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Abstract: Let f be a band-limited function in L?(IR). Fix T > 0, and suppose f’ exists and is integrable
on [T, T|. This paper gives a concrete estimate of the error incurred when approximating f in the root
mean square by a partial sum of its Hermite series. Specifically, we show, that for K =2n, ne€ Z,,

[0 75050 = sen P < (14 1) ([3 Syor 0P 4 [ fpon Vi@Pio] )

1/2
+ 1 {% f‘tlngN(t)zdt} +1 (1 + ﬁ) Sa(K, T),in which Sk f is the K-th partial sum of the Hermite
V2K +1++2K+3

series of f, f is the Fourier transform of f, N = 5 and fy = (f)((_N,N))V(t) =
L=, w f(s)ds. An explicit upper bound is obtained for S, (K, T).

Keywords: Hermite functions; Fourier-Hermite expansions; Sansone estimates

MSC: 33F05; 65D20; 42A99

1. Introduction

The aim of this paper is to give a concrete estimate of the error incurred when approximating
a function f in the root mean square by a partial sum, Sk f, of its Hermite series. The source of the
estimate, the fact that the estimate is numerical rather than just an order of magnitude and the centrality
of the so-called Dirichlet operator to the partial sum are all discussed following the statement below of
our principal result.

Hermite series, often under the name Gram-Charlier series of Type A, are used to approximate
probability density functions, which are key to statistical inference [1] in such fields as: visual image
processing in engineering [2], reliability ([3], Chapter 3), econometrics [4], quantile regression [5],
big data in nonparametric statistics ([6], Chapters 1 and 2) and machine learning in artificial
intelligence ([7], Chapter 5). In Section 5 of this paper, we apply our estimates to the Hermite series
approximation of a trimodal density function from [8] (pp. 176-178); see also [9].

Again, as observed in [10] and the references therein, Hermite functions are the exact unperturbed
eigenfunctions or the limiting asymptotic eigenfunctions (Mathieu functions, prolate spheroidal wave
functions) for many problems of physical interest, Thus, Hermite series arise, for example, in the study
of the harmonic oscillator in quantum mechanics and of equatorial waves in dynamic meteorology
and oceanography.

We recall that the k-th Hermite function, /, is given at t € R by:
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where v = w~1/427K/2(k1)=1/2 Given f € L*(R), its Hermite series is:

Y ey,
k=0
in which:
o= [ fOmd, k=01.2....
R

Our principal result is:

Theorem 1. Consider a band-limited function f € L?(R). Fix T > 0, and suppose f' exists and is integrable
onlp = [-T,T].
Then, with K = 2n, n € Z, Sxf the K-th partial sum of the Hermite series of f and:

N — V2K +1+ 2K +3

one has:

inwhich fn = (fx—nn)"-

We work with an expression for Sy, f, n =0,1,2, ..., due to G. Sansone [11], the which expression
is a refinement of the one employed by J.V. Uspensky in [12] to prove his classical convergence theorems
for Hermite series (the treatment of Sy, 1f, n = 0,1,2,.. ., is similar).

As seen from Formulas (2) and (5) below, the core of Sy, f is the Dirichlet operator:

Exf)) =+ [ TN oy

TJ-T t—s

VAaAn +1+ V4n +3

in which N =
[T, T] and the frequency content greater than N, so that our assertion about the Dirichlet operator
requires f to be almost time-limited in [T, T| and the frequency content almost band-limited in
[—N, N]. Moreover, the estimates we give in Section 3 of the terms other than:

{ZlT /|a>tf(a)2dlx] - * {ZlT /Iw|>N |f(w)|2dw} -

1/2
in the estimate of [% / _TT |f(x) — (Skf)(x) |2dx} in Formula (5) below in Section 4 quantify how

and t € [-T,T], T > 0.We have cut the time content of f outside

far f — S, f, or rather f — Fyf, is from zero in the root mean square on [—T, T]. The application of
these estimates in our example is straightforward (though somewhat tedious) given the material in
Appendix A. We emphasize that the estimates are in numbers and not in orders of magnitude.

A key fact, used repeatedly in the derivation at our estimates, is that the Hilbert transform, H,
given, for suitable f at almost all x € R by:

(Hf)(x) = ()ﬂ)yMK W)y,

T RX—Y T e—=0t J|x—y|>e X — Y
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is a unitary operator on L?(R). Also important will be certain identities of Bedrosian, valid for
band-limited functions f € L?(R), namely,

H(fsin(a-))(t) = f(t) cosat

and:
H(fcos(b-))(t) = f(t)sinbt, teR,

for fixed a,b € R. See [13].

