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1. Introduction

The Stirling numbers arise in a variety of analytic and combinatorial problems. They were
introduced in the eighteenth century by James Stirling. There are two kinds of the Stirling numbers:
the Stirling numbers of the first and second kind. Some combinatorial identities for the Stirling
numbers of these two kinds are studied and collected in [1-8] and closely related references.

The Stirling numbers of second kind S(#, k) are the numbers of ways to partition a set of n
elements into k nonempty subsets. It can be computed by

ko
S(n, k) = % ;)(1)1@ (k— )"

(ex o 1)k 00 X
= Z‘;(S(n,k)m, k> 0.
n=

and can be generated by

The Stirling polynomials S, (x) can be generated [4,9-13] by

Feo = () = Eseh <1>

and the first five Stirling polynomials S, (x) for 0 < n < 4 are

S0 =1 six= 1 gm= LD

x(x+1)2
> =

8

S3(x) =
The Stirling polynomials S, (x) generalize several important sequences of numbers, including the

Stirling numbers of the second kind S(#, k) and the Bernoulli numbers B, appearing in combinatorics,
number theory, and analysis.
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In the case x = —n for n € N in Equation (1), we can derive

00 k =\ 11 _1\n—1 _1\n—1 00 k
kZOSk(—n)’td:(l ¢ ) :ﬁ(e_t—l)”_lz( D) (n—1)! Z kn—l( £)

t tn—1 pn—1 ~ k!
> (n—1)'! Wt & Sk+n—1,n-1) i 1
=) Sk+n—-1n—-1)——"— (1)~ =) (—1)* .
= (k+n—-1)! kU= (k= 1) k!

Equating coefficients on the very ends of the above identity arrives at

n+n

S(m,n) = (~1)"" (’” - )smnw ) ®

form,n € NU {0}.
It is common knowledge [14] that the Bernoulli numbers B, are generated by

t > t"
= ;;()Bna, It < 2m. 3)

By considering the case x = 0 in Equation (1) and the definition in Equation (3) for the Bernoulli
numbers B,;, we have

tn

[eS) i / 4 -
—_ = — _ 1 n [
r;)Sn(O)nl 1_eft eft _1 r;)( ) Bn n!

Comparing the coefficients on both sides of this equation results in
Bn - (_1)n5n(0), n 2 O. (4)

One can also find Equations (2) and (4) in [4], p. 154.
The higher order Bernoulli numbers BE[X) for n > 0 and & € N can be generated [15-17] by

o\ & £
(et 1) =Y B <o
n=0 :

Combining this with Equation (1) yields the relation

Se(n) = (~1)}BI"Y, keNU{0}, neN. ®)

In the paper [15], some new symmetric identities for the g-Bernoulli polynomials are derived
from the fermionic integral on Zj,. In [18,19], the method in the paper [15] is extended to the g-Euler
and g-Genocchi polynomials, respectively. In [13], some symmetric identities involving the Stirling
polynomials S, (x) are investigated. The symmetric identities of some special polynomials, such as
higher order Bernoulli polynomials By([x), higher order g-Euler polynomials, degenerate generalized
Bernoulli polynomials, and degenerate higher order g-Euler polynomials, have been studied by several
mathematicians in [10,16,20-23] and closely related references therein.

The purpose of this paper is to investigate some interesting symmetric identities involving the
Stirling polynomials S, (x) under the finite symmetric group S,. By specializing these identities,
we can obtain some new symmetric identities involving the Stirling polynomials S, (x).

