant solution of Equation (26) is unbounded.

(b) If0 < |3 —au| <7 < 1forn > 0, then every non-constant solution of Equation (26) converges to
a limit.

(c) Ifa, = %for alln > 0, then x,, = xg.

(d Ifa, = % for a finite number of n > 0, then every solution of Equation (26) is eventually equal to
a constant.

(e) Ifay = —3 for n > 0, then every non-constant solution of Equation (26) is a period-two solution.

O Ifay <%i—r<—1%r>1forn >0, then every non-constant solution of Equation (26) is unbounded.

In the case when Equation (1) has periodic coefficients it can be reduced to an associated system
of second order equations with constant coefficients which can be solved. We illustrate this case by the
Example 6.

Example 6. Consider the following second order equation
Xp+1 = Anxp + Bux,—1, n=0,1,..., (27)
where B, € R\ {0} and A, + B, = 1forall n > 0. Assume that A, and By, are period-two sequences, that is
Ay=A;, B,=B, n=2j+ii=01 j=0,1,....
A straight-forward simplification leads to the following autonomous system for even and odd indexed terms:

Xon43 = (14 BoB1)X2u41 — BoB1x2, 1
Xon4a = (14 BoBi)xony2 — BoBix2y, n=0,1,....

Let y% = xop1144, « =0,1, n =0,1,.... Then Equation (27) is equivalent with the autonomous equation
Vi1 = (14+BoB1)yy, — BoBiyy,_y, «=0,1,n=0,1,.... (28)
In view of Lemma 1 and Theorem 1, we have the following result.

Proposition 1. Consider Equation (27) with period-two coefficients where B, € R\ {0} and A, + B, =1 for
alln > 0. Then

(1) If|BoBy| < 1, then every nonconstant solution {x,} of Equation (27) converges to the limit

. _ (1= Bo)xg+ Bo(1 — By)x_1
m, Xn = 1— BoBy ’

(2)  If ByBy = —1, then every nonconstant solution {x,} of Equation (27) is of period 4;
(3)  Ifeither ByBy > 1 or ByBy < —1, then every nonconstant solution {xy} of Equation (27) is unbounded.
Proof. By Theorem 1 with D, =0,n=0,1,..., we have

(1) If |BoBi| < 1, then every nonconstant solution {y% } of Equation (28) converges to the limit Ly,
that is

lim y, = L,, a=0,1

n—oo
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(2) If ByB; = —1, then every nonconstant solution {y% } of Equation (28) is of period 2;

(3) If either ByB; > 1 or ByB; < —1, then every nonconstant solution {y%} of Equation (28)
is unbounded.

Now the results follow from (1)—(3). In particular, by Lemma 1 Equation (28) has the invariant
Ii = y; — BoByy),_;, wherea = 0,1and n = 0,1,.... If |BoB1| < 1, then every nonconstant solution
{y%} of Equation (28) converges to the limit L,, which implies

lim I = Ly(1 — BoB1) = I =y — BoB1y” ;.

n—oo
O

Now by using Equation (17), Lemma 1 and Theorem 1 we can obtain explicitly the behavior of
the solutions of Equation (1) when g and g; are periodic and condition (2) is satisfied.

Corollary 2. Let p € {1,2,...} and let B, € R\ {0}, n > 0. Consider Equation (27) where A, + B, = 1 for
alln > 0 and that

Apn=A4,, By=B;, k=0,1,...,p—1, n=pj+k j=0,1,....

(a) Ifeither (—1)P~1 Hfz_ol B; < —1lor (—1)r! Hf;ol B; > 1, then every non-constant solution {x,} of
Equation (27) is unbounded.

(b  If(—1)r1 Hf:ol B; = 1, then every non-constant solution {x, } of Equation (27) is periodic of period
2p. In particular, the periodic solution is {x_1, x, } where

Xy = X0+ (X0 —x_1) E(_l)iﬂ ﬁBj/
i=0 =0
andy=0,1,...,2p—2.
(©)  If|T1{ Bl <1, then every non-constant solution {xu} of Equation (27) converges to a limit, that is
lim x, = (1 + ):;?:—02(_1)]-“ HZ:O Bi) xo + ():f;ol(—l)i H{:o Bi) x,l.
o L+ (~1) 1Ty By

Proof. Equation (27) implies that for § =0,1,...

