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Abstract: We obtain a Rellich type inequality on the sphere and give the corresponding best constant.
The result complements some related inequalities in recent literatures.

Keywords: rellich inequality; sphere; sharp constant

MSC: Primary 26D10; Secondary 46E36

1. Introduction

The classical Rellich inequality states that [1], for n > 5 and all f € C°(R"\{0}),
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The constant ——z— is optimal and never archived. Under additional conditions there are also
versions for lower dimensions. There has been a lot of research concerning the Rellich inequality on
the Euclidean space due to its applications to spectral theory, harmonic analysis, geometry and partial
differential equations. We see [2-6] and the references therein.

The validity of the Rellich inequality on a manifold and its best constants allows people to
obtain qualitative properties on the manifold. For complete noncompact Riemannian manifolds,
under some geometric assumptions on the weight function p, Kome and Ozaydin [7] proved that for
feC®(M—p1{0}) (wherea < 2,C+a—3>0)
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Particularly, they also obtained the improved versions of a Rellich-type inequality which involves

both first and second order derivatives in the Poincaré conformal disc model (n > 2, S*T” <a<?2)

. 2 2
o 2 >(1’l*0€) / a‘vf|
/Bnr affav > 2 [ el lay,

2
where f € C®(B") and r = log }jz‘ is the geodesic distance. Furthermore, the constant @ is
sharp. Along this line, we refer to [4,7-11] and so on.

However, there are not many literatures discussing the Rellich inequality on the sphere so far.

See [12-14] for details. In [14] Xiao derived the following inequality

f? 2 n*(n —4)* f? f?
C/S" sin?d(p, x) dv—i—./S" [AfFav = 16 ( Sn d(rbx)‘ldv—i_/s'Z mdv>
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for f € C®(S" —d~1(0) ud~1(m)), where d(p, x) is the geodesic distance from p to x on S” and C is
some positive constant. Moreover, the constant uaG 6 i is sharp.
In this short note we will obtain another type of Rellich inequality on the sphere and also give the

corresponding sharp constant. Our main theorem is as follows:

Theorem 1. Let (S",g) (n > 5) be the n-sphere with sectional curvature 1 and p be a fixed point in S™. Then for
any function f € CX(S" —d=1(0) ud~1(n)),

2 2 . 2
m [ f dV+/ afRdv > 204 [ - —)
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where C(n) = %272"74) and the constant * ( 9 s sharp.

Remark 1. In Euclidean spaces (resp. a Riemannian manifold, the Poincaré conformal disc model) the Luplacian
of the distance function (resp. some weighted functzon) equals to 2 1 (resp. is not less than & o —) Thus

the Rellich inequality certainly contains the term L W (resp —z f ) Sznce on the sphere the Laplacian of the

2
distance function is Ad(p,x) = (n — 1) cotd(p, x) when d is smooth (see [15] p. 207), the terms Sinzf;(p " and
Sin4lf;(p 5 e naturally involved. So, it is a bit different in form from that in Euclidean spaces and some other
type of Rellich inequalities. It is interesting that, even though the coefficient C(n) is replaced by an arbitrary
number, the constant W is still sharp. To prove the result, we give some modifications in constructing the
auxiliary function, and then do calculations in two hemispheres by using the antipodal points. The remainder of

the approaches used are similar to Xiao’s paper [14]. See also in [7,16].

2. The Proof of the Main Result

Proof of Theorem 1. Denote by r,(x) = d(p, x) the distance function from the fixed point p € S".
Let f be a smooth function in C®(S"\{p, q}), where g is the antipodal point of p. Then

Af?=2fAf +2|VfP,

and thus
2 2
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/ Af2 fAAsin2r,dV = / f2Adiv(Vsin2r,)dV
s sin? rp sn P v

=— 2/ f2div(sin—? rpcosr,Vry)dV
; @)
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where we have used Ar, = (n — 1)cotr, in the sphere. To estimate fSn - v/ | dV we put f =

(sin rp)’nT74 ¢. Then
Vf= (pV(sinr]!,)_%1 + (sinrp)_%V(p,
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IVF]? = (P2|V(sinrp)*”7’4|2 + (sinrp)’(”*4)|v(p|2 +2(sinrp)’n74(p<v(sinrp)’n74,Vgo)
(n—4)? , . —(n=2) .2 1 : —(n—4) 2
> ¢ (sinrp) cos” rp + E(V(smrp) , Vo).
This gives
Wik n=4?% 71 ¢ 2 n—4 o\ —(n-2)

> — .

