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Abstract: In this paper, we present a systematic and unified investigation for the Apostol-Bernoulli
polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi polynomials. By applying the
generating-function methods and summation-transform techniques, we establish some higher-order
convolutions for the Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and the
Apostol-Genocchi polynomials. Some results presented here are the corresponding extensions
of several known formulas.
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1. Introduction

Throughout this paper, C and C* denote the set of complex numbers and the set of complex
numbers excluding zero, respectively. We also denote by N and N* the set of positive integers and the
set of non-negative integers, respectively. For a, A € C, the generalized Apostol-Bernoulli polynomials
B (x; A), the generalized Apostol-Euler polynomials g (x; A) and the generalized Apostol-Genocchi

polynomials gl (x;A) of order « are defined by the following generating functions (see, e.g., [1-4]):

L T (1)
Aet —1 _Tl:(] n ! n!
(|t| < 2w when A = 1; |t| < |logA| when A # 1;1% := 1),
: )”‘ S "
et = En(xA) = ()

t| < mwhen A = 1; |t| < |log(—A)| when A # 1;1% :=1
g
and .
2t it v o@ iyt
(/\et+1> 4 _r;)gn (X,)\) n! (3)

(|t| < mwhen A =1; [t| < [log(—A)| when A # 1;1% := 1).
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In particular, the polynomials B, (x; A), £,(x; A) and G, (x; A) given by
Bu(;A) = B (xA),  Eacr) =EN (1 1)

and

Gu(x:1) = GV (1)

are called the Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi
polynomials, respectively. The Apostol-Bernoulli numbers B, (A), the Apostol-Euler numbers
Ex(A) and the Apostol-Genocchi numbers G, (A) are expressed by means of the Apostol-Bernoulli
polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi polynomials, as follows:

Ba(A) = Ba(O;A), En(A) = 2", (;;/\) and  Gn(A) = Ga(0; M), @)

Furthermore, the case « = A = 1in (1), (2) and (3) gives the Bernoulli polynomials B, (x), the Euler
polynomials E, (x) and the Genocchi polynomials G, (x), that is,

Bu(x) = BV (1), En(x)=&M (1) and  Gu(x) =GV (x:1).

Also the case A = 1 in (4) gives the Bernoulli numbers B, the Euler numbers E; and the Genocchi
numbers G, as follows:

1
B, = B,(0), E,=2"E, (2) and Gy = Gx(0).

Recently, the above-defined generalized Apostol-Bernoulli polynomials, the generalized
Apostol-Euler polynomials and the generalized Apostol-Genocchi polynomials was unified by the
following generating function (see, for example, [5]):

zlfKtK @ . o0 t?’l
<) =) y,gf‘ﬁ)(x;x,a,b) - @)

ﬁbet —ab n=0

<|t| <2m when B=ua; |t| < 10g<§) when B # a;
k,B€C;abeC*; 1% := 1).

It is worth mentioning that the case « = 1 in (5) was constructed by Ozden et al. [6,7]. It is easily
seen that the polynomials ), 5(x; x, 4, b) given by

Vnp(x;%,a,b) = y,fg(x; K,a,b) (6)

can be regarded as a generalization and unification of the Apostol-Bernoulli polynomials,
the Apostol-Euler polynomials and the Apostol-Genocchi polynomials with, of course, suitable choices
of the parameter a4, b and B. We refer to the recent works [8-13] on these Apostol-type polynomials
and numbers.

In the present paper, we shall be concerned with some higher-order convolutions for the
Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi polynomials.
The idea stems from the higher-order convolutions for the Bernoulli polynomials due to Agoh
and Dilcher [14], Bayad and Kim [15] and Bayad and Komatsu [16]. We establish several
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higher-order convolutions for the Apostol-Bernoulli polynomials, the Apostol-Euler polynomials
and the Apostol-Genocchi polynomials by making use of the generating-function methods and
summation-transform techniques. It turns out that several interesting known results are obtainable as
special cases of our main results.

This paper is organized as follows. In Section 2, we first give the higher-order convolution
for the polynomials defined by (5) Y, 4(x;x,a,b) and then present the corresponding higher-order
convolutions for the Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and the
Apostol-Genocchi polynomials. Moreover, several corollaries and consequences of our main
theorems are also deduced. Section 3 is devoted to the proofs of the main results by applying the
generating-function methods and summation-transform techniques.