The error involved in approximating f by Fyf is established in Lemma 1 in the next section.
The Sansone estimates are intensively studied in Section 3. These enable the proof of Theorem 1
in the following section, where S,(n,T) is defined. An explicit estimate of S,(n, T) is described
in Appendix A.

The estimate of the root mean square error in (1) is both more specific and more easily calculated
than the one in the paper [9] of the first two authors and M. Brannan. In the final section, we revisit the
trimodal distribution studied in that paper.

2. Approximation Using the Dirichlet Operator

In this section, we prove:

Lemma 1. Given f € L*(R), N, T € Ry, and fr = fx_r ), set:
1 (T sin(N(t—s)) B
(FNfT)(t) =7 /7T Tf(s)ds, telp =[-T,T).
Then,

o [ - anora] <[ [ swra] " [ iera]

Note, we define the Fourier transform, f, of f by f(w e"wht, w eR.

1
)= EfRf(t)

; . . sin
Proof. Using the standard notation sinct = ——, we have:

t
2 .
Fnfr= \/;N(sznct) x fr, teR.

Here, the convolution, ¢ * h, of ¢ and h in L?(R) is here defined by
(g*h)(t):L/ g(t—s)h(s)ds, t € R. One has (¢*h)Nw) = ¢Nw)h(w), v € R.
V27T J—o0
See [14].
whence:
Enfr = X(-nn)fT-
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Thus,

1/2

' |f(t) = (Fnfr) () [Pat 1/2 |f — (Fnfr)(t)dt v = |f(w) — Fnfr(w)Pdw
Jor Jr,

] 1/2
- /R |fr(w) = x(—Nn) A(w)TIZdw]l/z {/I . | fr(w)[?d }1/2 = |:/;u>N (\/% /:f(y)e”wydy>2dw]
/w\>N / XT iwydyrdc} : - {/\MI>N ((X/T?(W))Zdw} h

ﬁ/\;.w\ﬂwrdw}“ﬁ{/\;w\uwwr”g[/,MW i
[ el ] [ [ opal] ™

IN

1/2

IN

U\xu\ﬂf )\2 }1/2

IN

O

3. The Sansone Estimates

To begin, we describe Sansone’s analysis of the usual expression for (Cx fr)(t) = Yk_, cehie(£),
when K is even, say K = 2n. For ease of reference to [12], we work with the variables x and «, rather
than t and s.

Now, according to [11] (p. 372, (4) and (5)),

(Sauf)(x \/2”“/ Ko (x,0) f (@), @)

hon1 () hon (&) — houy1 () hon(x)
X—X

where:

koy(x,a) =

and fr = frxj. Further, by (7) and (8) on p. 373 and the first two estimates on p. 374, together with
(15.1) and (15.2) on p. 362, one has:

VS L 3,0)x — ) = ~COA(3)B(&) — Aw)B(), R
in which: 1
_%(1+ ) le] <3,
y3 cos(v/4n + 3y) T(2n+1,y)
A(y) = sin(vV4n + 3y) — VTR +h/2n+l( 0)van 1 3
and:

y sin(v/4n + 1y) T(2n,a)
B(y) = cos(V4n +1y) — VIl + PONTES

The functions T(2n,y) and T(2n + 1, y) are defined through the equations:

hou(x) = hay(0) cos(v/4n + 1x) + 121 (0) % sin(v4n + 1y) + T(2n,y)

Van+1 4n+1
and: VI T3 1, . (0) 43
, o sin(v4n+3y)  1,1(0)y° T@2n+1y)
h2n+l (y) - h2n+1( ) \/m m+3 6 COS(\/‘my) + 4n + 3 .
Here,

PR E— 1 _ 4 \F1
YR, (0 Va3 T /2 203/
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bl = — ! <7T1/2<F1
" | hou (0)] 4n + 1 4V 2u3/4

2 /A 4 Y2
T(2n+1 7 \18 T 1) T 17
T+ 1Lyl < 37517 (18+ )+ 187 \/an +1

and:

2 4 17/2
IT2n,y)| < —2—— (y +1) L2y

71/2,,1/4 \ 18 187 \/4n + 3
Expanding the products in (3) yields:

5
znz—’—lkz”(x,oc)(xfzx) _ f% (1+ %) <sin(N(xa))+lgM,§”>(x,a)), | <3, @

where, firstly,

M (x,a) = cos(N(x + a))sin((x — &) /2N) — 2sin?((x + ) /4N) sin(N (x — a)),
as shown on p. 375 of [11]. Again, on p. 376, we find:

—x3 3
Vin + 1M§”) (x,a) = Tx sin(v/4n + 1x) sin(v4n + 3a) + % sin(v4n + 1) sin(v4n + 3x)
B3

5 sin(v4n + 1x) sin(v4n + 3a) + %3 [sin((x —a)/2N) sin(N(x + «)) — sin((x + ) /2N) sin(N(x — a))].