Xpn+p+1 = (1- Bﬁ)xpn+,3 + Bgxppip-1, n=0,1,... (29)
and so
(1= Bp)Xpnsp = Xpn+ps1 — BpXpnp1-
Thenfor f=0,1,...;n>0

B o 1 o B
(1 +Y (-1t HE’) Xpntp = (1 + Y (-1t HE’) Xpugpa1 + (=P [ Bixpu1.  (30)
=0 i=0 =0 i=0 0

Indeed for $ =0,1,..., we have that forn > 0

B o B o
(1= Bga) 1+ (-~ [T B)xpmper = (1 +y (-1t H&) S
i=0 =0 i=0

]':0 =

B o
— <1 + Z(—l)JHHBi) Bpi1Xpn i - (31)
j=0 i=0
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Multiplying Equation (30) by —Bg1 and substituting into Equation (31) we obtain

B+1 B B+1
(1 S0 T8t = (14 0TI tuapn s (0P T it
j=0 i=0 j=0 i=0 i=0
Now from Equation (29) when = p — 1 we have that forn > 0
Xpn+p = (1 - Bp—l)xpn+p—1 + Bp—lxanrpr- (32)

By using Equation (29) with 8 = p and Equation (32) we obtain

Xpntp+1 = (1= Bp—1+ Bp_1Bp)Xpnip—1+ Bp_1(1 — Bp)xpn—i-p—z-

Now continuing this process we get that ford =0,1,...

-

0 i=0

j=0 i=

]

L -
(_1)]+1HBi+p—l) Xpnt+p—1 1+ Bp-1 ( Z ]+ HBH-p) Xpn+p—2- (33)

Xpntp+6 = (1 +

Observe that since B; = Bi+p fori=0,1,..., then

1 -2 ; i -1
Z]p_ ( )]+1 H] Bz+p 1 = Z;g:o (_1)]+1 Hﬁzo Bi+p—1 + (_1)pr:0 Bi+p—l
-3 j ' -1
= _Bp—l (1 + Z]p:o (_1)]+1 H?:() Bi) + (_1)lep=0 B;

Now multiplying Equation (30) where f = p — 2 with B, and substituting into Equation (33)
where § = p — 1 we obtain

p—1
Xpn+2p—1 = (1 +(=1)F H Bi) Xpn+p—1 + (=1)P~ ! H B; iXpn—1-
i=0

Similarly, we can show thatfora =1,2,...,p—1

p-1 p-1
Xpn+2p—1+a = <1 + (_1)P H Bi> Xpn+p—1+a + (_1)]7*1 H Bixpnflﬁx' (34)
i=0 i=0
For «# = 0,...,p—1 let yy = Xpnp—14a = 0,1,.... Then for « = 0,...,p — 1,

Yoi1 = Xpni2p—1+a andyy_; = Xpy_14q- Thus fora =0,..., p — 1 Equation (34) becomes

p—1 p—1
Yns1 = (1 +(=D']] Bi) v+ (D" [T By (35)
i=0 i=0

(@) Suppose that either (—1)P~! ]—[f:_o1 B; < —1lor (—1)r! Hfz_ol B; > 1. By Theorem 1 parts (1)
and (6), where g1 = (—1)7"’l Hf;ol B;,and D, = 0,n = 0,1, ..., every non-constant solution
“t,a=0,1,...,p — 1 of Equation (35) is unbounded. Thus every non-constant subsequence
{vn p q y q
Xpnap—1+a y Of Equation (27) is unbounded.
pntp—1+ q
(b) Suppose that (—1)P~! Hf:ol B; = 1. Then for « = 0,1,...,p — 1 Equation (35) becomes

Yoo = Ys_n =01,... Thus fora = 0,1,...,p — 1 the solution {y5} is a period-two
sequence. Since there are p subsequences, then every non-constant solution {x, } of Equation (27)
is periodic of period 2p.

(¢) Suppose that |Hl}.:01 B;| < 1. Then by Theorem 1 part (2), where g; = (—1)P~! Hf:ol B; and
D, = 0,n = 0,1,..., every non-constant solution {yﬂ‘l },a = 0,1,...,p — 1 of Equation (35)
converges to a limit point. Let L* = lim, e ¥y fora =0,...,p — 1. Then by Lemma 1
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p—1
L* <1+(—1)”_1HBi> =yp+ (=)~ 1HB
i=0
Thus fora =0,...,p—1

o

_ -1
. v+ (0PI B oy
lim yy; = 1
1n—00 1+ (71);9—1 Hi:O B

andsofora =0,...,p—1

xpflthx‘I“( 1)}7 1H Bx 1+1x

llm X +p—1+ - (36)
n—soo PP & 1+(71)p lH
In view of Equation (17) with D, =0,n =0,1,..., we have thatfora =2,3,...,p -1
p—2+a o p—2+a L
Xp—14a = (1 + ) (—1)]“1—[3:‘) X0 + < ) (—1)]1—[31‘) X1 (37)
j=0 i=0 j=0 i=0
and . .
a—2 . ] a—2 ]
Xp—1 — (1 + 2 (—1)]+1 HBZ> X0 + <Z (—1)] HBZ> X_1.
j=0 i=0 j=0 i=0
Then for @ = 2,3,...,p — 1 and after simplifying terms we obtain
. p—1 p—2 - j p—1 o
Xptya+ | CDPT]Bi ) xea = (14 ) (1) IBi | xo+ | ) (=1)/TIBi|x1. (39
i=0 j=0 i=0 j=0 i=0

