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Abstract: In this paper, we present some Ostrowski—Griiss-type inequalities on time scales for
functions whose derivatives are bounded by functions for k points via a parameter. The 2D versions of
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1. Introduction

In 1997, Dragomir and Wang [1] proved that if f : [a,b] — R is a differentiable function such that
there exist constants y, I € R with y < f/(x) <T for all x € [a, b], then we have:

‘f(x)—bia./;f(s)ds_f(bl)jm (x_a;b)

—a

forall x € [a,b]. The above inequality is known in the literature as the Ostrowski-Griiss-type inequality.
This inequality has been improved (see [2,3]) and generalized (see [4-8]) in several different ways.
In particular, the authors in [5,6] obtained some Ostrowski-Griiss-type inequalities with the derivatives
bounded by functions instead of scalars. Since the introduction of the theory of time scales by the
German mathematician Stefan Hilger in his Ph.D thesis [9], several integral inequalities have been
extended to time scales by many authors (see [10-12]). For some extensions of (1) to time scales, we refer
the reader to the papers [13-19]. Recently, Nwaeze et al. [16] obtained the following generalization of
Inequality (1) on time scales for k + 1 points via a parameter.

Theorem 1 ([16], Theorem 13). Suppose that:

1. abeT, Ae01], :a=x <x3 <---<x¢_1 <xg = bisa partition of the interval [a, b] for
x0,x1, -+ ,x¢ €T,

2. ;€T (i=01,---,k+1)isk+2pointssothat ey = a, a; € [x;_1,x;] (i=1,--- ,k)and ay,1 = b,

3. f:[ab] — R isa differentiable function; f* is rd-continuous; and there exists v, T € R such that
v < fA(t) < T forall t € [a,b). Then, the following inequality holds,
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1=

k . . b
w;) + fla
(1 2) V(s — @) f(x0) + A L (ar - a L) [ gy
i=0 i=0
I +q M1 — & Kip1 — &

- 5 = hz (lxlqu,lxlqu — /\%) — hz (x,»,zxiﬂ — )\%)
F—i—’)/k_l Njto — Kjyq Njyn — 01
-5 i;) ha (xi+1,06i+1 + A%) —hy (Oéi+1,06i+1 + A%)

r—o& Xip1 — & Xip1 — &
S = ho (041‘+1/0<z‘+1 - /\?> +hy (xi,fxiﬂ - /\T)
Xiy2 — &it1 Xit2 — Kit1
+ho (xi+1,l¥i+1 + A%) +hy (Oéi+1, Qi1+ AZJFZH)] , ()

where hy(t,s) = fst(T —s) AT. Inequality (2) is sharp in the sense that the constant 1/2 on the right-hand side
cannot be replaced by a smaller one.

Motivated by the results in [5,6], the goal of this article is to provide some Ostrowski—Griiss-type
inequalities on time scales for functions whose derivatives are bounded by functions. Our findings
give a broader view of some established published results.

2. Time Scale Essentials

In this section, we collect basic time scale concepts that will aid in better understanding of
this work. For more on this subject, we refer the interested reader to Hilger’s Ph.D. thesis [9],
the books [20,21], and the survey [10].

Definition 1 ([20]). A time scale T is an arbitrary nonempty closed subset of the real numbers.

We assume throughout that T has the topology that is inherited from the standard topology
on R. It is also assumed throughout that in T, the interval [a, b] means the set {t € T: a < t < b} for
the points 4 < b in T. Since a time scale may not be connected, we need the following concept of
jump operators.

Definition 2 ([20]). For each t € T, the forward jump operator ¢ : T — T is defined by o(t) =
inf {s € T: s > t} and the backward jump operator p : T — T is defined by p(t) =sup{s € T : s < t}.

Definition 3 ([20]). If o(t) > t, then we say that t is right-scattered, while if p(t) < t, then we say that t is
left-scattered. Points that are right-scattered and left-scattered at the same time are called isolated. If o (t) = t,
then t is called right-dense, and if p(t) = t, then t is called left-dense. Points that are both right-dense and
left-dense are called dense.

