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Abstract: In this article, in the sequel of extending b-metric spaces, we modify controlled metric
type spaces via two control functions α(x, y) and µ(x, y) on the right-hand side of the b−triangle
inequality, that is,

d(x, y) ≤ α(x, z)d(x, z) + µ(z, y)d(z, y), for all x, y, z ∈ X.

Some examples of a double controlled metric type space by two incomparable functions, which is not
a controlled metric type by one of the given functions, are presented. We also provide some fixed
point results involving Banach type, Kannan type and φ-nonlinear type contractions in the setting of
double controlled metric type spaces.
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1. Introduction

One of the generalizations of metric spaces was studied by Bakhtin [1] and Czerwik [2] who
introduced the notion of b-metric spaces. Since then, many authors obtained several fixed point results
for single valued and multivalued operators in the setting of b-metric spaces, for instance, see [3–16].
Among the generalizations of b-metric spaces, we cite the work of Kamran et al. [17] (see also [18–21])
who introduced extended b-metric spaces by controlling the triangle inequality rather than using
control functions in the contractive condition. Proving extensions of Banach contraction principle
from metric spaces to b-metric spaces and hence to controlled metric type spaces is useful to prove
existence and uniqueness theorem for different types of integral and differential equations. Some
nice applications can be found for example in the recent article [22]. In fact, the authors in [17] gave a
slightly modified application of a proven fixed point result. However, finding serious applications
to integral equations and dynamical systems is still of interest. In this article, we have been only
motivated theoretically to relax the triangle inequality of b-metric spaces by using two controlled
functions rather than using one.

Definition 1. [17] Given a function θ : X × X → [1, ∞), where X is a nonempty set. The function d :
X× X → [0, ∞) is called an extended b-metric if

1. d(x, y) = 0⇐⇒ x = y,
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2. d(x, y) = d(y, x),
3. d(x, y) ≤ θ(x, y)[d(x, z) + d(z, y)],

for all x, y, z ∈ X.

Recently, Mlaiki et al. [23] generalized the notion of b-metric spaces.

Definition 2. [23] Given α : X× X → [1, ∞), where X is nonempty. Let ρ : X× X → [0, ∞). Suppose that
(ρ1) ρ(u, v) = 0 if and only if u = v,
(ρ2) ρ(u, v) = ρ(v, u),
(ρ3) ρ(u, v) ≤ α(u, w)ρ(u, w) + α(w, v)ρ(w, v),
for all u, v, w ∈ X. Then, ρ is called a controlled metric type and (X, ρ) is called a controlled metric type space.

Now, we introduce a more general b-metric space.

Definition 3. Given non-comparable functions α, µ : X× X → [1, ∞). If q : X2 → [0, ∞) satisfies
(q1) q(u, v) = 0⇐⇒ u = v,
(q2) q(u, v) = q(v, u),
(q3) q(u, v) ≤ α(u, w)q(u, w) + µ(w, v)q(w, v),
for all u, v, w ∈ X. Then, q is called a double controlled metric type by α and µ.

Remark 1. A controlled metric type is also a double controlled metric type when taking the same function(s).
The converse is not true in general (see Examples 1 and 2).

Example 1. Let X = [0, ∞). Define q by

q(x, y) =


0, ⇐⇒ x = y,
1
x , if x ≥ 1 and y ∈ [0, 1),
1
y , if y ≥ 1 and x ∈ [0, 1),

1, if not.

Consider α, µ : X2 → [1, ∞) as

α(x, y) =

{
x, if x, y ≥ 1,

1, if not,
and µ(x, y) =

{
1, if x, y < 1,

max{x, y}, if not.

The conditions (q1) and (q2) hold. We claim that (q3) is satisfied.
(i): When z = x or z = y, (q3) holds.
(ii): Otherwise, first (q3) is verified in the case that x = y. Consider the case that x 6= y, hence we get that
x 6= y 6= z. In the subcases (x ≥ 1 and y ∈ [0, 1)) and (y ≥ 1 and x ∈ [0, 1)), it is easy to see that (q3) holds.
Here, we have:
Subcase 1: x, y ≥ 1.
If z ≥ 1, (q3) holds. While, if z ∈ [0, 1), we have

1 ≤ 1
x
+ y.

1
y

,

that is, (q3) is satisfied.
Subcase 2: x, y < 1.
If z ∈ [0, 1), (q3) holds. While, if z ≥ 1, we have

1 ≤ 1
z
+ z.