2. Main Results

As usual, by (;l\ ) we denote the binomial coefficients given, for A € C, by

(A)_l . (A)_A(A1)~~~(An+1) e,

0 n

The multinomial coefficient

is given, for n,ry,--- ,r, € N* (k € N), by

n n!
(7’1/"',1’;() _W (kGN)

We also denote by s(n,k) the Stirling numbers of the first kind and by S(n,k) the Stirling
numbers of the second kind, which are usually defined by the following generating functions (see,
for example, [17,18]):

k
[ln(l + t)] o n (et _ 1)k o n
g = Zs(n,k)m and —g = Zs(n,k)a'
n=k n=k
Fork € Nand iy, - i, n € N¥, we write
[fiy (1) + -+ + fi (x0) "
n
- <1 ] >fi1+11(x1) o i (Xk), )
belpmn N1l

(h e 20)
where f; (xj) (1 < j < k) is a sequence of polynomials. The case when f,,(x) = B, (x) in (7) was first
studied by Agoh and Dilcher [14] who proved an existence theorem and also derived some explicit

expressions for k = 3 involving the Bernoulli polynomials. We now state the following higher-order
convolution for the general Apostol-type polynomials Y, 4(x;x, a, b) defined by (5).

Theorem 1. Let d be a positive integer and let
y:xl+...+xd_

Then, for an integer x and for m,n € N¥,
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m
)y (i o ) (Vi plx,a,b) + -+ Vi, p(xg:,a,b)]"
11+ Jrld m 1% rtd
(i1, ig 2 0)

zlbxdl(:’;j?z dzi k+j—1
@-n' 5

j
'i—1—j i—l—j (_1)11/1717]71
()

m+n+j—(d—1)x)!

’ ym+n+j+l—(d—1)x,/3 (y;x,a,b).
We first deduce some special cases of Theorem 1. By taking
«a=1 f=A x¥x=0, a=-1 and b=1
in (5), we have
Yur(x;,0,-1,1) = &(x;A)  (neN).

®)

Thus, by applying (8) to Theorem 1, we get the following higher-order convolution for the
Apostol-Euler polynomials.

Corollary 1. Let d be a positive integer and let

y:xl+...+xd_
Then, for m,n € N*,

m
L (il id) (& (ks A) + -+ &,y (xa; )]
11+ Fig=m 4 4
(i1, ,ig 20)

d L (i1 1 ie1-1
Vs L (1) 0 i)
=1
Obviously, in the case when m = 0, Corollary 1 yields the following further special case ford € N
and n € N*:

[So(xl; )\) -+ 50 ]

( Z( ) D'y EayiA), )

which, upon setting i — i 4 1, corresponds to the following result for the Apostol-Euler polynomials
due to Bayad and Kim [15] Theorem 4:

n
)3 (1 l)gll(xl;}\)"'gzd(xd;)t)
B Thgen Nl

(I, lg 2 0)

( i s(d,i+1) Z (;)(—y)’ Enti-1 (W A)-

=0

If we change the order of the summation on the right-hand side of (9), we get



Mathematics 2019, 6, 329 5o0f 14

[Eo(xi; )+ + Eolxgs A)]"
B 2d—1 d—1 i . d i1 il
RCEs Y] (-1 gy A) i_lgl( ; )s(d,z)y 1 (10)

_ O

2d—1 d i—1

d N
= =1 1:0(_1)1 Entd-1-1(1; ) i:;l (d i l)s(d’ i)y d+1

In particular, upon setting A = 1 in (10), we find for d € N and n € N* that (see, for example,
ref. [19] Theorem 5)

L (") B By

h+-+lg=n
(lll"' rld Z O)

od—1 d-1 l

= W Z(*l)l Epva—i-1(y) Z (d i : - 1)s(d,d i l)yi_

1=0 i=0

If we take &« = x = b = 1 in (5), we obtain the following relationships for n € N*:

Yur(x;1,1,1) = By(x;A) and Y, i/ (x;l,—é,l) =Gn(x;A). (11)

Consequently, Theorem 1 can be applied in conjunction with (11) in order to obtain

the corresponding higher-order convolutions for the Apostol-Bernoulli polynomials and

the Apostol-Genocchi polynomials. We proceed now to give here some much simpler

expressions for the higher-order convolutions for the Apostol-Bernoulli polynomials and the
Apostol-Genocchi polynomials.