Definition 4 ([20]). The mapping u : T — [0, c0) defined by u(t) = o (t) — t is called the graininess function.
The set T* is defined as follows: if T has a left-scattered maximum m, then T = T — {m} ; otherwise, T* = T.

If T =R, then u(t) = 0, and when T = Z, we have u(t) = 1.

Definition 5 ([20]). Let f : T — Rand t € T*. Then, we define f*(t) to be the number (provided it exists)
with the property that for any given € > 0, there exists a neighborhood U of t such that:

flo(t) = f(s) = () [U(f)*S]‘ <elo(t) —s|, Vsel
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We call f2(t) the delta derivative of f at t. Moreover, we say that f is delta differentiable (or in short,
differentiable) on T* provided f®(t) exists for all t € T*. The function f® : T* — R is then called the delta
derivative of f on T*.

Inthe case T =R, fA(t) = %(tt). Inthe case T =7Z, f2(t) = Af(t) = f(t+1) — f(t), which is
the usual forward difference operator.

Theorem 2 ([20]). If f,g : T — R are differentiable at t € T, then the product fg : T — R is differentiable
at t and:

(f9)* (1) = FA(Dg(D) + fle(D))gh (1),
Definition 6 ([20]). The function f : T — R is said to be rd-continuous on T provided it is continuous at all
right-dense points t € T and its left-sided limits exist at all left-dense points t € T. The set of all rd-continuous

function f : T — Ris denoted by C,z(T,R). Furthermore, the set of functions f : T — R that are differentiable
and whose derivative is rd-continuous is denoted by C}d(T,R).

It follows from ([20] Theorem 1.74) that every rd-continuous function has an anti-derivative.

Definition 7 ([20]). Let F : T — R be a function. Then, F : T — R is called the anti-derivative of f on T if it
satisfies FA(t) = f(t) for any t € T*. In this case, the Cauchy integral is defined by:

b
/f(t)At — F(b) — F(a), a,beT,
Theorem 3 ([20]). Let f,g € C,d(T,R), a,b,c € T,and «, B € R. Then:
b b
(l)uf[ocf( + Bg(t) At—zxff At—l—ﬁafg(t)At
(2) fhf(t)At =— faf(t)At.
a b
@ [ fne = J rones [ oa
b b
4 uff(t)gA(f)Af = (fg) (b) — (fg) (a) — uffA(t)g(fT(f))At-
G)If|f(t)| < g(t) on [a, b], then:

jfmAtSngAt

Definition 8 ([20]). The polynomials hy, gk T? — R, k € Ny are defined recurszvely as thus: ho(t,s) :=

go(t,s) :=1foralls,t € T, gx11 (t,5) fgk ) AT, and hy,q (t,s) fhk T,8) At forall s, t € T.

In view of the above definition, we make the following remarks that will come handy in the
sequel (see [20] Example 1.102).

-  ForT =R, hy(t,s) = (t 25)
-  ForT=2Z,hy(ts )—(ts)(;isl)

3. Main Results

To prove our 1D results, we will need the following lemma given in [22].
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Lemma 1 (Generalized Montgomery identity with a parameter). Suppose that:

1. abeT, Ae01], :a=x <x3 <--<x¢_q <xg = bisa partition of the interval [a, b] for
X0, X1, ,xx €T,

2. w;e€T(i=0,1,---,k+1)isk+2pointssothatwyg =a, a; € [x;_1,x;] (i=1,-- k), and a1 = b,

3. f:[a,b] — Risadifferentiable function.

Then, we have the following equation:

/uh K(t I) fA () At + /hf”(t)At
i(“m ) fa) + AZ (001 — )f("‘i) +2f(“z'+l), )

where:

= (=282, € [a,m),
(w1 +A%54), € far,x1),
t— (12— A24), te [x1,m),
K(t ) =4 : @)
F— (zxk_l +A%), t € (a1, xk-1),
E= (= ABEY), b€ [, ),
f— (e + ASE), fe [ b,

provided for each i € {0,1,2,...,k—1}, aj1q — A“"%_“" and w;yq + /\% belong to T.

Remark 1. It is easy to see that fork =2, A =0, a1 = a, ap = b, and x1 = x, we recover the classical
Montgomery identity on time scales.