1
z

,
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that is, (q3) is verified. We deduce that q is a double controlled metric type.
On the other hand, we have

q(0,
1
2
) = 1 >

2
3
=

1
3
+

1
3
= α(0, 3)q(0, 3) + α(3,

1
2
)q(3,

1
2
).

This leads us to say that q is not an extended b-metric when considering the same function µ = α.

Example 2. Let X = {0, 1, 2}. Consider the double controlled metric type q defined by

q(x, y) 0 1 2
0 0 1 1

2
1 1 0 2

5
2 1

2
2
5 0

Given α and µ as
α(x, y) 0 1 2

0 1 11
10 1

1 11
10 1 5

8
2 1 5

8 1

and

µ(x, y) 0 1 2
0 1 11

10
3
2

1 11
10

3
2 1

2 3
2

5
4 1

Note that
q(0, 1) > α(0, 2)q(0, 2) + α(2, 1)q(2, 1).

Thus, q is not a controlled metric type for the function α.

The topological concepts as continuity, convergent and Cauchy on double controlled metric type
spaces are given in the following.

Definition 4. Let (X, q) be a double controlled metric type space by one or two functions.
(1) The sequence {un} is convergent to some u in X, if for each positive ε, there is some integer Nε such that
q(un, u) < ε for each n ≥ Nε. It is written as limn→∞ un = u.
(2) The sequence {un} is said Cauchy, if for every ε > 0, q(un, um) < ε for all m, n ≥ Nε, where Nε is
some integer.
(3) (X, q) is said complete if every Cauchy sequence is convergent.

Definition 5. Let (X, q) be a double controlled metric type space by either one function or two functions—for
u ∈ X and k > 0.
(i) We define B(u, k) as

B(u, k) = {y ∈ X, q(u, y) < k}.

(ii) The self-map T on X is said to be continuous at u in X if for all δ > 0, there exists k > 0 such that
T(B(u, k)) ⊆ B(Tu, δ).

Note that if T is continuous at u in (X, q), then un → u implies that Tun → Tu when n tends to ∞.
In this paper, we present some fixed point theorems in double controlled metric type spaces. The

first one is the related Banach contraction principle. The second one concerns with a nonlinear case
involving a function φ satisfying suitable conditions. The last one is the related Kannan type result.
The given concepts and theorems are illustrated by some examples.

2. Main Results

Our first fixed point result is the following:
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Theorem 1. Let (X, d) be a complete double controlled metric type space by the functions α, µ : X × X →
[1, ∞). Suppose that T : X → X satisfies

q(Tx, Ty) ≤ kq(x, y), (1)

for all x, y ∈ X, where k ∈ (0, 1). For u0 ∈ X, choose un = Tnu0. Assume that

sup
m≥1

lim
i→∞

α(ui+1, ui+2)

α(ui, ui+1)
µ(ui+1, um) <

1
k

. (2)

In addition, for each u ∈ X, suppose that

lim
n→∞

α(u, un) and lim
n→∞

µ(un, u) exist and are finite. (3)

Then, T has a unique fixed point.

Proof. Consider the sequence {un = Tnu0} in X that satisfies the hypothesis of the theorem. By using
label (1), we get

q(un, un+1) ≤ knq(u0, u1) for all n ≥ 0. (4)

Let n, m be integers such that n < m. We have

q(un, um) ≤ α(un, un+1)q(un, un+1) + µ(un+1, um)q(un+1, um)

≤ α(un, un+1)q(un, un+1) + µ(un+1, um)α(un+1, un+2)q(un+1, un+2)

+ µ(un+1, um)µ(un+2, um)q(un+2, um)

≤ α(un, un+1)q(un, un+1) + µ(un+1, um)α(un+1, un+2)q(un+1, un+2)

+ µ(un+1, um)µ(un+2, um)α(un+2, un+3)q(un+2, un+3)

+ µ(un+1, um)µ(un+2, um)µ(un+3, um)q(un+3, um)

≤ · · ·

≤ α(un, un+1)q(un, un+1) +
m−2

∑
i=n+1

(
i

∏
j=n+1

µ(uj, um)

)
α(ui, ui+1)q(ui, ui+1)

+
m−1

∏
k=n+1

µ(uk, um)q(um−1, um)

≤ α(un, un+1)knq(u0, u1) +
m−2

∑
i=n+1

(
i

∏
j=n+1

µ(uj, um)

)
α(ui, ui+1)kiq(u0, u1)