Theorem 2. Let d € N and let
y:xl++xd
Then, for m,n € N* (m+n 2 d),

m
B (") Baia) £+ By )"
I+ +ig=m ’ ’

(i1, ig 2 0)

(m+mn)! d VL1 (=) i1 .
= (m+n_d)|(d_1)'lzzls(dlz)];() ] m+n+]-+1_dBm+n+j+1—d(.%)\)-

For A = 1, Theorem 2 reduces to the following higher-order convolution for the Bernoulli polynomials:

Zi1+~--+id:m (ilr.r.’?,id) [Bil (xl) +-+ Bid (xd>]n
(ill"'/id 2 0) (12)

e N i s (=1} i1
= % E?lzl s(d, 1) ;-:é (l]' )w]yﬂ_d Bm+n+j+lfd(y)
(y=x1+-+x5;,deN, mneN; m+n=d).
For a different expression than that given by (12) in its special case when
Xp ==X =X,

see a known result [16] Corollary 4.
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If we set m = 0 in Theorem 2, we get

[Bo(x1;A) + -+ - 4 Bo(xg; A)]
B n! d
S (n—d)-(d-1)! &

1

i-1 /- i—1—j
i1 . i—-1\ (-y) ] ) .
(Y S(d’l)]z_o( j ) it jei—d D) (13

(y=x1+---+xpndeN; n=d).
Forr € Nand m,n € N*, it is known that (see, for example, [20] Theorem 1.2)

g (m—kfustarld) g () (—yyn-k Lo beny)
. (,1)n+1xm+n+l (14)

e Jo (=B fa (x+y — xt) dt,

where (1), denotes the rising factorial of order n given by
Mo=1 and (A),=AA+1)---(A+n-1) (neN; AeC),

and {f(x)}, is a sequence of polynomials generated by
00 n
Y falx) o = ()3, (15)
n=0 :

with F(t) being a formal power series. Thus, by taking

t
tez
F(t) = Aet —1

in (15) and substituting n — d for m, i — 1 for n, y for x and 0 for y in (14), we find (for positive integers
i,d,n with n 2 d) that

_d m— _g_i Biii(A i1 /i— i1 Burivi—a(yA
Zr} d( jd)yn d—j :1(] ) _Z;_})( jl)(_y)z 1—j ;i?lfﬁyd ) (16)
= (—1)Fyr= [ (1= 1)L By(y — yt) dt.

It is easily seen from the properties of the Beta function B(«, 8) and the Gamma function I'(z) that

1 T(m+1)I(n+1
B(m+1,n+1) = [y #"(1—t)" dt = g Uieil) (17)

= (mﬂﬁl)! (m,n € N¥).

Let 6; ) be a Kronecker symbol given by

=

0 (A #1).
Since By(x;A) =1 when A =1and By(x;A) = 0 when A # 1 (see, for example, [3]), by setting
Bo(x;A) =014
in (16), with the help of (17), we have

i—1 (i— i—1—j Butjr1-a(yid n—d n—dy, n—d—j Birj(A
Zj:}) (ljl)(_y) 1—j ;f:]{rfﬁyd ) _ ijod (ﬂjd) d—j j—:-(] ) a8
,(71)1' yn—d+i 512 (n(_nd—):i-(&fz_)'l)'
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We find from (13) and (18) the following formula due to Bayad and Kim [15] Theorem 5 for sums
of products of the Apostol-Bernoulli polynomials:
Zi1+"'+id:}’l (ilr.i./l. ,jd)Bil (.X1,' )\) T Bid (xd; )\)
(i],"',id ; 0) B (/\)
! d i— ; —d itj —d—j
= @t D () s ) K8 g ey Y (49
N (i—1)! —d+i
+61,0 (dfi'l). Yoy s(d,i) % y
(y=x1+---+xpndeN;, n=d).

