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Abstract: In this paper, we prove the generalized nonlinear stability of the first and
second of the following p-functional equations, G(|a|A%|b])AgG(|a|A%f[b]) — G(|a])AF G(|b]) =

5 [G ('A{*'b) MG ('IA{‘WH — G(jal)A5 G(|b)), and 2 [G ('“'Aj'b') NTe ('lAzAbi)] _

G(la)) A5 G(|b]) = p(G(|a|Aa% b)) AG(|a| A% |b]) — G(la])Ag'G(|b])) in latticetic random Banach lattice
spaces, where p is a fixed real or complex number with p # 1.
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1. Introduction

In 1986 [1], Alsina investigated the stability of functional equations in random normed spaces.
This was a milestone that revealed the role of random theory as a powerful tool for studying stability
of functional equations, and many mathematicians attempted to develop and generalize the problem
of stability in random normed spaces with a practical approach. In 2011 [2], Saadati et al. proved the
nonlinear stability of a cubic functional equation in non-Archimedean random normed space. They
also proved nonlinear stability of a £-random additive-cubic-quartic (ACQ) functional equation [3].

For the first time, in 2012 [4], Agbeko investigated the stability of a maximum preserving
functional equation in latticetic environments. He presented a generalization of the Hyers—Ulam-Aoki
stability problem in Banach lattice spaces, by replacing the supremum operation with additive
operation in Cauchy’s equation, which is called the maximum preserving functional equation. In
addition to supremum and infimum operations, in 2015, Agbeko [5] developed nonlinear stability
for different combinations of these two operations, and proved it using the core of the direct method
presented by Forti [6]. On the other hand, in 2017, Park and Jang [7] introduced p-functional equations,
and proved the stability of the equations in various spaces.

In the present work, we introduce a latticetic operation-preserving p-functional equations and
prove the stability of the first and second latticetic operation-preserving p-functional equations by
the direct method and fixed-point method in latticetic random Banach lattice spaces, which is a
generalization of research by Agbeko, Park and Jang.

2. Preliminaries

At first, we describe some known concepts and results, which will be useful in the next section of
this study.
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Theorem 1 (see [8,9]). Assume that (A, d.) is a complete generalized metric space. Assume that p: A — A
is a strictly contractive mapping with Lipschitz constant L < 1. If there exist non-negative integers ng such that

(C1) d (B"a, B la) < oo, Va € A; then we have
(C2) the sequence {p"a} convergence to a fixed point b* of p;

(C3) b* is the unique fixed point of B in the set B = {b € A | d.(B"a,b) < oo};
(C4) do(b,b*) < (1/(1— L))dc(b, Bb), ¥b € B.

Definition 1. An ordered set M = (M, >) is called a complete lattice if
(CL1) Y(@ #)A C M, A admits supremum and infimum,
(CL2) Opq =inf M, 154 = sup M.

Suppose that A}, be the space of lattice random distribution function, i.e.,

AY ={G| G:RU{—o00,+00} = M,G(0) = 0p, G(+00) =1,

G is non-decreasing and left-continuous on R}.

It is clear that the space (A}, >wm) is an ordered set (i.e., F > G if and only if (iff) F(t) > G(t) for all
t € R).
Also, the distribution function éy(t) given by

0p, ift<0,
do(t) = .
1/\/1/ if t > 0.

is the maximal element for D3;.
Moreover, if 1~ G(a) denotes the left limit of the function G at the point a and Di; = {M € A, :
17 G(400) = 1}, then obviously Dy, C A},

Definition 2 (see [10]). Assume that T : M x M — M. T is a triangular norm brifly (t-norm), iff for all
a,b,c € M:

(TN1) T (a,1rq) = a (boundary condition);

(TN2) T (a,b) = T (b,a) (commutativity);

(TN3) T (a, T (b,c)) =T (T (a,b),c) (associativity);

(TN4) T (a,b) <p T(a', V') ifa <ppa’ and b <p; b’ (monotonicity).