An argument similar to the one for v/4n + 1M£n> (x, o) gives:

3 3
Vién + 3M§n> (x,a) = % cos(v/4n + 1x) cos(v/4n + 3a) — % cos(v4n + 1a) cos(v4n + 3x)

a® — 8

5 cos(v4n + 1x) cos(v4n + 3x) — %3 [cos(\/ém + 1a) cos(v4n + 3x) — cos(v4n + 1x) cos(v4n + 3a)]
PR

— X

5 cos(v4n + 1x) cos(v4n + 3a) — x6—3[sin(N(x +a))sin((x —a)/2N) + sin((x + «) /2N) sin(N(x — «))].

Next,
(4n +1)(4n +3)M{" (x, )
3.3
— %[— COS(\/‘T—F?)X) Sin(\/mzx) + COS(\/‘T—O—?MX) sin(mx”
a3x3

7 [sin(\/éln +3x — V4n + 1a) —sin(vV4n + 3x + V4n + 1a)
+sin(v/An + 1x — VAn + 3a) + sin(v/An + 1x + vV/An + 30()]

= a;zs [sin(N(x —a)) cos((x +a)/2N) —sin((x — a) /2N) cos(N(x + «))]

Let us note that the expression for \/(4n + 1)(4n + 3)M4(;n) (x, ) on pp. 345-372 of [11] is incorrect.
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Finally,
Mén)(x,zx) =ay {T(Zn +1,x)cos(vV4n +1a) — T(2n + 1, &) cos(V4n + 1x)

+T(2n+1 x)a?)@—T(Zn—i—l )x @}
6 VAt T an i1

+ by [T(zn, x) sin(v/4n + 3a) — T(2n, &) sin(v/4n + 3x)

3 3
L T(an ) VA4 30) T(Zn,x)‘iw}
6 Vants 6 Vini3

+ayby [T2n+1,x)T(2n,a) — T(2n+1,a)T(2n, x)],

To prove Theorem 1, we will require the following estimates of integrals involving terms on the
right-hand side of (2).

3.1. Estimate of ‘fET Mﬁ”) (x,vc)ﬁ(i"id“‘

l/_TTMgn)(x,oc)J{(_alda < 1

T
< ‘/_T cos(N(x +a)) sin (x — a/2N) f(a)da

+2 ‘/TTsinz((x+a)/4N) sin(N(x —a)) f(«) du

X —«K

= I(x) + II(x).

To begin,

I(x) g

H/ cos(N(x +2)) [sméf:f/)ézzvm ]fUd«x \/icos(N(xw))f(a)da
e

V' wian + LEDLEVDLL LT g W]
= 18N [xz/_ 1£(®) |d“+z|x|/T £ “’d"‘*/_T f(w)azdﬂc]
b gz [+ [ 1wl
Thus,
s I(x)zdxr/zﬂsivs 5 /x4 }1/2 [ V@)
2[5 [ ﬂl/z/ ey [ Ipiae] + 51 [+ [0 @lad

~ o |z |l T [ et [ wwlan] + 1 [+ A0+ [ 170laa].
Again,

|

INA
N
- Bl= Bl

: a T ((x 4w 2 «
II(x) = /_TT(l —cos((x+a)/2N)) sin(N(x — (x))%duc' < /_TT wan(N(x _ “))3{(—3)((1“
< ﬁ {xz /j sin(N(x — )) f(lx) da| +2|x| /jT sin(N(x — a)) ({c(i):f) d(x‘
+ /_TTsin(N(x oc))f( )a H a1 + 1V () + V()]
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Now,

IV(x) < 2T

7

sin(Nx) /fT Md& — cos(Nx) /fTT me

X — K X —«

S0,

1 T ) 1/2 1/2 T ) 1/2
i < .
[ZT /7TIV(x) dx] <2nT UT F(a)a duc}
Similarly,

{;T /_ TT V(x)zdx]l/z < \2nT 12 [ /_ TT | f(a)a2|2dar/2.