2. Symmetric Identities of Stirling Polynomials

Now, we start out to state and prove our main results.
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Theorem 1. Let wy, wy, ..., w, € Nand ¢ € NU{0}. Then, the expression
i ~1) fvs>( ¢ )@W“s- (x—1A;, [w —1}]2[5 (x)
Ty =0 o) rlo(s) Jos) () - sl ) )T Joto ) T e
k#s
is invariant under any permutation o € S, where W; = ulT, IT7; wy,
Ia(s) = iv(l) +oe Tt i(T(S) +ja(s) + Z.17(s+1) +oot iv(n)/ (6)
and Ag(n) = 0k 4- 1% +nk fork,n € NU {0}.
Proof. For convenience, we denote w = [];_; wy. Define
gnx+(n—1) (1 _ ewt)
I:I(wl,wz,...,wn): . (7)
I, (1— et
It is clear that we can rewrite I as
¢ x 1— ewt n £ x+1 X
(1_6—@1t> (1_6—@1t> lr[z(l _e—zﬁkt) = 1(1)' (8)
By applying Equations (1)—(8), we can rearrange the equality in Equation (7)
1 [} @il ti] =) ) @]l t]] n Alk tl
Iny==5| ¥ Si(x—1)— , Y (=D A; (wy —1)— } H Ax+1 Z S;, (x
w1 li=o ' ] lji=o J1:
1 o ! < Y ) .
S S R e
wiﬂ—lwgﬂ .. 'wﬁﬂ Kgo L+]‘1+i§~-+in0 11,J1,12,-+-,1n
Ail +j]+1 Aiz Ai3 ’\in t‘g
X W Wy Wy - - W' Sy, (x HSlk
Similarly, from Equation (7), we can also consider I as
N t e t T/ e W\ N t L
1(2) = (1_6@]t> <1_el/l}2t> <1_el/l}2t> (1_€@kt>
: E ( b)Y
= —9= — ) (=1)2
x+1w§+1 . x+1 Z [11+12+]2+§+ iy =0 11,12,]2,13,- - -, In
T N #
X w11w122+]2+1w§3 WS (%) S, (x — H S (x ]
Inductively, for any s € {1,2 n}, from Equation (7), we can consider I as
¢ x 1— e—wt n ¢ x+1
I(S) = (1 _ e—zﬁst) (1 _ e—@st) klj[1<1 _ e—ﬁkt)
ks
Bt
l‘l/‘ o /iS/jS/iS+l/' . '/ii’l

1
Ax+1 Z
iy s s gy oo i =0

T xFloxtl
Wy W,
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PPN is+js+1 i tZ
<@ als (- DA - D [T540)|

Combining the above three equalities leads to the expression

¢ Xroq_pwt n ¢ x+1
I(U(S)) = |:1 _ e{(}J(s)t:| |:1 _ eﬁ)a(s)t:| g |:1 _ e'&J\J(k)t:|

k+#s
; ( E )
. > Y
Wy Wy Wy olz<> (1) rlo(s) Jo(s) To(s+1) -+ fo(m)
~ig(1) ~lo(2) g (s)Fo(s)+1 ~g(n) t
X We1)Wy(a) " Wos) Wy Sigey (X = DA, -1 H Siy( ]

k;és
which are invariant under any permutations ¢ € S,. [

Combining Theorem 1 for x = 1 with the equalities in Equations (4) and (5) deduces
Corollary 1 below.

Corollary 1. Let wy,wy, ..., w, € Nand £ > 0. Then the quantities

£ ] 14 Jo n ’
-1 ]J(s)(' ' )Aa) B A; w 1 B()
Z = lo(1)r+ 1 lo(s)r Jo(s)r bo(s+1)r - -+ B (n) ®) 7ie) ]‘7(5>[ o(s) ]11;[1 Lo (k)
k#s

are invariant under any permutation o € Sy,.

Replacing x by —p for p € NU {0} in Theorem 1 and employing Equation (2) result in
the following corollary.

Corollary 2. Let wq,wy, ..., wy € Nand {,p > 0. Then the expressions

T 0 lo(1)r -« rlo(s)r Jo(s)r Lo(s+1) -+ -+ to(n) o(s)

o(s)

S(ig(s) +p,P) mS(ipgy +p—1p—1)
ZE;SS)JFP) joto) [Wo(s) = 1] IE . )(1,7(k)+771)
o(s) ks io(k)

are invariant under any permutations o € Sy,.
Finally, combining Corollary 2 with Equation (4) leads to the following corollary.