For example, Ta1(a,b) = min{a, b}, for all a,b € [0,1] is a t-norm on [0, 1]2.
It
nll—r>rz>10 T (ay,b) =T (a,b), (1)

forall b € M, then 7T is called a continous t-norm, where a,, — a € M.

Definition 3 (see [9,11]). If there exist a continuous t-norm < and a continuous t-conorm o on [0, 1], we define,
foralla = (ay,a3),b = (b, bp) € M,

T(ﬂ, b) = (111 o bl,a2 O bz) (2)
Then, T is called t-representable on M = [0,1]2.

For example,

T (a,b) = (a1by, min{ap + by, 1}),

3
T'(a,b) = (min{ay, by }, max{ay, by }) ©)
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forall a = (a1, a2),b = (by,by) € [0,1]? are continuous t-representables.
Define the mapping 7, from M? to M by

a ibeMﬂ,

TA(”’Z’):{ b ifa>uyb. @

If {a,} is a given sequence in M, then (7)}_, a; is defined recurrently by (77\),1:1 a; = ap and
(TA)ya; =Ta ((TA)?:_f a;, an) for n > 2 (see [9]).
Definition 4. Assume that Nr : M — M. N is called a negation function, iff

(NF1) Nr(0p) =1, Ne(1pq) =0,
(NF2) Nx(a) < Nx(b), ifa > b (monotonically).

A negation function is involutive, iff

(NF3) Nx(Nx(a)) = a,Va € [0,1].

Definition 5. A triple (A, 1, Tp) is called a latticetic random normed space (briefly, LRN-space) if A is a
vector space and y : A — Dy, such that the following conditions hold:

(L1) pa(t) = 6o(t) forallt > 0iffa =0;
(L2) pya(t) = pa (1/|y|) forall ain A, # Oand t > 0;
(L3) parp(t+5s) >p Th (pa(t), up(s)) foralla,b € Aandt,s > 0.

We note that from (L2) it follows that y_,(t) = p,(t) foralla € Aand t > 0.

Example 1. Assume that M = [0,1]? and operation <y are defined by

M = {(ay,a) : (ay,a2) € [0,1]%, a1 +ap < 1},
(ﬂ1/ﬂ2) SM (b],b2) p— ﬂl S bl, ar Z bz, VIZ = (allaz),b — (bl/bz) c M

©)

Then, (M,<p) is a complete lattice (see [9]). In this complete lattice, we denote its units by
Om = (0,1) and 1y = (1,0). Let (A, || - ||) be a normed space, T (a,b) = (min{ay, by}, max{ay, by})
forall a = (a1,a3),b = (by,by) € [0,1)? and u be a mapping defined by

£ ) .
= ——,—— ), VteR". 6
Falt) <t+||a| 4 Ja] ©

Then, (A, i, T) is an LRN-space.
If (A, u, Tp) be an LRN-space, then
QU) ={U(er) :e>m0pm,r € M\ {0m,1m}}, Uler) ={a€A:Gae) >M Ne(r)}  (7)
are neighborhoods of null vector for linear topology on A generalized by the norm G.

Definition 6. Assume that (A, u, Ty) is an LRN-space.

(1) Wesay a, — a € M if, for every t > 0 and r € M\ {Op1}, there exists a positive integer N such that
Ha,—a(t) >m Nz (r) whenever n > N.

(2) Wesay {a,} € M is a Cauchy sequence if, for every t > 0 and r € M\ {01}, there exists a positive
integer N such that pa, g, (t) >m Nx(r) whenever n > m > N.

(3) A LRN-space (A, i, Tr) is said to be complete if every Cauchy sequence in A is convergent to a point in A.
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Theorem 2. If (A, i, Tr) is an LRN-space and a, — a, then Jim g, (t) = pa(t).
Proof. The proof is the same as classical RN-spaces, see [11]. O
Lemma 1. Let (A, y, T) be an LRN-space and a € A. If
Ha(t) =C, Yt >0, (8)
then C =1y and a = 0.