Theorem 4. Suppose f satisfies the conditions of Lemma 1. If there exists functions a, B with a(t) < f3(t) <
B(t) forall t € [a,b], then we have the inequality:

k . }
(a1 — ) f(x) + A Y (i1 — >W
=0 i=0

—/ FO(D) AL — / K(t, Ik)“(t);rﬁ(t)m’

k-1

i1 N1 — &
<518 ale ¥ [hz (w151 = A=) oy (10 = A5
i=0

1=

[0

Nitp — & Njpp —
+ hy (xi+1,lxi+1 +A-2 5 IH) +hy (D‘i+1/“i+1 + AR 5 = )] ©)

provided for each i € {0,1,2,...,k—1}, aj1q — A“i%_“” and w; 1 + /\% belong to T.

Proof. First, we observe that:

/abK(t,Ik)fA(t)At—/abK(t,Ik)“(t)—;ﬁ(t)At:/abK(t,Ik)<fA(t)—W)At. ©)
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Using (6), we get:
/bK(t, L) (F) At — /bK(t, zk)"‘(”*ﬁ(t)m’ < /b kel o = LOEEO |y o)
a a 2 a 2
From the condition that a(t) < f2(t) < B(t), t € [a,b], one obtains:
s - 0] < Jp - e ®
for all t € [a,b]. Now, from Lemma 1, we have:
/ Kt 1) £ (1)
k k . . b
D Llain — () 2 Dl — e HE ) Pae o
i=0 i=0 a
and:
/ = Kip1 — & Kit] — &
/ |K(t, Ir) |At = l;) [hz (“i+1/06i+1 - A?) +hy (xi/ S AT)

Njyo — Kjq Njyo — Kjq
+hy (Xi+1,0¢i+1 +)\%) +ho (Oéi+1,06i+1 +7\l+21+>} (10)
The desired inequality in (5) is obtained from (7) by using (8)—(10). O

Theorem 5. Suppose f satisfies the conditions of Lemma 1. If there exists functions a, B with a(t) < f3(t) <
B(t) forall t € [a,b], then we have the inequality:

k k . . b
R 3 R o e i AL
i=0 i=0
b) — f(a) K M1 — O K — &
S ;JI‘( ) ;3 {hz(zxiﬂ,zxiﬂ A l+12 z) —hz(xi,ai+1 A z+12 l>
Qi — Qjyo — &
+h2 (xi+1/06i+1 + A%) —hy (MH,MH + )\HZZIH)]
b
_/ P(t, Ik)wAt‘
a 2
1 b
< 518—alo [ [Pt 1), ()
where P(t,I,) = K(t, Iy) — f K(s, t)As and provided for each i € {0,1,2,. —1}, a4 — AT

and wjyq + ATEESSEL belong to T.

Proof. Using the definition of P(-,-), we get:

[P (s - STED ) [k (tlk)fA At——/fA e [ Kes, 1o
f/ (t,1) LB 5, (12)
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Therefore,

bK(t,Ik)f At— —— [ FA(H)At (s, I)A
/ L e [
—/abP(t,Ik)a()—;ﬁ()At’

< [Pl

By the time scale version of the fundamental theorem of calculus, one gets:

A1) — W‘At. (13)

b
/a AL = F(b) — f(a), 1
and the identity:
b — Kiyq] — O iy — &
[l )
o — N " o
+ hy (xi+1/06i+1 + A%) —hy (0(i+1/06i+1 + AHZZM)] 15)

From the condition that a(t) < f2(t) < B(t), t € [a,b], we have that:

7o) - O] < S 6

for all t € [a,b]. Now, by Lemma 1, we obtain:

[ Kt 1 @)
(1) Lo = ) )+ 4 Yy — o L) n
i=0 i=0 a

By using (13)—(17), we obtain the desired inequality in (11). O

The two-variable time scale calculus and multiple integration have been introduced in [23,24].
In what follows, we provide the two-dimensional versions of Theorems 4 and 5. To do this, we need
the following two-dimensional version of Lemma 1. This lemma is given in [19], and it follows quite
easily by using Lemma 1, so the proof is omitted.