Upon changing the order of the summation on the right-hand side of (13), we get

[Bo(x1;A) + -+ + Bo(xd/‘)\)]; .
l _ Biv1—d(yiA i N
= Gt Do (C1 T S (s, )yt (20)

—1)4-1 41 _ P By_i(yA _ i . i (d—1—i
= %Z]ﬂ:&(_l)] n]g )Z?:dl_l_j (d_ll_].)s(d,z—l—l)y’ (d-1 ])/

which, in the special case when A = 1, yields the following famous formula for the Bernoulli
polynomials due to Dilcher [19] Theorem 3:

n
) ( , )Bil(xl) -+ Bj, (x4)
it tig=n N7 s ld

(ill"'/id ZO)
d—1 T L 1 B _.( )
_(_d-1(m Y d+i—j—1 . il Bajly)
(1) (d)d]g( 1) L;)( ; s(d,d+i—j)y r— (21)
(y=x1+-+xpndeN;, n=d).
Let pn,m(x) denote a polynomial given by (see, for example [21,22])
-1 n—m—1 n—1 k -
=m

Then, by applying (20) and (22), we get

n
Z ( . )Bil(xl;/\)---Bid(xd;/\)
i1+-+ig=n e, ld

(ill"'/id ; O)

B (_1)01—1 n! d—1

B,_i(y; A
_ Wg pari(y) 2

n—j
y=x1+--+xpndeN;, n=d),

which is a generalization of the following result given by Kim and Hu [22] Theorem 1.2 for the
Apostol-Bernoulli numbers:
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n
(, .)Bﬁ(A)mBid(A)
11+ +ld n 1,701
(i1, g 2 0)

(—1)m+d+1 ppd=1 @ By, (%)

BRI =L AT

n—2
nl - puo(n) Bi(A) —nl ¥ ppu-q-j(n) —2
j=0 e

Theorem 3. Let d € N and let
y:xl+...+xd_
Then, for m,n € N* (m+n = d),
m n
(i, )G Gid) o+ Gy (x )]

i1+ Fig=m
(i1, ,ig 2 0)

B-j(3)

(=) )t @ il g (—1)] i1
_(m+”—d)"(d—1)!zs(d'1)z< ' >m+n+j+1—

]

In its special case when m = 0, Theorem 3 immediately yields

n

[Go(x1;A) + -+ + Qo(xdr)\)

[—

B (_Z)d—l d 1 1)]' yi—l—j
= T o Z( e

i=1 =

(y:xl+...+xd; n,deN; n=d).

7 Gmintjri-d(y;A)-

Guyjr1-a(y;A)

8 of 14

(23)

By a similar consideration to that for (19), we can obtain the following formula for the

Apostol-Genocchi polynomials:

n

i +-+ig=n <11’ e
(i1, g 2 0)

(-2

id) Giy (x1;A) - -+ Giy (x4; A)

nd g1+](/\)

d
_ : . 11 i
BRCEE l.;( s(d, 2 n—d—jn-G+)) 7

<y:xl+...—|—xd; n,dEN;nid)-

By changing the order of the summation on the right-hand side of (23), we find that

n
(i1,~ - /id) Gi(x1;A) - G, (x4, A)

n—d—j

ip+-- +ld n
(i1, jig 2 0)
S (1) i(—l)] i dt+i—j—1 Sdd i i)y Gn—j(y; A) 24)
N d — i ’ 1Y n—j
j=0 i=0
(y=x1+---+x4 ndeN;, n=d).
Finally, upon setting A = 1 in (24), gives a formula for sums of products of the Genocchi

polynomials, which is analogous to (21).
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3. Proofs of Theorems

9of 14

Before giving the proofs of Theorems 1-3, we recall the following auxiliary results which will be

needed in our proofs.