Proof. Assume that yi,(t) = C for all t > 0. Since Ran(y) C D}, we have C = 1, and by (L1) we
conclude thata = 0. O

Definition 7. Suppose that triple (A, u, T ) is an LRN-space. Then, (A, u,T) is called latticetic random
Banach space (briefly, LRB-space) if A is complete with respect to the random metric included by random norm.

Definition 8. Suppose that (A, A4,V 4) is a vector lattice and (B, Ag, V) is a Banach lattice with A" and
B their respective positive cones. A map G : A — B is cone-related if

G(A*) ={G(la]): a€ A} C BT, )
(For more about this notion see [4,5].)

3. Stability of the first p-Functional Equation: Direct Method

In this section, using a direct method, we prove nonlinear stability of the first p-functional equation
in latticetic random Banach lattice space (briefly, LRBL-space).

Definition 9. Assume that (A, A4,V 4) is a vector lattice space, (B, u, Tp) is an LRN-space and G : A — B
is a cone-related mapping. Then, the following operator equation is called a Cauchy latticetic operation-preserving
functional equation if:

G(lala%4 b)) ApG(lala[b]) = G(la])Ag G([b]) (10)

foralla,b € A, where N, Ny € {A4,Va}and Ag, NG € {Ag,Vp} are fixed lattice operations.
Note that if the above four lattice operators are all the supremum (join) or the infimum (meet), then
the functional Equation (10) is just the definition of a join-homomorphism or a meet-homomorphism.

Moreover, if A% and A% are the same, then the left-hand side of Equation (10) is the map of the meets
or the joints.

Lemma 2. Assume that (A, A4,V 4) and (B, \g, \V g) are vector lattice spaces. If a mapping G : A — B satisfies

a|lA%|b a| A% |b
Gl o) 856 alasg ) — G(lla o) = p (2 6 (52 ) g () | — g qapagoen ) ay
forall a,b € A, then functional Equation (11) is a Cauchy latticetic operation-preserving functional equation.

Proof. Assume that G : A — B satisfies Equation (11). Letting ¢ = b = 0 in Equation (11), then we
have G(0) = 0.
Letting b = a in Equation (11), we get 2G(%) — G(]a]) = 0 and so
la]

Gl = 26(Ja) (12)



Mathematics 2018, 6, 22 50f12

foralla € A.

It follows from Equations (11) and (12) that

Glalasy o) 856 ol 1) — Gl o) = o (26 (254 age (AR - Giata o)
= (G (Iala ) AFGIala 1) — G(lala b1,

and so
G(|ala|b|)ARG(la[a%|b]) = G(|alAg"|b])

foralla,be A. O

Now, we prove nonlinear stability of the first p-functional Equation in latticetic random Banach
lattice spaces.
For a given mapping G : A — B, we define

Dy, G(a,b) = G(|a| A% |b]) A5G (|a| A% [b]) — G(Ja| A% b))
f (2 [G (W) A5G ('Az'b')] - G<|a>A;;*G<|b|>) : (13)

DaaGla) = 26 (A ) o (AEARN) ] — 6 ala )
~ p (Gl ) ARG (Jala; 1)) — G(lal)AF G(b]) (14

foralla,b € A.

Theorem 3. Assume that (A, A4,V 4) is a vector lattice space and (B, ', Ty ) is an LRBL-space in which
Th = Tmand ¢ : A> — Dy, (¢(a,b) is denoted by ¢, ), such that there exists 0 < o < J with

o () = o g(ap) (1) (15)
and
’,}E;lgo ]’lq) (214,21p) (2nt) =1 (16)

foralla,b € Aandt > 0.If G : A — B is a cone-related functional such that

Dy, Glab) (E) = Moo () (17)

foralla,b € Aand t > 0, then there is a unique cone-related mapping H : A — B which satisfies the
Cauchy latticetic operation-preserving functional equation such that

p
Ha(al)~H(lal) (£) = Ho(ap) (2,,&> (18)
foralla € Aandt > 0.