Next,

’/Tsin( (x —a)) dzx

-T

/ f(a) sin(Na)
X—w

/ f(a) cos(Na)
X—a

and, by Bedrosian’s identity,

\vc\>Td“

/ f(a) sin(Na) sm(Nzx / f(a) sin(Na) Noc / f(a) sin(Na)

X —«K X —«K

fN (a) sin(Na) fu(a)sin(Na) . +/ [f(a) — fn(a)]sin( Nzx / [f(a) )] sin(Na)

X — K X — K X — K

X\a|>Td“/

where fy = (fx(-nn)"-

A similar result holds with sin(Na) replaced by sin(N«).
Thus,

[ ] < v ([ [ pvtwpa] e[ rwra] [ eoriad 1/2) ,

since:

|17~ v@)Pda = [ 1) - ful@)Pdo = [ () Pde.

—0o0 |w|>N

In sum,

(n)

, 112 )
dx] < ot | [ @i T [ ip@mitacs [ 17wl

+ 3 [\f( D+ 1A+ [ 150 da}+8§](zﬂ”[/ ]+ vare ][ reetal

BT ([/_wa(w)zdﬂé] V2 n [/\abT ‘f(a)‘zdar/er {/‘wa |f(w)\2dw] 1/2) )

(x, ) f(7) do
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@
ST M) £ ()

X—u

3.2. Estimate of

T Ml )( ) T 43 _
/7T ﬁf(x)d m ‘/T6 = sm(\/4n+3a)f(a)dzx
1 T .
+\/ﬁ / sinc((x —a)/2N)sinc(N(x +a)) f(x )ﬁda
, B (x +a)ad
m‘/ sinc((x 4+ a)/2N)sinc(N(x — a)) f () 5 da|.
Now,
I(x) < 6\/‘W H/ sin(v/4n + 3a) f(a)a® da| + |x| /j;sin(\/4n+3a)f(a)ad1x +x2 /j;sin(\/4n+3tx)f(a)da}

- [720£(-T) + £(T )| dec+ 12 (T(f(~T) | +1£(T)))

6@+ 1)@ +3)
] duc)x2<|f( T)|+£(T \+/ £ ldﬂ)]

&(f(“)“)
T
< W[( + x| T+ T2)(If(=T)| + |f(T +/ |f Z‘d“] +2LT |f (@)a|de

1
ol ([ 1 @aldn+ [ @) 422 [ 10

Thus,
{i /T 1(96)20196]1/2 < L [(1+f+f)T2(|f( )|+ [£(T)])
2T ~ 6/(4n+1)(4n +3) V3 5

/ ISl da+7</ V(o a‘da+/7T|f(oc)|da)+'/7TT‘f(l)(a)az’da+2/7TT|f(uc)oc\doc].

Next,

1
II
(x) < 12NV4n + 1

|s1n((x—¢x)/2N)—1||f( Yol |da + ' sin(N(x + a) f(a)a’da
-T

12N\/4W /T1< )|f()3|d0<+N/ 3)01“]
< W [x2 /T |f(0c)tx3|doc+2|x|/ |f(zx)oc4|dac+/ |f((x)p¢5|d4
+W [mf( )+ AT / 3|d¢x+3/ azda],
Hence,

[217’/—111(3()2[13(}1/2288N3\/W{«// f(@) S‘d'H*/ f(=) 4‘d'H/ A=) 5|d4

b PO D+ [ O @aldats [ 1]
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Finally,

]

3 W3 2 [T 4 T 4
III(x )_481\]2\/ﬁ |x |/ [f(a |d0¢+3x/ \fucuc\da—o—'/i sinc(N(x —a)) f(a)a*du

|

< um | \/ (x+a) /2N2 |f 3|d¢x+/ ((x +a)/2N)? | f(a)a*|da
T sin(Na)f(a)a® T cos(Na)f(a)a3
+121\1\/4;1+1[ (/_ x—a d“+/_T i—a d“)
T sin(Na)f(a)a* T cos(Na)f(a)at
+/_T x—u dlx‘+/_r x—a d“]'

Altogether, then,

[;T/_TTHI(x)zdxr/zg m[%/i IF(@) 3|drx+—/ | ()at|da
+\3/—T§/7TT |f(zx)a5|da+/7TT [ (@)ad|da] +6N\/ﬁ T(/J \f(uc)uc3\2da) + (/i |f(zx)zx4|2dzx)1/2} .