Corollary 3. Let wy,wy, ..., wy, € Nand {,p > 0. Then the expressions

4 .
)y (—1)j”<5>< ¢ >w’”<s>“34”) Aj e —1] T
] 1 1 o(s [
Zy(9=0 o)+ rlo(s) Jo(s) To(st1) - rlo(n) ) 1) e T =1 0
k#s
are invariant under any permutations o € Sy,.
From Theorem 1 to Corollary 3, if taking wy = ws = -+ = w, = 1, then we have the

following corollaries.
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Corollary 4. Let w1, wy, w3 be any positive integers, n be any non-negative integer. Then the expressions

n n . .
Y ( ) (—1) ] g R S, (2 — 1) Ay (w3 — 1)Si(x) S (x)

m+L+k+j=0 m, L, k, j
n
= Z ( ;k ‘>( 1)kwlm+] m+0+k+1 m+k+]+1S (2)S¢(x — 1) Ag(wy —1)S;(x)
mlk+j=0 \ &K
n . ) '
= Z ( Zk .>(_1)]wT+k+J+lw§1+£w§+k+J+lSm(x)Sg( )Sk(x—l)A (wy — 1)
m0k+j=0 8K ]
and
71
¢ k
(m 4k, ) m+e+k+]wm+ A E”*”’(H +]B mAg(ws —1)B; BB ]()
m+e+k+] 0 J

( ) m+£+k+]wm+] m+£+k+l M+k+]+1 (2)B Ak(wl—l)Bgz)
m+e+k+] o \1m Lk, j

n k 1 é k+j+1
O B T O
me-Lkj=0 N E

are invariant under any permutations of w1, wp, Ws3.

Corollary 5. For n,p € NU {0} and wy, w,, w3 € N, the expressions

. n mA-Ltk+j, ML k41, k]
m+L+k+j=0 (m, t k,j)( 2 “ w2 s
S(m+p,p) Sk+p-1Lp-1)S(j+p—-1p—-1)
ey AT DT (e
i
n n > O4k+i_ m+j (+k+1, m+k+j+1
_ ) (_1)m+ + +]w wg1+ +k+ Wy
m+-Lk+j=0 <m,£, k,j !
Sm+p-—1p-1)S(L+pp) _n\SG+p-Lp-1)
1 Ak(wl ) i
("0 ) 5
_ n ( ) m+€+k+]-w;n+£+j+1wgn+gw§+k+j+1
m+ﬁ+k+] o\ Lk, ]
Stmtp=Lp=1)SU+p=10Sk+pp) 4 (0 1
(m+p 1) ([+p 1) (k+P) ] 2
m 14 k

are invariant under any permutations of w1, wo, ws3.

Corollary 6. For n,p € NU {0} and wy, w,, w3 € N, the expressions

n ) . )
y < n >(_1)m+£+k+]w;”+f+]+1wg1+1!+k+lwlgﬂBSf)Aé(w?’_1)B£p+l)B(p+1)

m+Lk+j=0 \' l,k,j |
n n Gk A ok (o1 y
iy o<m ’ kj>(_1)m+‘+ gtk g T BB Ay — 1)BJPHY
m+L+k+j= sty
- . . .
= (m Zk ]> (_1)m+£+k+]w11ﬂ+k+]+lw£n+£w§+k+]+lB;ﬂ;;JrnBéerl)Blgp)Aj(wZ B 1)

m+0+k+j=0
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are invariant under any permutations of w1, wo, Ws3.

3. Symmetric Identities via Higher Order Bernoulli Polynomials

Recall from [16] that higher order Bernoulli polynomials B,(f‘) (x) can be generated by

(ett—l) ZB(“ n,, & €N. )

Now, we start out to investigate symmetric identities for the Stirling polynomials S, (x) under the
finite symmetric group S via higher order Bernoulli polynomials Bﬁl“) (x).

Theorem 2. Let wy,wy, ..., wy, € Nand £ > 0. Then the quantities

w0%71 i ] é
(—1)lto ( . )
=0 T lo(1) - rlo(s) Jo(s) to(s+1) -+ Ea(n)

(4

are invariant under any permutations o € Sy, where I, ) is defined by Equation (6).