Lemma 1. ([23] Theorem 3.1 and Theorem 3.2) Let x, A € C and n € N*. Then

o 1 n+1 (_1)n+k—1
n
i e} = L (= qerye (k=D S+ 1),

Furthermore, for n € N,

n 1)n k ak—l 1
(1 _ )Lezxt ; 1. ok—1 gk—1 {1 — dett } ’ S(}’l, k)

Lemma 2. ([20] Equations (2.6) and (3.11)) Let n € N*. Then

o)

S ) - X [2( )0 )

m
ml

Moreover, for r € N,

2 Gy - ¥ [Z

(_1)n+1 xm+n+ m

1,1
(1’71)! /Otm(l—t>”fr71(x+y—xt) dt:| %/

n n—k fmtker(X +Y)
()(_") ‘ <er++1<+1>7

+

where

0= 1 fal®)

Gyt =1 <f n";:f(ly;r —

and the sequence { f,(x) }>_ is given as in Equation (15).

Proof of Theorem 1. First of all, by setting « = 1 in (25), we get

n 1k 1 ak 1 1
(Aef—l k_zl n—1)! atkl{)\et—l}'s(”'k) (n € N),

which, for d € N, yields

21—« d the(x1+-~+xd)t
( ab ) L
(e~ 1]

_ (2 1 d oyt 31 1 ;
= ( — ) Z D tK yt G {(g)bef—l} -s(d, 1).

Let v € N and let the function f,(¢) be differentiable with respect to t. If we set

1—xyx
271’ exvt
‘Bb et — ab 4

fv(t) =

(25)

(26)

(27)

(28)
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then it is clear from (5) that for [ € N*,
o ) Z Vuarprinab) (29)

By differentiating both sides of (28) m times with respect to ¢, with the help of the general Leibniz
rule presented in [18] (pp. 130-133), we obtain

T sesigom () o (0} = 26 {5 (0))

ot'd
(i, /ig 2 0)
30
_ (217}() Z 711 1 om th taiv—l 1 .S<d i) ( )
P @-r o 9T\ (Eyper_1 o1

We now denote by [t"]|f(t) the coefficient of t" in f(t) for n € N*. Then, by making use of the
operation

nl

on both sides of (30) in conjunction with (29), we find that

le"‘ +1d m ( ,‘H,id) [yll,ﬁ(xll. K, ﬂ, b)

+ o+ Vi, plxsin,a,b)]”
(i1, ig 2 0)

_ , 31)
o 2]7}{ d—1 d —1)! 1 d al 1 2],,{ (
= (%) oL G s@h 1] tm{t'( eV S {,Bbe’ab}}
Also, by using the Leibniz rule, we have
aifl 217;(
oti—1 {,Bb et —ab }
ai—l 21—KtK 1
= ofi-1 {ﬁbet b t"}
i—1 1— 1—x4x ]
oi—1-j 217Kt Jd (1
=9 = i € N
(e g wlry Gew

o (1 Co(k+j-1) 1 .

It follows from the above two identities that

aifl ol—x i—1 . i—1 aiflfj 21—k 4k Kk+7—1 .

d Lyt _ : t ] d—1)k—

el oti—1 {ﬂbef ab} a Z(;(_l)] Jt ( ] )Ey ot—1-J { } ( >t( " @)
]:

‘Bbet —qgb ]

and

If we replace F(y, t) in (26) by

21—KtK o) l
F(0,t) = B — b Z V1,8(0;%,a,b) T
we find for n € N* that
o [ 21Ky N _ t
EXtat"{ﬁ”et—ab} ZZZ%[ZO(V)("‘)" Vhup(xiab) | (33)
= V=
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Thus, by applying (33) to (32), we obtain
th eyt 9i-1 { 21—« }
oti—1 ﬁb et —ab
oo i—1i-1—j , . , .
_ Zz 1i J]‘!. <z—.1> <z—1—]> (K-i—].—l)
1=0j=0 v=0 J v /
- o ld=1)x+1—j
(DT YT T Vi gy, ab) —
which readily yields
om gi—1 2l—x oo i—1i—1—j .
=) prd gyt 2 { } = m!. —1)i—1=v 4
atm{ € oti—1 le et —gb m l;()]go = ( ) )
(i (i=1=)\ (x+j-1\(@d-Dx+1—j
j v j m
L p(d=1)tl—m—j
cy T yl+v"5(y;1{,a,b) T ,
that is, for n € N¥,
Il P
n!| otm oti—1 ﬁb et —ab
_1i-1- . . . )
-1\ (i—-1—j\/x+j—1
e e () () )
; X:: ] v ]
]/l 1—j—v ym+n+]+v —1)x ‘3(}//7( a, b). (34)
(m+n+]—(d—1) )!