It should be noticed that by using Equation (37) and the initial conditions we also get Equation (38)
for the casesa« = 0,1. Thusfora =0,1,...,p—1

(1+2” J(-1 )J“I"[] 0 )xo+<2 ) (— 1)]'Hf::03i>x71
+ ()P T B |

nh—r>rolo Xpnt+p—1+a =
Since all subsequences have the same limit, we finally obtain the formula for the limit. [

Example 7. Consider the difference equation

Xn+1 = (1 - ]/n+1)xn +y7l+1xn71/ n= O/ l/' . (39)
where .
Ynt1 = +]/n, n=20,1,.... (40)
Yn—1

Assume that y_1,yo ¢ {—1,0, 1i2‘£} and y_1 + yo + 1 # 0. Then the solution {y, } of Equation (40) is
periodic of period 5, that is the solution is
T+yo T+yot+y1 14+y

“/]/71/]/0/ yfl 7 yoyfl 7 yo 13/71/]/0/--'

Equation (40), see [12] also has the invariant

1 1
In:(l—l— >(1+> 14+yn+yuy—1), n=01,...
Yn—1 Yn
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and so forn > 0

1 1
In=1= (1 + ) (1 + ) (1+yo+y-1) = y1y2y3y-1Yo-
Y- Yo

Thus from Corollary 2 we obtain the following:

(1) Iflp < —lorly > 1, then every nonconstant solution of Equation (39) is unbounded.
(2)  If Iy = 1, then every nonconstant solution of Equation (39) is of period 10.
(3)  If|Ip] < 1, then every nonconstant solution of Equation (39) converges to a limit.

Suppose that y_1 = —1/2,y90 = —1/4, then the corresponding solution of Equation (40)
is...,—3/2,2,-2,-1/2,-1/4,...,and so Iy = 3/4 < 1. Thus every nonconstant solution of Equation (39)
converges to a limit even though g1 = y,+1 < 1 for some n > 0 and for other n, g1 is strictly greater than 1.

Remark 4. The same idea applies to Equation (15) with D,, = 0,n = 0,1, .... For example, if there exists
a constant r such that r < 1and 0 < H?:o F <7l, j=0,1,..., then the solutions of Equation (15) will
converge to a limit even though there may be some F; > 1 for somei = 0,...,]. Since Equation (15) is used
extensively to obtain our results, the behavior of the solutions of Equations (1), (17), (18) and (24) will depend
on the product of the coefficients rather than the individual coefficients.

If for some 1, A, =1, B, = 0, then the solution of Equation (27) eventually becomes constant as
the following result shows.

Theorem 3. Suppose that Ay, + B, = 1foralln > 0and Ay, =1, By = 0 for some k > 0. Let N be the first k
such that B, = 0. Then the solution {x,} of Equation (27) eventually becomes a constant. More precisely for
n>N

N-1 o N-1 ]

=1+ Y (=1 ]]Bi ) xo+ | Yo (1Y ]]Bi ) 1 (41)

j=0 i=0 j=0 i=0
Proof. Let N > 0 be the first nn such that B, = 0, thatis By_1 # 0, By = 0. Then Equation (17) with
D,, = 0,n > 0becomes for N > 0

N-1 g N-1 ,j
XN = (1 + Y (—1y*! HBl-) xo + < Y (—1)]]‘[31-) X_1. (42)
=0 i=0 =0 i=0
Note that if N = 0, then By = 0 and Equation (42) is satisfied. From Equation (42) we get that for
N>0

vt = (14 ENo(—H T By) 20+ (So(—1) Tl Bi) x4
= (142N (1 T Bi) %o + (ENG (<1 T Bi) ¥1 = x.

Similarly we can show that x, = xn,n > N. O

5. Conclusions

In this paper we consider the general nonautonomous second order difference Equation (1)
where the functions g; : RF 5 R,i=0,1;k=1,2,... satisfy condition (2). The condition (2) implies
the existence of an invariant which then reduces Equation (1) to the first order nonautonomous
difference equation such as Equation (13) which has closed form solution (14). Using the closed form
solution we were able to obtain the global behavior of solutions of some nonautonomous second
order difference equations, such as Equation (26). The different types of asymptotic dynamics that
the general nonautonomous second order difference Equation (1) exhibits are either convergence to
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a constant or a to a period-two sequence, divergence to +co, or eventual equality to a constant or a
period-two sequence. Some results are given for the case when the coefficients of Equation (1) are
periodic sequences when one can reduce the dynamics to the autonomous case, but our technique here

was based on explicit solutions formula, see Example 6. The presented results have potential to be
extended to systems of difference equations.
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