Proof. Putting b = a in Equation (17), we see that

Maglay g () = Ho(an) () (19)
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Replacing a by 2a in Equation (19), we obtain that

H16@lal)-6(a) () = H1ic @i -26(1apy) (1)
HG(2]a))—2G(Ja]) (2t)
> :uip(Za,Za) (2t)

t
> 1ang(aa) () = Fo(a <2a—1> :

Therefore,
-1
160l -c(a) (2 E) Z Ho(aa) (1) (20)
holds. It follows that

’ t
M1 ic@tlal)- &G a) () = Ho(aa) (271(&—1)>’

and so
Ka-1) ¥ pka-1)
M 3G(21al) - <t 32" ) = Pt 6@ al) - £ G(2tal) (tk_zoz )
> TMZ;& <.u2k+ G(2k+1|ﬂ|) (zk‘a‘)(tz ( )))
> i, (Vﬁp(u a)(f))
This implies that

t
M1 G(2rla))—c(la) (B) 2 s <W> . (21)

Replacing a by 274 in (21), we have

, t
]/lznipG(2n+p|g‘)7zipG(2P|g|)(t) Z Houa (W)
—1, when 71 — +oo, (22)

S0 {Z%G(Z"|a|)}:;1 is a Cauchy sequence in (B, j, Tp). Since (B,u,T,) is an LRBL-space, that is,

(B, u, Tr) is complete with respect to the randomness induced by random norm, there exists a point
H(l|a|) € B such that

lim - G(2"]a]) = H(Jal).

n—soo 2N

Fix a € A and put p = 0 in Equation (21), then we obtain

, t
‘uzinc(znwn_c(‘a‘)(t) Z nuﬁou,a (W}M) ’

and so, for any ¢’ > 0,

HH(|a))~G(Ja]) (t +0") = T (‘uH(|a|)—2inG(2”|u|)(5,)’}12%G(2”\u|)—c(\a\)(t)>

, t
= Tu ( H(Jal)~ 3 G(2"lal) ¥ <>31'?i3 2k(u1)>> : @3
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Taking n — oo in Equation (23), we get

22"
e (ja))—G(la)) (E+0') > }4;,(”,[4) <f2,x> . (24)

J’ is arbitrary, by taking ¢ — 0 in Equation (24), we get

, 2%
M)~ G(lal) () 2 Hoaa) (52— ) - (25)
Replacing a and b by 2"a,2"b in Equation (17), respectively, we get
Dy, G(27a26) () = Py (2'F) (26)

foralla,b € X and t > 0. Since nlgrolo ]/tﬁp ( 2"t) =1, we conclude that H satisfies Equation (11), so

(
21, 2Mp)
by Lemma 2, H : A — B satisfies the Cauchy latticetic operation-preserving functional equation.
Assume that there exists another cone-related mapping H' : A — B which satisfies Equation (17).

Then, we obtain that

Hr(al) 1 (al) () = BB 1 g jaf) - 21 2o ()

n—o0

v

i, Toa {1 - iz (/201 g o a2

Timmin {4y gy 1 oan (/21 g i) gy (/2 |

2n+1 (2 _ 20{)
. /
2 nlgl;lo #(p(2”u,2“a) ( X3 t>

L (e
anroloy(p(a,u) Ja pna t).

On the other hand, we have nlgn yﬁpm (% = 1. Therefore, it follows that

W (ja))—H/(|a)) (t) = 1forall t > 0and so H(|a|) = H'(|a|) (i.e., H is unique). This completes the proof. [

Corollary 1. Assume that v > 0and (A, A4,V 1) is a vector lattice space and (B, ', T») is an LRBL-space
in which Th = Ty and 0 < p < 1. Assume that G : A — B is a cone-related mapping satisfying

HDyy,Glab) (E) 2 B{jap+ Jo)yo (1 27)

foralla € Aandt > 0. Then, the limit H(|a|) = lim,_c0 5v G(2"|a|) exists for all a € A and defines a
unique cone-related mapping H : A — B such that