Finally, Theorem 1 would follow by applying (34) to (31). O
Proof of Theorem 2. It is easily seen from (11) and (31) that, ford € Nand m,n € N*,

Zl('1+-..+id>:ﬂ’; (i],.r.'?,,«d) [Bil (xl;)t) 4+ 4 Bid(xd}/\)}n
i] 120

i (35)
i—1 n m i— .
-t i (B e e (i} s

Since By(x;A) =1 when A =1and By(x;A) = 0 when A # 1, by setting

Bo(x;A) = 10,
we get

1 (51/\

) tl
W1 § ZBH]OA)(

1+1)
where ¢; ) is the Kronecker symbol. Hence, by putting r = 1 and replacing G(y, t) in (27) by

1 o010
G0, = Aet—1  t

tl
B (0;A) ——,

e
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and making use of (17), we find for n € N* that

a" 1 (5 ad
xt < 1,A
ot" <)\et - t > Z

n
n vBl+v+1(x )‘)
L < > I+v+1

=0

.
Sy, n+l+1] t
+(=1) 1A (n+l+ )! *

which, together with the exponential series for ¢*, yields

xt o" 1 __ oo n n n—v By (GA) | ¢
et b = I [T (=) |
tlnl

+( ) nl- 51)\2[ 0 il

(36)

It follows from (36) that

9i—1 i1, B YA d+1
e 2 { ey | = it [T (V) (-1 ] o

—1DiYG =16 i1y d+i—i dieN (37)
H(=1) =) G g et (d,i € N).

If we now partially differentiate both sides of (37) m times with respect to ¢, then
ot ati—1 | Aef —1
_ i <d+l> Z (i 1)(_y)i—1—v Biiyi1(y;A)

=\ v I+v+1
d+1—i
o o B () e

td+l—m
I

which, for m,n € N* (m +n = d), yields

{tn}g:;{td atl {Aetll}} (38)

_ _(m+n)! i i—1—v Bm+n+v+1—d(y;/\)
= G Zvmo (1) (=) T d

By applying (38) to (35), we are led to Theorem 2. [
Proof of Theorem 3. From (11) and (31), we find for d € N and m, n € N* that

211+ +l,71 m (ill.'.y.l,id) [gi1 (.X'l,')\) + 4+ gid (Xd,' A)]n

(i1,+4iq 2 0)

, (39)
i—1 n P .
= (-2 i, dl)l)' {H atm{td aatill{)\etzﬂ}}'s(dll)'

Since (see, for example, [2])

Go(x;A) =0,
by applying (3) we have
2 o t"
/\et+1 ;gi’l-‘rl 0)\) (n+1)

Hence, by setting r = 1 and taking

G0,8) = Aet +1
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in (27), we find for n € N that

d" 2 n G (xA)| ¢
xt n—v Jl+v+1
— = — e A I 4
¢ atn{Aet+1} ZZOL;)(V)( 2y vl 49
It follows from (40) that
td eyt ai'_l i
oti—1 | Aet +1
_ i [E (1 - 1) (_y)iflfv gl+v+l(y;/\) ﬁ
i li=o\ v I+v+1 I
which implies, for m € N* and 7,d € N, that
i i—1 00 P i— s 1 v A d+1—m
gtm{td eyf;’ﬂl{M?H}} = ml T (G4 [l () ()t S ] (41)

By making use of (41), we find for m,n € N* and i,d € N that

n!| otm oti—1 | Aef +1
_ (m+mn)! = (i-1 ~ vic1—v Gmrnrvria(BA)
_(m+n—d)!vgo v (=v) m+n+v+1—d 42)

Finally, by applying (42) to (39), we conclude the proof of Theorem 3. [

4. Conclusions and Observation

In the paper, we have given a systematic and unified investigation for the Apostol-Bernoulli
polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi polynomials. By applying
the generating-function methods and summation-transform techniques, we have established some
higher-order convolutions for the Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and
the Apostol-Genocchi polynomials.

The methods shown in this paper may be applied to other families of special polynomials. In a
similar way, some results may be obtained.
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