ST M) )

3.3. Estimate for

) (v & B
‘/i”ﬁf;)fwm‘ ¢%+-‘/i:x_x‘m“¢“+3ﬂfWWa

MP‘LﬁmWFMmMW®W+MW)mW“

T s
3
\/% ‘/TT sinc((x 4+ a)/2N)sinc(N(x — a)) f (a) (xlza) dlx‘

= I(x) + II(x) + [II(x).

Now, I(x) here is, essentially, the same as the I(x) involved in Mgn) (x,«), and we find:

I(x) < 6\/4117—0-[ /T cos(V4n +3a) f(w)a? da| + 2|x| /7TTcos(\/4n+3a)f(vc)txda +x2 /;TTcos(\/4n+3a)f(oc)da]
< gy [PUEDIH DD + [ |0 wed a2 [ 1fwal
(IFC-D)I+ (DD \<f“)<“>"‘>\ T (@)
+\x\ (T Van +3 +/7T 4n+3 duc+/7T 4n+3da
DD T @)
+"2< s s 4n+sd“>]‘
Then,
1T, VP 1 ) T (T
[ﬁ/ 0P| < gy [0+ G5+ ST DI+ DD+ 2 [ @l T [ 1)

/ £V @) doc—i——/ £V @) \d“/ £V (2)e?| da]
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Next,
I(x) < |x|3 /T |sinc((x —a)/2N) — 1| f (a)|da + ’/T sin(N(x + &) f(a)da }
12N+4n+3 [/-T -T

xzj\za)z |f(@)ldec+ H/fT cos(Na) f (w)da| + /jT sin(Na) f (a)da

J

<L / 1(
_12N\/m_,46

xI3 ro,
= 12Nl/zllni+ /T 241]\]2 (x - a)2|f(“)|d“ + E(|f( )| + |f N / |f(1 |dﬂc}

288N3‘)\C/‘?:W{ / |f(a)]dac +2]x \/ |f(a \dac+/_T 1f (@) \drx}

|x?
+m[|f(—T)l+|f(T)l+/7T LfO) (a)|da].
Hence,
1 T 12 T
LT/ II(x)zdx} < W“JC( )| +|f(T |+/ |d0‘}
T8 2
T s8N Van 13 [\f -+ =2 / Jacldac + \F/ W}
Finally, with Ty (t) =1 — % + %,
e <X [/T [sinc ((x+a)/2N) — Ty((x + &) /2N) | f(a)|[|x| + [a[Jda
12+/4n + 3

+ '/Tsinc N(x—a))Ty((x +a)/2N) f(a)(x + a)da

= 12\)1611374-:3{/;7; 50140 (x;va)é LF (x| = fac]
| [ sinetx—a0) (1= B2 EE 4 O 0y e+

}

}

24N? 1920N*4

L 10/T 9/T s/T 2
= do+7 do +21 d
= 3,870, 720N6\/W[’“ | f@lda 715 [ | f(@)alda 2127 || f(a)a|da
T T
+35]x” / 3Icit>c+359€/ |f(oc)zx4|d0c+21\x\5/ |f(a)a® |da
T -T

w7t [ T\f( Wald-+1af* [ T|f<zx>a7|da]

12N\/4n—|— | * (‘/T ] ‘ ‘/T Cosi\]fa D
NN (’/T sin N(x)];( a)w dzx‘ n ‘/TT cos(Z;]oi)i( )txdlx )}
sl [ (1l + L) )
3,870, 72011\16\/4T+3( Vix)+ m}\/lm(\/(x)) + 2881\12\1/m(w(x))'
Altogether, then,

1 vr 1 1 1/2 1 T o1 T 1/2
{7 / I1(x )de} [ / (V) ()%dx] "+ e [ / = V(x)zdx}
2T ~ 3,870,720N6+/4n + 3 L2T 12Nv4n +3 [J-1 2T J-1

+288N2\1/4W [21"[/ (VI)(x )2dxr/2,
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where:

1/2 10 9
o [ aviwia] < T [ il + T T|f<a>a|do«

f V19
2178 2 35T7 3 35T® 4
M _Tlf() |da + —— N i A \f() doc + —— \ﬁ If(w)a |da

2173 5 7T+ T
+ — daw+ — / 6doc+ / 7doc
yoda 1@ 75 | f@a |

Observe that, by Bedrosian’s identity,

/T sin(Na)f(a) , /°° sin(Na)f(a) , /_°° sin(N&) £ ()& o o 7 () da

-T X — K —c0 X —«
= [ entlinta) SRV =N gy [ sin(Na) (@)1 ()