(2—2P)t
HG(lal)~H(lal) = Hla]ro (2;; : (28)

Proof. Assume that ¢ : A2 — [0, c0) is a mapping by ¢(a,b) = (||a]|? + ||b]|?)v. Then, from Theorem 3,
the conclusion follows. [

4. Stability of the first p-Functional Equation: A Different Method

Throughout this section, using the fixed-point method, we prove the nonlinear stablility of the
first p-functional Eqaution in LRBL-spaces.
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Theorem 4. Assume that (A, A4,V 1) is a vector lattice space and (B, u, Ty ) is an LRBL-space in which
Th = Tmand ¢ : A> — Dy, (¢(a,b) is denoted by ¢, ) such that there exists 0 < o < 3,

t
q’Za,Zh(t) < Pap <2“> (29)
foralla,b € Aandt > 0. Assume that G : A — B is a cone-related mapping such that

D, Gab) () = @ap(t) (30)

foralla,b € Aandt > 0. Then, foralla € A,

H(|al) := 1im SZ11)

n—oco n

exists and H : A — B is a unique cone-related functional that satisfies the Cauchy latticetic operation-preserving
function equation such that

2-—-2%
VG(|”|)—H(\II|)<t) Z Pa,a <2at> (31)

foralla € Aandt > 0.
Proof. Putting b = a in Equation (30), we have
ooy ) = as (1) (32)
Replace a by 2a in Equation (32), we obtain that

126 (jal)—G(2]a)) (1) = HG(2la))=26(a)) (F) = $20,24()
t
> QPaa (2“) . (33)
Then,
116l —c(a) (D) = 2 a) (b). (34)

Consider the set S := {g: A — B, g(0) = 0} and the generalized metric d. in S defined by

dc(g,]’l) = inf {,ug(u),h(ﬂ)(ut) > (Pa,g(t), Va e A,Vt > 0} ,

1€ (0,00)

where as usual, inf @ = co.
It is easy to show that (S, d.) is a complete generalized metric space that defines the operator
B:(S,dc) — (S,dc) such that

Bs(a) = 8(2lal) 35)

foralla € A. Given g, h € S, let u € [0, 0] be an orbitrary constant with d.(g,h) < u, that s,

M (a))—h(jal) (£) = ug(a,a).

Hgg(lal)—ph(lal) (E) = H1g(2la)—n(2lapy () = FUe(24,2a)

u2%g(a,a) = 2" tugp(a,a) (36)

v
N = N =
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forall a € A, thatis, d.(Bg, Bh) < 2% 'u. Thus, we have

de(Bg, ) < 2" de(g, h) (37)

forallg,h € S.
So, B is a strictly contractive mapping with constant 2*~! < 1 on S and a € [0,1/2). By
Equation (36) we have
d.(BG,G) < 27! < 0.

By Theorem 1, there exists a cone-related functional H : A — B satisfying the following:
1. H is a fixed point of B, that is,
H(2|a]) = 2H(|a])

forall a € A. Also, the mapping H is a unique fixed point of § in the set
M={geS:d.(gh) < oo}
This implies that
H(cla|) = cH(|a|), Va € A, Vc € RT.
2.d.(B"G,H) — 0as n — 0. So,

n—oo

.1
lim =2 G(2"al) = H(|a])

foralla € A.
3.d:(G,H) < 117d(G, ]JG), so we have

ztxflt u
PH(la))~G(la) () 2 Paa (1_24x—1> = Paa (Mf)

which implies that inequality (30) holds.
Now we show that H satisfies Lemma 2; replacing a and b with 2"a and 2"b, in Equation (30),
we get

VDPOJG(Z"“'?-%) (t) = @omgonp (1)

> 2" @ong pnp ().

Then,
t
H 162" |al)G(la]) (2;1) > 2" @ongonp(t) — 1.