Proof. Define (") = I(’)(wl,wz, ce.,Wy) as
pnxtnr+(n—1) (1 _ ewt)

1) — )
?:1 (1 . eiﬁit)x+r+l

Then we can rewrite (") as

r r+1
" _ t Y1 t n t e
I(l) - (1 _ e—fuﬁ) (1 — e~ it 1 — e—W1t 11;12 1 — oWt ’ (10)

Applying Equations (1) and (9) to the equality in Equation (10) gives

1 [e] Alltll w1—1 oo ’\]1 ktlk

(1):7,'(}x7+rzsi1(x+r_1 D ZB (w1 —1) HAx+r+1ZS”<x+r k

1 i1=0 ! i=0 j=

1 oo wp—1 YA ) Y,
:@T+r+1@§+r+l . Ax+r+1 Z Z Z (_1)]1(' ] ‘n>

(=0 i=0 Liy+j1+ist-+in=0 RV AR

(11)
X@i1+]'1+l@i2@i3,,.@ 1S (x+r—1)B | |S (x+7) !
1 2 W3 ik o

Similarly, we can rewrite I(") as

) ¢ x+r+1 ¢ Xrq_ o~ wt ¢ ron ¢ x+r+1
) \1—e 0t 1— e~ @2t 1—e @2t J\1— et g 1— e @t

1 oo wr—1 VA i ¢
= @x+r+1@§+r+l . Ax+r+1 Z Z Z (_1) T in (12)
1 7

(=0 i=0 |iy+ip+jatizt-+in=0 ,12,)2/13 - -

n
~iq it +1 ~d ~i . t
><w111wlz2 2 w133---w;{’Sil(x—}—r)S,«z(x—i—r—1)B};)(1)H5ik(x—|—r) ik
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Inductively, for any s € {1,2,...,n}, we can rearrange I (") as

) _ t Y] e wt t r 12[ t rrrl
(s) — 1 — e~ st 1 — e—Wst 1 — e~ st ] 1 — e~ Wit

k#s
_ -0 ( ) a3
~x+r+1x+r+1 ~x+r+1 ( s .
Wy T W 20 {20 [t o i =0 Hreesslsfsrtstl - oo n
i il ) g T ¢
~11 T ~1 ~ .
X W Wy Wy " ---wﬁfSis(x—i—r—1)B].S O ]S (x+7) 7

k=1
k#s

Combining the equalities in Equations (11)—(13), we can see that the expressions

= (=] [ o] ]
(o(s)) 1 — ¢ @o(s)t 1— e o)t [ |1 — g Pots)t Pl 1 — e Yot

k+#s
Wy(s)—1
1 [e9) 17(5) [ [ . e
= _1Vo(s)

P Y. Y (-1 ( S . )
w;?-lr)-i- w;?-zr)-i- ce wgaf’)-i-l 20 = |z lo(1)r -« rlo(s)rJo(s)r Lo(s+1) + = - 7 Lo(n)

: : : : : l

g1 ~lo@) o) et o) o (") 1T c. t
X wa’(l)wo'(Z) e wg(s) e wa’(i’l)slv(s) (x +r— 1)Bj¢7(s) (Z) Ig Slg(k) (x + r) E
k#s

are invariant under any permutations o € S,,. [

From Theorem 2, we can derive the following interesting results in a simple way.
Combining Theorem 2 for x = 1 with Equations (4) and (5) yields the following corollary.

Corollary 7. Let wq,wy, ..., w, € Nand ¢ > 0. Then the expressions

Wy(s) ~1 4 Y : 1 n
Y, (~1)ko ( S , )a/”“)* B VB! (i) T8y
= Ig(s>:0 10(1), vy 1(7(5),]0(5), lO’(S-‘rl) vy Z(T(n) o(s) los)  Jo(s) 1 k
k#s

are invariant under all permutations o € Sy,.

Replacing x by —p for p € NU {0} in Theorem 2 and using the equality in Equation (2) arrive at
the following corollary.

Corollary 8. Let wy,wy, ..., w, € Nand ,p > 0. Then the expressions

Woe)~1T ¢ ‘ ’
Z (_]_)]17(5) ( . ) ) ] )
i=0 | Z4(5)=0 lo(1)r - rlo(s) Jo(s) to(s+1) - - - 7 Lo (n)

- - ia(k) +}7*1
;é ( lo(k) )

are invariant under all permutations o € Sy,.