— rcos(Nx)f(x) 1 /j; sin(Na)[f (@) = fu(@)] , /w sin(Na) f (a)&|q)>7(2) i

X—w —co X—a
where fy = (f (-n,n)) " A similar result holds with sin(Na) replaced by cos(Na). Thus,

1/2 , 1/2

+ 27T [/_2 F(@) — fu(@)[Pda

1/2

i L wora] < o

f(oc)zdx] v +27T3 [/TT |f(1x)rx|2d(x]

2
du

1/2

+2nT? [
la|>T

<V2nm [T*I/Z {/TT |fN(oc)oc4!2dzx] v + T15/2 [/TT |f(0c)vc|2d¢x} i

4T/ {/RI>Tf(a)2da} e wa f(w)zdw]1/2],

since:
150 = (e = [ 17(@) ~ ()P = [ 1) = f@)wm @)Pdo = [ 1f(w)Pde.

Again,

o [ vra]” < [le L (s 1o + 2L )

Expanding the integrand on the right-hand side of the last inequality, we find:

v [yverad < o [ 7] |fm|]+8{f o] [ [
+52W {/TTxledx}l/Z{ TT\f( )|ch} +W U, 6dx]1/2/ e |d¢x

/ f(a \d:x+—T3/ fla 3|da+5N2f / f(a |da+5N2f/T|f(oc)a5|da.

2 1/2
dx] .
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3.4. Estimate of

X—u

(n)
ST M f ()

a3

/ " sin(N(x — a)) cos((x + &) /ZN)%M

T M(n)(x,zx) x?
/ 4 - f(%)d% ‘ | [
T x—a 36+/(4n+1)(4n +3)

3 3 cos cos
+ /st'm((x—uc)/ZN)cos(N(x—i—vc))fx(a_)i H 18\/471-:174;14-3{ (Na) x(j‘{XZN)f( L d(x’
T cos(Na) sin(uc/ZN)f(ac)aB’da‘ N T sin(Na) cos(a/2N) f (a)a 3d¢x N / sin(Na) sin(a/2N)f(a)a3daH_
-T X —u - X —a - X —a
Hence,

2 71/2

V27 T?/? ) [/_T f(“)oﬁzda]l/Z'

T M&n)(x,zx)
/ fla)dn T 9/(4n+1)(4n+3

-T X —K

ESs

-T X—u

s 1172
fT Mf(zx)duc dx]

3.5. Estimate of [;T f,TT

The expression:

T Mé")(x,zx)
T x—u«

f(a)da

s 4172
1 T
[n /. dx}

is dominated by the sum of five terms, which we now consider in turn.

(i) The term

1 (T | T e e F(a) 2 1/2
ﬁ/_f /_Tan[T(2n+1,x)cos( T+ 1) = T(2n+1,a) cos(van+ 1) -2 da| dx
is no bigger than:
| | /T T cos(VAT T 1a)f(a) T TRn+1,a)f@), P, ]
B[ e [ A, ] [ T, o
1/2 1/2 1/2
< W% {2 /T |T(2n+1,x)fN(x)‘2dx] +sup|y<r|T(2n +1,x) << ‘>T ) + </| N |f(w)|2dw> >
31 1/2 1/2
<t/ial ([memwta) ram] ([, row)” ( ol FPa) )
in which: Ll . ) |a|17/2
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(ii) Arguing as in (i), we have:

, 172
1 T | T a® sin(y/4n + 1a) ¥sin(vdn+1,x) | f(a)
{ZT/T /7 an [T(2n+1, 0 e T 1, Y D ] dx
, 7172 "
o a] sin(\/4n + 1) f(a)ad 3 /T )
WWW T(2n+1,x - da| dx|  +aT| [ |T(@n+10)f () da ]
) 172 "
el ' sin( dn + 1a)f(a)a® 3_ 3 /’T »
6\/‘W\/7 T(2n+1,x) PP dx +aT°nT 7T\T(2n+1,a)f(1x)\ do )

sg\/;\@n Lo ][] 1rwe \Zda}m+T3 [/ilf(a)w(a)ﬁda]m}

(iif) The mean square on It of:

b
T X —«

/T T(2n, x) sin(v/4n + 3a) — T(2n, a) Sin(\/mx)f(a)drx

is dominated by:
bal | [ /7 ! i
V2T |:|:/T /7T ' ]

1/2 1/2 2
|b ‘71' |: (/ |T 27’1 x fN( )| ) +sup‘x|§T\T(2n,x)\ |:(/|“>Tf(0¢)2d04) + Wl >N f(w)|2dw> ‘|

‘MV;*@n{[/ saran] o [(f i) (f ras) |

(iv) The method of (ii) applied to the estimation of the square mean on I, of:

+

. )7 1/2
T(n,x) /jT sin(v/4n + 3u) f () da

X—un

/T T(2n,a)f(a) J

-T X —n

T x° cos(v/4n 4 3x) ) a3 cos(v4n +3a) | f(a)
/_T by [—T(Zi’l,ﬂé)6 B o (Zn,x)g i3 - “doc

leads to the upper bound:

1/2

+ 18 [/_TT |f(oc)w(v¢)|2doc} v

\/;TWZ;? i [w(T) U_TT |f(a¢)a3|2dvcr
< ;@\@ﬁ wm [ ; f<a>a3|2da]2

(v) The square mean, on I, of:

1/2

e[ [ @)l "

/T b {T(Zn +1,x)T(2n,0) — T(2n+1,a)T(2n,x)
n¥n
_ x—a

] f(a)da

is, by a now familiar argument,

<[ 1. [ TR0 ar] [ [ o[ T W] ]
< 2ol [/_TT|f<oc>w<a>2da}m N ™[/ 1w |2d4”2.
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4. The Proof of Theorem 1
Proof. Using (2)—(5), one has:

(Skf)(x) = —C™ (FNfT(x) + i /T M,E")(x,oa)fT(lX)da> ,
= /- x—u

in which:

ol _ % (”E)’ le| < 3.

Thus, by Lemma 1 and (5),

[ Gsene )‘2‘1"]1/2 < [ar [ 170 7Fn(x)\2dxr/2
1 1 (T | /T sin(N(x — a))

oK {H e 0L

) {1 ‘“\>Tf( x)'d }1/2+ {% /\w|>N f(w)ZdwT/ZJrK\}ﬁ( UKTIfN( w)[*d “]1/24_ [/WT \f(zx)‘Zdtx]l/Z

o (“’)zd‘”]l/z) # (1 g sk

- <1+%> (21T U‘;Mf(a)zda}l/u {% /\;u|>N f(w)Zdan)

[ o] e e

where, once again,

©)

T /T M,((n)(x,a)

2 1/2
C r—a f(a)da dx] .

O

An explicit estimate of S,(K,T) is described in the Appendix using the ones involving
M (x,&), k=1, ...,5 in Section 3.
5. An Example

Example 1 of [9] involved the Hermite series approximation of the trimodal density function:

f(t) =0.5¢(t) +3¢(10(t — 0.8)) +2¢(10(t — 1.2)),
in which:
o) = ——e 2, teR,

V2r

is the standard normal density. Figure 1 above shows that f is essentially supported in [—3,3]. Again,
from the graph of | f| in Figure 4c of [9], we see that it effectively lives in [—8, 8].
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id4

0s

0.6

04

-4 -4 -2 -1 0 ! 2 i d
X

Figure 1. Trimodal density function.
Taking T = 3 and n = 250 (so N = 31.6544) K = 500, we obtain:

1/2
[2 /|t|<3 (1) - (55oof)(t)|2dt} < 0.02361. ©

One always has:

1 1/2
[2T Jyorle0- <SK8><t>|2dt} < supy<rlg(t) = (Sxg) (1),

so, if the supremum norm is rather large, the smaller root mean square norm gives a better measure of
the average size of |g(t) — (Skg)(t)|. In our case:

sup|p<3lf(t) — (Sso0f) (£)| < 0.0025. )

Therefore, the supremum norm is here the better measure. Nevertheless, it is the computable
estimates giving (6) that lead us to Figure 2 and hence to (7).

0.002

000

MY vcwvwv“v"vhUH L

0002

Figure 2. Error function of the Hermite series approximation up to 40 terms with Dominici
approximation in the next 460 terms.

We observe that the graph in Figure 2 is of the error function f — Ssof approximated by
f = Saof — Y322, (f, dx)dx, where dy is the Dominici approximation to by given in Theorem 1.1 of [9].
The term involving S,(500, 3) in (6) makes the biggest contribution to the upper bound in (1). Thus,

1.002 {1

1/2
f(t)Zdt} < 0.00051,
6 Jit|>3

1 . 1/2
1.002 | = / w 2dw] < 0.00088
{6 |w|>31.6544 F(w)l
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and:

1 [1 . 1Y
—|= £)2dt| < 0.00062,
500 [6 \t|<3f() ]

while:

1 1
= [1 + 1000] 54(500,3) < 0.02161.