Lemma 2 (2D Generalized Montgomery Identity with a parameter). Let A € [0,1];a,b € Ty; ¢,d € T,
witha < b, ¢ < d. Suppose that:

1. Ir:a=x)<x;<-- <X <xx = bisa partition of the interval [a,b]y, for xo,x1,- -, x; € Ty,
and Ji:c=yo <y1 < -+ < Yk_1 < Yx = d is a partition of the interval [c,d]r, for yo,y1,- -+, yx € T2;

2. wa; €T, BieTr(i=0,1,---,k+1)isk+2points so that ag = a, «; € [x;_q,x;]7, (i =1,--- k)
and a1 =b,Bo=¢, Bi € [yi—1,Yilt, (=1, k), and B 1 = d;

3. f:lablr, x[c,d]t, = Risa AA, differentiable function.
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Then, we have the identity:

b 2f(s,)
A/CK(S,t,Ik,]k)WAztAls
(1-MA & &

Kk
= (1-A)2Y Y (Bj1 — Bj) (i1 — i) f(xi,y)) + — Yo Y (Bjr1— Bj)(aiy1 — ;) (f(%yj)

j=0i=0 j=0i=0

k b
+ flaiy1,y5) + f(xi, Bj) +f(xirﬁj+1)> -(1-2) Z/ (Bj+1 — Bj)f(o(s),yj) s
=1

+
R
9=

M»

(Bjr1 — Bj) @iy — ;) (f("‘i/.Bj) + fai, Bj+1) + foiv1, Bj) + f(”‘i+1x.5j+1)>

j=0i=0
k k
2y [ BB (Fles)8) + £l OBy rs = (1= 1 [ sss = ) (3 0(6) o
j=0"" =0"¢
k  rd
=5 L e (Flen ) + flaiin,e () oot + [ [ e o), a8)
where K(s, t, I, [x) = K1(s, It ) Ko (¢, Ji) and:
s — al—A“lgu), s € [a,a1)T,,

ng + A% “1) s € [wy, x1)T,,

N NN

s— (ap— A%)’ 5 € e,
Ki(s, Ix) =
fo ), <l
(a P 1), s € [Xk_1,00)T,,
(0é _I_/\vcm "‘k) s € [ag, blT,,
(,31 Aﬂl ) t € [c,B1)T,,
(ﬂl L ABzB /51) t € [B1,y1)T,
(ﬁz AB2=B1 /51), t € [y1, B2)t,,
Ka(t, Jk) =

t— (,Bk—l + )\%), t € [Br—1,Yk—1)T,/
t— (,Bk - A%), t € [Yk-1, Br)T,
- (ﬁk Jr)\w)l te [,Bk/d]Tz’
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Theorem 6. Suppose the function f satisfies the conditions of Lemma 2 and there exists functions -y, I" such that

(s, t) < aAzzft(AS’lts) <T(s,t)foralls € [a,b]y,,t € [c,d|T,. Then, we have the inequality:

k Kk
+ 1 AZZ (Bj1 = Bj) (@1 — )(f(véi,yj)

]:O =0

k k
- )‘)2 Z Z Bj+1— ,B] Xip1 — )f(xz,]/]
j=0i=0

+ f(aiv1,y;) + f(xi, Bj) +f(xi/ﬁj+1)) —(1-41) 20 /ab(/ngrl — Bj)f(o(s),yj)A1s
=

2 k k
+AZ Z{;)Zé Bj+1— Bj)(wit1 — )(f(“z‘/ﬁj)+f(0(i/l3j+1)+f(06i+1,ﬁ]-)+f(oci+1,ﬁj+1))
] 1
A5 [ B = B (F0(6), )+ £l (), B s — (1= ) i [ @ ) 5,00
250, P j j j 2 )
k  rd
—%g/ ("‘iJrl_“i)(f(“iro'(t))+f(“i+1/ Azt-i- / / flo ) AatArs

b pd t) +T(s,t
,/u /C K(Srtrlk/]k)wAztAls

<5lr- vlloo{ L [ha (s AT ) o (w000 — AR
i=0

2
‘;{hz(yj,/ajﬂ ﬁ]+1 ﬁ]) h2(5j+1//3]’+1* ﬁ;+1 ,3]>

( i1 Qg _A'_/\M) +h2<xi+lr“i+1 _&.A%)]