Since lim 2n(&-1)
n—oo

= oo, then

Jm G onja)—G(lap (8) = 1

Therefore, it follows that 1D,y Glab) (t) =1forallt > 0and so D,,,G(a,b) = 0.
Thus, a cone-related functional H : A — B satisfies the first p-functional Equation. [

5. Stability of the Second p-Functional Equation: Direct Method

In this section, using a direct method, we prove nonlinear stability the second p-functional
Equation in latticetic random Banach lattice space.
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Lemma 3. Assume that (A, A4,V 4) and (B, A\, V) are vector lattice spaces. If a mapping G : A — B satisfies

(a[BUlb1Y v o (JalA% 1]
2o (1534) sy (451

forall a,b € A, then functional Equation (38) is a Cauchy latticetic operation-preserving functional equation.

= G(la))AE G(1b]) = p (G(|ala%[b)AFG(lal A% b]) — G(la])AF G([b])), (38)

Proof. Assume that G : A — B satisfies Equation (38), letting b = a in Equation (38), we get

26 (151) = 6 (1) = p(Glla) - Glal) 0.

Then, 2G ('%) — G(Ja]) = 0, and so

G <|§|) — %G(\a\), Ve A (39)

It follows from Equations (38) and (39) that

N |b N |b
Gl G lalaileD - Gapag (o) = p (2 [6 (5 ) aze (AR - cqapagoinn)
= p (G(|a|ay b)) A5G (lalAk|b]) — G(lal)AF G(|b])),
and so
Glalaz4 b1 AZG lala% b)) = G(Jal)ag G(1b))
forallae A. O

Now, we prove nonlinear stability of the second p-functional Equation in latticetic random Banach
lattice spaces.

Theorem 5. Assume that (A, A4,V 4) is a vector lattice space and (B, i', Ty) is an LRBL-space in which
T = Tmand ¢ : A> — D5, (¢(a,b) is denoted by ¢, ) such that there exists 0 < a < 2,

,’l/lip(%,%) (t) > ‘ué‘*q)(a,a) (t)
and
. / _
P Mot g (1/27) =1

foralla,b € Aandt > 0.If G : A — B is a cone-related functional such that

1Dy, Glab) () = Moy (F)

foralla,b € Aandt > 0, then there is a unique cone-related mapping H : A — B which satisfies the Cauchy
latticetic operation-preserving functional equation such that

) p L
HG(la)~H(la)) (1) = Ho(aa) |~
foralla € Aandt > 0.

Corollary 2. Assume that v > 0and (A, A4,V 1) is a vector lattice space and (B, ', T) is an LRBL-space
in which T = Ty and P > 1. Let G : A — B be a cone-related mapping satisfying

D30, G0 (£) 2 Mo pypro(t)
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foralla € Aandt > 0. Then, the limit H(|a|) = lgn 2"G (%) exists for all a € A and defines a unique
n—oo
cone-related mapping H : A — B such that

(27 —2)
HG(la)—H(Ja)) (F) > ]’l/HuHPU <2pt . (40)

Proof. Assume that ¢ : A% — [0,00) is a mapping by ¢(a,b) = (||a||P + ||b||P)v, then from Theorem 5,
the conclusion follows. [

6. Stability of the Second p-Functional Equation: Different Method

In this section, using the fixed-point method, we prove nonlinear stability of the second
p-functional Equation in LRBL-spaces.

Theorem 6. Assume that (A, A 4,V 4) is a vector lattice space, (B, u, Ty ) is an LRBL-space in which T = Ty
and ¢ : A%> — Dy, (¢(a,b) is denoted by ¢, ,) such that there exists & < 1,

Qg u (1) < @ap(t/20)

’

NI

foralla,b € Aandt > 0. Assume that G : A — B is a cone-related mapping such that
D,,Glap) (E) = @ap(t)
foralla,b € Aandt > 0; then, foralla € A,

H(ja]) := lim 2'G ('2)

exists and H : A — B is a unique cone-related function that satisfies the Cauchy latticetic operation-preserving
functional equation such that

262
VG(|a|)7H(\a|)(t) = Paa ( T t)

foralla € Aandt > 0.
Proof. Similar to Theorem 4. [
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