For the convenience of the reader, we have gathered together in the Appendix the terms that
make up Sy(n, T).
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Appendix A

Take the indicated multiples of the terms | _TT |f(«)|da, etc., and then add them to get an estimate
of the Sansone sum, S,(K, T), in Formula (6).

/T fedn: —— T 1, T P
-7 " 48\/5N3  3849N*  8N3  6v3./(4n+1)(4n+3) 6v3(4n+3)
T5 TlO T6 TS

+ + + + ;
288v1IN3V4n +3  3,870,720v/21v/4n +3N6  36y13N2v/4n+3  720v/17N*/4n + 3

/T |f(o)a|de T + 3T + ! + L

-T 48/3N3  128V/5N4  3(4n+3)  3,/(4n+1)(4n +3)
N T4 N 7T° .
144\/9N3\/4n +3  3,870,7201/19+/4n + 3N®’

/T fla)adda: —— +— 4 ! + r
-T "48N3  128V/3N*  2N2,/(4n+1) 288,/7(4n+1)N3
2178

+ ;
3,870,720v/17+/4n + 3N©6

T 1 T3 1 T?
/ |f(0<)¢x3|dzx : it + +
-T 384N*  48\/7N2\/4n+1 2N2,/(4n+3) 288,/5(4n + 1)N3
N 35T7 N T3 ‘
3,870,720+/15v/4n + 3N®  361/7N2\/4n + 3’
T . T T2 35T°
/ L () | dac + + ;
-T 144y/5N3\/4n +1  16V/5N2y/4n+1  3,870,720+/13N®./(4n + 3)

T 5 1 T 2175 13
a)e’|du ;
[z (@] 28NS VAn T | 16V3N2\/4n+1 * 3,870,720v/11N® / (41+3) + 720+/7(4n+3)N4’

T 6 1 7T*
/ | (a)ad|da - + ;
Jor 48N2\/4n+1  3,870,720+/9/4n + 3N®
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T T3
7
o)’ |de : ;
/4 [f(@)al 3,870,720+/7+/4n + 3N©

/T |f(l)(tx)|d¢x' ! + 1 + r + r ;
T "2NZ 4NS  6y/5\/(4n+1)(4n +3)  6v/5(4n+3)

T T N T8 _
) 6V7N2\/4n 43

T .
/—T P @ 6v/3+/(4n +1)(4n + 3) * 6v/3(4n + 3

T ) (a2l 1 r .
/fT FH )l 61/ (4n +1)(4n + 3) - 6(4n+3)’

T
o”|da : ;,‘
-T 6+/(4n +1)N?

4 17/2
o (a 1 2 a|
w(a) =a (+1> 7172 T 187 nl/a

T 1/2 T5/2 T1/2
{/ f(oc)oc|2d1x] : T +Z 5=
-T 6V2N\4n+3 4N

T 2 an
22 . -1/2,
U_T 1f ()] da} T

T 30 1/2 . 7'(T1/2 \/ET[TS/Z
[/_T f (@)a”] d“} ov2@n TN 9/ @n 1) (an 1 3)

+2\/F(3>1/4 T—1/2w(T> +l 13 (3>1/4 T—l/Zw(T).
3V 21\2 nvan+1 24V 2 \2 nvan+3 "’
T 12 3
[/ fN(rx)zd"‘} s
-T

" 8N2

T 1/2 -1/2
[/ |fN(0€)0é4|2le} . %,
-T 12N+/4n + 3

where fy = (f‘:(—N,N))v =% /% Sinlt\]—(iis)f(s)d“

[/_TT |f(tx)w(o¢)|2dzx} v : gnl/zﬁ/z (;)1/4 - 4}1 —

1/4
3 1 1
) — V2T V2 w(T);
n

3/275/2
+ — 32T
24+/2 (2 nvan + 3

1/4 1.

T 2 12 \f 1/2p—-1/2 3 1 1 1 3/275/2 3
d 14v2 T = — T =
[ (o) P " G) s+ (3) b

1 T 1 T2 1 1
FED AT g + o (1+\/§> TS (1+\/§+¢5>
+ Ly + L (1+1+1)+T3 ;
6N2V4n +1  6(4n+3) NV 6+v7N2\/4n + 3’
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{/ |f(¢x)2|doc] v o2l /27172 <3>1/4 w(T) N V2rT7/2
|a|>T 5 " N VITTS
32712 <3)1/4 w(T)

* 2 n

1
24+/2

¢ 1z 1/4 7/2
[ Wria] ” savamvarve (3) el ot
w|>N 2 n | 12NVAn+3

1/4
L L pnpan <3> w(T)

24+/2 2 n
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