+hz(ﬁj+1/ﬁj+1 +)\ﬁj+2%ﬁjﬂ) +h2<yj+1rﬁj+1 +AM)] } (19)

Proof. We observe that:

b d 2 T
/a /C K(Sltrlkr]k)(aAft(Z;tS) B “Y(s,t)wzL (S’t))AztA1S

b pd 9%f(s,t b ord t) +T(s,t
:/ / K(s, t, I, Jx) f(s, )AZtAls_/ / K(s,t, Ik’]k)—'y(s, ) £ TCs, )AztAls- (20)
a Jc JAVIZANT a Jc 2

Under the condition that (s, t) < aj{t(gfs) <TI(s,t)foralls € [a,b]r,,t € [c,d]T,, we deduce that:

2f(s,t) (s, t) +T(s,t) 1
_ < ZIT = 9|leo
I e B @y

foralls € [a,b]r,,t € [c,d]T,. Furthermore, we have that:

2
dK(s, 5 Ik,]k) 8 f(s,t) (s t) +T(s, t))AztAls

A tAls 2

Az tAls (22)

Kot o || S2E2) _ 2t) + (s

NrtAqs
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and:
b =l 0‘1+1 X 0‘1+1 —
/a |K(s, t, I, Jx) | Dot Ay s = Z [hz (xu“z-s-l ) + hy (“z+1,0¢z+1 - #>
i=0

Qjyp — M+1 Qjyp — Kjpq
(0 AT (g A2 )]
—1

; [hz (y]/:B]Jrl - M) + hy (ﬁj+1/ﬁ]’+l - [5]+12 ﬁj)

T IRSLE L PUNPPIRSLE S e

The desired inequality in (19) is obtained from the inequality in (22) by using (18), (20),
(21), and (23). O

Theorem 7. Suppose the function f satisfies the conditions of Lemma 2 and there exists functions <y, I such

that y(s, t) < aAj;(AS]tS) < TI(s,t) forall s € [a,b]7,,t € [c,d]1,. Then, we have the inequality:

k k -
_ )2 Z Z ﬁ]Jrl ,B] Nip1 — )f(x“y]) + (1 2)\)/\
j=0i=0

M»
M»

(Bis = Bj)(@isn — ) (£ (@i yy)

07=0

]

Ko,
+ f(aiv1,y;) + f(xi, Bj) +f(xi//3j+1)) -(1-2) Z(:)/ab(ﬁjﬂ — Bj)f(o(s),yj)A1s
=

)\2 k k
+7 Yo Y (Bjv1 — B (aip1 — ) (f(“i/ﬁj) + floi, Bj1) + f(@it1, B) "‘f(“iHrﬁjH))

j=0i=0
kb k rd
-3 )y | 1= B (F(0(s). ) + Flo(5) ﬁ,+1>)A1s—<1—A>20 / (i1 — ) f(x3,0(6)) Agt
30 [ @ = ) (Flai o)+ flapr,e®))sat+ [ [ o) 00)matms
i=0"°¢
_ f0d) = fb,0) - fad) + f(a0)
(b—a)(d—c)

Xy [hz (041‘+1,04i+1 - AW) —hy (xi/“iﬂ - AW)
i=0
o — N o —
hy (xi+1/0<i+1 + A%) —hy (”‘i+1z“i+1 + A%)]
1

) {h2<5f+1'5f+1_ pBs ﬁj) h2<?/j'ﬁj+1— L ﬁj)

=0

Bj+2 ; ﬁj+1) B hz( Bj+2 — Bj+1 )}

+hy (3/]+1,l3]+1 +A Bj+1,Bjr1 +A 2

-/ / (5,8, 8, J) VT EED i

<gir=ale [ [Pt m

where P(s,t, Iy, Ji) = K(s,t, I, Ji) = sty Ju J2 K., Tk, J) Aatdas.