Finally, combining Corollary 8 with Equation (4) leads to the following corollary.
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Corollary 9. For wy,ws,...,wy, € Nand {,p,r € NU{0} such that p > r, the quantities
4 .
(Z Yo ( 1) ( , . ¢ . ' )z@fa(s)“ gt g ﬁ glptatl)
i |z, q):O Lo(1)r 1 lo(s)r Jo(s)r to(s+1) - -+ 7 Lo () a(s) Vo) ots) k=1 kst Lo(k)

are invariant under all permutations o € Sy,.

Corollary 10. For n,r € NU {0} and w1, wy, w3 € N, the quantities

w1—1 n
3 ( n )( 1) ! g RS s, (o r — 1)BY (1)S;(x + )

=0 metikej—o \M Lk ]

w2 1 1 . . .
i=0 m+trk+j=0 \" K]

e . n +j+1 ki
i=0 mttiktj=0 N L]

are invariant under all permutations o € Sy,.

Corollary 11. For n,r € NU {0} and w1, wy, w3 € N, the quantities

K= u n . . ,
)3 ) (1) g g Lk g LR B (r42) 1) g 1) 4y (r+2)
i=0 m+L+k+j=0 mrf/k/]. 1 2 3 m 1 k ;

wz—l n n . .
(k47 m+k+j+1 0 k441 o (r42) o (r42) p(r+1) p(r) /-
-4 /%lo(mﬂk»t4W++ﬂ% wy Ty B BB B ()
i=0 m+l+k+j= i

wal n

— Z Z (m Zk j) (_1)m+€+k+jw;ﬂ+f+j+1w£n+€+k+1w§+f3r(’:+1)Béf)(i)B

(r+2) B](r+2)
i=0 m+Ll+k+j=0

k

are invariant under all permutations o € Sy.

Corollary 12. Forn,p,r € NU {0} such that p > r and w1, wp, w3 € N, the quantities

st g n oy lky b ekl (A1 (e p =1 =1 e\
Y. Y Ok i (-1) wy "Wy W3 m ¢
i=0 m+t4k+j=0 \"M K]

x(]+p;r_1> Stm+p—r—1Lp—r=1)S(t+p—r,p—r)BOS(+p-r—1,j—r—1)

wy—1 n . . -1
_ 22 y n (1) kgL e R+ mtp—r—1
a m, 0, k,j 1 2 73 m

i=0 mttrktj=0 \" K]

-1 a1
X((—l—pzr—l) (Z—H; r) Sim+p—r—1,p—r—1)
xS(U+p—r—1p—r=1)S(j+p—r.p—r)B (i)

w3 — n . .
> ( n > (1ym ki P e ke
=0 meetrrj=o \M LK ]

o m+p—r -1 k+p—-r—-1 -1 j+p—r—1 -1
m k j

xS(m+p—r, p—r)B()() Sk+p—r—1Lp—r—-1)S(j+p—-r—-1p—r—1)
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are invariant under all permutations o € Sy,.

Corollary 13. Forn,p,r € NU {0} such that p > r and w1, wp, w3 € N, the quantities

wlfl n ' .
n k+1 + k (+k+7i+1 +x+1 4 . .

;J 0kt o<m 4 k]')(l)mHJr Py T B )Bl(p r)B;Er)(z)Bff’ x+1)
1= m-+L+ +]: 7y vy
wy—1 n . . |

— Ctktj, mAk++1 et Ck+j+1 p(p+x+1) p(p+x+1) p(p+r) p(r) ¢

- 20 ézk =0 <m tk ]> (=1 w5y By B, BB (i)
1=0 m+L+k+j= 7ty
w3_1 3 . . .

B <m Zk j> (_1)m+[+k+]w1m+£+]+1wg1+£+k“w§+]B,(f“)Bé’)(i)BIEP+X+1)B](P+x+1)

i=0 m4L+k+j=0

are invariant under all permutations o € Sy,.

Remark 1. In view of Corollaries 10-13, by specializing w3 = 1 or wy = w3 = 1, we can obtain many
interesting symmetric identities for Stirling polynomials S, (x).
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