/S" sin? rpdV - 4 /n (sinr,)" cos”rpdV 21=2) Jor @*A(sinry) av

A direct computation shows that
A(sin rp)*(”*z) = div(V(sin rp)*(”*z)) = —(n —2)div((sin rp)*(”*l) cosr,Vrp)
!
= —(n —2)(sin rp)*(”*l) cosrpAry — (n—2) ((sin rp)*(”*l) cos rp>
= (n —2)(sin rp)Z*".
Therefore,
VS ”—4)2/ ¢ 2 ”—4/ (i \2-n

>

/S" sinlr, av i » iy cos” 1y 7 ) ® (sinrp)=""dV
_(n—4)2/ ¢ (n—4)* n-4 / ¢
o 4 n (sinrp)”dv 4 + 2 n (Sinrp)n—ZdV (3)

— 2 _4)2 _ 2
( / f av — [(” 4 4]/ 'fz dv.
" sintr, 4 2 st sin” 1y

By the Cauchy-Schwarz inequality, one has

—2/ fAf av <" / 4 / IAF V. @)
" sin? p n gin% T’p n(n —4) Jsn
Finally, combining (1)~(4), we obtain

n(n—4)(n*> —2n —4) f?
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In what follows, we show the constant

6 is sharp. The skill is borrowed from [16]
(see also [14]). Let 7 : R — [0, 1] be a smooth function such that 0 < # < 1 and

n() = { 1, te[-11];

0, |t|>2.

Let H(t) = 1 — 5 (t). For sufficient small ¢ > 0, Set
0, rp - O/
H(% sinPan, 0<r, <7,
fs(rl’) = T—r . 2-n .
H(=—*)sin"2 (m—rp), 5 <r,<m
0, Ty =T

Observe that f;(r) can be approximated by smooth functions on the sphere S"
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Let g be the antipodal point of p. Then d(p, q) = 7 and for any point x € §" we have r, +r; = 7.
Since the constructed function f, possesses a fair degree of bilateral symmetry on the sphere, it is easier
to compute in the following by using the antipodal points p and 4.

2 . 2 . 2
e gy L e
JSt sin® 1p Bp(7) SIN“ 1y By(%) sin“ry
z T—¢ _
=Vol(" ) [ HA()sinrdr +Vol(s" 1) [ HA(E ) sin(r — r,)dr
¢ € z € (5)
—2Vol(S™ 1) / : H2(%”) sinrdr
€
<mVol(S*™ 1),
2 2 2
e gy - S av+ [ Je gy
" sIn” vy Bp(%) sin™ 1y By(%) sin™ 1y
:wmghw/jH%%)mfﬁwﬁ+vm®ww/”%H%flﬁwmr%n—wmr ©)
¢ z

=2Vol(S" 1) /7 Hz(%p) sin ! rpdr

JE

>2Vol(S" 1) /7 sin~ ! r,dr.

2¢

Next we are to estimate fSn |Afe|?dV. When 0 < rp < 5, the distance function d(p, x) is smooth,
and thus

Afe =div(V fe)

. 1 py, . _na o n—4__Tp., . a2
:dw((gH’(E)(smr) T - H(?)(smrp) z cosr,,) Vr,,)

1 r n— —4 T n—
= <£H’(‘:)(Sinrr,)_24 . 7 H(?’g)(sinr,[,)_T2 cosrp> (n—1)cotry

1, tpe, . _nd4 n—4_ _Tp w2 '
+ EH (?)(Slni"p) 2 — 5 H(?)(Slnrp) 2 COSVP
e —nd oy Tp 3, . _n=2 Tp
:g(smrp) T H (?)—l—g(smrp) 2 cosryH (?)
-4 __r n .
z 5 H(?p) {g(sinrp)*7 cos? 1y — (sinrp)*%} ,

and when 7 < r, < 7, one can get the same formula as above by letting r;, = 77 — r,,. Therefore,

JafPav= [ jafPave [ jafPav—z2 [ jafPav,
Jo arpav = [ iarpav [Ciaf oA

2 2
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and thus by Minkowski inequality,

1
;1 (/ IAfg|2dV>2
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A straightforward calculation yields
n(n —4) i

e (1

2¢
11 §3\—6 max} H'(t) </

€ telo2

(n—4)(n+2)
4

n—4
2

(sinrp)f% + (sinry)

_n=2
7

2
(sinry) cos rp’

1
2
(sin rp)”_ldr)

1
) 5
S% max] H'(t) </ erpdr) T 3v/3 max H'(t),

€ telo2 te[0,2]
1 1
2e 2 2¢ 2
11 < 22 max H' (t) (/ sin® r,,dr) < % max H" (t) (/ r?,dr) = V15 max H”(t).
€2 te(0,2)] ¢ €2 te(02) ¢ te[0.2]

Since fe(ry) can be approximated by smooth functions on the sphere §", then, by (5)(7), it
holds that

Jor IAFPAY +Cln) [ 5
nf 7
fec=(E\{o} fSn 4v

ind
sin i’p

fSn |Afe|?dV + C(n fsn ~7

Jigw =22

sin’ Vp

2
(< N (R 2 I3 11 |
2 fzg Sin_l rpdr \/E fzz Sin_l rpdr

Letting ¢ — 0", we have
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2
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This completes the proof. [
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