Az tAls (24)
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Proof. We first consider the following computations.

/ / (5,8, Ik/]k azf(s H o (st) +r(s't)>A2tAls

AzfAls 2
2 b pd
:/ / P(s,t,lk,]k)af(s't)AztAls—/ / P(s,t,Ik,]k)MAztAw
a Je AptAq 2

10 of 15

b d 9f(s,t) b f(s,t) b pd
= K I T2 Aot A A K I A>tA
/a /C (s, t, It, Jx) AyiArs 2tA1s — b—a =0 / / AyiAss 2t 1S/a /C (s, t, Ix, Jx) DotAgs

b ood
—/ﬂ /c P(Srtrlk/]k)wAZtAls/

b 2 s,
//aAftAtAzmls:f(brd)_f(brc)_f(ﬂ,d)—f—f(a,c),

and:

b pd b d
/ / K(s,t,Ik,]k)AztAls:/ Kl(s,Ik)Als/ Ka(t, Ji) Dot
a c a C

2

[hZ (ﬁ]+1'/3]+1 'B]H ﬁ]) by (yj/ﬁj+1 _ /5]+1

||M_/_\ I

+ Iy (yj+1, Bjit1+A

B2 — Bj+1
%) —hy (,3j+1,5j+1 +A

Furthermore, we have that:

aZf (s,) (s t) ;F(S' ) )datiss

d
P(s,t, I,
(S k]k) fztfls

Pf(s,t)  v(s,t) +T(st)
2

P(s,t, I, Jx) AgtArs

Xi+1 — & Xiy1 — &
[hz <‘xi+1;“i+1 - A¥> —hy (xiﬂxiJrl - /\T

Xjpp — ®jq1 Kjpp — Xjy1
2 X1, &1 + )\72 —ha(@ip1, i + /\72

2

Bj+2 — Bj

(25)

(26)

(27)

(28)

The desired inequality in (24) is obtained from the inequality in (28) by using (18), (21),

(25)~(27). O

4. Applications

In this section, we apply Theorems 4 and 6 to the continuous and discrete calculus to obtain some

interesting inequalities. Similar results can be obtained from Theorems 5 and 7.
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Corollary 1. If we take T = R in Theorem 4, then the following inequality holds:
k
a;) + f(a;
‘(1 —A) Y (i — ) f (i) + A Y (i1 — “i)w
i=0 i=0
b b
_ / F(b)dt — / K(t, Ik)"wazt’
a a

2 2
1 k=1 A2 Wiy — O 2x; — Awi+ (A —2)a; 41
<3lB-al ¥ | ( . ), . )

|M>¢-

i=0

* 8 N 8

<2xi+1 —Awjp+ (A — 2)ocl-+1)2 A? (txi+2 - 06i+1)2] (29)

Remark 2. Putting A = 0, then Corollary 1 reduces to Theorem 2.1 in [5].

Corollary 2. Let T = Z,a = 0,b = n in Theorem 4, and suppose:

(D I := {jo, j1, - ,jx} C Z, wherea = jy < j1 < --- < jx = b, is a partition of the set [0,n] N7Z
(2) {wo, a1, ,ap11} C Zis a set of k + 2 points such that g = 0,a; € [ji_1,ji] fori = 1,2,--- ,k,
and a1 = n;

3) f(k) = x.

Then, we have the inequality,

K s Xu; + Xaiq
(T—=A)Y (aigr —ai)xj, + A Y (aipq — &) ————
i=0 i=0
n n—1 : :
Ca(f) +
~Y % - Y K(i L) (/) : B(j) ‘
a7 =
1 =l Qipp —&ip1 | 1)?
< g1 =l T [+ (= 2 — = 1) 2 (3525851 4 5

. . a1 —o; 12
+ Jit1 (]i+1 + (A =2)ai1 — Awjgo — 1) + 2(/\7’“2 f - 5)

Qi1+ @
+ 2041 ((1 — At +A% + 1)} (30)
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Corollary 3. If we let T1 = Ty = R in Theorem 6, then we have the inequality:

™=
M»

k k B
(1=A)? Z Z(:B]H Bj) (i1 — o) f(xi ;) + (1= M)A

j=0i=0 2

(Bis = Bj) (@ien — ) (£ (i)

0i=0

kb
+ flaiv1,yp) + f(xi, ) +f(xi,!3j+1)> -(1-4) Z(:)/ﬂ (Bjr1 — Bj)f(s,y)ds
f

2 k k
+ /\Z ];) I;O(ﬁﬁ—l Bj)(@iv1 — ;) <f(0<ir/3j) + fai, Bj+1) + fwiv, Bj) + f('xi+1r/3j+1)>
kb k rd
3 1 [ B B (£ ) + £l By))ds — (=W L [ (- ) a0t
]:0 a i=0"¢

k b p
30 [ wr = a0 (Flai o)+ flagir,o@)) oot + [ [ G s

d
/C K(s’ t, I, ]k) Wdtds‘

< 1728||r 7|oo{ kg [)3 (aiﬂ - ai>2 + <2x1- — Aa;+ (A — z)zxiﬂ)2
+ (2xi+1 — Ao+ (A — 2)mi+1>2 + A2 <p¢i+2 - oc,-+1)2]
X ki; [AZ (ﬁj+1 - ﬁj)z + (2%‘ —ABj+ (A= 2).Bj+1>2
=
+ (23/j+1 —ABjra+ (A — 2)ﬁj+1>2 +A? (,B/'+2 - .Bj+1)2] } (31)

Proof. The proof follows by setting T; = T, = R in Theorem 6 and using the fact that:

(s, t) = (S_zt>2.

O

Remark 3. By substituting A = 0, then the inequality in Corollary 3 reduces to the inequality (with some
minor error in the left-hand side) in ([5] Theorem 2.3).

Corollary 4. Let f : {a,a+1,--- ,b—1,b} x{c,c+1,---,d—1,d} — R bea function, and suppose there
exist functions vy, I" such that

Y(s,t) < f(s+1L,t+1)— f(s+1,t) — f(s,t+ 1)+ f(s,t) <T(s,t)
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forall (s,t) € {a,a+1,---,b—1,b} x {c,c+1,---,d—1,d}. Then, the following inequality holds.

AM»
1=

-
Il
=}
Il

k k
(1-2)? 2 (Bjv1 = Bj)(wign — ai) f(xi, yj) + Z; Bit1— Bj)(aiy1 — )(f(”‘i/yj)

0

+ f&it1,y5) + f(xi Bj) +f(xifﬁj+1)>

H m»

i :B]+1 S+1 }/])

/\2 k k
t ; X (Bjer = B i) (f (i, By) + f(ai, Byon) + flaisn, By) + flaia, Bisa) )
A K b=l k d-1
_ Egszﬂ(ﬁm — B (Fs+ 1)+ f5+1Bj11)) — N L L )4 1)
A ka1 b—1d-1
_ Egg(“”l —ai)(f(ai,tﬂ) +f(0éi+1,f+1)> +s;u t;cf(erl,tJrl)
- bild?lK(S/ t, I, ]k)wAths
s=a t=c

1 k-1 o o
<5lr- w{ Y [ (xi s = A=) sy (w4 = 25

i=0

o — K o —
+hy (%H,ai“ + AM> + (xi+1/“i+1 + )\%)}

2
]];E: [hz (%fﬁ]ﬂ - 5J+12 /31) + hy <,Bj+1,,3j+1 :B]+12 /3]>
+h2<ﬁj+1/ﬁj+1 +/\M> +hz(}/j+1,ﬁj+1 +A%>} } o

where hy (s, t) = (Sft)(;iftfl)for all s, t € Z.

Proof. The result follows by letting Ty = T, = Z in Theorem 6. [

5. Conclusions

Some one-dimensional and two-dimensional Ostrowski-Griiss-type inequalities for functions

whose derivatives are bounded by functions on time scales involving multiple points and a parameter
have been presented. Some particular inequalities are obtained by applying Theorems 4 and 6 to the
continuous and discrete calculus. Several other inequalities could be obtained by choosing different
time scales with different values of the parameter A. Some related results on the Ostrowski-type
inequalities can be found in [25-35].
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