+
m−1

∏
i=n+1

µ(ui, um)km−1q(u0, u1)

≤ α(un, un+1)knq(u0, u1) +
m−2

∑
i=n+1

(
i

∏
j=n+1

µ(uj, um)

)
α(ui, ui+1)kiq(u0, u1)

+

(
m−1

∏
i=n+1

µ(ui, um)

)
km−1α(um−1, um)q(u0, u1)

= α(un, un+1)knq(u0, u1) +
m−1

∑
i=n+1

(
i

∏
j=n+1

µ(uj, um)

)
α(ui, ui+1)kiq(u0, u1)

≤ α(un, un+1)knq(u0, u1) +
m−1

∑
i=n+1

(
i

∏
j=0

µ(uj, um)

)
α(ui, ui+1)kiq(u0, u1).
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We used α(x, y) ≥ 1. Let

Sp =
p

∑
i=0

(
i

∏
j=0

µ(uj, um)

)
α(ui, ui+1)ki.

Hence, we have
q(un, um) ≤ q(u0, u1) [knα(un, un+1) + (Sm−1 − Sn)] . (5)

The ratio test together with (2) imply that the limit of the real number sequence {Sn} exits, and so {Sn}
is Cauchy. Indeed, the ration test is applied to the term ai =

(
∏i

j=0 µ(uj, um)
)

α(ui, ui+1). Letting n, m
tend to ∞ in label (5) yields

lim
n,m→∞

q(un, um) = 0, (6)

so the sequence {un} is Cauchy. Since (X, q) is a complete double controlled metric type space, there
exists some ξ ∈ X such that

lim
n→∞

q(un, ξ) = 0.

We claim that Tξ = ξ. By (q3), we have

q(ξ, un+1) ≤ α(ξ, un)q(ξ, un) + µ(un, un+1)q(un, un+1).

Using (3) and (6), we get that
lim

n→∞
q(ξ, un+1) = 0. (7)

By (1), we have

q(ξ, Tξ) ≤ α(ξ, un+1)q(ξ, un+1) + µ(un+1, Tξ)q(un+1, Tξ)

≤ α(u, un+1)q(ξ, un+1) + kµ(un+1, Tξ)q(un, ξ).

Using (3) and (7), we get at the limit q(ξ, Tξ) = 0, that is, Tξ = ξ. Let η in X be such that Tη = η and
ξ 6= η. We have

0 < q(ξ, η) = q(Tξ, Tξ) ≤ kq(ξ, η).

It is a contradiction, so ξ = η. Hence, ξ is the unique fixed point of T.

Remark 2. The assumption (3) in Theorem 1 above can be replaced by the assumptions that the mapping T and
the double controlled metric d are continuous. Indeed, when un → ξ, then Tun → Tξ and hence we have

lim
n→∞

q(Tun, Tξ) = 0 = lim
n→∞

q(Tun+1, Tξ) = q(ξ, Tξ),

and hence Tξ = ξ.

Theorem 1 is illustrated by the following examples.

Example 3. We endow X = {0, 1, 2} by the following double controlled metric type

q(x, y) 0 1 2
0 0 1 2

5
1 1 0 6

25
2 2

5
6
25 0
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Given α and µ as
α(x, y) 0 1 2

0 1 6
5

151
100

1 6
5 1 8

5
2 151

100
8
5 1

and

µ(x, y) 0 1 2
0 1 6

5
8
5

1 6
5 1 33

20
2 8

5
33
20 1

The given q is not a controlled metric space for the function α. Indeed,

q(0, 1) = 1 >
247
250

= α(0, 2)q(0, 2) + α(2, 1)q(2, 1).

Choose T0 = 2 and T1 = T2 = 1. Set k = 3
5 . It is clear that condition (1) is satisfied. In addition, (2) holds for

each u0 in X. All hypotheses of Theorem 1 are fulfilled. Here, ξ = 1 is the unique fixed point.

Example 4. Let X = [0, 4]. Consider the double controlled metric q and functions α and µ given in Example 1.
Choose Tx = 1 for all x ∈ X. Let u0 = 1 and k = 1

2 . We have

sup
m≥1

lim
i→∞

α(ui+1, ui+2)

α(ui, ui+1)
µ(ui+1, um) = 1 < 2 =

1
k

.

that is, (2) holds. In addition, for each u ∈ [0, 4], we have

lim
n→∞

α(u, un) = max(1, u) < ∞ and lim
n→∞

µ(un, u) = max(u, 1) < ∞.

That is, (3) holds. All hypotheses of Theorem 1 are satisfied and ξ = 1 is the unique fixed point.

Definition 6. Given u0 ∈ X, the orbit O(u0) of u0 is defined as O(u0) = {u0, Tu0, T2u0, ...}, where T is a
self-map on the set X. The operator G : X −→ R is called T-orbitally lower semi-continuous at η ∈ X if when
{un} in O(u0) such that limn→∞ q(un, η) = 0, we get that G(η) ≤ lim

n→∞
inf G(un).

Proceeding similarly as [17] and using Definition 6, we have the following corollary generalizing
Theorem 1 in [24].

Corollary 1. Let T be a self-map on (X, q) a complete double controlled metric type space by two mappings
α, µ. Given u0 ∈ X. Let k ∈ (0, 1) be such that

q(Tz, T2z) ≤ kq(z, Tz), f or each z ∈ O(u0). (8)

Take un = Tnu0 and suppose that

sup
m≥1

lim
i→∞

α(ui+1, ui+2)

α(ui, ui+1)
µ(ui+1, um) <

1
k

. (9)

Then, limn→∞ q(un, ξ) = 0. We also we have that Tξ = ξ if and only if the operator x 7→ q(x, Tx) is
T−orbitally lower semi-continuous at u.

Our next fixed point result concerns with the nonlinear case using a control function of
Matkowski [25].

Theorem 2. Let (X, d) be a complete double controlled metric type space via two functions α(x, y) and µ(x, y).
Assume that T : X → X satisfies for all x, y ∈ X

q(Tx, Ty) ≤ φ(Λ(x, y)), Λ(x, y) = max{q(x, y), q(x, Tx), q(y, Ty)}, (10)
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where φ : [0, ∞) → [0, ∞) is non-decreasing, continuous and satisfies lim
i→∞

φi(s) = 0, s > 0. Furthermore,

assume that for each u0 ∈ X, we have

sup
m≥1

lim
i→∞

α(ui+1, ui+2)

α(ui, ui+1)
µ(ui+1, um)

φi+1(q(u1, u0))

φi(q(u1, u0))
< 1, (11)

where un = Tnu0, n = 0, 1, .... If the double controlled metric d and the mapping T are continuous, then there
exists a unique fixed point of T (say η) such that for each u ∈ X, we have Tnu→ η.

Proof. Let {un} and u0 be as in the statement of the theorem. If, for some m, we have um = um+1 =

Tum, then clearly um is the fixed point. Now, suppose that un+1 6= un for each n. From condition (10),

q(un, un+1) = q(Tun, Tun−1) ≤ φ(Λ(un−1, un)), (12)

where clearly Λ(un−1, un) = max{q(un−1, un), q(un, un+1)}. If, for some n, we accept that
Λ(un−1, un) = q(un, un+1), then from (12) and that φ(t) < t, ∀t > 0, we have

0 < q(un, un+1) ≤ φ(q(un, un+1)) < q(un, un+1), (13)

which leads to a contradiction. Hence, for all n, we must have Λ(un−1, un) = q(un−1, un). From which,
it follows that 0 < q(un, un+1) ≤ φ(q(un−1, un)). If we proceed inductively, we deduce that for each
n ≥ 0, we have

0 < q(un, un+1) ≤ φn(q(u0, u1)).

From the assumption on φ, we conclude that

lim
n→∞

q(un, un+1) = 0.

To show that {un} is Cauchy, we proceed as in the proof of Theorem 1. For all m > n, we may get

q(un, um) ≤ α(un, un+1)φ
n(q(u0, u1)) +

m−1

∑
i=n+1

(
i

∏
j=0

µ(uj, um)

)
α(ui, ui+1)φ

i(q(u0, u1)). (14)

The assumption (11) by means of the ratio test applied to the series derived from the right-hand side
of (14), as in the proof of Theorem 1, will lead to the sequence {un} being Cauchy. Since (X, d) is
complete, there exists η ∈ X such that limn→∞ q(un, η) = 0. That η is a fixed point is shown as in
Remark 2. To prove the uniqueness of the fixed point, assume z is such that Tz = z and z 6= η. By (10),
we have

0 < q(η, z) = q(Tη, Tz) ≤ φ(Λ(η, z)) = φ(q(η, z)) < q(η, z),

which is a contradiction.

Remark 3. In Theorem 2, if we take φ(s) = ks, k ∈ (0, 1), then the condition (10) will have the form

q(Tx, Ty) ≤ k max{q(x, y), q(x, Tx), q(y, Ty)}. (15)

In the following theorem, we propose the related fixed point result of Kannan [26].

Theorem 3. Let (X, d) be a complete double controlled metric type space by the functions α, µ : X × X →
[1, ∞). Let T : X → X be a Kannan mapping defined as follows:

q(Tx, Ty) ≤ a[q(x, Tx) + q(y, Ty)], (16)
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for all x, y ∈ X, where a ∈ (0,
1
2
). For u0 ∈ X, take un = Tnu0. Suppose that

sup
m≥1

lim
i→∞

α(ui+1, ui+2)

α(ui, ui+1)
µ(ui+1, um) <

1− a
a

. (17)

For each u ∈ X, assume that

lim
n→∞

α(u, un) exists, is finite and lim
n→∞

µ(un, u) <
1
a

. (18)

Then, there exists a unique fixed point of T.

Proof. Let {un = Tun−1} in X be such that the hypotheses (17) and (18) hold. From (16), we obtain

q(un, un+1) = q(Tun−1, Tun)

≤ a[q(un−1, Tun−1) + q(un, Tun)]

= a[q(un−1, un) + q(un, un+1)].

Then, q(un, un+1) ≤
a

1− a
q(un−1, un). By induction, we get

q(un, un+1) ≤ (
a

1− a
)nq(u1, u0), ∀n ≥ 0. (19)

Now, let us prove that {un} is a Cauchy sequence. Using the triangle inequality, for all n, m ∈ N,
we obtain

q(un, um) ≤ α(un, un+1)q(un, un+1) + µ(un+1, um)q(un+1, um).

Similar to the proof of Theorem 1, we get

q(un, um) ≤ α(un, un+1)q(un, un+1) +
m−2

∑
i=n+1

(
i

∏
j=n+1

µ(uj, um)

)
α(ui, ui+1)q(ui, ui+1)

+
m−1

∏
k=n+1

µ(uk, um)q(um−1, um)

≤ α(un, un+1)(
a

1− a
)nq(u0, u1) +

m−2

∑
i=n+1

(
i

∏
j=n+1

µ(uj, um)

)
α(ui, ui+1)(

a
1− a

)iq(u0, u1)

+
m−1

∏
i=n+1

µ(ui, um)(
a

1− a
)m−1q(u0, u1).

Since 0 ≤ a <
1
2

, we have
a

1− a
∈ [0, 1) which allows us to proceed as in the proof of Theorem 1 and

we deduce that {un} is a Cauchy sequence in the complete double controlled metric space (X, d). Thus,
there exists u ∈ X as a limit of {un} in (X, d). Assume that Tu 6= u. We have

0 < q(u, Tu) ≤ α(u, un+1)q(u, un+1) + µ(un+1, Tu)q(un+1, Tu)

≤ α(u, un+1)q(u, un+1) + µ(un+1, Tu)[aq(un, un+1) + aq(u, Tu)]. (20)
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Passing to the limit on both sides of (20) and making use of the condition (18), we deduce that
0 < q(u, Tu) < q(u, Tu), which is a contradiction. Hence, Tu = u. To prove the uniqueness of the fixed
point u, suppose that T has another fixed point v. Then,

q(u, v) = q(Tu, Tv) ≤ a[q(u, Tu) + q(v, Tv)]

= a[q(u, u) + q(v, v)] = 0.

Therefore, u = v and T has a unique fixed point.

Remark 4.

1. Condition (18) in Theorem 3 can be replaced by the continuity of the double controlled metric d and the
mapping T as it was done in Theorem 2.

2. Continuity of the double controlled metric d and the mapping T in Theorem 2 can be replaced by the
following condition: For each u ∈ X, we have

lim
n→∞

α(u, un) < ∞ and lim
n→∞

µ(un, Tu)φ(q(u, Tu)) < q(u, Tu). (21)

Perspectives

It is an open question to treat the cases of the related Chatterjea, Hardy–Rogers, Ćirić and Suzuki
contraction types. Moreover, it is always of great interest to find real applications for the proven fixed
point theorems in metric type spaces. A future work in this direction will be highly recommended.

3. Conclusions

Going in the same direction as [23], we initiated the concept of double controlled metric type
spaces. We established some fixed point theorems in this setting, namely the related Banach contraction
principle, the Matkowski [25] and Kannan [26] type fixed point results. In support of the obtained
results, we also provide some examples.
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